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Classical Mechanicsand Thermal Equilibrium 


Chapter 1 

*problems with an asterisk are slightly more demanding 

Classical Mechanics and Thermal Equilibrium 

1.1. Calculate the amount of work required to accelerate a 1000-kg car (typical of a Honda Civic) to 88 km hr -1 (55 miles hr” 1 ). Compare 
this value to the amount of work required for a 1600-kg car (typical of a Ford Taurus) under the same conditions. 

Solution 

1.2. Assume that a rod of copper is used to determine the temperature of some system. The rod’s length at 0 °C is 27.5 cm, and at the 
temperature of the system it is 28.1 cm. What is the temperature of the system? The linear expansion of copper is given by an 
equation of the form l t = /o(l + at + fit 2 ) where a = 0.160 x 10 4 K /? = 0. 10 x 10 7 K 2 , l 0 is the length at 0 °C, and /, is the length 
at t °C. 

Solution 

—24 —1 

1.3. Atoms can transfer kinetic energy in a collision. If an atom has a mass of 1 x 10 “ g and travels with a velocity of 500 m s , what is 
the maximum kinetic energy that can be transferred from the moving atom in a head-on elastic collision to the stationary atom of 
mass 1 x 10~ 23 g? 

Solution 

1.4. Power is defined as the rate at which work is done. The unit of power is the watt (W = 1 J s '). What is the power that a man can 
expend if all his food consumption of 8000 kJ a day (~ 2000 kcal) is his only source of energy and it is used entirely for work? 

Solution 

1.5. State whether the following properties are intensive or extensive: (a) mass; (b) density; (c) temperature; (d) gravitational field. 

Solution 
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Gas Laws and Temperature 

1 . 6 . The mercury level in the left arm of the J-shaped tube in Fig. 1.6a is attached to a thermostat gas-containing bulb. The left arm is 
10.83 cm and the right arm is 34.71 cm above the bottom of the manometer. If the barometric pressure reads 738.4 Torr, what is the 
pressure of the gas? Assume that temperature-induced changes in the reading of the barometer and J tube are small enough to 
neglect. 

Solution 

1 . 7 . Vacuum technology has become increasingly more important in many scientific and industrial applications. The unit Torr, defined 
as 1/760 atm, is commonly used in the measurement of low pressures. 

a. Find the relation between the older unit mmHg and the Torr. The density of mercury is 13.5951 g cm at 0.0 °C. The standard 

_9 

acceleration of gravity is defined as 9.806 65 m s . 

b. Calculate at 298.15 K the number of molecules present in 1.00 m 3 at 1.00 x 10 6 Torr and at 1.00 x 10 1 Torr (approximately the 
best vacuum obtainable). 

Solution 

1 . 8 . The standard atmosphere of pressure is the force per unit area exerted by a 760-mm column of mercury, the density of which is 

—3 —2 

13.595 1 1 g cm at 0 °C. If the gravitational acceleration is 9.806 65 m s , calculate the pressure of 1 atm in kPa. 

Solution 

_o 

1 . 9 . Dibutyl phthalate is often used as a manometer fluid. Its density is 1.047 g cm . What is the relationship between 1.000 mm in 
height of this fluid and the pressure in torr? 

Solution 

1 . 10 . The volume of a vacuum manifold used to transfer gases is calibrated using Boyle’s law. A 0.25 1-dm flask at a pressure of 697 Torr 
is attached, and after system pumpdown, the manifold is at 10.4 Torr. The stopcock between the manifold and flask is opened and 
the system reaches an equilibrium pressure of 287 Torr. Assuming isothermal conditions, what is the volume of the manifold? 

Solution 

3 c 

1 . 11 . An ideal gas occupies a volume of 0.300 dm at a pressure of 1.80 x 10 Pa. What is the new volume of the gas maintained at the 
same temperature if the pressure is reduced to 1.15 x 10 5 Pa? 


Solution 
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GasLawsand Temperature 


1 . 12 . If the gas in Problem 1.11 were initially at 330 K, what will be the final volume if the temperature were raised to 550 K at constant 
pressure? 

Solution 

1 . 13 . Calculate the concentration in mol dnT 3 of an ideal gas at 298.15 K and at (a) 101.325 kPa (1 atm), and (b) 1.00 x 10 4 Pa 
(= 10 atm). In each case, determine the number of molecules in 1.00 dm . 

Solution 

* 1 . 14 . A J-shaped tube is filled with air at 760 Torr and 22 °C. The long arm is closed off at the top and is 100.0 cm long; the short arm is 
40.00 cm high. Mercury is poured through a funnel into the open end. When the mercury spills over the top of the short arm, what is 
the pressure on the trapped air? Let h be the length of mercury in the long arm. 

Solution 

1 . 15 . A Dumas experiment to determine molar mass is conducted in which a gas sample’s P, 9, and V are determined. If a 1.08-g sample 
is held in 0.250 dm 3 at 303 K and 101.3 kPa: 

a. What would the sample’s volume be at 273.15 K, at constant pressure? 

b. What is the molar mass of the sample? 

Solution 

_o 

1 . 16 . A gas that behaves ideally has a density of 1.92 g dm at 150 kPa and 298 K. What is the molar mass of the sample? 

Solution 

_o 

1 . 17 . The density of air at 101.325 kPa and 298.15 K is 1.159 g dm . Assuming that air behaves as an ideal gas, calculate its molar mass. 

Solution 

1 . 18 . A 0.200-dm sample of H 2 is collected over water at a temperature of 298.15 K and at a pressure of 99.99 kPa. What is the pressure 
of hydrogen in the dry state at 298.15 K? The vapor pressure of water at 298.15 K is 3.17 kPa. 


Solution 
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GasLawsand Temperature 


1 . 19 . What are the mole fractions and partial pressures of each gas in a 2.50-L container into which 100.00 g of nitrogen and 100.00 g of 
carbon dioxide are added at 25 °C? What is the total pressure? 

Solution 

1 . 20 . The decomposition of KCIO 3 produces 27.8 cm 3 of O 2 collected over water at 27.5 °C. The vapor pressure of water at this temperature 
is 27.5 Torr. If the barometer reads 751.4 Torr, find the volume the dry gas would occupy at 25.0 °C and 1.00 bar. 

Solution 

1 . 21 . Balloons now are used to move huge trees from their cutting place on mountain slopes to conventional transportation. Calculate the 
volume of a balloon needed if it is desired to have a lifting force of 1000 kg when the temperature is 290 K at 0.940 atm. The 
balloon is to be filled with helium. Assume that air is 80 mol % N 2 and 20 mol % O 2 . Ignore the mass of the superstructure and 
propulsion engines of the balloon. 

Solution 

* 1 . 22 . A gas mixture containing 5 mol % butane and 95 mol % argon (such as is used in Geiger-Miiller counter tubes) is to be prepared by 
allowing gaseous butane to fill an evacuated cylinder at 1 atm pressure. The 40.0-dm cylinder is then weighed. Calculate the mass 
of argon that gives the desired composition if the temperature is maintained at 25.0 °C. Calculate the total pressure of the final 
mixture. The molar mass of argon is 39.9 g mol -1 . 

Solution 

—2 —1 

1 . 23 . The gravitational constant g decreases by 0.010 ms" km of altitude. 

a. Modify the barometric equation to take this variation into account. Assume that the temperature remains constant. 

b. Calculate the pressure of nitrogen at an altitude of 100 km assuming that sea-level pressure is exactly 1 atm and that the 
temperature of 298.15 K is constant. 

Solution 


1 . 24 . Suppose that on another planet where the atmosphere is ammonia that the pressure on the surface, at h = 0, is 400 Torr at 250 K. 
Calculate the pressure of ammonia at a height of 8000 metres. The planet has the same g value as the earth. 

Solution 
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1 . 25 . Pilots are well aware that in the lower part of the atmosphere the temperature decreases linearly with altitude. This dependency may 
be written as T = To - az, where a is a proportionality constant, z is the altitude, and To and T are the temperatures at ground level 
and at altitude z , respectively. Derive an expression for the barometric equation that takes this into account. Work to a form 
involving In P/Pq. 

Solution 

1 . 26 . An ideal gas thermometer and a mercury thermometer are calibrated at 0 °C and at 100 °C. The thermal expansion coefficient for 
mercury is 


a = — (dV/dT) p 

= 1.817 xlO- 4 +5.90x10 ^+3.45xlO lo 0 2 

where 8 is the value of the Celsius temperature and V 0 = V at 0 = 0. What temperature would appear on the mercury scale when the 
ideal gas scale reads 50 °C? 


Solution 


Graham’s Law, Molecular Collisions, and Kinetic Theory 

1 . 27 . It takes gas A 2.3 times as long to effuse through an orifice as the same amount of nitrogen. What is the molar mass of gas A? 

Solution 

1 . 28 . Exactly 1 dm of nitrogen, under a pressure of 1 bar, takes 5.80 minutes to effuse through an orifice. How long will it take for helium 
to effuse under the same conditions? 

Solution 

1 . 29 . What is the total kinetic energy of 0.50 mol of an ideal monatomic gas confined to 8.0 dm at 200 kPa? 

Solution 

o 1 

1 . 30 . Nitrogen gas is maintained at 152 kPa in a 2.00-dnr vessel at 298.15 K. If its molar mass is 28.0134 g mol calculate: 

a. The amount of N 2 present. 

b. The number of molecules present. 
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Graham's Law, Molecular Collisions, and Kinetic Theory 


c. The root-mean-square speed of the molecules. 

d. The average translational kinetic energy of each molecule. 

e. The total translational kinetic energy in the system. 


Solution 


1 . 31 . By what factor are the root-mean-square speeds changed if a gas is heated from 300 K to 400 K? 

Solution 

* 1 . 32 . The collision diameter of N 2 is 3.74 x 10~ 10 m at 298.15 K and 101.325 kPa. Its average speed is 474.6 m s _1 . Calculate the mean 
free path, the average number of collisions Za experienced by one molecule in unit time, and the average number of collisions Zaa 
per unit volume per unit time for N 2 . 

Solution 

* 1 . 33 . Express the mean free path of a gas in terms of the variables pressure and temperature, which are more easily measured than the 
volume. 

Solution 

1 . 34 . Calculate Za and Zaa for argon at 25 °C and a pressure of 1.00 bar using d = 3.84 x 10 lo m obtained from X-ray crystallographic 
measurements. 

Solution 

1 . 35 . Calculate the mean free path of Ar at 20 °C and 1.00 bar. The collision diameter d = 3.84 x 10 10 m. 

Solution 

1 . 36 . Hydrogen gas has a molecular collision diameter of 0.258 nm. Calculate the mean free path of hydrogen at 298.15 K and (a) 133.32 
Pa, (b) 101.325 k Pa, and (c) 1.0 x 10 8 Pa. 

Solution 

1 . 37 . In interstellar space it is estimated that atomic hydrogen exists at a concentration of one particle per cubic meter. If the collision 
diameter is 2.5 x 10 10 m, calculate the mean free path X. The temperature of interstellar space is 2.7 K. 


Solution 
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* 1 . 38 . Calculate the value of Avogadro’s constant from a study made by Perrin [Ann. Chem. Phys., 18, 1(1909)] in which he measured as a 
function of height the distribution of bright yellow colloidal gamboge (a gum resin) particles suspended in water. Some data at 15 
°C are: 

height, z/10~ 6 5 35 

N, relative number of gamboge particles at height z 100 47 

P gamboge — 1-206 g Cm 

Pwater = 0.999 g cm' 3 radius of gamboge particles, r = 0.212 x 10~ 6 m 


{Hint: Consider the particles to be gas molecules in a column of air and that the number of particles is proportional to the pressure.) 


Solution 


Distributions of Speeds and Energies 

1 . 39 . Refer to Table 1.3 (p. 32) and write expressions and values for (a) the ratio yfi / u , and (b) the ratio u/u mp . Note that these ratios are 
independent of the mass and the temperature. How do the differences between them depend on these quantities? 

Solution 

1 . 40 . The speed that a body of any mass must have to escape from the earth is 1.07 x 10 4 m s -1 . At what temperature would the average 
speed of (a) an H 2 molecule, and (b) an 0 2 molecule be equal to this escape speed? 

Solution 

1 . 41 . a. For H 2 gas at 25 °C, calculate the ratio of the fraction of molecules that have a speed 2 u to the fraction that have the average 
speed u. How does this ratio depend on the mass of the molecules and the temperature? 

b. Calculate the ratio of the fraction of the molecules that have the average speed wioo°c at 100 °C to the fraction that have the 
average speed w 2 5 °c at 25 °C. How does this ratio depend on the mass? 


Solution 
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1.42. Suppose that two ideal gases are heated to different temperatures such that their pressures and vapor densities are the same. What is 
the relationship between their average molecular speeds? 

Solution 

1.43. a. If W 25 °c is the average speed of the molecules in a gas at 25 °C, calculate the ratio of the fraction that will have the speed U 25 °c at 
100° to the fraction that will have the same speed at 25 °C. 

b. Repeat this calculation for a speed of 10 U 25 °c- 

Solution 

1.44. On the basis of Eq. 1.80 with ft = \lk\>,T, derive an expression for the fraction of molecules in a one-dimensional gas having speeds 
between u x and u x + du x . What is the most probable speed? 

Solution 

*1.45. Derive an expression for the fraction of molecules in a one-dimensional gas having energies between e t and e x +d e x .Also, obtain 
an expression for the average energy & . 

Solution 

*1.46. Derive an expression for the fraction of molecules in a two-dimensional gas having speeds between u and u + du. {Hint: Proceed by 

analogy with the derivation of Eq. 1.91.) Then obtain the expression for the fraction having energies between and e+d e. What 

% 

fraction will have energies in excess of e ? 


Solution 


Real Gases 

1.47. In Section 1.13 it was stated that the van der Waals constant b is approximately four times the volume occupied by the molecules 
themselves. Justify this relationship for a gas composed of spherical molecules. 

Solution 

1.48. Draw the van der Waals PV isotherm over the same range of P and V as in Figure 1.21 at 350 K and 450 K for CI 2 using the values 
in Table 1.4. 


Solution 
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Real Gases 


1 . 49 . Compare the pressures predicted for 0.8 dm 3 of CD weighing 17.5 g at 273.15 K using (a) the ideal gas equation and (b) the van der 
Waals equation. 

Solution 

1 . 50 . A particular mass of Ni occupies a volume of 1.00 L at -50 °C and 800 bar. Determine the volume occupied by the same mass of 
N 2 at 100 °C and 200 bar using the compressibility factor for N 2 . At -50 °C and 800 bar it is 1.95; at 100 °C and 200 bar it is 1.10. 
Compare this value to that obtained from the ideal gas law. 

Solution 

1 . 51 . A gas is found to obey the equation of state 


RT a 
V-b V 


where a and b are constants not equal to zero. Determine whether this gas has a critical point; if it does, express the critical constants in 
terms of a and b. If it does not, explain how you determined this and the implications for the statement of the problem. 


Solution 

1 . 52 . Ethylene (C2H4) has a critical pressure of P, = 61.659 atm and a critical temperature of T c = 308.6 K. Calculate the molar volume of 
the gas at T = 97.2 °C and 90.0 atm using Figure 1.22. Compare the value so found with that calculated from the ideal gas equation. 

Solution 

1 . 53 . Assuming that methane is a perfectly spherical molecule, find the radius of one methane molecule using the value of b listed in 
Table 1.5. 


Solution 


1 . 54 . Determine the Boyle temperature in terms of constants for the equation of state: 

PV m =RT{ 1 + 8/57 (P/P C )(T C /T)[l - 4{T C /T) 2 ] } 


R, P c , and T c are constants. 


Solution 
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Real Gases 




1.55. Establish the relationships between van der Waals parameters a and b and the virial coefficients B and C of Eq. 1. 1 17 by performing 
the following steps: 

a. Starting with Eq. 1.101, show that 

PV m V m “ 1 
RT V m -b RT V m 

b. Since V m /(V m - b) = (1 - b/V m ) ', and (1 - x)~ l = 1 + x + x 2 + . . .„ expand (1 - b/ V m )~ x to the quadratic term and substitute into the 
result of part (a). 

c. Group terms containing the same power of V m and compare to Eq. 1.117 for the case n = 1. 

d. What is the expression for the Boyle temperature in terms of van der Waals parameters? 

Solution 

*1.56. Determine the Boyle temperature of a van der Waals gas in terms of the constants a, b , and R. 

Solution 

1.57. The critical temperature T c of nitrous oxide (N2O) is 36.5 °C, and its critical pressure P, is 71.7 atm. Suppose that 1 mol of NiO is 
compressed to 54.0 atm at 356 K. Calculate the reduced temperature and pressure, and use Figure 1.22, interpolating as necessary, to 
estimate the volume occupied by 1 mol of the gas at 54.0 atm and 356 K. 

Solution 

1.58. At what temperature and pressure will Hi be in a corresponding state with CH4 at 500.0 K and 2.00 bar pressure? Given T c = 33.2 K 
for Hi, 190.6 K for CH 4 ; P c = 13.0 bar for H2, 46.0 bar for CH 4 . 

Solution 

*1.59. For the Dieterici equation, derive the relationship of a and b to the critical volume and temperature. [Hint: Remember that at the 
critical point ( 8P/dV)r = 0 and (8 2 P/8V 2 )t = 0.] 


Solution 
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1 . 60 . In Eq. 1.103 a cubic equation has to be solved in order to find the volume of a van der Waals gas. However, reasonably accurate 
estimates of volumes can be made by deriving an expression for the compression factor Z in terms of P from the result of the 
previous problem. One simply substitutes for the terms V,„ on the right-hand side in terms of the ideal gas law expression V m = 
RT/P. Derive this expression and use it to find the volume of CCI 2 F 2 at 30.0 °C and 5.00 bar pressure. What will be the molar 
volume computed using the ideal gas law under the same conditions? 

Solution 

* 1 . 61 . A general requirement of all equations of state for gases is that they reduce to the ideal gas equation (Eq. 1.28) in the limit of low 
pressures. Show that this is true for the van der Waals equation. 

Solution 

1 . 62 . The van der Waals constants for C 2 H 6 in the older literature are found to be 

a = 5.49 atm L 2 mol -2 and b = 0.0638 L moE 1 
Express these constants in SI units (L = liter = dm ). 

Solution 

* 1 . 63 . Compare the values obtained for the pressure of 3.00 mol CO 2 at 298.15 K held in a 8.25-dm bulb using the ideal gas, van der 
Waals, Dieterici, and Beattie-Bridgeman equations. For CO 2 the Dieterici equation constants are 

a = 0.462 Pa m 6 mol -2 , 
b = 4.63 x 10' 5 m 3 moE 1 

Solution 

* 1 . 64 . A gas obeys the van der Waals equation with P c = 3.040 x 10 6 Pa (= 30 atm) and T c = 473 K. Calculate the value of the van der 
Waals constant b for this gas. 


Solution 


* 1 . 65 . Expand the Dieterici equation in powers of Vj in order to cast it into the virial form. Find the second and third virial coefficients. 
Then show that at low densities the Dieterici and van der Waals equations give essentially the same result for P. 


Solution 
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Essay Questions 

1 . 66 . In light of the van der Waals equation, explain the liquefaction of gases. 

1 . 67 . State the postulates of the kinetic molecular theory of gases. 

1 . 68 . Eq. 1.22 defines the ideal-gas thermometer. Describe how an actual measurement would be made using such a thermometer starting 
with a fixed quantity of gas at a pressure of 150 Torr. 
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Solutions 

1 . 1 . Calculate the amount of work required to accelerate a 1000-kg car (typical of a Honda Civic) to 88 km hr 1 (55 miles hr '). Compare 
this value to the amount of work required for a 1600-kg car (typical of a Ford Taurus) under the same conditions. 

Solution: 

Given: Car 1 (Civic): m = 1000 kg, Speed = 88 km hr 1 

Car 2 (Taurus): m = 1600 kg, Speed = 88 km hr 1 
Required: work required for the acceleration of each vehicle 


Any type of work can be resolved through dimensional analysis as the application of a force through a distance; 

: j" F{l)dl 


w = 


1 2 

Recall that bodies in motion possess kinetic energy defined by; E k =—mu where u is the velocity of the moving body and m is its mass. It 

is possible to determine the amount of work required for the acceleration of a moving body by applying Newton’s Second Law to the work 
integral given above. 


w 


/•/ rt dl 

= [ F(l)-dl = \ F(l) — dt= \ F(l)-udt 
•C (If 


du 

Substitute; F =ma = m — 

dt 


w 


= [ m udt = m\ u-du^w=\ F (l)-dl = —muf — mu\ = E k —E k 

dt J "o *^0 2 2 


Conversion of speed from km hr 1 to m s’ 1 : 


Speed = 88 km hr 1 — » 88 


3600 s ^kifT 


xlO 3 


= 24.4 m s' 
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Using the equation for work derived from Newton’s 2 Law (Civic): 

el 1 9 1 9 

= F(l)-cll = —mu , — mu:. = E, -E, 

Jl o 0 1 0 


■ w, 


Civic 


Weivic = -(1000 kg)(24.4 m s' 1 ) 2 --(1000 kg)(0 m s ‘) 2 


w ClvI c = 297 680 J 


w Civic = 298 kJ 


The same method can be applied to the second vehicle (Taurus): 

el 1 9 1 9 

= F(l)-dl= —mu, — mu: = E, -E, 

Jl 9 9 u k 1 k ° 


W. 


w Taums = ^(1600 kg)(24.4 m s' 1 ) 2 --^(1600 kg)(0 m s' 1 ) 2 


^Tauras =476 288 J 


^Taurus = 47 6 kJ 


By comparing both values quantitatively, it is possible to see that the work required to accelerate a moving body is directly proportional to 
its mass. 


Back to Problem 1.1 


Back to Top 
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1 . 2 . Assume that a rod of copper is used to determine the temperature of some system. The rod’s length at 0 °C is 27.5 cm, and at the 
temperature of the system it is 28.1 cm. What is the temperature of the system? The linear expansion of copper is given by an 
equation of the form l t = /o(l + at + fit 2 ) where a = 0.160 x 10 4 K ft = 0. 1 0 x 10 7 K 2 , Iq is the length at 0 °C, and l, is the length 
at t °C. 

Solution: 

Given: Copper Rod: 1 = 27.5cm, T = 0 °C 
Copper Rod in System: l = 28.1cm 

Linear expansion of copper: l t = / 0 (1 + at + J3t 2 ) where a = 0. 1 60x 1 0 4 K ', ft = O.lOxlO -7 K 2 , / 0 is the length at 0 °C, and /, is the 
length at t °C 

Required: temperature of the system when the rod length equals 28.1cm 

Let us define the temperature as t u and make all of the appropriate substitutions into the equation for the linear expansion of copper (starting 
temperature at zero degrees): 

l t = ft (1 + cct + (5t ~ ) 

28. 1 = 27.5(1 + 0. 160 x 10'V + 0. 100x 10 7 f“ 2 ) 

Simplify and rearrange: 

28.1 _ ^5'(l + 0.160xl0~ 4 r M +0.100x10 7 f" 2 ) 

27.5 ~ 

1.0218-1 = / + 0.160x10 4 C +0.100x10 7 f" 2 -/ 

0.0218 = 0.160x10 4 f" +0.100x10 7 f“ 2 
0 = 0.100x10 7 f" 2 +0.160x10 4 C -0.0218 
This can be rearranged to: 

0.100x10 7 x 2 +0.160x10^.v-0.0218 = 0 
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Where v = t u and the system can be solved using the quadratic equation: 

-b±yjb 2 -4 ac 

x = 

2 a 


-O.lbOxlCT 4 ±yj 

(0.160xl0' 4 ) 

\ — 4 ( 

0.100x10 7 ) 

(-0.0218) 

21 

(0. 100x10 7 

) 


x = 879°C 


f = 879°C 


Back to Problem 1.2 


Back to Top 


Solutions 
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—24 —1 

1 . 3 . Atoms can transfer kinetic energy in a collision. If an atom has a mass of 1 x 10 g and travels with a velocity of 500 m s , what is 

the maximum kinetic energy that can be transferred from the moving atom in a head-on elastic collision to the stationary atom of 

mass 1 x 10 _23 g? 

Solution: 

Given: Atom 1: m l = lxl(T 24 g , =500 ms 1 

Atom 2: m 2 = 1x10 23 g , = 0 m s 1 

Required: Find E^max) that can be transferred from atom 1 to atom 2 

It is important to note that during elastic collisions, no energy is lost to the internal motion of the bodies involved. This means that the sums 
of the kinetic energy in addition to the sums of momentum remain the same before and after the collision. Therefore, there is no potential 
energy change of interaction between the bodies in collision. 

Momentum: p = mu 

1 

Kinetic Energy= E k = — nui “ 

Conservation of Momentum: m l u l + m 2 u 2 = m ] u ] + m 2 u 2 (1) 

Conservation of Energy: ■^■m 1 n 1 2 + -^-m 2 w 2 =-^-m 1 w 1 2 +^m 2 u 2 (2) 

Since « 2 =0ms 4 , then we can simplify equation (1) to get: 

WjWj + npfp = m l u l + m 2 u 2 
Rearrangement then gives: 

m^u 2 . m n u 2 

Mj = Mj -I — » M, = Wj 

m j m. 

It is possible to substitute the above into equation (2) and solve for u 2 ; 
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. _ 2«, __ . _ 2(500 ms 1 ) 

^ 1/t -< 

l + Hh • t| lxl0- 23 g 
m, 1x10 24 g 

w 2 = 90.9 m s _1 

Now this value can be used to find the kinetic energy of atom 2 after the collision. Remember to use SI units by converting grams to 
kilograms; 

p 1 2 
E k =~ m 2 U 2 

E k = 1(1x10 26 kg)(90.9ms ‘) 2 


E k =4.13x10 23 J 


Back to Problem 1.3 Back to Top 
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Solutions 


1.4. Power is defined as the rate at which work is done. The unit of power is the watt (W = 1 J s 1 ). What is the power that a man can 
expend if all his food consumption of 8000 kJ a day (~ 2000 kcal) is his only source of energy and it is used entirely for work? 

Solution: 

Given: Daily food consumption= 8000 kJ (~ 2000 kcal) 

Required: P one day 

Remember that power is defined as the rate at which work can be done meaning that; 



dt 


Since the man’s entire caloric intake is going toward work, then we can say that; 
dw = 8000 kJ = 8000 xlO 3 J 

We are only considering the power exerted in a single day; 
dt = 1 day = 24 hrs 


dt = 24 Jafs 


60 jaairP 

r 60 s ^ 

l utf" J 

yijartn ) 


= 86 400 s 


Power is measured by the Watt unit and 1 Watt = 1J s' 1 (remember SI units!) 


P = 


8000 xlO 3 J 
86 400 s 


•92.59 Js^ 


P = 92.6 W 


Back to Problem 1.4 Back to Top 
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1.5. State whether the following properties are intensive or extensive: (a) mass; (b) density; (c) temperature; (d) gravitational field. 

Solution: 

Given: (a) mass (b) density (c) temperature (d) gravitational field 
Required: intensive or extensive? 

It is first important to define the terms intensive and extensive in the context of physical chemistry. 

Intensive properties (sometimes called ‘bulk property’) are considered to be physical properties of a system that do not depend on its size. 
This means that their value will not change when the quantity of the matter in the system becomes subdivided. 

Extensive properties are the physical properties of a system that DO depend on its size and content. The values of extensive properties 
change with system subdivision. In addition, the ratio of two intensive properties yields an extensive one. 

Now it is possible to classify the above properties: 

Mass — » is extensive as it is a measure of ‘how much’ is present in the system 
Density — » is intensive 
**note: mass and volume are extensive 
Temperature — > is intensive 
Gravitational Field — » is intensive 


Back to Problem 1.5 


Back to Top 
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1.6. The mercury level in the left arm of the J-shaped tube in Fig. 1.6a is attached to a thermostat gas-containing bulb. The left arm is 
10.83 cm and the right arm is 34.71 cm above the bottom of the manometer. If the barometric pressure reads 738.4 Torr, what is the 
pressure of the gas? Assume that temperature-induced changes in the reading of the barometer and J tube are small enough to 
neglect. 

Solution: 

Given: left arm = 10.83 cm, right arm = 34.71 cm, barometric pressure = 738.4 Torr 
Required: P gas 

First, we need to find the difference in heights between the two columns (left and right arms); 

Right arm - Left arm = 34.71 cm -10.83 cm = 23.88 cm 

It is important to note that since the arm is open to the atmosphere, this pressure must also be added to the barometric pressure. 

1 mmHg = 1 Torr and therefore 23.88 cmHg = 238.8 Torr 
The pressure of the gas is then found to be; 

238.8 Torr + 738.4 Torr = 977.2 Torr 

P = 977.2 Torr 

gas 


Back to Problem 1.6 


Back to Top 
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1 . 7 . Vacuum technology has become increasingly more important in many scientific and industrial applications. The unit Torr, defined 
as 1/760 atm, is commonly used in the measurement of low pressures. 

_o 

a. Find the relation between the older unit mmHg and the Torr. The density of mercury is 13.5951 g cm at 0.0 °C. The standard 
acceleration of gravity is defined as 9.806 65 m s“ 2 . 

b. Calculate at 298.15 K the number of molecules present in 1.00 m 3 at 1.00 x 10 6 Torr and at 1.00 x 10 15 Torr (approximately the 
best vacuum obtainable). 

Solution: 

Given: Mercury: p = 13.5951 gem -3 , T = 0.0 °C 

acceleration of gravity = 9.806 65 m s -2 
Required: (a) State the relationship between mmFIg and Torr 
(b) N a in V= 1.00 m 3 

2 3 

a) We should first define the system as a column of mercury with a lm cross-sectional area, 0.001 m in height, a volume of 0.001 m . Since 
we already have the density of mercury it is possible to determine the mass; 

m T7 

p = >m = pv 

V 

m = 13.5951 kg 0.001 yrf 
Now for 1 mmFIg in a column; 

1 mmHg = (mass) (density ) (acceleration of gravity ) 

1 mmHg = |0.00lX^j(l3-5951 kgX^)(9.806 65 m s~ 2 ) 

1 mmHg = 0.1333 kg m s' 2 

Now since 1 Torr = 1 mmHg and 1 Torr = 133.322 Pa then we can see that; 
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lmmHg = 133.322 387 4 Pa 

By definition, 1 atmosphere = 101 325 Pa and 1 Torr = 1/760 atm then; 


1 Torr = — (101 325 Pa) =133.322 368 4 Pa 
760 

Therefore; 

133.322 387 4 

1 mmHg = = 1.000 000 14 Torr 

133.322 368 4 

The Torr is now defined as 1 mmHg. 

a 

b) Calculate the number of molecules present in a volume of 1.00 m : 

T= 298.15 K, Pj = l.OOxlO -6 Torr andP 2 = l.OOxlO -15 Torr 

N 

Using the ideal gas law: PV = nRT we define n as n = — and rearrange to get; 

L 


PV = nRT 
pv=^L 


where L is Avogadro’s number and N is the number of particles 


L = 6.022 xlO 23 mol' 1 

And the number density is defined as — = 

V RT 

Remember to make the conversion for pressure! Pi = 1.00x10 6 Torr; 


V RT 
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1 

(lxXj^fr) 

f 1 jrHrf ' 


[760^ofr J 

v (8.3145 JX'jnof 1 ') 

(298.15 

X) 


101325 Pa^terf^) (6.022 xlO 23 ^!^ 


— = 3.24xl0 16 nT 3 
V 


N, 


\ =(3.24 xl0 16 X^)(l .00^) = 3.24 xio 16 particles 


Nj =3.24x10 


16 


P 2 = 1.00x10 15 Torr using the same method as outlined above; 
V RT 


1 

n 2 _ 

(lxlO 15 jW) 

( l>tlrf 'l 


[760^ofr J 

v (8.3145 J XOnoT* 1 ') 

(298.15 



: (lOl 325 Pa Jan!* 1 ') (6.022x 10 23 


AC = 


(3.24xl0 7 X^)(l-00,X^) = 3. 24 xlO 7 particles 


N 2 =3.24x10' 


This is still a substantial number! 


Back to Problem 1.7 


Back to Top 
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1.8. The standard atmosphere of pressure is the force per unit area exerted by a 760-mm column of mercury, the density of which is 

—3 —2 

13.595 1 1 g cm at 0 °C. If the gravitational acceleration is 9.806 65 m s , calculate the pressure of 1 atm in kPa. 

Solution: 

Given: Mercury: p = 13.595 11 g cm 3 , T = 0 °C, acceleration of gravity = 9.806 65 m s~ 2 
Required: R coiumn (kPa) 

Let us define the system as a column of mercury with a cross-sectional area of 1 m 2 , 0.760 m in height and a volume of 0.760 m 3 . Since we 
have the density, it is possible to find the mass of mercury occupying the column; 


m 



m = P V = (l3 595.1 kgX^)(o.760^) 
m = 10 332 kg 

Mass multiplied by the gravitational acceleration produces a force (or weight) F = ma according to Newton’s Law of Motion. The 
column’s weight on the unit area then gives a pressure; 

Column = (density)(volume)(acceleration of gravity) 

“(l3595.1 kg^)(0.760^/)(9.806 65 ms- 2 ) 

^column =101 325 kg m s~ 2 

2 

Since 1 Pa = 1kg m s' then the pressure is 101.325 kPa. 


1 column 


= 101.325 kPa 


Back to Problem 1.8 Back to Top 
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_o 

1.9. Dibutyl phthalate is often used as a manometer fluid. Its density is 1.047 g cm . What is the relationship between 1.000 mm in 
height of this fluid and the pressure in torr? 

Solution: 

Given: Dibutyl phthalate: p = 1.047 g cm 3 

Required: The relationship between 1.000 mm of this manometer fluid and pressure (Torr) 

When two different liquids are being compared at constant volume and temperature, it is important to note that their pressures will be 
proportional to their densities. 

Therefore, it is possible to take the ratio of DBP and Hg densities in order to calculate the pressure associated with 1mm of DBP. 

ImmDBP 
1 mmHg 

Pd bp x ^dbp y ^dbp _ 1 .047 g cm 
Ph g P U S P U, 13.595 g cm 3 

= 0.077 

^Hg 

P DBP =0.077 Torr 

Thus, 1mm DBP is equivalent to 0.077 Torr using the fact that ImmHg is equivalent to 1 Torr. We can also state that; 

1 Torr 

r = 12.98 mm DBP 

0.077 Torr mm 

1 mm DBP = 0.077 Torr 


Back to Problem 1.9 Back to Top 
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1.10. The volume of a vacuum manifold used to transfer gases is calibrated using Boyle’s law. A 0.251-dm flask at a pressure of 697 Torr 
is attached, and after system pumpdown, the manifold is at 10.4 mTorr. The stopcock between the manifold and flask is opened and 
the system reaches an equilibrium pressure of 287 Torr. Assuming isothermal conditions, what is the volume of the manifold? 

Solution: 

Given: V, = 0.251 dm 3 , f] = 697 Torr , P pumpdown = 10.4 mTorr, P q = 287 Torr 
Required: V mamfold 


Since we are working under isothermal conditions, Boyle’s Law will apply. This law describes the product of pressure and volume for a 
closed system. In a closed system, the temperature and moles are constant, thus; 

py. i = py 2 


Py+P p ^nV 2 =P eq (V 2 +V i) 

(697 Torr) (0. 251 dm 3 ) + (0.0104 Torr) V 2 =287 Torr(V 2 +0.251 dm 3 ) 

174.947 Torr dm 3 +(0.0104 Torr) V 2 = (287 Torr )V 2 +72.037 Torr dm 3 
Now the above can be simplified on both sides to obtain, 

102.91 Torr dm 3 = (286.9896 Torr) V 2 

_ 102.91 Jeff" dm 3 

2- manifold 286.9896 


V. 


manifold 


= 0.359 dm 3 


Back to Problem 1.10 


Back to Top 
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o c 

1.11. An ideal gas occupies a volume of 0.300 dm at a pressure of 1.80 x 10~ Pa. What is the new volume of the gas maintained at the 
same temperature if the pressure is reduced to 1.15 x 10 5 Pa? 

Solution: 

Given: Ideal Gas: V 1 =0.300 dm 3 , P x =1.80xl0 5 Pa 


Required: V 2 

In this particular situation, Boyle’s Law will apply. This law describes the product of pressure and volume for a closed system. In a closed 
system, the temperature and moles are constant, thus; 


py l = py 2 

Simply rearrange for the final volume (V?); 


^2 = 


(l.80xl0 5 ^)(0.300 dm 3 ) 
(l.l5xl0 5 ^) 


V, = 0.470 dm 3 


Back to Problem 1.11 


Back to Top 
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1.12. If the gas in Problem 1.11 were initially at 330 K, what will be the final volume if the temperature were raised to 550 K at constant 


pressure? 

Solution: 

Given: same gas as in problem 1.11: V x =0.300 dm 3 
7j = 330 K, T 2 = 550 K (constant pressure) 

Required: V 2 

In this particular situation, Charles’ Law will apply. This law states that under constant pressure, the volume of an ideal gas will vary 
proportionately (by the same factor) with changes in temperature, thus; 



Simply rearrange for the final volume (V 2 ); 






300X 


V, = 0.500 dm 


Back to Problem 1.12 


Back to Top 
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1 . 13 . Calculate the concentration in mol dm 3 of an ideal gas at 298.15 K and at (a) 101.325 kPa (1 atm), and (b) 1.00 x 10 4 Pa (= 10 9 
atm). In each case, determine the number of molecules in 1.00 dm' . 

Solution: 

Given: Ideal Gas: T = 298.15 K,i° = 101.325 kPa (l atm), P 2 = 1.00 xlO -1 Pa (lO 9 atm) 

_Q 

Required: C (in mol dm ) 

N a (in V = 1.00 dm 3 ) 

Knowing that concentration is equal to: 

C=" 

v 

we can make the substitution into the Ideal Gas Law. 

C = — = — 

V RT 

3 1 

For pressure (a) and using the fact that m = J Pa* : 


r _ n _ r \ 

1 V RT 




1.013 25x10 s Pa 


(8.3145 Jje^mor‘)(298.15X) 


C, = 40.87 mol m 


-3 


Now convert units into mol dm* : 




40.87 mol m 
10 s 


-3 


= 0.0409 mol dm 
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C, = 0.0409 mol dm 3 


Number of molecules per unit volume; 

(0.0409 mol dm 3 )(L) = (0.0409 jnt5f dm 3 )(6.022xl0 23 molecules 

w 2.46 xlO 22 molecules ddv^ _ 

N, = -p - = 2.46 x 10 molecules 

l.OO^rtf 


N l =2.46xl0 2 ' molecules 


For pressure (b) using the same method: 


_ n _ P 2 
2 V RT 


C 2 = 


1.00x10 4 Pa 


(8.3145 JX r mor')(298.15X) 


C 2 = 4.03x10 mol m 


-3 


Now convert units into mol dm 3 ; 


C 2 = 


4.03x10 b mol m 3 
10 3 


= 4.03x10 11 mol dm 


C 2 = 4.03x10 11 mol dm 3 


Number of molecules per unit volume; 

(4.03x10" mol dnT 3 )(L) = (4.03xl0~ n jndf dm 3 ) (6.022 xlO 23 molecules 
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2.43 xlO 13 moleculesTirff 5 " 
l.OOjk^ 


= 2.43xl0 13 molecules 


N 2 =2.43xl0 13 molecules 


Back to Problem 1.13 
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1 . 14 . A J-shaped tube is filled with air at 760 Torr and 22 °C. The long arm is closed off at the top and is 100.0 cm long; the short arm is 
40.00 cm high. Mercury is poured through a funnel into the open end. When the mercury spills over the top of the short arm, what is 
the pressure on the trapped air? Let h be the length of mercury in the long arm. 


Solution: 

Given: J-Tube: P = 760 Torr, T = 22 °C, long arm h = 100 cm, short arm / = 40 cm 
Required: P of trapped air 

The temperature is again held constant (same as in problems 1.10 and 1.11) so Boyle’s Law will apply; 

pv = p v 

' I v I 1 2 V 2 


We are given the initial pressure, so we can rearrange this equation to solve for P 2 ; 

PV 

P, 


Since h, the height of the mercury column on the trapped air side (long arm) is proportional to the volume of a uniform tube then we can 
write; 


p _ P\ xl00 cmHg 
2 (100-/?) cmHg 

where h is the final height in centimeters of mercury in the long arm. In the short arm; 
P 2 =40-/7 + /^ 

Substituting this into the above equation in order to eliminate P 2 gives; 

40 -h + P,= ^ xl00cmH g 
(100 -h) cmHg 
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Recall that ImmHg = 1 Torr and we therefore can make the substitution for P ] ; 


= 40 -h + P, 


^( 100 ) _ 

(100-/7) 

/> (100) = (100 -fc) (40 -/* + />) 


This can be expanded to obtain; 

P^imS) = 4000 -100/7 + JjO &f, - 40 h + h 2 - PJi 

h 2 - 140/z -16h + 4000 = 0 
h 2 - 216/i + 4000 = 0 

Using the quadratic equation then yields: 


h = 195.5 cmHg or h = 20.5 cmHg 


The first value of h cannot be this large since the tube length is only 100 cm. Therefore, 


h = 20.5 cmHg 


is the correct value. 


The final pressure can now be found; 

^(100^ 76 cmHg(100^) =95 6 

(100-/7) (100-20.5Xprff 


P, = 956 Ton- 


Back to Problem 1.14 
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1 . 15 . A Dumas experiment to determine molar mass is conducted in which a gas sample’s P, 0, and V are determined. If a 1.08-g sample 
is held in 0.250 dm 3 at 303 K and 101.3 kPa: 

a. What would the sample’s volume be at 273.15 K, at constant pressure? 

b. What is the molar mass of the sample? 

Solution: 

Given: m = 1.08 g, V = 0.250 dm 3 , T = 303 K ,P = 101.3 kPa 
Required: V sample and M sample 

Since we are working under constant pressure, Charles’ Law can be applied. This law states that 

V, V, 

— = constant = — 

T T 

1 \ 1 2 


Solving for V 2 , we obtain 
VT 

v l 1 2 


^2 = 


Remember that the initial temperature is T = 303 K so by making the appropriate substitutions we will have; 

(0.250 dm 3 )(273.15X) 


^2 = 


303X 


V 2 = 0.225 dm 3 


Now that we have the final volume, it is possible to find the molar mass according to the equation; 


PV 

Recall that in order to derive this equation we must start with the ideal gas law; 
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PV = nRT and n = — so we obtain 
M 


m 

PV = — RT 
M 


■ M = ■ 


niRT 

PV 


M = 


(1.08x10 3 kg) (8.3 145 JX^mol ')(273.15^ 
(101.3xl0 3 Pa)(0.225^^)(10 3 m 3 jkrf f ) 
M =0.1076 kg mol 1 


M = 108 g mol 


Back to Problem 1.15 
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1.16. A gas that behaves ideally has a density of 1.92 g dm at 150 kPa and 298 K. What is the molar mass of the sample? 

Solution: 

Given: Ideal Gas: p = 1.92 g dm -3 , P = 150 kPa, T = 298 K 
Required: M sample 

Starting with the Ideal Gas Law is it possible to make substitutions and rearrangements in order to solve for the molar mass. 
PV = nRT 

P _ " RT 
V 

fYl 

Now, using the fact that n = — we can make the next substitution; 

M 

— RT 

P -M. 

V 

TYl 

Since density is defined as p = — then we can write; 

nRT nRT 

P = and now solve for M — > M = 

M P 

_ pRT _ 1.92 kg nT 3 x 8.3 145 J je^mor 1 x 298.1 5^ 

P 150xl0 3 Pa 

M =0.0317 kg mol 1 
M =31.7 g mol 1 

Back to Problem 1.16 Back to Top 
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1.17. The density of air at 101.325 kPa and 298.15 K is 1.159 g dm . Assuming that air behaves as an ideal gas, calculate its molar mass. 

Solution: 

Given: Air: p = 1.159 g dnT 3 , T = 298.15 K, P = 101.325 kPa 
Required: M air 

Use the same method as the previous problem (1.16); 

pRT 
M =— 

P 

_ pRT _ 1T59 kg nT 3 x 8.3 14 5 J^K^mor 1 x 298.1 5^ 

P 101325 Pa 

M = 0.0284 kg mol 1 
M = 28.36 g mok' 


Back to Problem 1.17 


Back to Top 
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1.18. A 0.200-dm sample of FL is collected over water at a temperature of 298.15 K and at a pressure of 99.99 kPa. What is the pressure 
of hydrogen in the dry state at 298.15 K? The vapor pressure of water at 298.15 K is 3.17 kPa. 

Solution: 

Given: H 2 (over water): V =0.200 dm 3 , T = 298.15 K, P t =99.99 kPa 
Vapor pressure of water: 3.17 kPa at T = 298.15 K 
Required: P Hi in the dry state 

This problem makes use of Dalton’s Law of Partial Pressures which states: 

The total pressure observed for a mixture of gases is equal to the sum of the pressure that each individual gas would exert had it been alone 
occupying the container and at the same temperature. 

Pi = XiP, 

Partial pressure is defined as the total pressure multiplied by the mole fraction of a particular gas in the mixture. For this particular 
hydrogen/water system, we can then write; 

P t = P H + P u o and solve for the pressure of hydrogen; 

P -P - P 

1 t 1 h 2 o h 2 

p = 99.99 kPa-3.17 kPa 

D 2 

P H , = 96.82 kPa 


Back to Problem 1.18 
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1 . 19 . What are the mole fractions and partial pressures of each gas in a 2.50-L container into which 100.00 g of nitrogen and 100.00 g of 
carbon dioxide are added at 25 °C? What is the total pressure? 

Solution: 

Given: Container: V = 2.50 L, T = 25 °C 

Add 100.00 g of nitrogen and carbon dioxide 
Required: x i , P for each and P t 

First find the amount of each gas in terms of moles because we are provided with their mass and can easily find their molar mass; 
m 100 . 00 / 

fl = ^ L— 

Nz M 28.012/ moF 1 

n K =3.5699 mol 

m 100 . 00 / 

” c ° 2 ~ M 44.010/ moF 1 

n co = 2.2722 mol 

Now we can find the mole fractions associated with each gas using the individual and combined number of moles; 

_ w n 2 3.5699jan5f 

%2 _ n tol (3.5699 + 2.2122) 

*n 2 =0.6111 


n co 2 2.2722jnt5f 

n tot (3.5699 + 2.2122)^ 


x co, = 0.3889 
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Knowing the container volume and temperature of the system, the partial pressures can be calculated using the ideal gas law; 


n N RT 

P — 2 V 

(3.5699^«)f)(8.3145 J X'Vol" f )( 2 98.15X) 

N 2 y 

cont 

2.50 dm 3 

P N: =35.4 bar 


n rn RT 

p _ 

(2.2722^«5f)(8.3145 J/lK^K5f f )(298.15X) 

ax V 

cont 

2.50 dm 3 

P co 2 = 22 - 5 bar 



The total pressure is now found using Dalton’s Law for Partial Pressures; 

P=P l +P 2 +P 3 + - + P i 

P , =-\ P ,+ X 2 P, + X 3 P , +--- + X i P , 

„ n,RT n,RT n RT 

p = _! + ^ + ••■ + — 

V V V 

D , .RT 

r =(n, +n , H \-n) 

' 1 1 v 

Any of the above forms can be used but for simplicity, we shall use Eq. 1.54; 

P, = (3.5699 + 2.2722)^f 183145 J *WX298.1SX) 

' 2.50 dm 3 

P t =57.9 bar 

Notice, once you take the pressure, you need to divide by 10" in order to get the pressure in units bar. 

Back to Problem 1.19 Back to Top 


(Eq. 1.53) 


(Eq. 1.54) 
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1.20. The decomposition of KCIO 3 produces 27.8 cm of O 2 collected over water at 27.5 °C. The vapor pressure of water at this 
temperature is 27.5 Torr. If the barometer reads 751.4 Torr, find the volume the dry gas would occupy at 25.0 °C and 1.00 bar. 

Solution: 

Given: KC10 3 : V a = 27.8 cm 3 , T = 27.5 °C 

Vapor pressure of water: P = 27.5 Torr 
Barometer reading: P = 751.4Torr 
Required: V drygas 

First it is possible to find the pressure of the dry gas at T = 27.5 °C by making use of the barometer reading and the vapor pressure of water; 
P - P -P 

gas barometer water 

p =751.4 Torr -27.5 Torr 

gas 

R gas = 723.9 Torr (Remember that this is at 27.5 °C) 

Since there is also a temperature change the following equality should be used to find the final volume of the system; 

PV PV 

1 l v \ _ 1 2 v 2 

T T 

1 \ 1 2 

PVT 

y _ 1 r 1 J 2 

2 TP 

J r 2 

Recall that 1 bar = 750.06 Torr. Also, when making temperature conversions between Celsius to Kelvin: 27.5 °C = 273.15 + 27.5 = 300.65 
K. 

It is important to remember the initial conditions of the system (Don’t mix up the temperatures!); 

_ P { VJ 2 (723.9 Jeff )(27.8 cm 3 )(298.15X) 

2_ 7jP 2 (300.65 / K / )(750.06(Tofr ) 
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^ 2 =^= 26.6 cm 3 


Back to Problem 1.20 
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1 . 21 . Balloons now are used to move huge trees from their cutting place on mountain slopes to conventional transportation. Calculate the 
volume of a balloon needed if it is desired to have a lifting force of 1000 kg when the temperature is 290 K at 0.940 atm. The 
balloon is to be filled with helium. Assume that air is 80 mol % N 2 and 20 mol % O 2 . Ignore the mass of the superstructure and 
propulsion engines of the balloon. 

Solution: 

Given: Balloon lifting force: m = 1000 kg, T = 290 K. P = 0.940 atm 
Required: V balloon 

The lifting force comes from the difference between the mass of air displaced and the mass of the helium that replaces the air. We can work 
under the assumption that the molar mass for air is 28.8 g mol 1 . This is true if we consider the fact that air (in the problem) is composed 80 
percent of nitrogen and 20 percent of oxygen. 

M Ni « 14(2) - 28 g mok 1 

But we will only consider 80 percent and therefore; 

M n = 28 g mok 1 (0.80) = 22.4 g mok 1 (in air) 

M Q2 * 16(2)- 32 g mok 1 

But we will only consider 20 percent and therefore; 

M 0 - 32 g mok 1 (0.20) - 6.4 g mok 1 

Lifting forced V(p air -p helium ) = 1000 kg 

And recall that we can use the ideal gas law to solve for the density of a gas (density is mass divided by volume); 

PV = nRT 


P = 


nRT 

V 


RT 
M 

V 


— RT and solve for density 
M 
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PM 

RT 

(0.940>ttn) (101325 (28.8/jn<jf r ) 

(8.3145 J X^JH«I^)(290X)(l0 3 / kg 1 ) 


Air = 1-138 kg m 

(0.940>ttn )(l01 325 Pa 4.003 / /jnof r ) 
A ' dlUm (8.3145 J X r ^wI^)(290X)(l0 3 / / kg^ 1 ) 
Ad.um =0.158 kg m 3 


Now these values can be substituted into the equation for the volume of the balloon; 
1000 kg 




balloon 


Vu 


balloon 


(P air /^helium ^ 

1000j^ 

(1.138 -0.158) Je^nT 




balloon 


= 1021 m 3 


Back to Problem 1.21 
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1 . 22 . A gas mixture containing 5 mol % butane and 95 mol % argon (such as is used in Geiger-Miiller counter tubes) is to be prepared by 
allowing gaseous butane to fill an evacuated cylinder at 1 atm pressure. The 40.0-dm 3 cylinder is then weighed. Calculate the mass 
of argon that gives the desired composition if the temperature is maintained at 25.0 °C. Calculate the total pressure of the final 
mixture. The molar mass of argon is 39.9 g mol -1 . 

Solution: 

Given: Gas mixture: 5 mol % butane and 95 mol % argon 
P = 1 atm, V cyl = 40.0 dm 3 , M mgon = 39.9 g mol -1 

Required: m argon and P t 

By using the information given above, it is possible to find the mole fractions for each of the gases in the mixture; 

PV = nRT 

PV 

n = 

RT 

(101325 Pa) (40.0 dm 3 ) 

(8.3145 J X < mor 1 )(298.15X) 

butane =1 -63 mol 

Since the mixture contains 95 parts argon to 5 parts of butane, the ratio is then 95/5 = 19:1 and we can determine the number of moles for 
argon; 

ii zz 1 Q n 

' ^argon x y '^butane 

^argon = 19(1.63) mol = 30.97 mol 

Now that we have both the number of moles and molar mass, we can find the mass of argon; 
m = n M 

argon argon argon 
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m = 

argon 


= (30.97 (39.9 gjnoT^) 


'"argon = 1236 ' 7 § 


The total pressure can then be found by taking the sum of the partial pressures; 


P t ~ ("butane + "argon ) ~ 


RT 

V 


2 

Remember that once you find the pressure, you must divide by 10' in order to convert to bar. 

.(8.3145 Jjr r ^wf f )(298.15X) 


P,=( 1.63 + 30.97)^- 


40.0 dm 


P = 20.2 bar 


Since 1 bar = 0.986 92 atm, then we can say that; 
P, = 20.2(0.986 92) 


P =19.9 atm 


Back to Problem 1.22 
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Solutions 


—2 —1 

1 . 23 . The gravitational constant g decreases by 0.010 m s km of altitude. 

a. Modify the barometric equation to take this variation into account. Assume that the temperature remains constant. 

b. Calculate the pressure of nitrogen at an altitude of 100 km assuming that sea-level pressure is exactly 1 atm and that the 
temperature of 298.15 K is constant. 

Solution: 

—2 —1 

Given: gravitational constant g decreases by 0.010 m s km of altitude 
Required: (a) modify = ^z 


(b) P N at z = 100 km, P = 1 atm, T= 298.15 K 

2 2 

a) The standard gravitational acceleration is defined as 9.807 m s'". If g were to decrease by 0.010 m s' per each kilometer in height, this 
would be equivalent to a change of: 


O.OlO^s 2 

10 V 


10 5 s 2 


z 


where z is the altitude. The new gravitational constant expression would be as follows: 
g = 9.807 m s~ 2 — 10 3 s 2 z 

This can then be substituted into the Barometric Distribution Law equation, 


clP_ 

P 


(Mg 

\RT 


dz 


(Eq. 1.74) 


To give: 


—=-—(9.807 m s 2 -10 5 s“ 2 z)dz 
P RT X ’ 


This can also be expressed in the following manner: 
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In 


( p\ 

\ P o J 


= -—(9.807 ms 2 z-5xl0” 6 s” 2 z 2 ) 


RT 


b) The second version of this equation can then be used to calculate the pressure of nitrogen gas at an altitude of 100 km. 


In 


\ P o J 


(28.0/^of r )(l0- 3 kg^) 

(8.3145 J ^K^K5f f )(298.15X) 


9.807 (lO 5 ) ms” 2 z-5xl0' 6 (l0 5 ) 2 s 


-2 2 
” z 


In 


r P \ 

\ P 0 J 


= -10.51 


( p\ 

\ P o J 


= e” 10 - 51 =2.73x10” 


P = 2.73xl0” 5 (Pg = 1 atm) 


P = 2.73xl0” 5 atm 


Back to Problem 1.23 
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1.24. Suppose that on another planet where the atmosphere is ammonia that the pressure on the surface, at h = 0, is 400 Torr at 250 K. 
Calculate the pressure of ammonia at a height of 8000 metres. The planet has the same g value as the earth. 

Solution: 

Given: Planet with ammonia atmosphere: h = 0, P = 400 Torr, T = 250 K 
Required: P NH at h = 8000 m 

We may begin as we did in the previous problem with the Barometric Distribution Law: 



(Eq. 1.74) 


We can then integrate this expression, with the boundary condition that P = P o when z = 0, which yields; 


In 

P Q RT 



(Eq. 1.75) 


We can further manipulate the equation by exponentiating each side: 



Mgz 


Mgz 


Assume that the temperature remains constant at T = 250 K and the molar mass of ammonia is M- 0.017 kg mol" 1 . These values can be 
substituted into the above equation. 


P = (400 Torr)c 


(-0.017)(9.807)(8000) 

(8.3145X250) 


P = (400 Torr)<? 0 642 


P = 210 Torr 


Back to Problem 1.24 
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1 . 25 . Pilots are well aware that in the lower part of the atmosphere the temperature decreases linearly with altitude. This dependency may 


be written as T = To - az, where a is a proportionality constant, z is the altitude, and To and T are the temperatures at ground level 
and at altitude z, respectively. Derive an expression for the barometric equation that takes this into account. Work to a form 
involving In (P/P o). 

Solution: 

Given: linear dependency of temperature on altitude: T = To - az 

Required: Derive an expression for the barometric equation taking linearity of temperature increase into account. 

Beginning with the Barometric Distribution Law equation (Eq. 1.74), and substituting for T from the linear dependency of temperature on 
altitude equation; 


dP Mg 

= 7 zdz 

P R(T 0 -az ) 

This is a differential equation. In order to solve this, let x = (T q - az) then we have: 


dx = -adz and rearrangement gives -> dz = — — 

a 

Integration of the expression is then as follows (and with the proper substitutions): 

C v —dx -1, ( x'' 

I = — ln — 

Jx ° ax a 
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Integration of the LHS between the values P 0 and P (with the final substitution) gives: 


In 


f n \ 


P 

V r o J 


Mg_ 

Ra 


f 


In 


T.-az 




T 

v 1 o y 


Back to Problem 1.25 
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1.26. An ideal gas thermometer and a mercury thermometer are calibrated at 0 °C and at 100 °C. The thermal expansion coefficient for 
mercury is: 


a-^v,m r 

= 1.817x10 4 +5.90x10 9 ^+3.45x 10 10 ^ 2 

where 6 is the value of the Celsius temperature and Vo = V at 6 = 0. What temperature would appear on the mercury scale when the 
ideal gas scale reads 50 °C? 

Solution: 

Given: Thermometers: T t = 0 °C, T 2 = 100 °C 


Thermal expansion coefficient for mercury: a = 


1 

Vo 


(8V/dT) p =1.817x10 4 +5.90x10 9 6» + 3.45xl0 10 ^ 2 


Required: 0 Hg when ideal gas scale reads 50 °C 


In the case of a mercury column, we assign its length the value l m when it is at thermal equilibrium with boiling water vapor at latm 
pressure. The achievement of equilibrium with melting ice exposed to latm pressure establishes the length, l 0 . Assuming a linear 
relationship between the temperature and the thermometric property (length) we can write; 


6 = 


(l-k) 


(100 °C) 


(Eq. 1.15) 


This expression can be tailored to the situation given above by; 


'Hg 




Hg 


Since a = — (dV / dT) p then we can integrate the expression with respect to a to get; 
V, 
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V x -V 0 =\*'aV„de 

which can be evaluated as follows (divide the second and third terms by 2 and 3 respectively) 


1.817 xlO^ 4 + 2.95 xl0“ 9 6 1 

50 , 

+ 1.15x10 10 6» 3 

50 

lo 

0 

0 


= 0.009 107 V 0 


The same can be done for the denominator in the equation 0 Hg = 
1.8 17 x 10" 4 6>P + 2.95x1 0~ 9 6 1 P + 1. 15 x 10 10 0 n 

10 n 




(100 °C) 


1 100 


K 


= 0.018 3 IK 


Now these two values can be substituted into the above equation to get; 

ft .- 0 ' 009 107 y ° ( 100 ° C) 


'Hg 


0.018 31 K 


# Hg = 49.7 °C 


Back to Problem 1.26 
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1.27. It takes gas A 2.3 times as long to effuse through an orifice as the same amount of nitrogen. What is the molar mass of gas A? 

Solution: 

Given: Gas A: Lffusion = 2.3 times longer than nitrogen 
Required: M GasA 

This particular problem makes use of Graham’s Law of Effusion which states that the rate of effusion of a gas is inversely proportion; 
the square root of the mass of its particles: 



Since we can easily determine the molar mass of nitrogen (N 2 ), we can make the appropriate substitutions and solve for the molar mass of 
Gas A. 


nitrogen = 28 g m01 ‘ 


nitrogen 


V A _ Nitrogen _ M (gaS 2) 


nitrogen 


Nitrogen ? A V M (g &S X ) 


nitrogen 



( 1 V 28 g mol 1 28 g mol 1 

— = — >M a = , -r 


V 2.3 J M a A f 1 V 


M A = 1.5x10^ g mol 1 


Back to Problem 1.27 
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1.28. Exactly 1 dm of nitrogen, under a pressure of 1 bar, takes 5.80 minutes to effuse through an orifice. How long will it take for helium 
to effuse under the same conditions? 

Solution: 

Given: V mtrogen = 1 dm 3 , P = 1 bar, 

Required: t He 

Using Graham’s Law of effusion 

rate(N 2 ) _ f He _ jM ~ 
rate(He) / N; ]] M Nj 

Rearrange the above equation to isolate for the wanted variable, t He ; 



We can determine the molar masses of both helium and nitrogen to get; 


t He =5. 80 min 


t He = 2.19 min 


UymtfT 1 " 

8jyaadT^ 


t = 5.8 min 


(as in previous problem 1.27) recall that effusion time is inversely proportional to the rate of effusion. 


Back to Problem 1.28 
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1 . 29 . What is the total kinetic energy of 0.50 mol of an ideal monatomic gas confined to 8.0 dm at 200 kPa? 


Solution: 


Given: Ideal monatomic gas: n = 0.50 mol , V = 8.0 dm 3 , P = 200 kPa 
Required: E k 

This particular problem refers to the section of Kinetic Theory of Gases. Here, we are trying to determine the relationship between u 1 and 
T, the mechanical variable of u of Eq. 1.41: 

_ Nmu 2 
3V 


which is the fundamental equation derived from the simple kinetic theory of gases. For our purpose of determining this relationship (kinetic 
energy and temperature), Eq. 1.41 may be converted into another useful form by recognizing that the average kinetic energy per molecule is 
defined as; 


r 1 “ 

t.A = —mu 


Substitution of this expression into Eq. 1.41 then gives; 


PV = -N> 2Ga =-N€ k 
3 3 


At constant pressure, the volume of a gas is proportional to the number of molecules and the average kinetic energy of the molecules. Since 
N = nL then we can write; 

2 - - 

PV = —nL£ k and since LCa is the total kinetic energy per mole of gas, then 

PV = — nE. 

3 

p 3 PV 

E u =T 

2 n 


1-58 


Chapter 1: The Nature of Physical Chemistry and Kinetic Theory of Gases 


The data given above can be substituted into the above equation to yield; 

_ 3 (200 kPa)(8.0 dm 3 ) 
k 2 0.5 mol 

E k = 4800 J moF 1 


So for half a mole, the kinetic energy will be: 


nE k = 2400 J 


Back to Problem 1.29 
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3 —1 

1 . 30 . Nitrogen gas is maintained at 152 kPa in a 2.00-dm vessel at 298.15 K. If its molar mass is 28.0134 g mol calculate: 


a. The amount of No present. 

b. The number of molecules present. 

c. The root-mean-square speed of the molecules. 

d. The average translational kinetic energy of each molecule. 

e. The total translational kinetic energy in the system. 


Given: Nitrogen: P = 152 kPa, V = 2.00 dm 3 , T = 298.15 K, M = 28.0134 g mol 1 
Required: see above a through e 

Using the ideal gas law, PV = nRT we can solve for the number of moles present. 

_ PV (152 000 Pa)(2.00ykfr^ )(10 3 m 3 yhrf^) 

RT (8.3145 JX^mol ')(298.15X) 

n = 0,1226 mol 

We can now use Avogadro’s number in order to find the number of molecules present; 
number molecules = (number of moles) (L) 

N = nL = 0.1226 ^(6.022 xl0 23 jnof^) 

N = 7.38 xlQ 22 

We can take the square root of Eq. 1.43 in order to find the root mean square speed of the molecules; 


Solution: 


7 3 RT 


(Eq. 1.43) 


u 


M 




3(8.3145 J Xjfl^)(298.15X) 
0.028 013 4 kg jncl^ 
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The average translational energy (for each molecule) is given by Eq. 1 .44; 



1 (o. 0280134 kg >0 Kjf r )(515.2 m s ‘) 2 



2 6.022 xlO 23 JS0T 


Ga =6.175x10 21 J 


It is possible to find the total translational kinetic energy in the system by using the equation; 
E, =—nRT (Eq. 1.49) 

K tot ^ A 

Q 

E kM = |(0. 1226 jacSf)(8.3 145 J JST jadT)( 298.15^ 

E k = 456 J 

K tot 

Back to Problem 1.30 Back to Top 
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1.31. By what factor are the root-mean-square speeds changed if a gas is heated from 300 K to 400 K? 

Solution: 

Given: T, = 300 K, T 2 = 400 K 

Required: change in root-mean-square speeds 

Recall Eq. 1.43 
— 3 RT 


Now we can determine the magnitude of change in root-mean-square speed when moving from a lower to a higher temperature. 


u 


M 


Remember that in problem 1.29 we outlined the relationship between u 2 and T. Using this information, it is possible to see that the 
following ratios are equivalent; 





Back to Problem 1.31 
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1 . 32 . The collision diameter of N 2 is 3.74 x 1(T 10 m at 298.15 K and 101.325 kPa. Its average speed is 474.6 m s^ 1 . Calculate the mean 
free path, the average number of collisions Za experienced by one molecule in unit time, and the average number of collisions Zaa 
per unit volume per unit time for N 2 . 

Solution: 

Given: d A = 3.74xl0^ 10 m, T = 298.15 K, P = 101.325 kPa, u A =474.6 ms 1 
Required: Z,Z A ,Z AA 

The mean free path is given by Eq. 1.68; 

\j2iTd- A N A 

Using the ideal gas law, PV = nRT , and solving for V, a useful expression for the mean free path can be obtained; 

v = '2?L 

p 


Giving the mean free path as, 
nRT 


A 

L 

A 


P 

V2tt d 2 A N A 

N 

— — — , where N A is the number of particles 
n 

RT 

V2tt d\LP 
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(8.3145 JX^^oI^)(298.15X) 

V2^(3.74xl0 10 m) 2 (6.022 xl0 23 ^io!^) (101 325 Pa) 

A = 6.537xl0 8 Jm 2 Pa 1 

where 1 J = kg m 2 s ~ 2 and 1 Pa = 1 kg nU V 2 

u i y4> m 2 , 3 

= ^— 7 = lm' 

1 Pa 1 m 1 

/l = 6.537x10 8 m 2 m 3 
A - 6.54 x!0~ 8 m 

The average number of collisions Z A experienced by one molecule in unit time, also known as the collision frequency for one molecule is 
given by Eq. 1.66; 

Z a = ^" A " a (SI unit :s _1 ) 


Using the ideal gas law PV = nRT and solving for V, a useful expression for Z A can be obtained. 


V 


nRT 

P 


' JIkcI^uaN A P 
nRT 


L = — — , where N A is the number of particles 
n 
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4lKd \ u \ LP 

RT 

V2^(3.74xl0 1(1 m) 2 (474.6 ms 1 )(6.022xl0 23 ^aof r )(l01 325 Pa) 
(8.3145 J X^^f r )(298.15X) 


Z A =7 259 759 289 m 3 s' 1 Pa J” 1 

where 1 J = 1 kg m 2 s 2 and 1 Pa = 1 kg m _l s 2 

1 Pa ljs^m' 1 / _ 3 
= ^- -r = \ m 

1 J lj^/nrx^ 

Z A = 7.26xl0 9 ^s 


Z A = 7.26xl0 9 s 1 


The average number of collisions Zaa per unit volume per unit time for N 2 , also known as the collision density is given by Eq. 1.65; 


Z 


AA 


4^7id\ukN\ 

2V 2 


(SI unit :m 3 s [ ) 


Using the ideal gas law PV = nRT and solving for V, a useful expression for Zaa can be obtained; 


V 


nRT 

P 


V2 xd 2 A u A NjP 2 
2 (nRT) 2 


L = — — , where N A is the number of particles 
n 

v _7rdlu A L 2 P 2 

4i(rt) 2 

Solving for Zaa, 
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^-(3.74x10 10 m) 2 (474.6 m s 1 ) (6.022 xlO^jaof^" (101325 Pa) 2 

V2 (8.3145 (298. 15X) 2 

Z AA =8.934 67 xlO 34 m 3 s 1 Pa 2 J 2 
where 1 J = kg m 2 s~ 2 and 1 Pa = 1 kg m V 2 
1 Pa 2 l}/ m 2 _ 6 

^ = — — ✓ -r = \m 

i j m 4 

=8.934 67xl0 34 m 3 s 1 nT 6 

Z aa =8.93x 10 34 m 3 s' 1 


Back to Problem 1.32 
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1.33. Express the mean free path of a gas in terms of the variables pressure and temperature, which are more easily measured than the 
volume. 

Solution: 


Given: A = —j= 

d2Tid 2 A N A 


Required: mean free path in terms of P and T 
The mean free path is given by; 


A 


V 

V 2tu1 2 a N a 


(Eq. 1.68) 


Using the ideal gas law PV 
v _ nRT^ 


nRT and solving for V, a useful expression for the mean free path can be obtained; 


A 


nRT 

P 


j27rd:N A 


N 

L — — — , where N A is the number of particles 
n 


\ 


RT 


y/2nd]LP 


Back to Problem 1.33 
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1 . 34 . Calculate Z A and Zaa for argon at 25 °C and a pressure of 1 .00 bar using 
d = 3.84 x 10 l0 m obtained from X-ray crystallographic measurements. 

Solution: 

Given: =3.84x10 10 m, T = 298.15 K, P = 10 5 Pa 

Required: Z A ,Z AA 

Z A is given by Eq. 1.66; 

'j27rdlu A N A _k 

Z A = ± (SI unit :s ) 


Using the ideal gas law PV = nRT and solving for V, a useful expression for Z A can be obtained. 
nRT 


V 


_ 42nd 2 A u A N A P 
A ~ nRT 


N 

L — — — , where N A is the number of particles 
n 


Z A = 


4indiu A LP 


RT 


To solve for Z A the speed must first be found. The average speed is given in the Key Equations section of the chapter; 
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u = 


u = 



8.3145 J / fT < ^«^)(298.15X) 

r 

(39.948/^wf^xlO 3 kg ^ 

^ 158 021.4434 J kg- 1 


since 1 J = 1 kg m 2 s 2 


u = y j 158 021.4434(j^ m 2 
w=397.519 m s~' 


Solving for Z A gives; 
_V2 7zd 2 A u A LP 



(3.84xl(T 10 m) 2 

(397.519 ms ‘) 

(6.022xl0 23 jnoT < )(10 000 Pa) 

(8.3145 J/fr r ^nof f )(298.15X) 

1 


Z A = 6 326 376 149 m 3 s ' PaJ 1 

where 1 J = 1 kg m 2 s 2 and 1 Pa = 1 kg mV 2 

1 Pa lk^nT 1 ^ 

= ^- -r = \ m 

1 J lj^m 2 y^ 

Z A = 6.33xl0 9 ^s 

Z A = 6.33 xlO 9 s 1 
Z A a is given by Eq. 1.65; 
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Z 


AA 


\f27id\uhN\ 

ZV 2 


(SI unit :m 3 s ‘) 


Using the ideal gas law PV = nRT and solving for V, an expression for Z AA is as follows; 

V = ^L 

P 

_yf2xd 2 A U A N 2 A P 2 
AA 2 (nRT) 2 


L = — — , where N A is the number of particles 
n 

v _ 7rd A u A L?P 2 

4i(rt) 2 

Solving for Z AA to get; 

^■(3.84x10 10 m) 2 (397.519 m s ^(b^xlO 23 ^!^)" (10 000 Pa) 2 

V2(8.3145JX r ^wf r ) (298.15X) 2 

=7.684 13xl0 34 m 3 s 1 Pa 2 J 2 
since 1 J = 1 kg m 2 s~ 2 and 1 Pa = 1 kg nU 1 s~ 2 

1 Pa 2 ^ 

1 J \y^m A ^ 

Z AA =7.684 13 xlO 34 m 3 s 1 m 6 
Z AA =7.68xl0 34 nT 3 s' 1 

Back to Problem 1.34 Back to Top 
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1 . 35 . Calculate the mean free path of Ar at 20 °C and 1.00 bar. The collision diameter 
d = 3.84 x 10~ I0 m. 

Solution: 

Given: T = 20 °C = 293.15 K, P = 1.00 bar = 10 5 Pa, =3.84x10 10 m 
Required: 2 

The mean free path is given by Eq. 1.68; 

\l2.TTd' A N A 


Using the ideal gas law PV = nRT and solving for V, a useful expression for the mean free path can be obtained. 
nRT 


V 


A 


P 

nRT 


yl2nd 2 A N A 


N 

L = — 4 5 where N A is the number of particles 


A 


RT 


42nd 2 . LP 


Solutions 
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(8.3145 J/lT f ^or < )(293.15X) 

V2^(3.84xl0 10 m) 2 (6.022 xl0 23 ja<jf r ) (10 000 Pa) 

A = 6.1781x10 8 Jm 2 Pa 1 

since 1 J = 1 kg m 2 s~ 2 and 1 Pa = 1 kg nT 1 s~ 2 

1J lJ^m 2 X^ 3 
1 Pa l^gm 1 

A = 6.1781x10 8 m 2 m 3 
/l = 6.18x10 8 m 


Back to Problem 1.35 
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1 . 36 . Hydrogen gas has a molecular collision diameter of 0.258 nm. Calculate the mean free path of hydrogen at 298. 15 K and (a) 133.32 
Pa, (b) 101.325 k Pa, and (c) 1.0 x 10 8 Pa. 

Solution: 

Given: d A = 0.258 nm = 2.58 x 10 10 m, T = 298.15 K 
Required: 2 

The mean free path is given by Eq. 1 .68; 
yJ2Trd A N A 

Using the ideal gas law PV = nRT and solving for V, a useful expression for the mean free path can be obtained. 

p 


nRT 


42'Kd 2 A N A 


L = — — , where N A is the number of particles 
n 


A 


RT 

JlndlLP 


Now using the fact that P = 133.32 Pa we can make the appropriate substitutions to get; 
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(8.3145 J X^^of r )( 298. 15X) 

V2^-(2.58xl0 10 m) 2 (6.022xl0 23 ^of T ')(l33.32 Pa) 

X =1.044xl0~ 4 J m 2 Pa * 1 

where 1 J = 1 kg m 2 s~ 2 and 1 Pa = 1 kg nT 1 s~ 2 

1J lj^m 2 X^ 3 

1 Pa l^gm 1 y* 

X = 1.044xl0~ 4 m 2 m 3 
A =1.044x10^ m 

With the next pressure (P = 101.325 kPa) we can use the same method as outlined above; 
(8.3145 J X^jne5f f )(298.15X) 

V2^-(2.58xl0 10 m) 2 (6.022xl0 23 jnoT =1 "j(101 325 Pa) 

/l =1.37x10 7 Jm 2 Pa 1 

where 1 J = 1 kg m 2 s~ 2 and 1 Pa = 1 kg nk 1 s~ 2 

1J lj^m 2 y^ 3 

1 Pa F^rn 1 y^ 

/l =1.37x10 7 m' 2 m 3 
X = 1.37xl0~ 7 m 

For the final pressure P - 1 .0 x 10 s Pa • 
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(8.3145 J 


(298.15/K 

0 

V2;r(2.58xlO- 10 m) 

| 2 (6.022x10 

b p «^)( 

1.0x10 s Pa) 


A =1.39x10 10 J m 2 Pa 1 

where 1 J = 1 kg m 2 s 2 and 1 Pa = 1 kg m 1 s ~ 2 

1J lj^nry*' 

= ; 77 = 1 m 

1 Pa lj^rn x ^ 

A =1.39x10 10 m 2 m 3 
/l =1.39x10 10 m 


Back to Problem 1.36 Back to Top 
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1.37. In interstellar space it is estimated that atomic hydrogen exists at a concentration of one particle per cubic meter. If the collision 
diameter is 2.5 x 10 10 m, calculate the mean free path X. The temperature of interstellar space is 2.7 K. 

Solution: 

Given: d A = 2.50 xlO~ 10 m, T = 2.7K,C = 1 particle m 3 
Required: X 

The mean free path is given by Eq. 1 .68; 

V27 td A N A 

Concentration is given by; 

N 

C = — — , where N A is the number of particles 


Now it is possible to solve for X 
^ V2 nd\C 

A = X — 

V2;r(2.50xl0~ 10 m) (l particle nT’) 

A = 3.60xl0 18 m 
A =3.60xlQ 18 m 

This is about a hundred times greater than the distance between the earth and the nearest star (Proxima Centauri)! 


Back to Problem 1.37 
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1 . 38 . Calculate the value of Avogadro’s constant from a study made by Perrin [Ann. Chem. Phys., 18, 1(1909)] in which he measured as a 
function of height the distribution of bright yellow colloidal gamboge (a gum resin) particles suspended in water. Some data at 15 
°C are: 


height, zJ 1 0 6 

N, relative number of gamboge particles at height z 

/^gamboge — 1.206 g Cm 


5 35 

100 47 


7»water = 0.999 g cm 3 radius of gamboge particles, r = 0.212 x 10 6 m 
(j Hint : Consider the particles to be gas molecules in a column of air and that the number of particles is proportional to the pressure.) 

Solution: 

Given: see above 

Required: Avogadro’s number, L 

Since we consider the gamboges particles to be proportional to the pressure, we can write; 
dP (Mg 

I UZ 

(Eq. 1.74) 


RT 


Here, g is the acceleration due to gravity. Taking the integral of both sides and simplifying gives; 
N Ms 

In — = A z where M =mL 

N 0 RT 

This can then be substituted into the above equation to get; 

N mLg 

In — = — Az 

A 0 RT 


Solving for L\ 
L= 


RT , N 
In — 


mgAz N 0 


1-77 


Chapter 1: The Nature of Physical Chemistry and Kinetic Theory of Gases 


Solutions 


Density is given by p = — 

Rearranging for the mass of the gamboges particle then gives; 
m = pV 


Where V is the volume of the gamboges particle. Since we know that volume is given by; V = 


4 nr 


We can then define mass as follows; 

4;rr 3 
m = p 


Now Avogadro’s number can be expressed as; 
RT 


L= - 


f 4 k 3 3 


— pr 

V 3 J 



In — 

JV„ 


Solving for Avogadro’s number, 


L= 


(8.3145 J X^mol 1 )(288.15X) 


4k 


(1.206 - 0.999 


xlO 


kg 


(0.212x10^)’ (9.81ms 2 ) 


L = 7.439 74 xlO 23 mol 1 


xln 


100 


(35x10 6 m-5xl0^ m) 47 


L = 7.44xl0 23 mol 1 


Back to Problem 1.38 
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1 . 39 . Refer to Table 1.3 (p. 32) and write expressions and values for (a) the ratio sju 2 lu, and (b) the ratio u/u mp . Note that these ratios are 
independent of the mass and the temperature. How do the differences between them depend on these quantities? 

Solution: 

Given: Table 1.3 


Required: sju /u ant j u / u 


mp 


From Table 1.3 the root mean speed is sju~ = 


V 


3 kj J J . - 8 kj 

and the average speed is «=/ 


m 


Tim 


u 2 3k„T 8 k n T 


m 


7i m 


_ x 7tffi 

/i 8k^f 



— — and the most probable speed is u =J B 


Km 


m 
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u 



u 



u 



u 


u 


mp 


8 k B T 


7i m 


2 kj 


m 


8 y / l 
n y(\ 2 ^7^ 



2 



= 1.128 


mp 


The differences between 



u and between u and // inp 


increase with T and decrease with m. 


Back to Problem 1.39 
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1 . 40 . The speed that a body of any mass must have to escape from the earth is 1.07 x 10 4 m s \ At what temperature would the average 
speed of (a) a H 2 molecule, and (b) an O 2 molecule be equal to this escape speed? 

Solution: 

Given: n=1.07xl0 4 ms" 1 


Required: T u T Q 


Average speed, as listed in Table 1.3, is given by u = 



By rearranging this equation, temperature can be described as; 


T = 


—2 

nmu 


Sk B 


M 

The mass is given by m = — and by using this expression, the temperature can be simplified to; 

L 


T = 


—2 

7TU M 

8 k B L 


where, k B 


R 

L 


T 


—2 

7TU M 


8 R 


a. Solving for T u 
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T = 

1 H, 


n\ 

(l.07xl0 4 ms 1 

)T 

(2xl.00794/jHflf r ) 

x 1 0 3 kg 

A 

8.3145 J 

1 


T h =10 898 m 2 s 2 kg T 1 K 


2 -2 


where 1 J = 1 kg m" s 


T h _ =10 898 m; 


T h = 10 898 K 


T h =1.09x10 K 


b. Solving for r o 


T = 

1 


7t\ 

(l.07xl0 4 ms' 1 

) ! l 

(2x15.9994/^51^) 

|xl0 3 kg ^ 

A 

8.3145 J K 1 jndf 1 ") 

1 


T 0 _ =172 992 nr s' 2 kg J' 1 K 
where 1 J = 1 kg m 2 s~ 2 
T 0 = 172 992 ( kg^ 


T 0 =172 992 K 


T 0 = 1.73 x10 s K 
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1 . 41 . a. For FF gas at 25 °C, calculate the ratio of the fraction of molecules that have a speed 2 u to the fraction that have the average 
speed u. How does this ratio depend on the mass of the molecules and the temperature? 

b. Calculate the ratio of the fraction of the molecules that have the average speed wioo°c at 100 °C to the fraction that have the 
average speed U25 °c at 25 °C. How does this ratio depend on the mass? 

Solution: 


Given: T = 25 °C = 298. 15K 


Required: a. 


dN- / dN- 
N- / N- 


- 8 k a T 


, where u\ =2u,ui =u ,u = 


Km 


dN- dN- - - - - - 8 k R T 

b. — — / — — where u\ = um°c,u,2 =U25°c,u = J — — 
N- N- V Kin 


a) The key words in this problem are ratio of the fractions, therefore we use the Boltzmann distribution. The Boltzmann distribution is 

/ \ 3/2 

dN ' - ' 

given by Eq. 1.91; = 4 k 

N 


m 


2 Kk B T j 


e - m ^i2k B T u 2 du 


Solving for the ratio; 
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where 

Ml = 2w, 

dAA 

K1 

/dN- 

! M2 _ 

A/- / 

N- 

M2 

dN- 

Ml , 

/d/V- 

A/- / 

A/- 

M2 

dlV- 

"i , 

/dN- 

f M2 _ 

A/- / 

A/- 

M2 


i — \ 2 A 

W_ 

—2 

U 

\ 


f -/A 


4/ 


ml 3 u \/2k K T 


- 8 k a T 


since w = 


7rm 


, we can substitute for the average speed; 


dN- / dN- 


= 4e 


!2k B T 


N- / N- 

U\ / M 2 


dN- /dN- -A 


N- / N- 


4e 


24 ^1Y i 


d/V- /d/V- -i 2 

«L / » 2 _ 4 e s- 

N- N- 

U 1 / M2 


d/V- / d/V- 


Af- / IV- 

Ml / «2 


= 0.087 735 885 


d/V- /dAf- 


A/- / A/- 

Ml / M2 


= 8.77x10 


-2 


It is now possible to see that the ratio is independent of mass and temperature of the molecules. 


1-84 



Chapter 1: The Nature of Physical Chemistry and Kinetic Theory of Gases 


b) 



where u = 



dN- /dN- 
N- / N- 

U\ / U 2 


fr V 3/2 

^100°C 

( 

T 

V J 25“C ; 



Solutions 
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f 8 &b^100°C ^ 

f 8& B ^25°C > j 




-m 

l ;rm 1 

1 Tim J 

dN 

Ml 

/dN- 

/ M2 

-M00°C 

-3/2 2A: fi 

7 100°C 

^25 °C 


N- 


N- 

Ml 


N- 

Ml 


N- 


T 

V 25°C J 


dN- / dN- 


N- 

M2 



X 100°C 

T 

V i25 ° c J 


l 100°C 


T 

J- oc °r 


l 100°C 


- 1/2 


- 1/2 


-4 


dN- /dN- 

u\ j M2^ 

Af- / AA 
dN- /dN- 


N- 

M 2 


373.15 X 

298.15 X 


= 0.893 872 7 


,- 1/2 


L 100°C 

T 

\ ^ 25 °C 


-i/2 f-i vY 8 *i 


2 /Y A 71 M 


|(0) 


\ 


7 


dN- /dN- 

Ml / M2 



0.894 
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1 . 42 . Suppose that two ideal gases are heated to different temperatures such that their pressures and vapor densities are the same. What is 


the relationship between their average molecular speeds? 

Solution: 

Given: Two Ideal Gases, p , P and T 

Required: the relationship between the average speeds of two ideal gases 

To solve this problem, we use the Ideal Gas Law to eliminate the temperature dependence from the equation for average speed. This is true 
because forT, and T 2 , P 1 = P 2 = P and p x = p 2 = p . 

9 

PV = nRT 


the average speed of two ideal gases that are heated to different temperatures such that their pressures and vapor densities are the same. 


nR 

where R = k B L 


nk B L 


Substituting the above expression into the equation for average speed, as given in Table 1.3, and simplifying, gives the relationship between 



u = 



where p = — 


N nmL 


V V 
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Since P and p are the same, the average speed is the same for both gases. 


Back to Problem 1.42 
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1.43. a. If U 25 °c is the average speed of the molecules in a gas at 25 °C, calculate the ratio of the fraction that will have the speed u 25 °c at 
100 °C to the fraction that will have the same speed at 25 °C. 

b. Repeat this calculation for a speed of 10 1125 °c- 

Solution: 

Given: r 100 „ c = 373.15 K, r 25 „ c =298.15 K 


Required: a) 


dN, 


1 dN-r 


AC 


Nr 


b) 


dN. 


T\ nn°r 


1 dNr 


N. 


Tinn °r 


N 




The key words in this problem are ratio of the fractions, therefore we use the Boltzmann distribution. The Boltzmann distribution is given 

f \ 3/2 


by Eq. 1.91; — =4 n 
N 


m 


V 2 xkj j 


-mu~ /2koT 2 


u~ da , where the average speed of molecules is given in Table 1.3 as u = , 


8 kj_ 

7im 


Solving for the ratio we get; 
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where 


7i m 


clN T 


AL 


dNrr 


n t 


cIN t 


N t 


dN, 


T\ nn°r 


N r 

1 100°C 

dN T 

y 100°C 

N t 

i 100°C 

dN T 


AL 




v 3/2 

''lOO°C 


AL 


T 

V 25"C y 






r8^ B r 25 o C 'j 

^8^725 0(3^1 


— m 

1 ;rm ) 

l 7tm J 


2*3 

^ 100 °C 

^25 °C 

( T \ 



J 

^100°C 


AA 


A/AA 


AA 


a/aa 



y T v 1/2 HI 

Xoo°c 


W 


T 

J- ->c or 


^25 °c v 25°C y 


AW. 

AA 


7^c o r 


^25 °C V 

A/AA 


aa 


373.15 X 

298.15 X 

= 1.154 559 


-1/2 r^tV298.15X 


a- JI.373.15X 



At a speed of 10 U 25 °c ; 
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where u = , 


8 KT 

nm 


Solutions 
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dN T 

y ] 

AL 


l dN T 

N t 


v —3/2 


M00°C 

T 

y 1 25°C 



dN T 

y 100°C 

N t 

y 100°C 

dN T 

y I00°C 

N t 

M00°C 

dN r 

y 100°C 

N t 

I m°c 

dN r 

y 100°C 

N t 

y 100°C 

dN r 


N. 


l dN T 

X 

l dN T 

N T 


1 dNr 


M00°C 

T 

\ 1 2 s°c y 


X 100°C 

T 

V 25-C 



loof 8 * 87 ^ 

r8^ B 725°C ) 


—m 

1 7tm I 

^ nm J 


2k B 

^100 °c 

^25 °C 

f T \ 


V 

J 

^100°C 


T 

V 1 25°CJ 


Y ioor 25 . c 

^25 °C 'j 

^100 °c 

^25 °C J 


N t 

I 25°C 

/ dN r 

1 25 °C 

N t 

I 25°C 

1 dNr 


71 A 7ioo°c 


f r V 1/2 f 100r 25»C x 

y ioo°c 

T 

K 1 25°C ) 


373.15 X 

298.15 X 


-1/2 { -4Y 100x298.15 X 


x ){ 373. 15X 


7|nfi : ( 


Nr 


= 2.099 87x10 


.-44 
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1 . 44 . On the basis of Eq. 1 .80 with [i = l/k^T, derive an expression for the fraction of molecules in a one-dimensional gas having speeds 
between u x and u x + du x . What is the most probable speed? 

Solution: 

Given: fi = 1 /k B T, dP x = Be mu[pn du x 

Required: — , the fraction of molecules in a one-dimensional gas 
N 

Using Eq. 1.80, the fraction of molecules in a one-dimensional gas having speeds between u x and u x + du x can be written as; 
dN dP r Be mu]pn du. 


N P 


ou 

J Be mu2jn du x 


f 00 2 If TC \ 

Using e dx = — \ — from the appendix in Chapter 1, the denominator can be simplified. 

Jo 9 \ n ) 


2 \a 


1/2 


J Be-" mlpn du x =- 




2 n 
\mfi , 


1/2 
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dN Be 


-mu*/3/2 


du , 


N B( 2n^ 
2 \m(d j 


1/2 


dN _ 2Be 
N ~ 


-mu^pn y 2^- A ^ 


B 


V m fd j 


du r 


1\T f n\l/ 2 

dN mp 


= 2 c ~ mu xP 12 

N 


V 2 n j 


du , 


where /? = 


1 


kj 


dN - 

= 2e 

N 


vl/2 


‘2^7- 


m 


2nk B T j 


du , 


dN 

( 2m 

1/2 

du x 

N 

[xk B T j 
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1 . 45 . Derive an expression for the fraction of molecules in a one-dimensional gas having energies between s x and s x +ds x .Also, obtain 
an expression for the average energy s x . 

Solution: 


Given: 


clN 

~N 


' 2 k„T 


2m 

K nkJ 


x 1/2 

J 


du x (from problem 1.44) 


Required: 


dN 

N 


, the fraction of molecules in a one-dimensional gas 


Using Eq. 1.93, s x =—mu 2 , the fraction of molecules in a one-dimensional gas having speeds between u x and u x + du x 


l 1 r r, \ l/2 
' 2 k R T 


N 


2m 


K nkJ j 


du x (from problem 1.44), can be converted into the fraction molecules having energies between s x and s x + ds x . 
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a=—mu r 
x 2 


u, = , 


du x 
da . 


du , 




m 


(20 

2 

f 2 l 

l m J 


l m J 


1 




da, m 


\ m 


du. 


1 


av 


da, m 


\ m J 
du, ( 1 V 


( 2 *J 


da x 

du. 


\m) 


( 2 0 


= ( 2/h£ a ) 


d £ x 

du x = (2 ma x ) 2 da x 


dN 

— p, k B i 

f 1 ] 

H 

<0 

CN 

N 

v 7r k R Ta x ^ 


The average energy is given by; 


£■ = 


£ 


r//V 

Af 


Tailoring the above equation to this particular situation, we get; 


Solutions 


(Eq. 1.97) 
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dN 

s. = I s x — £ 
Jo N 


=r 

Jo 

=r 

Jo 




= Jo ^ 






K nkJs xJ 


,1/2 

ds. 


s, = 


,1/2 


0 y 


e kR, s.' ,2 ds, 


1 ( n 


1/2 


Using J e ax x u 2 dx= — I — | from the appendix in Chapter 1, the expression can be simplified. 
2 rr V rr > 




f 1 V 1 


£\ = 


v ^B r y 


-/c B r(^/c H r) 


£\ = — k u T 


Solving for the fraction of energies we get; 


dN 

N 

dN 

N 

dN 

N 


=e 


Is* \ 1 f 


2 k n T 


2 m 


,1/2 


V XkJ y 


=e 


— C 


2m 1 

X- 


(2ms x Y 2 ds x 

x 1/2 


v ^ B r 2m^ y 


=e 




,1/2 


K nkj£ xJ 


ds. 


ds. 


£ x=\ k J 
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1.46. Derive an expression for the fraction of molecules in a two-dimensional gas having speeds between u and u + du. ( Hint : Proceed by 
analogy with the derivation of Eq. 1.91.) Then obtain the expression for the fraction having energies between and s + ds . What 
fraction will have energies in excess of £ ? 

Solution: 

f \ 3/2 

_ .. . dN . I 111 I —mu~l1k T 1 i 

Given: Two dimensional gas: = 4 n\ e ~ B u~ du 

N U jtk B T) 

dN 

Required: , the fraction of molecules in a two-dimensional gas 

N 

The following equations: 
dP x = Be du x 

dP y = Be du y 

can be combined to give an expression reflecting the probability that the two components of speed have values between u x and u x + du x , u y 
and u y + du y . 

dP x dP y = ( Bc mu],!n du x )(fic du y ) 
dP x dP = B\ ’^0 /in du du 

x y x y 

Using polar coordinates, we consider a circular shell of radius u and replace du x du x by 2/rudu , and take u 2 = u] + u 2 

We can then rewrite dP x dP y = B e "{ U < +U ') pu du * du as d p = 2nB 2 Q mu pri udu 
Using Eq. 1.91, an expression for the speed can be obtained; 


(Eq. 1.80) 
(Eq. 1.81) 
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dN _dP _ 2 7iB 2 z mulpi2 udu 
N ~ i 


J 2nB 


2 -mu B 12 i 

e H udu 


o 


dN 2 xB-e 


2 —mu ft 12 


udu 


N 

00 

2 nB 1 [ e 

— mu 

pr udu 



0 



dN 

e 

mu 2 f3 12 

udu 

N 

l e 

- mu7pn udu 


0 




Usm s J 0 

- ax 

e 

xdx = — 
2 a 

CO 

fe 

mirpn 

udu 

1 

f 2 ^ 

J 

0 



2 

\mp) 

CO 

fe 

mu 2 pn 

udu 

1 

J 

0 



m 

P 


dN _ Q mttlpn udu 
~N~ 

mj3 

— = mpz- mulp ' 2 udu 

N 


where fi = 


dN m 


1 


N kj 


kj 

mu 2 

2k » T udu 
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dN 

N 


m 

Jj 


e 2k * T udu 


Using Eq. 1.93, s=—mu 2 , the fraction of molecules in two dimensional gas having speeds between u and u + du., can be converted into the 
fraction molecules having energies between s and s + ds . 


s = — mu 
2 


u = 


(2s_J 
V rn J 


du _ 1 
ds 2 


(2 s^ 

2 

f 2 l 

V m J 


(m) 


du _ 1 
ds m 


V m J 


du _ 1 
ds m 


r i v 




(2s) 


du 

ds 


( i 3 


ym) 


(2s ) 


du , v 

= 2 ms 

ds V ’ 


du = (2 ms ) 2 ds 


We can now solve for the fraction of energies; 
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dN m -2*7 , 

= e * udu 

N kj 


dN m 


2e | 1 
m j2koT 


f 2s 


N kj 


dN m ~yj 

= e B 

N kj 

dN m ~yy 

= e B 

N kj 


dN 1 kaT 


(—) 
V rn J 


V m J 
1 


(2 ms ) 2 ds 


(2 ms ) 2 ds 




ds 


N kj 


e ds 


dN 1 ~yy 

-e k * T ds 


N kj 

The fraction of molecules with energy greater than s can be obtained from the expression 

A 7* £ 

JS C™ k T 7 

— = e v ds 
N 

N* 


N 


= e 


k„T 
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1.47. In Section 1.13 it was stated that the van der Waals constant b is approximately four times the volume occupied by the molecules 
themselves. Justify this relationship for a gas composed of spherical molecules. 

Solution: 


The Van der Waals constant b represents the excluded volume occupied by the volume of the colliding molecules. When two molecules 
collide, the closest they can come to one another is a distance of 2 r, therefore the excluded volume per molecule can be represented as a 
sphere with a radius of no less than 2 r. 


b can be calculated using the volume <x _ 



_.Aing the radius as 2 r. 


V = 


4;rr 3 

3 


where r = 2r 


V _ M 2 rf 
3 

4;r(8r 3 ) 

v = — ^ — - = sv 

3 


b = 4V 


Since we only consider the volume occupied by one molecule of radius r, b=4V. 
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1.48. Draw the van der Waals PV isotherm over the same range of P and V as in Figure 1.21 at 350 K and 450 K for CI 2 using the values 
in Table 1.4. 

Solution: 

Given: Figure 1.21 T=350K, T=450K 
Required: draw the Van der Waals isotherms 
The curves are similar to those in Figure 1.21 

Back to Problem 1.48 Back to Top 
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1 . 49 . Compare the pressures predicted for 0.8 dm 3 of CI 2 weighing 17.5 g at 273.15 K using (a) the ideal gas equation and (b) the van der 
Waals equation. 

Solution: 

Given: V = 0.8 dm 3 , m a =17.5 g, T = 273.15 K 
Required: P Ideal and P vdw 


From the ideal gas equation; P ldeal = 


nRT 

V 


Ideal 


mRT . m 

, where n = — 

MV M 


Solving for P Ideal yields; 

(17.5 ^8.3145 J x R X J»«r^)(273.15X) 
(2x35.4527 / /jnof f )(0.8 ^M^xlO' 3 m 3 ^!^ ) 
P Uea i= 700 6581m- 3 

where 1 J = 1 kg m 2 s 2 and 1 Pa = 1 kg m 1 s 2 
P Idea i = 700 658 kg m 2 s 2 m 3 
7^.= 700 658 kg nT 1 s- 2 


Using the van der waals equation; P vdw 
mRT 


nRT 
V -nb 


P = 

vdw 


M 


6 m ^ 

V-—b 

M 


am 
M 2 V 2 


, m 

where n = — 
M 


an 2 

w 
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Solving for P vdw with <3=0.6579 Pam 6 mol 2 and b = 0.0562x10 3 m 3 mol 1 we get; 


vdw 


(17.5^)^8.3145 JX f ^«^)(273.15X) 


2x35.4527^,0^ 


O.&jkff xlO 3 m 3 


(17.5/) 


2x35.4527/jnflf r 


(0.0562xl0 3 n^/ndf^ 

J 


1 

(0.6579 Pa m 6 mol 2 ) 

(17.5/) 

^2 

(2x35.4527/mor') 2 

(0.8 xlO 3 



P vdw =712 997.84 Pa -62 613.823 3 Pa 
P vdw =650 384.016 7 Pa 
P vdw = 650 kPa 
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1 . 50 . A particular mass of N 2 occupies a volume of 1 .00 L at -50 °C and 800 bar. Determine the volume occupied by the same mass of 
N 2 at 100 °C and 200 bar using the compressibility factor for N 2 . At -50 °C and 800 bar it is 1.95; at 100 °C and 200 bar it is 1.10. 
Compare this value to that obtained from the ideal gas law. 

Solution: 

Given: V, =1.00L, T, = -50 °C = 223.15 K, P l =800 bar, Z, =1.95 


T 2 = 100°C = 373.15 K, P 2 = 200 bar, Z 2 = 1.10 
Required: V? and compare to V idea i 

To determine V 2 , we can use Eq. 1.98 for a real gas and rearrange for n, the number of moles of N 2 ; 


nRT 

ZPV 

RT 


The number of moles at V 2 is the same as the number of moles at V 1 since we know that the same mass is used. 


z l py l 

RT, 


,n 7 = 


where n x =n 2 . 


Z 2 PK 

RT 2 


z 1 py L = z 2 p ^ 1 

A A 


Solving for V 2 to get; 


_ zyvy 


(1.95) 

( SOOJxtr') 

(1.00 L) 

( 223.15 

A) 

(1.10) 

(200>dr) 

( 373.15 X) 

1 


V 2 =3.7747 L 
V 2 =3.77 L 
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To determine Videab we can use Eq. 1.98 for an ideal gas, with Z = 1 and rearrange for n, the number of moles of N?; 
PV 

Z=——,Z= 1 
nRT 


n = - 


PV 

RT 

py 


PV 

RT X - RT 2 
where n, = n 2 , 

py ; _ py** 


Xt x Xt 2 

Now solving for E ide ai; 

pvj ; 


v = 112 

ideal rr~< 

* 2*1 


^ideal 


(800 

J>arj 

(1.00 L) 

(223.15X) 

1 

(200>tf) 

(373.15X) 

1 


^ideai = 6.688 77 L 


V , dear = 6.69 L 


We can now compare V 2 and E.deai by determining the error on Videai- 


error = 


V -V 

idea! 2 xl Q0% 




6.69-3.77 i/w/w 

error = x 1 00% 

3.77 

error = 0.7745 x 100% 


error = 77.5% 
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1 . 51 . A gas is found to obey the equation of state: 


p _ RT a 
V-b V 


where a and b are constants not equal to zero. Determine whether this gas has a critical point; if it does, express the critical constants in 
terms of a and b. If it does not, explain how you determined this and the implications for the statement of the problem. 

Solution: 


Given: 


r _ RT a 
V-b V 


where a and b are constants not equal to zero 


Required: critical point in terms of a and b, if it exists 

( dP^ 

According to Eq. 1.99, a gas has a critical point if 


u 


= 0 and 


( d 2p\ 


=0 


f 8P^ 


\dVj Tc 

a RT 


RT + A = 0 


[V-b) 2 V 2 


V 2 


(v-b)- 


(i) 


( a 2 p A 




2RT _2 a_ Q 


(V-bf V 3 


2 a _ 2 RT 

y 1- 


[V-b) 


( 2 ) 


If 


f 8P^ 


\dVu 


= 0 and 


f 8 2 P a 


K dy2 JT. 


( 2 ) 

= 0 , then -VA should not exist. 

(i) 


1-108 


Chapter 1: The Nature of Physical Chemistry and Kinetic Theory of Gases 


Solutions 


f 2fC\ { " I 

U 3 J l(v-^) 3 J 

W {(V-bfj 

2V 2 _ 2 (V-bf 
~V r ~ (V-bf 
2 _ 2 

V ~ V-b 
1 _ 1 

V ~ V-b 

This last line — = — - — is only true if b = 0. however b± 0 from the statement of the problem. Therefore the gas does not have a critical 
V V-b 

point. 


Back to Problem 1.51 Back to Top 
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1 . 52 . Ethylene (C2H4) has a critical pressure of P, = 61.659 atm and a critical temperature of T c = 308.6 K. Calculate the molar volume 


equation. 

Solution: 

Given: Ethylene (C 2 H 4 ): Figure 1.22, P = 61.659 atm, T c = 308.6 K, P = 90.0 atm, 

E = 97.2 °C = 370.35K 
Required: V m , and Vi dea i 

T P 

First the reduced temperature and pressure of the gas can be obtained using the following ratios; T r = — and P r = — 


of the gas at T = 97.2 °C and 90.0 atm using Figure 1.22. Compare the value so found with that calculated from the ideal gas 


T = : 

r 370.35X 

90.0 atfrf 


308.6X 


.20 



= 1.46 


Using Figure 1.22, the compressibility factor for a gas of T r = 1.20 and P , = 1.46 is found to be approximately 0.7. Eq. 1.98 gives the 
compressibility in terms of molar volume. Rearranging this expression for V m will allow us to calculate the molar volume. 


Z = 


PV 

m 


V = 


RT 

ZRT 


V = 


P 

0.7 (0.08206 ^>trndm 3 X f 'mor I ) (370.35 X) 



V = 0.236 37 dm 3 mol 


V, = 0.236 dm 3 mol 
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The molar volume obtained from the ideal gas equation is given by; 
V RT 


n 

V... 


P 

RT 


■■ v 


v, = 


(o. 08206 ^trndm'X^mor 1 ) (370.35 X) 


(90.0^trh"j 
V, = 0.337 67 dm 3 mol 1 


V. =0.338 dm mol 


A comparison with the ideal molar volume shows that the real molar volume obtained from the law of corresponding states is much smaller. 
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1.53. Assuming that methane is a perfectly spherical molecule, find the radius of one methane molecule using the value of b listed in 
Table 1.5. 

Solution: 

Given: methane (CH 4 ): Table 1.5 
Required: r CH 


Using Table 1.5, b = 0.0428 xl(T 3 m 3 
v 

CH, 0 


_ b _ 4 nr 

Cfl4 ~ 4 L~ ~T~ 


mol 1 and b = 4V m , as stated in section 1.13, the volume of methane is treated as a sphere; 


We can divide by L, Avogadro’s number, since we are considering only one molecule of methane. 


r = 3 


r = 3 


— x — 

4 L 4 n 


\ 


0.0428x10 3 m 3 ja<5l^ 


(6.022 xl0 23 jn«jf r 


r = 1.61877xl0 10 m 


r = 1.62x10 10 m 


The actual radius, i.e. the C-H distance in CH 4 is 1.09x10 10 m 
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1.54. Determine the Boyle temperature in terms of constants for the equation of state: 


PV m =RT{ 1 + S/51 (P/P c )(T c TT)[l - 4(r,/7f] } 


R, P c , and T c are constants. 

Solution: 


\ 8 

' P " 

(p a 


y Y A 

2 

1 

1 + — 



1 - 4 

^ c 



57 

7, 

UJ 




J 


Required: T B , Boyle temperature 


The Boyle Temperature occurs when the second virial coefficient, B(T) = 0 and the partial derivative 


d(PV) 
dP 


becomes zero as P— >0. 


Jt 


This is fulfilled when 1-4 


Tc 

\Tj 


= 0 , therefore; 


1 - 4 


f j A 2 

T 

\ 1 b y 


= 0 


( T A 2 

± c _ 

ZL = I 

T b 2 


1 

4 


T -IT 

1 B Z ‘ 1 c 
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1.55. Establish the relationships between van der Waals parameters a and b and the virial coefficients B and C of Eq. 1.117 by performing 
the following steps: 

a. Starting with Eq. 1.101, show that 

PV m V m “ 1 
RT V m -b RT V m 

b. Since V m /(V m - b) = (1 - b/V m ) and (1 - x)~ l = 1 + x + x 2 + . . .„ expand (1 - b/ V m )~ l to the quadratic term and substitute into the 
result of part (a). 

c. Group terms containing the same power of V m and compare to Eq. 1.117 for the case n = 1. 

d. What is the expression for the Boyle temperature in terms of van der Waals parameters? 

Solution: 


I^T CL 

Starting with equation 1.101 P = t- , we can multiply by — — to get; 

V-b W 2 RT 


PV 

in_ 

RT 


fv > 

jrf 


\0) 

V -b 

m 

RT 

\ 7 


V' 


PV„ V. 


a 1 


RT V , . -b RT V 


Since V m /(V m - b) = (1 - b/V m ) and (1 - x) 1 = 1 + x + x + . . ., therefore we can write; 


r b) 

-1 

1 ^ 


ro 


= 1+ — 

+ 

— 

l v m j 

V 

m 




+ ... 


Using the expression derived above; 

a 1 


PV. , b 
-=1 + — + 




RT 


V 


m \ v m J 


V . 


+ ...-- 


RT V . 
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Grouping the terms containing the same power of V m gives; 

* 2 

+ ... 


PV_ , 1 

-=1 + — 


RT V, 


(u a 1 


fb) 


+ 

— 

l RT J 



. PV . B(T)n C(T)n 2 D(T)n 


-H — . For the case n = 1, this becomes, 


Equation 1.117 is = 1+ — l — h- 

nRT V V 2 V 4 

^{T) ) D{T) ^ 

RT V V 2 V 4 

Comparing to the expression we obtained in part c, we can see that: B(T} = 

The expression for the Boyle temperature in terms of van der Waals parameters is determined when B(T) = 0 ; 
= 0 


' b -—\ 

V RT) 


C(T) = b 2 and Z) (T) = 0 


f \ 

b — - 

v RT b 


b =- 


RT„ 


T =— 
B bR 
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1 . 56 . Determine the Boyle temperature of a van der Waals gas in terms of the constants a, b, and R. 

Solution: 

Given: A van der Waals gas 
Required: T B of the constants a , b, and R 

The temperature can be obtained by rearranging the van der Waals equation; 

( V-nb)=nRT (Eq. 1.100) 

p _ RT a 
V-b V 2 



We can then multiply through by 


V 

RT 


to change the form of the equation; 


PV 

f V ^ 

0 

(/) 

RT ~ 

K0 ) 

l 



V / 


PV _ V a_ 

RT ~ V -b RTV 


Z = 


V 


V-b 


a 

RTV 
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Since V/(V - b) = (1 - Z?/V) \ and (1 - x) 1 = 1 + x + x 2 + ..., therefore; 


f 

1 i b 


f b ^ 

1 

= 1 + — 

+ 

— 


y 


{.VJ 


+ ... 


Z = l + — + 

y 


f b \ 2 


vVy 




a 1 
RTV 


Grouping the terms containing the same power of V gives, 


Z = l + — 

y 


f L a 'l 


(b\ 

b 

+ 

— 

l RT) 


W) 


+... 


The Boyle Temperature occurs when the second virial coefficient, B(T) = 0 and the partial derivative 

f dZ ^ 


r dZ'' 
y dP) T 


becomes zero as P— >-0, i.e. 


lim 

0 


ydP j T 


= 0 


RT 


By changing the variable V into we can get; 
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Z=l + - 


RT 


(, « 'l 


f h 1 


+ 


l RT) 


[rt J 


P 2 H 


' dZ^ 
y dP j T 


RT 


a 


1 [ b ~ 

\ RT 


+ 2 


RT 


lim 

p->o 


lim 

o 


f dZ^ 


\dPj T 
' dZ^ 
y dP) T 


= 0 


i r, « ^ 


RT 


b — 
v RTj 


= 0 


where 5(7") = 0 

5(t ) = 0 = — 
V Bj RT„ 


b-- 


RT, 


8/ 


b — - 


RT„ 


= 0 


b — ■ 


RT„ 


T = 

-* D 


a 

Rb 
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1.57. The critical temperature T c of nitrous oxide (N 2 O) is 36.5 °C, and its critical pressure P, is 71.7 atm. Suppose that 1 mol of N 2 O is 
compressed to 54.0 atm at 356 K. Calculate the reduced temperature and pressure, and use Figure 1.22, interpolating as necessary, to 
estimate the volume occupied by 1 mol of the gas at 54.0 atm and 356 K. 

Solution: 

T P 

The reduced temperature and pressure of the gas can be obtained using the ratios T r = — and P r = — 


Using the values above, we obtain 

T 356 X 

r (273.15 + 36.5) % 

T r =1.149 69 
T r =1.15 


_ 54.0 >ttn 
71.7 ^tfrf 
P r =0.753138 
P r =0.753 
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1.58. At what temperature and pressure will Hi be in a corresponding state with CH 4 at 500.0 K and 2.00 bar pressure? Given T c = 33.2 K 
for Hi, 190.6 K for CH 4 ; P c = 13.0 bar for H 2 , 46.0 bar for CH 4 . 

Solution: 

Given: T c ^ = 500.0 K,P CH4 = 2.00 bar, T = 33.2 K, 


T 190.6 K,P =13.0 bar, P =46.0 bar 

c CH 4 c H 2 c CH 4 


Required: T H andP H 

In order for hydrogen to be in the corresponding state as methane, they must have the same reduced temperature and reduced pressure. The 

T P 

reduced temperature and pressure of the gas can be obtained using the ratios T r = — and P r = — 



T _ 500.0X 
r 190.6X 

T r = 2.623 

p 

p = fca L 

r P c 

c CH 4 

_ 2.00>df 
r ~ 46.0>df 
P r = 4.35x10 2 


T h and P H are given by rearranging the ratios for reduced temperature and pressure. 


T =TT 

H 2 1 r 1 c ii2 


Solving for 


and p u 2 = P P Hl 
r H 2 and p h 2 § ives ; 
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r H , =(2.623)(33.2 K) 


T = 
y h : 

87.0836 K 

P n 2 = 

4.35 xl0~ 2 ^ 

\ = 

0.5655 bar 



T _ 500.0X 
' 190.6X 

T r = 2.623 

p 

p - CH * 

' P 

c ch 4 

_ 2.00>df 
r ~ 46.0>df 
p r =4.35x10 2 
T = 33.2 K 

C H 2 

P = 13.0 bar 

% 


77 =87.1 K 

h 2 

P H = 0.566 bar 


Back to Problem 1.58 


Back to Top 


1-121 


Chapter 1: The Nature of Physical Chemistry and Kinetic Theory of Gases 


Solutions 


1.59. For the Dieterici equation, derive the relationship of a and b to the critical volume and temperature. 
[Hint: Remember that at the critical point (dP/d V) T = 0 and (8 2 P/dV 2 ) T = 0.] 

Solution: 

Given: Dieterici equation: ( Pe alv " ,RT )(V ni -b) = RT 
Required: Tthe relationship of a and b to V c and T c 

By rearranging for P and using Eq.1.114, (dP/8V) r and ( 8 2 P/8V 2 )t can be determined. 


p = RT c - a/v „, RT 


( V m ~b) 


' 8P ' 
y dV ,n J T 
' 8P ' 

, dV m J T 

' 8P ' 

^ J T 


RT 


-a/V m RT 


(V,~b) 
RT 


f 

a 

f 1 ^ 

1 ~~a/V m RT RT 

RT 

l v m 2 j 

) (v m -b) 


-a/V m RT 


(V, -*) 


RTVj (V -b) 

m \ m } 


= P 


RtvJ (v m -b)' 


( 8 2 p\ 


8V„, 


ST 


8P 

\ dV mJ T 


a 


1 


' d 2 P ' 

^vj) T 

r d 2 P' 

[wJJt 


= p 


= p 


RTV 2 (V , -b) 

m \ m J 
\ 2 


\ ( 

+ 


1 


RTV, 2 (V m -b) 


2 a 


v 


RTV „ 


- + - 


(V. -»)' 


+ p 


2 a 


RTVJ 
2 a 

+ - 


+ - 


( v „ -by 


RTV,, 2 (y m -b)) RTV, 3 (v m -b) 
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2 2 

Solving for ( dP/dV)r = 0 and ( d P/3 V~)t = 0, the condition of the critical point, The relationship of a and b to V c and T, can then be 
obtained; 


f dP A 


\ dV mJ T 


= P 


RTV. 




0 


RT C V C 2 (V c -b) 


= 0 


a = 


RTV C 2 

{Vc-b) 


8 2 P 


= p 


RTV, 2 (V m -b) 


2 a 1 

RTvJ + (v m -bf 


RTV; 


1 


v 2 


(Vc-b)) 


2 a 1 

RT c v c 3 + {v c -bf 


K RT c V c 


1 


V 2 


(Vc-b)) 


2 a 1 

RTV c 3 + (v c -b ) 2 


Substituting the expression for a into the above can further simplify the problem; 
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( 

1 

' RXyf) 

1 

2 

2 



y(K-b) ) 

(V,-b) } 




+ - 


(Vc-b) 


= 0 



b) (tf-b) 
1 


2 -+^^ = 0 


V'(V,-b) (V,-bf 


K (K-b) 
2 (K-b) = K 

V 

b = V — £■ 


6 = ^ 
2 


The Dieterici constant a then becomes, 


a = 


rtv; 


r 


a = ■ 


V 

v e 2 

rtxL 

r v .^ 


V 2 y 

a = 2 RTV 


Substitution back into the Dieterici equation, the critical point becomes, 
P - K l e “ lr -” . a = 2 RT V and h - '• 

(K~b) 2 


Solutions 
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P = 


RT C 

( y 

v c - c 

l 2 


llptf 


P = 


RT c 

m 

l 2 J 
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1 . 60 . In Eq. 1.103 a cubic equation has to be solved in order to find the volume of a van der Waals gas. However, reasonably accurate 
estimates of volumes can be made by deriving an expression for the compression factor Z in terms of P from the result of the 
previous problem. One simply substitutes for the terms V m on the right-hand side in terms of the ideal gas law expression V m = 
RT/P. Derive this expression and use it to find the volume of CCI 2 F 2 at 30.0 °C and 5.00 bar pressure. What will be the molar 
volume computed using the ideal gas law under the same conditions? 

Solution: 


Given: (from problem 1.59): CCI 2 F 2 at T = 30.0 °C = 303.15 K and P = 5.00 bar 
Required: V mand V m ^ 

PV PV 

The compression factor ; Z = = — — can be used with Eq. 1.101 to obtain an expression for Z; 


nRT RT 


p _ RT a 
V. -b Vi 


z =- 


PV 

m 

f V ^ 

0 

( y/^ 

a 

RT 

K0 J 

V -b 

m 

RT 

\ 9 

V X 

m 


v„ 


a 


z = 

V -b RTV m 

m m 

Since V m /(V m - b) = (1 - b/V,„) and (1 - x) _1 = 1 + x + x + therefore; 

+ ... 


ft ^ 

-1 


(b] 


= 1 + — 

+ 

— 

l v m ) 

V 

m 




Z = 1 + — + 


V. 


f , x 


V 


+ ...-- 


m \ y m J 


a 1 

rtV 


z =1+ — 

V 


(u A 1 


(b' 

2 

b 

+ 

— 

+ 

l RT) 


m y 



Using V m = RT/P, we obtain; 
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Z = 1 + - 


RT 


r, a 'l 


( b 3 

b 

+ 


l RT) 


yRT] 


Table 1.5 gives the van der Waals constants for CCI 2 F 2 : 

a = 1.066 dm 3 bar moF 2 , b = 0.0973 dm 3 moF 1 

(5.00 ) 


Z =1 + 


0.083 15 >tf dm 3 ^XnoF‘)(303.15 X) 

1.066 yterX ) y6x mol 


0.0973 dm 3 moF 1 - 


+ 


(0.083 15 >tr yinX XXmoF^OS.lS X) 
0.0973 (i00 ^ 


0.083 15 >dr ^dnX X^PwX)(303.15 X) 


Z =1.01167 

z = 1.01 

We can then solve for V m by rearranging the expression for the compression factor; 

z= w - 


V... = 


V,., = 


RT 

ZRT 


1.01^0.083 15 >df dm 3 ^moF 1 )(303.15 X) 
(5.00 >hf ) 


V = 5.0918dm 3 moF 1 


V = 5.09dm 3 moF 1 
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V„, can also be obtained using the ideal gas, PV = nRT and solving for V m , 

"'ideal 

y 

m ideal p 

(o.083 15 >df dm 3 Junior 1 ) (303. 15 X) 

V "'"' a " ~ (5.00 >dr ) 

V m =5.041 38 dm 3 mol 1 

"'ideal 


V m =5.04 dm 3 mol 1 

"'ideal 
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1 . 61 . A general requirement of all equations of state for gases is that they reduce to the ideal gas equation (Eq. 1.28) in the limit of low 


pressures. Show that this is true for the van der Waals equation. 

Solution: 

Given: PV = nRT, low P 

Required: show that the van der Waals equation reduces to Eq. 1.28 
The Van der Waals equation is given by; 


Since V m /(V m - b) = (1 - b/V m ) and ( 1 - x) 1 = \ + x + x 2 + .... therefore; 


k V 1 ) 


E + (V - nb) = nRT 


(Eq. 1.100) 


Using the compression factor, Z = 


PV PV m 

m 


Eq. 1.100 can be recast in a form of Z in terms of P. 


nRT RT ’ 



RT Mf)v m -b [rt JvJ 




Z = 1 + — + — +... 

v m [v m J RT V m 


Z =1 + — b + — 

v m v rt j \yj 
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Using V m = RT/P we obtain; 
P 


Z = 1 + - 


(u a 


( b 

b 

+ 


l RTj 


l RTJ 


RT 


Taking the limit of Z as P approaches 0 becomes, 



lim = 1 

P—>0 


Z= 1 


Which is true for an ideal gas, and therefore the van der Waals equation reduces to the ideal gas equation. 
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1.62. The van der Waals constants for CoH 6 in the older literature are found to be 

a = 5.49 atm L 2 mol -2 and b = 0.0638 L mol -1 
Express these constants in SI units (L = liter = dm ). 

Solution: 

Given: PV = nRT, low P, a = 5.49 atm L 2 mol -2 and b = 0.0638 L mol -1 
Required: express a and b in SI units 
latm = 101 325 Pa 


1 L 2 = (l dm) 6 = (0.1m) 6 =1x10 6 m 6 


a = 5.49 atm L 2 mol 2 x 


101325 Pa 1x10 6 m 6 

1 atm 1 L 2 


a = 5.56x10 1 Pa m 6 mol 2 
1 L = (1 dm) 3 = (0. 1 m) 3 = 1 x 10 3 m 3 

b = 0.0638 L mol 1 x 1x10 m 

1L 

Z? = 6.38x10 5 m 3 moE 1 


Back to Problem 1.62 


Back to Top 
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Solutions 


o 

1 . 63 . Compare the values obtained for the pressure of 3.00 mol CO 2 at 298.15 K held in a 8.25-dm bulb using the ideal gas, van der 


Waals, Dieterici, and Beattie-Bridgeman equations. For CO 2 the Dieterici equation constants are 


Solution: 

Given: n = 3.00 mol, r co = 298.15 K, V co = 8.25 dm 3 

«Dieterici= 0.462 Pa m 6 mor 2 , b Dieterici = 4.63 x 1C 
Required: P dcal , P vdw , P Dietcrici and P KK 
The Ideal Gas equation is given by; 


^ dea ,= 9014001m- 3 

where 1 J = 1 kg m 2 s~ 2 , 1 Pa = 1 kg nT 1 s 2 
/Ideal =901 400 kg m 2 s 2 m 3 
^deai =901400 Pa 
where 1 bar = 100 000 Pa 

^deai =9.01 bar 


The Van der Waals equation is defined as; 


a = 0.462 Pa m 6 mol 2 , 
b = 4.63 x 10 5 m 3 mol” 1 


_ nRT 


ideal 
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Solutions 


p _ RT a 

vdw v -b V 2 


V = — = 

m 

n 


( 

8 . 25 ^ : 


1x10 3 m 


1 ^ I (3.00 mol) 


V ,, = 2.75x10 3 m 3 mol" 


From Table 1.5, a = 0.3640 Pa m 6 mol 2 , b = 0.0427 x 10 3 m 3 mol 1 


1 

(8.3145 

(298.15X) 

1 1 

(o.3640 Pa^jnoK) 

(2.75x10 

3 nr'jnof 3 ') 

l-l 

( 0.0427 x 10~ 3 m 3 ;ndf r ) 

1 I 

(2.75x10 


P vdw =915 661 J nT 3 -48 132 Pa 
p vdw =915 661 Pa -48 132 kg m 1 s 2 
P vdw =867 528 Pa 
P vdw =8.68 bar 

The Dieterici Equation is as follows; 


[ Dieterici 


Dieterici 


[ Dieterici 


_ RT g/y m RT 

“ (V, -b) 

= 0.462 Pam 6 mol 2 , Z? Dieterici = 4.63x10 5 m 3 mol" 1 ,V r m = 2.75 xlO 3 m 3 moE 1 

, , (o.462Pam 6 junK) 

(8.3145 J^^K5f f )(298.15X) “( 2 . 75 * 10 -’ j jr^^s.isX) 

(2.75x10 3 m 3 ^^^- (4.63 x 10" 5 m 3 
= 856 801 Pa 


Dieterici 


= 8.57 bar 


The Beattie-Bridgeman equation; 
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Solutions 


P 

BB v 2 


1- 


f \ 
c 


where A = \ 


V T 

V V i n 1 

f \ 

1-A 

v 


(K,+5)-A 




f , \ 

1-A 

v K,y 


From Table 1.6: 

A, = 0.50728Pa m 6 mol" 2 , a = 71.32x10 6 m 3 mol 1 , B 0 = 104.76 x 10" 6 m 3 mol" 1 , b = 72.35x10^ m 3 mol 1 , c = 66.00x10 m 3 K 3 mol" 1 

f . _ * ^ 


A = 0.50728 Pam 6 mol 


-2 


7L32X10" 6 jg? jsstf* 
2.75x10 2 


A= 0.494124 Pa m 6 mol" 


B = (104.76 xlO" 6 m 3 mol" 1 ) 


5 = 1.02004x10^ m 3 mol" 1 


72.35 xl0" 6 yr/jaof r 
2.75xl0" 3 yrf^mdT^ 


Solving for 5 B b gives, 

8.3145 JX r mol" 1 )(298.15X) 


P = 

1 BB 


(2.75xl0" 3 m 3 mol" 1 ) 


1- 


66.00x10 p/ 

2.75x10 ^K5f f )(298.15X) 


, , , N (0. 013156 Pa m 6 mol 2 ) 

:( 2.75 x 10 3 m 3 mol" 1 +( 1.02004x10^ m 3 mol " 1 )-- ^ / 
V V ’ (2.75 xlO" 3 m 3 mol" 1 )' 


P BB = 861075 Pa 


P BB = 8.61 bar 


Back to Problem 1.63 


Back to Top 
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Solutions 


1.64. A gas obeys the van der Waals equation with P c = 3.040 x 10 6 Pa (= 30 atm) and T c = 473 K. Calculate the value of the van der 


Waals constant 6 for this gas. 

Solution: 

Given: P c = 3.040 x 10 6 Pa (=30 atm) and T c = 473 K 
Required: b 


It is possible to rearrange the expression for the gas constant to express it in terms of V c , so that we can isolate for b. 


8(3.040xl0 6 Pa) 

where 1 J = 1 kg nr s 2 and 1 Pa = 1 kg m 1 s~ 2 
1J lj^m 2 ^ . 3 

= -^-7 -7 = 1 m 

1 Pa lj^m 1 ^ 

6 = 1.617 09XKT 4 m 3 moP 1 

6 = 1.62x10 4 m 3 moP 1 


Back to Problem 1.64 Back to Top 


FromEq. 1.109; 6 = — 
3 



/ 8 P, 
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Solutions 


1.65. Expand the Dieterici equation in powers of V m ' in order to cast it into the virial form. Find the second and third virial coefficients. 
Then show that at low densities the Dieterici and van der Waals equations give essentially the same result for P. 

Solution: 

Given: (Pe alv ” RT )(V m -b) = RT 

Required: second and third virial coefficients 

First, the Dieterici equation can be rewritten in terms of P as; 

RT 


-a/V„,RT 


1 Dieterici 


( V m ~b) 


2 3 

X X 

The series expansion for e x is given by e x =1 + x + — + — + ... can be used to expand the Dieterici equation. 


RT 


1 Dieterici 


(y. -b) 


( A 2 

- a 


1 + 


f -a ^ 


+ 




2 ! 


- + ... 


f A 2 

-a 


RT 


1 Dieterici 


-+ 


RT 

r -a ^ 


^ RT 




Ih.-qJ 


K.V m RT J 


2 ! 


- + ... 


[ Dieterici 


+ - 


(V m -b) V m (V„-b) 2RTV m \V m -b) 


Expanding 


1 


V, -b 


and collecting terms in powers of V m gives coefficients that are independent of V m . : 
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Solutions 


1 1 


V„-b V, 


1 - — 


m \ 


V. 


m J v m 


V, 


( i \ 


1-A + 

y \ y mJ J 


V... 


Substitution into the Dieterici equation leads to; 


„ RT a + RTb 1 
P = — + - 


f 2 

a 


V m 


V 


m V 


2 RT 


+ ub + RTb 


The second coefficient is 


-(a + RTb) 


and the third coefficient is 



At low densities, the third and higher terms are negligible. Dropping the third and higher terms, and substituting, we obtain 

RT a + RTb 
~ V V 2 

m m 

This is in the same form as the van der Waals equation. 


Back to Problem 1.65 


Back to Top 
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Problems and Solutions 


Chapter 2: The Rist Law of Thermodynamics 


Energy, Heat, and Work 


Chapter 2 

*problems with an asterisk are slightly more demanding 

Energy, Heat, and Work 

2.1. A bird weighing 1.5 kg leaves the ground and flies to a height of 75 metres, where it attains a velocity of 20 m s'. What change in 
energy is involved in the process? (Acceleration of gravity = 9.81 m s 2 .) 

Solution 

_o 

2.2. The densities of ice and water at 0 °C are 0.9168 and 0.9998 g cm , respectively. If AH for the fusion process at atmospheric 

pressure is 6.025 kJ mol -1 , what is At/? How much work is done on the system? 

Solution 

_o _o 

2.3. The density of liquid water at 100 °C is 0.9584 g cm , and that of steam at the same temperature is 0.000 596 g cm . If the enthalpy 

of evaporation of water at atmospheric pressure is 40.63 kJ mol -1 , what is At/? How much work is done by the system during the 

evaporation process? 

Solution 

2.4. The latent heat of fusion of water at 0 °C is 6.025 kJ mol 1 and the molar heat capacities (C/\ m ) of water and ice are 75.3 and 37.7 J 
K 1 mol -1 , respectively. The Cp values can be taken to be independent of temperature. Calculate AH for the freezing of 1 mol of 
supercooled water at -10.0 °C. 

Solution 

2.5. A sample of liquid acetone weighing 0.700 g was burned in a bomb calorimeter for which the heat capacity (including the sample) is 
6937 J K The observed temperature rise was from 25.00 °C to 26.69 °C. 

a. Calculate A U for the combustion of 1 mol of acetone. 

b. Calculate AH for the combustion of 1 mol of acetone. 


Solution 


2-2 


Chapter 2: The Rist Law of Thermodynamics 


Energy, Heat, and Work 


2 . 6 . An average man weighs about 70 kg and produces about 10 460 kJ of heat per day. 

a. Suppose that a man were an isolated system and that his heat capacity were 4.18 J K 1 g if his temperature were 37 °C at a given 
time, what would be his temperature 24 h later? 

b. A man is in fact an open system, and the main mechanism for maintaining his temperature constant is evaporation of water. If the 
enthalpy of vaporization of water at 37 °C is 43.4 kJ mol -1 , how much water needs to be evaporated per day to keep the temperature 
constant? 

Solution 

2 . 7 . In an open beaker at 25 °C and 1 atm pressure, 100 g of zinc are caused to react with dilute sulfuric acid. Calculate the work done by 
the liberated hydrogen gas, assuming it behaves ideally. What would be the work done if the reaction took place in a sealed vessel? 

Solution 

2 . 8 . A balloon is 0.50 m in diameter and contains air at 25 °C and 1 bar pressure. It is then filled with air isothermally and reversibly 
until the pressure reaches 5 bar. Assume that the pressure is proportional to the diameter of the balloon and calculate (a) the final 
diameter of the balloon and (b) the work done in the process. 

Solution 

2 . 9 . When 1 cal of heat is given to 1 g of water at 14.5 °C, the temperature rises to 15.5 °C. Calculate the molar heat capacity of water at 
15 °C. 

Solution 

2 . 10 . A vessel containing 1.000 kg of water at 25.00 °C is heated until it boils. How much heat is supplied? How long would it take a one- 
kilowatt heater to supply this amount of heat? Assume the heat capacity calculated in Problem 2.9 to apply over the temperature 
range. 

Solution 

a _o 

2 . 11 . A nonporous ceramic of volume V m and mass M kg is immersed in a liquid of density d kg m . What is the work done on the 
ceramic if it is slowly raised a height h m through the liquid? Neglect any resistance caused by viscosity. What is the change in the 
potential energy of the ceramic? 


Solution 
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Thermochemistry 


2.12. Show that the differential dP of the pressure of an ideal gas is an exact differential. 


Solution 


2 2 

2.13. Determine whether dU = xy dx + x ydy is an exact differential. If it is find the function U of which dll is the differential. Do this by 


integrating over suitable paths. In a plot of y against x, show a plot of the paths that you chose. 


Solution 


Thermochemistry 

2.14. Using the data given in Table 2.1 and Appendix D, find the enthalpy change for the reaction 2H2(g) + 02 (g) — ► 2H20(g) at 800 K. 

Solution 

2.15. A sample of liquid benzene weighing 0.633 g is burned in a bomb calorimeter at 25.00 °C, and 26.54 kJ of heat are evolved. 

a. Calculate A U per mole of benzene. 

b. Calculate A H per mole of benzene. 

Solution 

2.16. Deduce the standard enthalpy change for the process 

2CH 4 (g)-*C 2 H 6 (g) + H2(g) 

from the data in Appendix D. 

Solution 


2.17. A sample of liquid methanol weighing 5.27 g was burned in a bomb calorimeter at 25.00 °C, and 119.50 kJ of heat was evolved 
(after correction for standard conditions). 

a. Calculate A c H° for the combustion of 1 mol of methanol. 

b. Use this value and the data in Appendix D for IDOCl) and CC> 2 (g) to obtain a value for A/ /7°(CH;OH.l), and compare with the 
value given in the table. 

c. If the enthalpy of vaporization of methanol is 35.27 kJ mol -1 , calculate A/- H° for CtUOHlg). 


Solution 
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2 . 18 . Calculate the heat of combustion (A c H°) of ethane from the data given in Appendix D. 

Solution 

2 . 19 . The model used to describe the temperature dependence of heat capacities (Eq. 2.48; Table 2.1) cannot remain valid as the 
temperature approaches absolute zero because of the l/T 2 term. In some cases, the model starts to break down at temperatures 
significantly higher than absolute zero. The following data for nickel are taken from a very old textbook ( Numerical Problems in 
Advanced Physical Chemistry, J. H. Wolfenden, London: Oxford, 1938, p. 45). Fit these data to the model and find the optimum 
values of the parameters. 


77 K 

15.05 

25.20 

47.10 

67.13 

82.11 

133.4 

204.05 

256.5 

283.0 

CPI J K 1 
mol” 1 

0.1943 

0.5987 

3.5333 

7.6360 

10.0953 

17.8780 

22.7202 

24.8038 

26.0833 


Examine the behavior of the fit in the range 10 < T < 25 and comment on this. 

Solution 

2 . 20 . Suggest a practicable method for determining the enthalpy of formation A fH° of gaseous carbon monoxide at 25 °C. {Note: Burning 
graphite in a limited supply of oxygen is not satisfactory, since the product will be a mixture of unbumed graphite, CO, and COi.) 

Solution 

2 . 21 . If the enthalpy of combustion A c H° of gaseous cyclopropane, C 3 H 6 , is -2091.2 kJ moE 1 at 25 °C, calculate the standard enthalpy of 
formation A fH°. 

Solution 

2 . 22 . The parameters for expressing the temperature dependence of molar heat capacities for various substances listed in Table 2.1 are 
obtained by fitting the model Cp, m = d + eT + f/T 2 to experimental data at various temperatures and finding the values of the 
parameters d, e, and /that yield the best fit. Several mathematical software packages (Mathematica, Mathcad, Macsyma, etc.) and 
several scientific plotting packages (Axum, Origin, PSIPlot, etc.) can perform these fits very quickly. Fit the following data given 
the temperature dependence of C p jn for n-butane to the model and obtain the optimum values of the parameters. 
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77K 

CP! J K 1 moF 1 


220 250 

0.642 0.759 


275 300 

0.861 0.952 


325 350 

1.025 1.085 


380 400 

1.142 1.177 


Solution 


2.23. From the data in Appendix D, calculate A H° for the reaction (at 25 °C): 

C 2 H 4 (g) + H 2 0(1) — C 2 H 5 OH(l) 


Solution 


2.24. The bacterium Acetobacter suboxydans obtains energy for growth by oxidizing ethanol in two stages, as follows: 

a. C 2 H 5 OH(l) + | 0 2 (g) -> CH 3 CHO(l) + H 2 0(1) 

b. CH 3 CHO(l) + |o 2 (g)^CH 3 COOH(l) 

The enthalpy increases in the complete combustion (to C0 2 and liquid H 2 0) of the three compounds are 

A c H°f kJ moF 1 
1370.7 
1167.3 
-876.1 

Calculate the A H° values for reactions (a) and (b). 


Ethanol (1) 
Acetaldehyde (1) 
Acetic acid (1) 


Solution 


2.25. The enthalpy of combustion of acrylonitrile (C 3 H 3 N) at 25 °C and 1 atm pressure is -1760.9 kJ moF 1 [Stamm, Halverson, and 
Whalen, J. Chem. Phys., 17, 105(1949)]. Under the same conditions, the heats of formation of HCN(g) and C 2 H 2 (g) from the 
elements are 135.1 and 226.73 kJ mol -1 , respectively [The NBS Tables of Chemical and Thermodynamic Properties, Supp. 2 to Vol. 
11 of J. Phys. Chem. Ref. Data]. Combining these data with the standard enthalpies of formation of C0 2 (g) and H 2 0(g), calculate 
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Thermochemistry 


2 . 26 . 


2 . 27 . 


2 . 28 . 


2 . 29 . 


the enthalpy change in the reaction HCN(g) + C 2 H 2 (g) — > H 2 C=CH-CN(g). [Notes: (a) Assume that the nitrogen present in 
acrylonitrile is converted into nitrogen gas during combustion, (b) Assume that all substances except for graphite (for the formation 
of CO 2 ) are gases, i.e., ignore the fact that acrylonitrile and water will be liquids under the conditions given here.] 


Solution 


Calculate AH for the reaction; 

C 2 H 5 OH(l) + 0 2 (g) -»• CH 3 COOH(l) + H 2 0(1) 

making use of the enthalpies of formation given in Appendix D. Is the result consistent with the results obtained for Problem 2.24? 

Solution 


The disaccharide a-maltose can be hydrolyzed to glucose according to the equation 

CuHazOntaq) + H 2 0(1) — 2C6H I2 0 6 (aq) 

Using data in Appendix D and the following values, calculate the standard enthalpy change in this reaction: 


A f /7°/kJ mol -1 


C 6 H 12 0 6 (aq) - 1263.1 

Ci 2 H 22 0ii(aq) -2238.3 


Solution 

The standard enthalpy of formation of the fumarate ion is -777.4 kJ mol -1 . If the standard enthalpy change of the reaction: 

fumarate 2_ (aq) + H 2 (g) — > succinate 2- (aq) 
is 131.4 kJ mol -1 , calculate the enthalpy of formation of the succinate ion. 


Solution 


The A H° for the mutarotation of glucose in aqueous solution, 

a-D-glucose(aq) — > /i-D-glucose(aq) 

has been measured in a microcalorimeter and found to be -1.16 kJ mol -1 . The enthalpies of solution of the two forms of glucose 
have been determined to be 

a-D-glucose(s) — > a-D-glucose(aq) 

A H° = 10.72 kJ mol -1 
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2 . 30 . 


2 . 31 . 


2 . 32 . 


* 2 . 33 . 


2 . 34 . 


/?-D-glucose(s) — > /i-D-glucose(aq) 
A H° = 4.68 kJ mok 1 

Calculate A H° for the mutarotation of solid a-D-glucose to solid /?-D-glucose. 


Solution 


Use the data in Appendix D to calculate A H° for the hydrolysis of urea into carbon dioxide and ammonia at 25 °C. 


Solution 


Here is a problem with a chemical engineering flavor: Ethanol is oxidized to acetic acid in a catalyst chamber at 25 °C. Calculate the 
rate at which heat will have to be removed (in J h ') from the chamber in order to maintain the reaction chamber at 25 °C, if the feed 
rate is 45.00 kg h 1 of ethanol and the conversion rate is 42 mole % of ethanol. Excess oxygen is assumed to be available. 


Solution 


a. An ice cube at 0 °C weighing 100.0 g is dropped into 1 kg of water at 20 °C. Does all of the ice melt? If not, how much of it 
remains? What is the final temperature? The latent heat of fusion of ice at 0 °C is 6.025 kJ mol, and the molar heat capacity of 
water, Cp, m is 75.3 J KT 1 mol -1 . 

b. Perform the same calculations with 10 ice cubes of the same size dropped into the water. (See Problem 3.33 of Chapter 3 for the 
calculation of the corresponding entropy changes.) 


Solution 


From the data in Table 2.1 and Appendix D, calculate the enthalpy change in the reaction 

C(graphite) + 0 2 (g) -*■ C0 2 (g) 


at 1000 K. 


Solution 

From the bond strengths in Table 2.2, estimate the enthalpy of formation of gaseous propane, C 3 H 8 , using the following additional 
data: 


A f H°/k] mol -1 


C(graphite) -> C(g) 


716.7 


H 2 (g)-2H(g) 


436.0 
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Ideal Gases 


Solution 


2.35. A sample of sucrose, C 12 H 22 O 11 weighing 0.1328 g, was burned to completion in a bomb calorimeter at 25 °C, and the heat evolved 
was measured to be 2186.0 J. 

a. Calculate A c U m and A c H m for the combustion of sucrose. 

b. Use data in Appendix D to calculate A fH m for the formation of sucrose. 

Solution 

2.36. The value of A H° for the reaction 

CO(g) + |o 2 (g) ^ C0 2 (g) 

is -282.97 kJ mol” 1 at 298 K. Calculate A U° for the reaction. 


Solution 


Ideal Gases 

2.37. One mole of an ideal gas initially at 10.00 bar and 298.0 K is allowed to expand against a constant external pressure of 2.000 bar to 
a final pressure of 2.000 bar. During this process, the temperature of the gas falls to 253.2 K. We wish to construct a reversible path 
connecting these initial and final steps as a combination of a reversible isothermal expansion followed by a reversible adiabatic 
expansion. To what volume should we allow the gas to expand isothermally so that subsequent adiabatic expansion is guaranteed to 

3 

take the gas to the final state? Assume that C v m = — R . 

Solution 

2.38. Two moles of oxygen gas, which can be regarded as ideal with Cp = 29.4 J K 1 mol -1 (independent of temperature), are maintained 
at 273 K in a volume of 11.35 dm 3 . 

a. What is the pressure of the gas? 

b. What is PV1 

c. What is Cy? 


Solution 
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2.39. Suppose that the gas in Problem 2.38 is heated reversibly to 373 K at constant volume: 

a. How much work is done on the system? 

b. What is the increase in internal energy, A W. 

c. How much heat was added to the system? 

d. What is the final pressure? 

e. What is the final value of PV1 

f. What is the increase in enthalpy, A HI 

Solution 

2.40. Suppose that the gas in Problem 2.38 is heated reversibly to 373 K at constant pressure. 

a. What is the final volume? 

b. How much work is done on the system? 

c. How much heat is supplied to the system? 

d. What is the increase in enthalpy? 

e. What is the increase in internal energy? 

Solution 

2.41. Suppose that the gas in Problem 2.38 is reversibly compressed to half its volume at constant temperature (273 K). 

a. What is the change in U7 

b. What is the final pressure? 

c. How much work is done on the system? 

d. How much heat flows out of the system? 

e. What is the change in HI 

Solution 

2.42. With the temperature maintained at 0 °C, 2 mol of an ideal gas are allowed to expand against a piston that supports 2 bar pressure. 
The initial pressure of the gas is 10 bar and the final pressure 2 bar. 

a. How much energy is transferred to the surroundings during the expansion? 

b. What is the change in the internal energy and the enthalpy of the gas? 

c. How much heat has been absorbed by the gas? 


Solution 
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Ideal Gases 


2.43. Suppose that the gas in Problem 2.42 is allowed to expand reversibly and isothermally from the initial pressure of 10 bar to the final 
pressure of 2 bar. 

a. How much work is done by the gas? 

b. What are A U and A HI 

c. How much heat is absorbed by the gas? 

Solution 

2.44. A sample of hydrogen gas, which may be assumed to be ideal, is initially at 3.0 bar pressure and a temperature of 25.0 °C, and has a 
volume of 1.5 dm . It is expanded reversibly and adiabatically until the volume is 5.0 dm' . The heat capacity Cp of H 2 is 28.80 J K 
mol -1 and may be assumed to be independent of temperature. 

a. Calculate the final pressure and temperature after the expansion. 

b. Calculate A U and AH for the process. 

Solution 

*2.45. Initially 0.1 mol of methane is at 1 bar pressure and 80 °C. The gas behaves ideally and the value of C p/C v is 1.31. The gas is 
allowed to expand reversibly and adiabatically to a pressure of 0. 1 bar. 

a. What are the initial and final volumes of the gas? 

b. What is the final temperature? 

c. Calculate A U and AH for the process. 

Solution 

2.46. A gas behaves ideally and its Cy is given by 

Cy/J K 1 mol -1 = 21.52 + 8.2 x 10" 3 77K 

a. What is Cp, m as a function of 77 

b. A sample of this gas is initially at T\ = 300 K, P\ = 10 bar, and V\ = \ dm . It is allowed to expand until P 2 = 1 bar and V 2 = 10 
dm . What are A U and AH for this process? Could the process be carried out adiabatically? 

Solution 

2.47. Prove that for an ideal gas two reversible adiabatic curves on a P-V diagram cannot intersect. 
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Solution 


2.48. An ideal gas is defined as one that obeys the relationship PV = nRT. We showed in Section 2.7 that for such gases 

(GU/dV)r = 0 and (8H/8P) T = 0 
Prove that for an ideal gas Cy and C P are independent of volume and pressure. 

Solution 

2.49. One mole of an ideal gas underwent a reversible isothermal expansion until its volume was doubled. If the gas performed 1 kJ of 
work, what was its temperature? 

Solution 

2.50. A gas that behaves ideally was allowed to expand reversibly and adiabatically to twice its volume. Its initial temperature was 25.00 
°C, and Cv, m = (5/2 )R. Calculate A U m and A H m for the expansion process. 

Solution 

2.51. With Cv, m = (3/2 )R, 1 mol of an ideal monatomic gas undergoes a reversible process in which the volume is doubled and in which 1 
kJ of heat is absorbed by the gas. The initial pressure is 1 bar and the initial temperature is 300 K. The enthalpy change is 1.50 kJ. 

a. Calculate the final pressure and temperature. 

b. Calculate AU and w for the process. 


*2.52. Prove that 




dU 

dV 


Jt 


f 8V_^ 
\ST Jv 


Solution 


Solution 


*2.53. Prove that for an ideal gas the rate of change of the pressure dP/dt is related to the rates of change of the volume and temperature by 


1 dP _ 1 dV ]_dT_ 
P dt V dt T dt 


Solution 
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Ideal Gases 


* 2 . 54 . Initially 5 mol of nitrogen are at a temperature of 25 °C and a pressure of 10 bar. The gas may be assumed to be ideal; Cv, m = 20.8 J 
K 1 mol 1 and is independent of temperature. Suppose that the pressure is suddenly dropped to 1 bar; calculate the final temperature, 
A U, and AH. 


Solution 


2 . 55 . A chemical reaction occurs at 300 K in a gas mixture that behaves ideally, and the total amount of gas increases by 0.27 mol. If A U 
= 9.4 kJ, what is A HI 

Solution 

2 . 56 . Suppose that 1.00 mol of an ideal monatomic gas ( C v = (3/2)/?) at 1 bar is adiabatically and reversibly compressed starting at 25.0 
°C from 0.1000 m 3 to 0.0100 m 3 . Calculate q, w, A U, and AH. 

Solution 

2 . 57 . Suppose that an ideal gas undergoes an irreversible isobaric adiabatic process. Derive expressions for q, w, AU, and AH and the final 
temperature of the gas undergoing the process. 

Solution 

2 . 58 . Exactly one mole of an ideal monatomic gas at 25.0 °C is cooled and allowed to expand from 1.00 dm to 10.00 dm against an 
external pressure of 1.00 bar. Calculate the final temperature, and q, w, AU, and AH. 

Solution 

2 . 59 . A balloon 15 m in diameter is inflated with helium at 20 °C. 

a. What is the mass of helium in the balloon, assuming the gas to be ideal? 

b. How much work is done by the balloon during the process of inflation against an external pressure of 1 atm (101.315 kPa), from 
an initial volume of zero to the final volume? 


Solution 


2-13 


Chapter 2: The Rist Law of Thermodynamics 


Real Gases 


2.60. a. Calculate the work done when 1 mol of an ideal gas at 2 bar pressure and 300 K is expanded isothermally to a volume of 1.5 L, 
with the external pressure held constant at 1.5 bar. 

b. Suppose instead that the gas is expanded isothermally and reversibly to the same final volume; calculate the work done. 


Solution 


2.61. The heat capacity difference can be determined experimentally in terms of the two variables a and [i in the equation for an ideal gas. 
Determine the value of Cp and Cy for an ideal gas in the equation Cp - Cy= TVa !fi where 


1 ( dV 
a~ — 


V 


-) and /?= — -(— 
8T ) p v{dP 


Jt 


Solution 


Real Gases 

2.62. For an ideal gas, PV m = RT and therefore ( dT/clP) v = V m /R. Derive the corresponding relationship for a van der Waals gas. 

Solution 

*2.63. One mole of a gas at 300 K is compressed isothermally and reversibly from an initial volume of 10 dm to a final volume of 0.2 dm . 
Calculate the work done on the system if 

a. the gas is ideal. 

b. the equation of state of the gas is P(V m - b) = RT, with b = 0.03 dm 3 mol -1 . 

Explain the difference between the two values. 


Solution 
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Real Gases 


* 2 . 64 . 


One mole of a gas at 100 K is compressed isothermally from an initial volume of 20 dm' to a final volume of 5 dm . Calculate the 
work done on the system if 

a. the gas is ideal. 

b. the equation of state is 


f \ 

P + -^ 

V 2 

V v m 


V=RT wherea=0.384m 6 Pamol 1 


[This equation is obeyed approximately at low temperatures, whereas P(V m - b) = RT (see Problem 2.63) is obeyed more closely at 
higher temperatures.] Account for the difference between the values in (a) and (b). 


Solution 


2 . 65 . Derive the expression 


for 1 mol of a van der Waals gas. 


PdV ab PdT adT 

i dV m + + — — 

V -b V\V - b ) T V 2 T 

m m k m ' m 


Solution 


2 . 66 . If a substance is burned at constant volume with no heat loss, so that the heat evolved is all used to heat the product gases, the 
temperature attained is known as the adiabatic flame temperature. Calculate this quantity for methane burned at 25 °C in the amount 
of oxygen required to give complete combustion to CO 2 and H 2 0. Use the data in Appendix D and the following approximate 
expressions for the heat capacities: 

Cp, m (C0 2 )/J K" 1 mol" 1 = 44.22 + 8.79 x 1(T 3 T/K 
C P , m (H 2 0)/J K 1 mol" 1 = 30.54 + 1.03 x 10" 2 T/K 

Solution 

* 2 . 67 . Two moles of a gas are compressed isothermally and reversibly, at 300 K, from an initial volume of 10 dm to a final volume of 1 

T O 1 

dm . If the equation of state of the gas is P(V m ~ b) = RT, with b = 0.04 dm mol , calculate the work done on the system, A U, and 
AH. 


Solution 
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Essay Questions 


* 2 . 68 . 


Three moles of a gas are compressed isothermally and reversibly, at 300 K, from an initial volume of 20 dm to a final volume of 1 
dm 3 . If the equation of state of the gas is 


P + 


2 3 

n a 


V 


V„ = nRT 


m J 


with a = 0.55 Pa m 6 mol ', calculate the work done, A U, and AH. 


Solution 

* 2 . 69 . One mole of a van der Waals gas at 300 K is compressed isothermally and reversibly from 60 dm to 20 dm . If the constants in the 
van der Waals equation are 

a = 0.556 Pa m 6 mol -1 and b = 0.064 dm 3 moE 1 

calculate w rev , A U, and AH. 


Solution 


* 2 . 70 . Show that the Joule-Thomson coefficient // can be written as: 


M = ~ 


1 


' dH^ 


C 


dP 


p V U1 Jt 


Then, for a van der Waals gas for which // can be written as: 


P = - 


2a/RT-b 


C B 


calculate AH for the isothermal compression of 1.00 mol of the gas at 300 K from 1 bar to 100 bar. 


Solution 


Essay Questions 

2 . 71 . Explain clearly what is meant by a thermodynamically reversible process. Why is the reversible work done by a system the 
maximum work? 

2 . 72 . Explain the thermodynamic meaning of a system, distinguishing between open, closed, and isolated systems. Which one of these 
systems is (a) a fish swimming in the sea or (b) an egg? 
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Solutions 


Solutions 

2 . 1 . A bird weighing 1.5 kg leaves the ground and flies to a height of 75 metres, where it attains a velocity of 20 m s _1 . What change in 

_9 

energy is involved in the process? (Acceleration of gravity = 9.81 m s .) 

Solution: 

Given: m bird = 1 .5 kg, h = 75 m, u = 20 m s~ ! 

Required: A E 

Since in this particular system, a bird is starting from rest and moving to a height of 75 meters, there are both potential and kinetic energies 
that must be considered. First we can find the potential energy which is equivalent to the work required to raise the bird to the given height. 

Potential energy; 

w = mgh 

w = (1.5 kg)(9.81 m s~ 2 )(75 m) 

w = 1 103.625 kg m 2 s 2 

recall that 1 J = 1 kg m 2 s 2 and therefore 

w = l 103.6 J 

Kinetic energy; 

p 1 2 

t, =—mu 
k 2 

£*=^(l-5kg)(20ms- , ) ! 

E k = 300 kg m 2 s 2 

just as above, 1 J = 1 kg m 2 s 2 and therefore 
E k = 300 J 

The energy change of the system can be taken as the sum of both the potential and ki netic energies. 
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AE = E k +E p 
AE = (l 103.6 + 300) J 
A E = 1 403.6 J 
AE = 1.40 kJ 


Back to Problem 2.1 


Back to Top 


Solutions 
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Solutions 


o 

2.2. The densities of ice and water at 0 °C are 0.9168 and 0.9998 g cm , respectively. If AH for the fusion process at atmospheric 
pressure is 6.025 kJ mol, what is A U1 How much work is done on the system? 

Solution: 

Given: T = 0 °C, p ice = 0.9168 g cm 3 , p water = 0.9998 g cm 3 , A b% H = 6.025 kJ mol 1 


Required: A U, w 


Since we are given the densities of both ice and water in this system, it is possible to determine the corresponding volumes. Knowing that 
water and ice are composed of HoO we can say that in one mole, the corresponding mass would be approximately 18.0152 g (15.9994 + 
2(1.0079)). 

one mole of ice has volume; 


Ac 


m„ 


y. 


VL 


K. 


Ace 

18.015 2 / 
0.9168 / cm 3 


V Ice = 19.65 cm 3 


One mole of water has volume; 


m 


Ai,o 


H,0 


y 


H,0 


y 


H,0 


y 


H,0 


Pu 2 o 

18.015 2 / 
0.999 8 / cm 3 


y Hi0 =18.02 cm 3 
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Solutions 


Now find the change in volume due to AH fusion when moving from ice to water: 

Av=y H20 -y lce 

AV = (18.02-19.65) cm 3 
AV = -1.63 cm 3 


Since we are working with a single mole of ice and water, we can express the volume as 
Ay = -1.63 cm 3 moE 1 

We are given the value of the enthalpy of fusion. Enthalpy may be defined by Eq. 2.23; 

H = U + PV 

Since the system is under atmospheric pressure, it is possible to determine the amount of PV work done in this process. 
Since 1 atm dm 3 = 101.325 J , we first change the volume into dm 3 ; 

AE = -1.63 ~ 3 dm 3 ymKj 

Ay = -0.00163 dm 3 

Now the PV work can be found; 

A PV = (1 atm)(-0.001 63 dm 3 ) 

A PV = -0.001 63 atm dm 3 
APE = -0.163 J 

Which can then be expressed as, 

APE = -0.163 J mol 1 
w = APy = -0.163 J moE 1 
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Solutions 


Now Eq. 2.23 can be rearranged to solve for the internal energy, U; 

AH =AU + A(PV) 

AU = AH-A(PV) 

AH = 6.025 kJ moE 1 = 6 025 J mol 1 
AU = 6 025 J moE 1 -(-0.163 J moE 1 ) 

Since this is a very small difference and the value of AH is uncertain in the tenth’s unit, we can make the approximation, 
AH = AU 

AU = 6.025 kJ moE 1 

Back to Problem 2.2 Back to Top 
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Solutions 


_Q 

2.3. The density of liquid water at 100 °C is 0.9584 g cm , and that of steam at the same temperature is 0.000 596 g cm . If the enthalpy 
of evaporation of water at atmospheric pressure is 40.63 kJ mol -1 , what is At/? How much work is done by the system during the 
evaporation process? 


Solution: 

Given: T = 100 °C, p watcr = 0.9584 g cm 3 ,p steam = 0.000 596 g cm 3 , A emp H = 40.63 kJ moF 1 
Required: A U, w 

This problem can be solved in the manner used to solve Problem 2.2. First, calculate the change in volume when moving between states 
then find the amount of pressure- volume work done on or by the system. Recall that a single mole of HiO has an approximate mass of 
18.0152 g. The volume of one mole of liquid water at 100 °C is found, 


P water 


^2 

v„. 


171 

t 7 water 

y water 

P water 

18.015 2 i 

V = j-£- 

0.958 4 ^ cm 
V- = 18.797 2 cm 3 


-3 


The volume of one mole of steam has a volume of, 


A. 


m, , 


VL 


rn 

y _ steam 
y steam 

P steam 

18.015 2 / 

Vstearn _ 0.000 596 / cm 3 
^steam = 30 226.845 6 cm 3 
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Solutions 


steam water 

AV = (30 226.845 6 - 18.797 2) cm 3 

AV = 30 208 cm 3 

Which can then be expressed as, 

Ay = 30.208 dm 3 mor 1 

Since 1 atm dm 3 = 101.325 J , the PV work can be found; 

APy = (l atm) (30.208 dm 3 ) 

A PV = 30.208 atm dm 3 
A PV = 3 060.825 6 J 

Rounding to the proper number of significant figures gives 3.06 kJ. Expressed in terms of moE 1 gives, 

APy = 3 060.825 6 Jmol 1 
w = APV = 3.06 kJ mol -1 

Now Eq. 2.23 can be rearranged to solve for the internal energy, U; 

AH =AU+A(PV) 

AU =AH -A(PV) 

Since AH = 40.63 kJ moE 1 
AU =40.63 kJ moE 1 -(3.06 kJ moE 1 ) 

AU = 37.57 kJ moE 1 1 

Back to Problem 2.3 Back to Top 
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2.4. The latent heat of fusion of water at 0 °C is 6.025 kJ mol 1 and the molar heat capacities (Cp,,„) of water and ice are 75.3 and 37.7 J 
K 1 mol -1 , respectively. The Cp values can be taken to be independent of temperature. Calculate AH for the freezing of 1 mol of 
supercooled water at -10.0 °C. 


Solution: 

Given: T = 0 °C, q rm = 6.025 kJ mol -1 , C P = 75.3 J K 1 mol -1 , C P = 37.7 J K 1 mol -1 

1US 'water Gee 


Required: A ireeze H 


Because the latent heat of fusion of water is given at at 0 °C and we start with supercooled water at -10.0 °C. We will first heat up the 
supercooled water to 0 °C, go through a state change from water to ice, and then cool down the ice from 0 °C to -10.0 °C. 

The amount of heat that needs to be supplied to increase the temperature of 1 mole of substance from T lower to T hi( , her at constant pressure is 
given by, 



If C p m is independent of temperature, then the integral will reduce to; 

Qp.m ~ Cp m (^higher _ ^lower ) — m 

Therefore, when heating water from -10°C to 0°C , we will get: 

= Cp (^higher — ^lower ) 

q x - 75.3 J X r mol -1 (273.15-263.15)X 

q x = 753 J mol -1 

The latent heat of fusion of water is given at 0 °C. Therefore, the latent heat for the change of state from water to ice is: 
q 2 = -6 025 J mol -1 

Cooling the ice from 0 °C to -10 °C we obtain, 
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q 3 =C P (T 2 -T t ) 

q 3 = -37.7 J mol' 1 (273.15 -263. 15)X 
q 3 = -377 J mol 1 


Now finding the net heat; 

*7 net — <7| + <?2 7i 

<? net = (753 - 6 025 - 377) J mol 1 

*7 net = -5 649 J mor 1 

7 tic: ^ freeze ^ 

A fre eze^ = -5-65 kJ mor 1 


Back to Problem 2.4 


Back to Top 


Solutions 
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2 . 5 . A sample of liquid acetone weighing 0.700 g was burned in a bomb calorimeter for which the heat capacity (including the sample) is 
6937 J K The observed temperature rise was from 25.00 °C to 26.69 °C. 

a. Calculate A U for the combustion of 1 mol of acetone. 

b. Calculate AH for the combustion of 1 mol of acetone. 

Solution: 

Given: m acetone = 0.700 g, C Vm = 6 937 J K ', T = 25.00°C, T f = 26.69°C 
Required: A U and AH 

Acetone has a molar mass of M acetone = 58.08 g mol 1 therefore it is possible to determine the number of moles of acetone present as well as 
the amount of heat evolved per mole of acetone burned. It is important to note that bomb calorimeters work under conditions of constant 
volume and therefore Eq. 2.28 applies: 

The heat required to raise the temperature of 1 mole of material from 7) to T 2 at constant volume is given by; 

<A, m = J 7 ' : C Vm dT 

<lv,m= C V,m{ r 2- T l) 

q v , m = (6937 J (299.84 -298. 15) X 
q Vm =11723.531 
q v .m= 11-72 kl 

Again, using the fact that the bomb calorimeter operates at constant volume, it can be simply stated that; 

= ~q Vm 

AU =-11.72 kJ 

The heat evolved during the combustion of a single mole is given by; 
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AU 

m 


A U 

m 

A U m = -972.72 kJ moL 1 

Assuming that the Ideal Gas Law applies, 

A(PV) = AnRT 

Since the balanced reaction may be written as follows; 
CH 3 COCH 3 (1) + 40 2 -> 3C0 2 (g) + 3H 2 0(1) 

The change in moles for the gaseous species is; 

A 77 = 77 — 77 

^products ' reactants 

An = 3 - 4 
An = -1 

Now the enthalpy can be found using the assumption above: 

A (PL ) = (— 1) ^8.3 145 J X^moL 1 ) (299.84 X) 

A(PV) = -2 493.02 J mol 1 


M 

“9V,m X 

m 


= (-11 723.53 J): 


58.08 y moL 1 


0.700 


= -972 718 J mol 1 


Recall that we can now solve for the enthalpy from Eq. 2.41, 


Solutions 
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AH = AU + A(PV) 

AH =-912 718 J moF 1 +(-2493.02 J mol 1 
AH =-915 211 Jmol 1 
AH = -975.21 kJmor 1 

Back to Problem 2.5 Back to Top 


Solutions 
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2 . 6 . An average man weighs about 70 kg and produces about 10 460 kJ of heat per day. 

a. Suppose that a man were an isolated system and that his heat capacity were 

4.18 J K 1 g , if his temperature were 37 °C at a given time, what would be his temperature 24 h later? 

b. A man is in fact an open system, and the main mechanism for maintaining his temperature constant is evaporation of water. If the 
enthalpy of vaporization of water at 37 °C is 43.4 kJ mol -1 , how much water needs to be evaporated per day to keep the temperature 
constant? 


Solution: 

Given: rn man = 70 kg, heat = q = 10 460 kJ, C P = 4.18 J K 1 g \ T = 37 °C, A mp H = 43.4 kJ mok 1 
Required: T at 24 hrs, m water 

a. First, we start by putting the heat capacity in terms of J K 1 by using the man’s mass. 

C P = (A. 1 8 J K 1 (70 000 /) 

C P = 292 600 J K 1 

The rise in temperature can then be found using the specific heat (heat capacity) as well as the amount of heat produced by the man per day. 

AT = — 

C P 

AT _ 10 460 000 / 

~ 292 600 / K 1 
AT = 35.75 K 

And using the initial temperature, the temperature at 24 hours can be found, 
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Solutions 


A T=T -T 

1 24hrs -*0 

T = A T+T 

1 24hrs lA1 T 1 0 

r 24hrs =35.75 K + 310.15 K 
T = 345 9 K 

J 24hrs 


r 24 hr S =72.8°C 


b. We can use the enthalpy of vaporization of water as well as its molar mass 
amount of water required to keep the man’s temperature constant; 

43 400 J jaoK 
18.0152 g jnoT 1 " 

2 409.08 J g 1 

g 

AH 

10 460 000 / 

~ 2 409.08 / g 1 
= 4 341.9 g 

'"water = 4 '34 kg 


A H = 


AH = 


171 = 


/77 = 


in = 


(18.0152 g mol' 1 ) in order to determine the 


Back to Problem 2.6 Back to Top 
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Solutions 


2.7. In an open beaker at 25 °C and 1 atm pressure, 100 g of zinc are caused to react with dilute sulfuric acid. Calculate the work done by 
the liberated hydrogen gas, assuming it behaves ideally. What would be the work done if the reaction took place in a sealed vessel? 

Solution: 

Given: T = 25 °C, P = 1 atm, m Zn = 100 g 
Required: w Ui 

The balanced equation for this reaction is given by; 

Zn + H 2 S0 4 -> ZnS0 4 + H 2 (g) 

We can see that for each mole of zinc reacted, one mole of hydrogen gas is produced. One hundred grams of zinc (molar mass 65.39 g mol 
) will then produce; 

m 

n 7„ = — 

Zn M 

100 { 

fl — — 

Zn 65.39 / mol 1 
n Zn =1.529 mol 
and since n /n = n H 
?7„ =1.529 mol 

The work done by the open system is PV work and can be expressed as; 

-w = A(PV ) = n H RT 

Remember that when the system DOES work, you need to include the negative sign! 
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-w = (l.529 f)(8.3145 J ^ (273. 15 + 25) X 

-w = 3 791 J 
w = -3.79 kJ 

In a sealed vessel, the conditions would be such that there was no change in volume meaning that there would be no work done. 
In a closed vessel; 
w = 0 kJ 

Back to Problem 2.7 Back to Top 
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2.8. A balloon is 0.50 m in diameter and contains air at 25 °C and 1 bar pressure. It is then filled with air isothermally and reversibly 
until the pressure reaches 5 bar. Assume that the pressure is proportional to the diameter of the balloon and calculate (a) the final 
diameter of the balloon and (b) the work done in the process. 


Solution: 

Given: d balloon = 0.50 m, T = 25 °C, P 1 = 1 bar, P 2 = 5 bar 
Required: r/ ballnon final, w balloon 

a) If we make the assumption that the pressure is proportional to the diameter of the balloon and D, and D f are the diameters in the 
initial and final case, then we can write; 

P x =kD x 

Where k is then expressed as; 

D, 

, 1 bar 

k = 

0.50 m 

k = 2 bar m” 1 

At the final pressure, P 2 we can see that: 

P 2 = kD 2 



D = _5>af_ 

2 jxtf m 1 
D 2 = 2.5 m 

The final diameter of the balloon is 
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d 


balloon 


= 2.5 m 


b) The work done in the process of filling the balloon with air isothermally and reversibly is defined by Eq. 2.11; 
WV 


Using geometry, we can show the relationship between volume and diameter in order to solve the above equation. 
The balloon will be treated as a sphere: 


V. 


sphere 



Remember that the radius is defined as half of the diameter, thus; 


V. 


sphere 


4 

= — n 
3 


D 

V2^ 


Now we can differentiate both sides to get: 
*D 2 dD 


Now we can make this substitution into Eq. 2.11 in order to solve for the work done. 

-^=t/dV 


And because of the volume proportionality to the diameter, 

f D 2 
*' D 1 


Let us now use P = AD and substitute 
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JD \ 

— w = pkD-TzrD 2 ^ 

rev Jd, 2 

Which can be simplified to: 

1 r D 2 -i 

-W rcv = —/rk\ DclD 
rev 2 J A 


This expression can now be solved by integrating from D, to D 2 , 


1 




— w = — 

rev 2 


v4y 

rn 


7Tk(D*-D*) 


vBy 


;r(2.5 4 -0.5 4 ) jbar m 1 m 4 


-w = 30.6 bar m 


Since 1 bar = 10 5 Pa, 1 Pa = kg m' 1 s" 2 and 1 J = kg m 2 s' 2 then we get; 


— w = 

rev 


(30. 6 m 3 )|l0 5 Pa J*aP"j 


-w rev = 3 063 052 Pa m 3 
-w rev = 3 063 052 kg nT 1 s~ 2 m 3 
-w rcv = 3 063 052 kg nr s' 2 
-w = 3 063 052 J 


Walloon = -3 063 kJ 


Back to Problem 2.8 


Back to Top 
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2.9. When 1 cal of heat is given to 1 g of water at 14.5 °C, the temperature rises to 15.5 °C. Calculate the molar heat capacity of water at 
15 °C. 


Solution: 

Given: q = 1 cal, m water = 1 g, T x = 14.5 °C, T 2 = 15.5 °C 
Required: C p at 15 °C 

Using the mass and known molar mass for water (18.0152 g mol' 1 ), we can find the number of moles that will absorb 1 cal of heat; 


11 = 
water 


m 


M 


1.00 


watei 18.0152 £ mol 1 
n „„ = 0.0555 mol 


Since 1 cal = 4.184 J we can then find the heat capacity according to Eq. 2.25 or Eq. 2.27 depending on the conditions; 


c = 


dq v 

~dT 


c _dq p ( 8H ^ 


dT 


ydT j 


(Eq. 2.25) 
(Eq. 2.27) 


More generally, because we have not been given the system’s conditions; 
Q 


C = 


AT 


C = 


1 cal 


[(15.5 + 273.15) — (14.5 + 273.15)] K 
C = 4.184 JK 1 

The molar heat capacity would then be; 


or C = 


4.184 J 
1 K 
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C, 


q _C 
nAT n 


4 1 R4 T K 1 

C = — ^ = 75.387 387 39J K 1 mol" 1 

m 0.0555 mol 


C = 75.4 J K 1 mol 1 


Back to Problem 2.9 Back to Top 


Solutions 
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2 . 10 . A vessel containing 1.000 kg of water at 25.00 °C is heated until it boils. How much heat is supplied? How long would it take a one- 
kilowatt heater to supply this amount of heat? Assume the heat capacity calculated in Problem 2.9 to apply over the temperature 
range. 


Solution: 

Given: m water =1.000 kg, T = 25.00 °C , C m =75.387 J K 1 moP 1 (calculated in problem 2.9) 


Required: q, t heateroperation 

Recall that the boiling point for water is 100 °C so this will be our final temperature which will yield a change in temperature of 75.0 °C (or 
75 K). In order to determine the amount of heat required to heat the water from one temperature to the next, we must first find the number 
of moles of water heated. The molar mass for water is 18.0152 g mol" 1 . 


n 


water 


n 


water 


m 

M 

1000 / 

18.0152 y moP 1 


«water =55.5087 HU)! 


Remember that: 


C 


7 

nAT 


So we can rearrange this and solve for the heat: 
q = C m nAT 

q = ^75.387 J yt* (55.5087 ^«5f)(75.0 X) 

q = 313 849 J 
<7 = 314 k J 
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A 1 kW heater can supply the heat in 314 seconds since 1 kW= 1000 W and one 1 J = 1 W s and 1 kJ = 1 kW s; 


'heater = 3 1 4 S 


Back to Problem 2.10 Back to Top 
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a _o 

2.11. A nonporous ceramic of volume V m and mass M kg is immersed in a liquid of density d kg m . What is the work done on the 
ceramic if it is slowly raised a height h m through the liquid? Neglect any resistance caused by viscosity. What is the change in the 
potential energy of the ceramic? 


Solution: 

Given: V = m 3 , M = kg, d = kg m 3 
Required: w, A E 

Since we can neglect any resistance caused by the viscosity of the liquid, we can say that the apparent mass of the ceramic decreases by the 
mass of liquid that is displaced when it is raised. 

The mass of the liquid can be defined as; 

M, = Vd kg 

While the apparent mass of the ceramic can be defined as; 

M c =M-M l 
M c =(M-Vd) kg 

The work done when raising a mass is given by; 
w = mgh 

Where g is the earth’s gravitational constant and making the correct substitutions; 

w = (M - Vd) gh kg m s 2 m 
w = (M - Vd) gh kg m 2 s~ 2 

Since 1 J = 1 kg m 2 s~ 2 , we write, 

w = (M -Vd)gh J 
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When moving a mass from rest to a certain height, the work done on the mass also represents the potential energy change. 


A E p =(M-Vd)gh J 


Back to Problem 2.11 Back to Top 
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2 . 12 . Show that the differential dP of the pressure of an ideal gas is an exact differential. 


Solution: 

We have already learned that variables such as internal energy and volume ( U and V) are state functions. This means that these functions 
are independent of the path taken. 

Since the path of the integral for the differential is not important; meaning, you can take any path to get to the same result, the differential is 
called exact. Variables such as q and w have differentials which are path dependent ; and are thus inexact. Integrating over these paths is 
more difficult since the integrals do not reduce to a simple difference of two boundary values. They represent areas over which we must 
integrate. 

Euler’s Criterion for Exactness states that if; 

dz = M(x,y)dx + N(x,y)dy (Eq. 2.17) 


where M and N are functions of the independent variables x and y. We must then take the mixed partials of M and N and determine whether 
they are equal to one another or not. 


If: 


M(x,y) = 


^dz} 

V 3xy 


and N(x, y) = 


f dz ' 
\dyj 


we need to show that the mixed partial derivatives are equivalent: 


" d 

( dz > 



’ d 

r dz') 


dy 

IdxJ 

T _ 

X 

i 

1^7 

x _ 


Thus we can say that: 


f 8M > 


fdN } 

l ^ J 

X 

l dx J 


This relationship must be satisfied if dz is an exact differential (i.e. it meets Euler Criterion for Exactness). These equations can be found in 
the textbook, Eq.2.17 to Eq.2.22. 
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From the Ideal Gas Law we know that PV = nRT . From Appendix C, the total derivative of P is a function of both T and V. Thus, for a 

RT 

single mole of gas: P = . 

Differentiating both sides, we get: 

RT R 

dP = —dV -\ — dT 

V 2 V 


Applying Euler’s theorem gives 


/ 


LHS: — 
dT 


RHS: 


v 
d f 


RT 

Wj 


R_ 

V 2 


dV 




R_ 

V 2 


LHS = RHS and therefore, the differential is exact and P is a state function. 


d 

f 

RT ^ 

_ d 

f R^ 

dT 

V 

v 2 ) 

~ dV 

[vj 


dP = exact 


Back to Problem 2.12 Back to Top 
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2.13. 


2 2 

Determine whether dU = xy dx + x ydy is an exact differential. If it is find the function U of which dU is the differential. Do this by 
integrating over suitable paths. In a plot of y against x, show a plot of the paths that you chose. 


Solution: 

Given: dU = xy dx + xrydy 
Required: exact or inexact? plot y vs x. 

In order to test for the exactness of the differential dU, we will again use the Euler test for exactness described in problem 2.14. 
Differentiating both sides we can then say that dz is equal to dU and, 


dU = xydx + x 2 ydy 


M(x,y) = 


8U 

dx 


and N(x, y) = 


f dU^ 


dy 




Now taking the mixed partial derivatives yields; 


(dM\ 


dy 


= 2xy and 


r dN ' 

v dx J 


= 2xy 



dU, because it is exact, it also describes a state function. 

Since the mixed partials are equivalent, we know that taking the integral of dU will result in a simple difference between the beginning and 
end points (ie. the path to a single result is not important). The integral can be given by; 

J dU = j^xy 2 dx + j^x 2 ydy 

Let A and B be two segments which lead to the final position (x,y). We can use a path which simplifies the integration by choosing the 
origin (0,0) to x on the A segment. Here, y=0 so this integral will equal zero. In the second segment, segment B, x has a specific value and 
y varies from (0,0) to y. 
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OX) 


The integral reduces to: 
\dU=x 2 \lydy 
J clU=^x 2 y 2 + C 


Back to Problem 2.13 


Back to Top 


Solutions 
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Solutions 


2.14. Using the data given in Table 2. 1 and Appendix D, find the enthalpy change for the reaction 2H2(g) + 02 (g) 

Solution: 


Given: Table 2.1 and Appendix D 
Required: A H m (T 2 ) 

From Table 2.1 we are given the following information regarding the reaction 

2H 2 (g) + 0 2 (g) - 2H 2 0(g) 

All of the values given in Appendix D correspond to the standard states: 25.00 °C and 1 bar pressure. 
H 2 0 (g) : 

A f H° = -241.826 kJ moF 1 
A f G° = -237.2 kJ mol 1 
S° = 188.8 J K 1 mol 1 

At a temperature of 800 K and using equations 2.50 through 2.52 we obtain; 

W m (T 2 )-AHJT l )= C-AC,dT (Eq. 2.50) 

If AH m (T l ) is known for 7) = 25.00 °C, the A value of H m (T 2 ) at any temperature T? can be found. 

WJT 2 ) = AHJT l ) + jA c p dT 


Now we can make a substitution for AC using Eq. 2.49 ; 

AH m (T 2 ) = AH m (T l ) + ^(Ad + AeT + AfT- 2 )dT (Eq. 2.51) 


A H m (T 2 ) = AHJT') + Ad(T 2 -T,) + \ Ae{T; -T;)-Af 


1 1 


kT 2 


m J 


(Eq. 2.52) 


2H 2 0(g) at 800 K. 
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Solutions 


From the values in Table 2.1 we obtain, 


^products ^reactants 

Ad — 2 d n0 — (2 d n ^ + d Q ) 

Ad = (2 x 30.54 J K 1 mol 1 ) - (2 x 27.28 + 29.96) J K 1 moF 1 


Ad = (61.08-84. 52)J K 1 moF 1 
Ad = -23.44 J K 1 moF 1 
A £ — P. — P. 

products reactants 

Ae = 2e n0 —(2e^ + e 0 2 ) 

Ae = (2xl0.29xl0^ 3 IK 2 moF‘)-(2x3.26xlO 3 +4.18x10 3 ) J K' 2 moF 1 
Ae = (0.020 58-0.0107) J K 2 mol 1 
Ae = 9.88 xl0~ 3 J K 2 mol 1 


J products J reactants 

A/ = 2/„ i 0 -(2/ Hi +/ 0i ) 

A/ = (2x0)-(2x5.0xl0 4 

A f = 67 000 J K moF 1 
A/ = 6.7 xlO 4 J K mol 1 


1.67x10 s ) J KmoF 1 


First we need to calculate the enthalpy for this reaction at 298.15 K (for 2 moles); 

A//°(298.15 K) = 2 A f H° = 2(-24 1.826 kJ mol 1 ) 

A//°(298.15 K) = -483.652 kJ moF 1 


And making all substitutions into Eq. 2.52 we obtain, 


2-47 


Chapter 2: The Rist Law of Thermodynamics 


Solutions 


A (800 K) = -483 652 J mol 1 + [^-23.44 J mol' 1 j (800-298. 15) X 

9.88 xl0“ 3 J X^mol' 1 ](800 2 -298.15 2 )X^ 


16 

+ — 

2 


- 6.7 xlO 4 J X mol' 1 


( 1 


1 


800 298.15 


A/f (800 K) = (-483 652-11 763.364 + 2 722.466 493 + 141.969 101 l)Jmol 1 
AH (800 K) = -492 550.928 4 


A H (800 K) = -492.55 kJ mol' 1 


Back to Problem 2.14 Back to Top 


2-48 


Chapter 2: The Rist Law of Thermodynamics 


Solutions 


2 . 15 . A sample of liquid benzene weighing 0.633 g is burned in a bomb calorimeter at 25.00 °C, and 26.54 kJ of heat are evolved. 

a. Calculate A U m 

b. Calculate A H m 


Solution: 

Given: m bcnzcnc = 0.633 g, T = 25 °C, q = 26.54 kJ 
Required: A U m and A H m 

a. First, it is important to remember that when using a bomb calorimeter, we are working with a constant volume. Also, the water 
surrounding the bomb increases in temperature but gradually loses heat to the surroundings. Second, since benzene has the 
molecular formula C^Hs, it has a molar mass of approximately 78.1 121 g mol' 1 . With this latter information, the number of moles 
of benzene can be found. 

m 

"benzene , . 

M 

0.633 / 

benzene = 7gll21 ^ morl 

"benzene = 0-008 104 IUOl 

The heat evolved in the combustion of 1 mole of benzene is given by, 

26.54 kJ 

q,n ~ 0.008 104 mol 
q m = 3 275 kJ moF 1 

Recall that when working with a bomb calorimeter as described earlier, the internal energy is 
A U m = -q m and therefore, 

A U m = -3 275 kJ mol 1 


b. The balanced equation for this reaction is: 
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Solutions 


C 6 H 6 (1) + y 0 2 (g) -> 6C0 2 (g) + 3H 2 0(1) 


We have already seen Eq. 2.41, AH = AU + A (PV) many times. However, in this case, we can work under the assumption that 
A(PV) = An(RT) which gives; 

W m =AU„+An(RT) 

where An = 6 - — = -1 .5 
2 

Making the appropriate substitutions; 

AH m = -3 274 900 kJ moE 1 + (—1.5)^8.3145 J mol 1 )(298.15 X) 

AH m = -3 278 618.452 J moE 1 
AH m = -3 279 kJ mol 1 

Back to Problem 2.15 Back to Top 
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Solutions 


2.16. Deduce the standard enthalpy change for the process: 

2CH 4 (g)-*C 2 H 6 (g) + H 2 (g) 

(data in Appendix D) 

Solution: 

Given: Appendix D 
Required: A H° 

All information given in the tables of Appendix D correspond to the standard states T = 25.00 °C and 1 bar pressure. Enthalpies of 
formation allow us to calculate enthalpies of any reaction provided that we know the A f H° values for all reactants and all products. The 
standard enthalpy change may be found using Eq. 2.53: 

AH ° = ^ A / if ° ( products ) - ^ A f H ° ( reactant s ) 

Using the information provided in Appendix D for the reaction: 

2CH 4 (g) — > C 2 H 6 (g) + H 2 (g) 

AH ° = ^ A / if ° ( products ) - ^ A f H ° ( reactant s ) 

AH° = A//°(C 2 H 6 , g) + Aff°(H,, g)-2[Aff°(CH 4 , g)] 

AH° = [-84.0 + 0-(2)(-74.6)] kJ mol 1 
AH° = 65.2 kJ moE 1 

Back to Problem 2.16 Back to Top 
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2 . 17 . A sample of liquid methanol weighing 5.27 g was burned in a bomb calorimeter at 25.00 °C, and 119.50 kJ of heat was evolved 
(after correction for standard conditions). 

a. Calculate A c H° for the combustion of 1 mol of methanol. 

b. Use this value and the data in Appendix D for fUOO) and CCUlg) to obtain a value for A/ /7°(CFhOH,l), and compare with the 
value given in the table. 

c. If the enthalpy of vaporization of methanol is 35.27 kJ mol -1 , calculate A fH° for CH 3 OH(g). 


Solution: 

Given: m methanol = 5.27 g, T = 25 °C, q = 1 19.50 kJ 
Required: A c H°, A f H°(CH,OH,\), A / //°(CH 3 OH, g) 

a. Remember that when we are working with bomb calorimeters, the conditions are such that volume remains constant. Knowing that 
methanol has the molecular formula CH 3 OH, we can determine the molar mass: approximately 32.04 g mol 1 . With this, we can 
determine the number of moles burned in the reaction. 


n 


methanol 


n 


methanol 


m 

M 

5.27 j 

32.04 / moU 1 


n 


methanol 


= 0.164 481 897 mol 


Using the heat evolved during the reaction, it is possible to determine the change in internal energy if you remember that: A U = —q at 
constant volume. 
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Solutions 


Qv ,m 

Tl 

methanol 

119.50 kJ 

qv ’ m ~ 0. 1 64 481 897 mol 
q V m =726.523 7192 kJ mol 1 

A//° = 

A// 0 = -726 523.7192 J mol 1 

In this case, we can work under the assumption that A (PV) = AnRT so we can use the following equation to solve for the enthalpy of 
combustion: 

AH =AU+A(PV) 

A c H° = A c U° + An(RT) 

A H° = -726 523.7192 J mol 1 + An(RT) 

The balanced reaction is written as; 

CH 3 OH(l) + 1 0 2 (g ) -> C0 2 (g) + 2H 2 0 

3 

A/7(for gaseous species) = 1- — 

An = -0.5 

And by making the appropriate substitutions we obtain, 

AH° = -126 523.7192 J mol -1 + An(RT) 

A c H° = -726 523.7192 J mol 1 +(-0.5)(8.3145J mol 1 )(298.15 X) 

A C H° = -727 763.2033 J mol -1 
AH 0 = -727.8 kJ mol -1 
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b. The balanced reaction is as follows, 

(1) CH 3 OH (1) + |o 2 (g) -> C0 2 (g) + 2H 2 0 
where A c H° = -727.8 kJ mor 1 

Using data from Appendix D, for H 2 0 and CO 2 , we have the following reactions: 

(2) H 2 (g) + -i- 0 2 (g) — » H 2 0(1) 

where A f H° = -285.830 kJ moU 1 

(3) C(s) + 0 2 (g) — » C0 2 (g) 
where A f H° = -393.51 kJ moU 1 

Both of these reactions can be coupled in order to produce methanol: 

(4) C(s) + 2H 2 (g) + ^- 0 2 (g) — » CH 3 OH(l) 

This is done by multiplying the second equation (2) by 2 and adding it to the third equation (3) and subtracting equation one (1). 

A f H° = 2A / 7/°(H 2 0) + A f H°(C0 2 )~ A f H°(2H 2 0) 

A f H° = [(2 x -285.830) - 393.5 1 + 727.8] kJ moU 1 
A f H° = -237.4 kJmoU 1 

c. The value given in Appendix D is A , H° = -239.2 kJ mol 1 , which differs only very slightly from the value found through the 
coupling of the three equations. They might have used different data which would account for the disparity. 

The reaction for the vaporization of methanol is as follows: 

(5) CH 3 OH(l) -> CH 3 OH(g) 

Where we are given that A v H° = 32.27 kJ moU 1 
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We can now couple equations 4 and 5 in order to get 

C(s) + 2H 2 (g) + |o 2 (g) -+ CH,OH(g) 

A / //°(CH 3 OH, g) = A / //°(Eq.4) + A,,//°(Eq.5) 
A / //°(CH 3 OH, g) = (-237.5 + 35.27) kJ moE 1 
A / //°(CH 3 OH, g) = -202.2 kJ mol 1 


Back to Problem 2.17 


Back to Top 


Solutions 
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2.18. Calculate the heat of combustion ( A c H° ) of ethane from the data given in Appendix D. 

Solution: 

Given: Appendix D 
Required: A H° 

All of the values given in Appendix D were taken under the standard conditions of T= 25.00°C and 1 bar pressure. The reaction for the 
combustion of ethane can be found by coupling equations 1 through 3 in the following manner (all enthalpies from Appendix D): 

(1) 2C graphite +3H 2 (g) — > C 2 H 6 (g) 
where A f H° = -84.0 kJ mok 1 

(2) C graphlte +0 2 (g)^C0 2 (g) 
where A f H° = -393.51 kJ mok 1 

(3) H 2 (g) + ^-0 2 (g) — » H 2 0(1) 
where A f H° = -285.830 kJ mok 1 

In order to get the reaction for the combustion of ethane, we need to multiply Eq. 3 by 3, add it to Eq. 2 multiplied by 2 then subtract Eq.l 
from the mix. This series of operations yields; 

C 2 H 6 (g) + n - 0 2 (g) — > 2C0 2 (g) + 3H 2 0(1) 

A H° = 3A f T/°(Eq. 3) + 2A / tf°(Eq. 2) - A f H°( Eq. 1) 

A c H° = [(3 x -285. 830) + (2 x -393. 51) -(-84.0)] kJ mol 1 

A C H° = -1560.5 kJ mol 1 

Back to Problem 2.18 Back to Top 
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2 . 19 . The model used to describe the temperature dependence of heat capacities (Eq. 2.48; Table 2.1) cannot remain valid as the 
temperature approaches absolute zero because of the 1/7 2 term. In some cases, the model starts to break down at temperatures 
significantly higher than absolute zero. The following data for nickel are taken from a very old textbook ( Numerical Problems in 
Advanced Physical Chemistry, J. H. Wolfenden, London: Oxford, 1938, p. 45). Fit these data to the model and find the optimum 
values of the parameters. 


77 K 

CPU K 1 
moE 1 


15.05 

0.1943 


25.20 

0.5987 


47.10 

3.5333 


67.13 

7.6360 


82.11 

10.0953 


133.4 

17.8780 


204.05 

22.7202 


256.5 

24.8038 


283.0 

26.0833 


Examine the behavior of the fit in the range 10 < T < 25 and comment on this. 

Solution: 

First we need to perform a multiple regression on the equation z = d+ex+fy using the following definitions: 


z = c r , 

x = T 



Once we have finished making all the appropriate substitutions, we will obtain the following expression; 

z = 1.7267 + 9.3424xl0“ 2 x-871.4y 

In other words, we find that, 

d =1.7267 JT 1 mol 1 
e = 9.3424x10 2 J K 2 mol 1 
/ = -871.4xl0 2 J K mol 1 

Below, we have presented two plots of this function. One is in the range of 15 < T < 275 and the other is in the range of 10 < T< 25. It can 
be seen that the function becomes negative at T < 16.1 K. It is important to realize that a negative heat capacity is not physically 

possible. This is therefore an indication that the temperature dependence of heat capacities of solids at low temperature cannot be expressed 
using the model that we have implemented here. Check out Chapter 16 Section 5 for more information on this subject. 
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Back to Problem 2.19 Back to Top 
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2.20. Suggest a practicable method for determining the enthalpy of formation A/ H° of gaseous carbon monoxide at 25 °C. (Note: Burning 
graphite in a limited supply of oxygen is not satisfactory, since the product will be a mixture of unbumed graphite, CO, and CO 2 .) 

Solution: 

In order to determine the enthalpy of formation for gaseous carbon monoxide, we can measure the heat of combustion of graphite, gaseous 
carbon monoxide and gaseous carbon dioxide. With this information it will then be possible to determine the enthalpy of formation by 
using Hess’ Law which states that: 

AH 0 = ^ A / // 0 ( products ) - ^ A f H 0 ( reactant s ) 

This can be rewritten using the enthalpies of combustion and solving for the enthalpy of formation for carbon monoxide. 

Back to Problem 2.20 Back to Top 
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2 . 21 . If the enthalpy of combustion A C H° of gaseous cyclopropane, C 3 H 6 , is -2091.2 kJ mol 1 at 25 °C, calculate the standard enthalpy of 
formation A fH° . 

Solution: 

Given: A H° = -2091.2 kJ mol 1 , T = 25°C 
Required: A, //“(cyclopropane) 

This problem can be solved in the same manner as was done in problem 2.18. However, this time we will be working in reverse as we are 
given the enthalpy of combustion and we must find the enthalpy of formation. We will start with the reaction for the combustion of 
cyclopropane. 

(1) C 3 H 6 (g) + |o 2 (g) -> 3C0 2 (g) + 3H 2 0(1) 

We are given the enthalpy of combustion in the problem, so now we need to consider the reaction for the formation of both 
C0 2 (g) and H 2 0(1) 

(2) C graphite+ 0 2 (g)^C0 2 (g) 

Which has A f H° = -393.5 1 kJ mol according to Appendix D 

(3) H 2 (g) + io 2 (g)^H 2 0(l) 

Which has A f H° = -285.830 kJ mol 1 according to Appendix D 

In order to formulate the correct balanced reaction for the formation of cyclopropane, we must multiply Eq. 2 by 3, add it to Eq. 3 
multiplied by 3 and then subtract Eq. 1 from the result. 

3C graphite +3H 2 (g) — > C 3 H 6 (g) 

We must now perform the same operations on the enthalpies of formation and combustion for each reaction, which yields: 
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A f H°[ cyclopropane) = 3A f H°[ C0 2 ) + 3A / H° (H 2 0) - A c H° (cyclopropane) 
A f H°( cyclopropane) = 53.2 kJ mol -1 


Back to Problem 2.21 


Back to Top 


Solutions 
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2 . 22 . The parameters for expressing the temperature dependence of molar heat capacities for various substances listed in Table 2.1 are 
obtained by fitting the model Cp, m = d + eT + f/T 2 to experimental data at various temperatures and finding the values of the 
parameters d, e , and /that yield the best fit. Several mathematical software packages (Mathematica, Mathcad, Macsyma, etc.) and 
several scientific plotting packages (Axum, Origin, PSIPlot, etc.) can perform these fits very quickly. Fit the following data given 
the temperature dependence of C />, m for n-butane to the model and obtain the optimum values of the parameters. 

77K 220 250 275 300 325 350 380 400 

CP/J KT 1 mol -1 0.642 0.759 0.861 0.952 1.025 1.085 1.142 1.177 

Solution: 

Just as we have already done in problem 2.19 we must perform a multiple regression on the following expression: 

z = d+ex+fy 

Using the same definitions as before, we have, 

£ = Cp,m 

x = T 


1 



z = 0.800 53 + 1.303x10 3 x-21991.0y 
d= 0.801 JK 1 mol 1 
e = 1.303 x 10" 3 JK” 2 mol 1 
/ = - 2.199xl0 4 JKmol 1 
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T 

Back to Problem 2.22 Back to Top 
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2.23. From the data in Appendix D, calculate A H° for the reaction (at 25 °C): 

C 2 H 4 (g) + H 2 0(1) — C 2 H 5 OH(l) 

Solution: 

Given: Appendix D 
Required: A H° 

This problem can be solved in the same way as Problem 2.21. It is always important to outline all of the reactions that can be used to build 
the final reaction given above. We will need the reactions and enthalpies for the formation of H 2 0(1) and C 2 H 4 (g). Since we are already 
given the reaction for the formation of ethanol, all we need to do is take its enthalpy of formation from Appendix D. 

Remember that all values reported in Appendix D were taken under the standard conditions of 
T = 25.00 °C and 1 bar pressure. 

(1) H 2 (g) + ^-0 2 (g) — » H 2 0(1) 

Which has A f H° = -285.830 kJ moF 1 according to Appendix D 

(2) 2C graphite + 2H 2 (g) — » C 2 H 4 (g) 

Which has A f H° = 52.4 kJ mol -1 according to Appendix D 

(3) C 2 H 4 (g)+ H 2 0(1) -> C 2 H 5 OH(l) 

Which has A f H° = -277.6 kJ moF 1 according to Appendix D 

Since we need the reverse of reactions for Eqs. 1 and 2, we can simply reverse the signs of A H° to get; 

A7/ o = -A / //°(H 2 0) + (-A / // o (C 2 H 4 ) + A / //°(C 2 H 5 0H)) 

Rather than using this simply logic, we may use Eq. 2.53 which states that: 
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A H° = ^A / //°(products)-A / //°(reactants) 

AH 0 = A / //°(C 2 H 5 OH) - [A / // 0 (H 2 0) + A / //°(C 2 H 4 

Both procedures give the same value: 

A H° = -277.6 - (-285.830 + 52.4) kJ mol 1 
A H° = [-277.6 + 285.830 - 52.4] kJ mol ' 1 

AH° = -44.2 kJ mok 1 

Back to Problem 2.23 Back to Top 
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2 . 24 . The bacterium Acetobacter suboxydans obtains energy for growth by oxidizing ethanol in two stages, as follows: 

a. C 2 H 5 OH(l) + | 0 2 (g) -> CH 3 CHO(l) + H 2 0(1) 

b. CH 3 CHO(l) + ^ 0 2 (g) — » CH 3 COOH(l) 

The enthalpy increases in the complete combustion (to CO 2 and liquid H 2 O) of the three compounds are 

A c H°l kJ mol* 1 

Ethanol (1) -1370.7 

Acetaldehyde (1) - 1 1 67 . 3 

Acetic acid (1) -876. 1 

Calculate the A H° values for reactions (a) and (b). 

Solution: 

Given: See statement of problem 
Required: A H° 

a. This problem can be solved in the same way as problem 2.23. It is always important to outline all of the reactions that can be used 
to build the final two reactions given above. The pertinent reactions are as follows: 

(1) C 2 H 5 OH + 30 2 — > 2C0 2 + 3H 2 0 

This is for the combustion of ethanol and we are given the enthalpy of combustion. 

A C H° = -1370.7 kJ mol 1 

(2) CH 3 CHO + |o 2 -A- 2C0 2 + 2H 2 0 

This is for the combustion of acetaldehyde and we are given the enthalpy of combustion. 
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Solutions 


A c H° = -1167.3 kJ mor 1 

(3) CH 3 COOH + 20 2 -> 2C0 2 + 2H 2 0 

This is for the combustion of acetic acid and we are given the enthalpy of combustion. 
A c H° = -876.1 kJ moF 1 


Using Eq. 2.53, we can determine the enthalpies for reactions A and B: 

A H° = y^A f H °(products) - A f H °(reactants ) 

Reaction A: 

A H° = A / //°(CH 3 CHO) - A / //°(C 2 H 5 OH) 

Remember that we are given the COMBUSTION enthalpies, so the enthalpies of FORMATION will be equal in magnitude but opposite in 
sign. This is very important! 

A H° = -A//°(CH 3 CHO) - (-A//°(C 2 H 5 OH)) 

AH° = (-1370.7 + 1167.3) kJ mol 1 

A H° = -203.4 kJ mol 1 


b. Reaction B: 

AH 0 = A / T/°(CH 3 COOH) - A / // 0 (CH,CHO) 

Using the same logic behind whether we are given the enthalpies of combustion or formation and based on the direction of the reactions, we 
determine that: 
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A H° = -A e //°(CH 3 COOH) + (A c H °(CH 3 CHO)) 
A H° = [-(-876.1) + (-1 167.3)] kJ mol 1 
\H° = (876.1-1167.3) klmok 1 
AH° = -291.2 kJ mpr 1 

Back to Problem 2.24 


Back to Top 


Solutions 
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2.25. The enthalpy of combustion of acrylonitrile (C 3 H 3 N) at 25 °C and 1 atm pressure is -1760.9 kJ mol -1 [Stamm, Halverson, and 
Whalen, J. Chem. Phys., 17, 105(1949)]. Under the same conditions, the heats of formation of HCN(g) and C 2 H 2 (g) from the 
elements are 135.1 and 226.73 kJ mol, respectively [The NBS Tables of Chemical and Thermodynamic Properties, Supp. 2 to Vol. 
11 of J. Phys. Chem. Ref. Data]. Combining these data with the standard enthalpies of formation of CCUCg) and H 20 (g), calculate 
the enthalpy change in the reaction HCN(g) + C 2 H 2 (g) — » H 2 C=CH-CN(g). [ Notes: (a) Assume that the nitrogen present in 
acrylonitrile is converted into nitrogen gas during combustion, (b) Assume that all substances except for graphite (for the formation 
of CO 2 ) are gases, i.e., ignore the fact that acrylonitrile and water will be liquids under the conditions given here.] 


Solution: 

Given: see above 
Required: A H° 

We will be using the same principles for many of these problems so it is always important to compile a list of all relevant reactions so that 
they can be easily manipulated and used for reference when trying to see where a particular reaction came from (ie. coupling to form new 
products). Here is a list of all of the reactions involved: 

(1) CH 2 CHCN + 7 i 0 2 (g) -> 3C0 2 (g) + 1 H 2 0(g) + 1 N 2 

we are given that A c H° = -1760.9 kJ mol -1 

(2) C 

graphite ^2 (g) — > C0 2 (g) 

from Appendix D, we know that A f H° = -393.51 kJ moU 1 

(3) H 2 (g) + io 2 (g)^H 2 0(g) 

from Appendix D, we know that A f H° = -241.83 kJ mol -1 

(4) 2C graphite + H 2 (g) — > C 2 H 2 (g) 

we are given that A f H° = 226.73 kJ mol ” 1 
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(5) ^-gr a ph il e + ^H,(g) + -^N, ->HCN(g) 
we are given that A f H° =135.10 kJ moE 1 

In order to generate the desired reaction; HCN(g) + Cot^g) — > H 2 C=CH-CN(g) the following manipulations need to made to the above 
five equations. 

3(Eq.2) + 1 (Eq.3) - (Eq. 1) - (Eq.4) - (Eq.5) 

Remember that we need to perform these manipulations on the enthalpies as well which yields; 


3(Eq.2) + -(Eq.3) - (Eq. 1) - (Eq.4) - (Eq.5) 


A H° = 3A f H°( C0 2 ) + 1 A f H°(H 2 0) - A //°(CH 2 CHCN) - A f H°(C 2 H 2 ) - A f H°(HCN) 


A H° = 


(3x-393.5l)+ —x -241.83 ] - (-1 760.9)-226.73-135.10 


kJ mol 1 


AH 0 = -144.2 kJ mol" 


Back to Problem 2.25 


Back to Top 
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2.26. Calculate AH for the reaction; 

C 2 H 5 OH(l) + 0 2 (g) -*■ CH 3 COOH(l) + H 2 0(1) 

making use of the enthalpies of formation given in Appendix D. Is the result consistent with the results obtained for Problem 2.24? 

Solution: 

Given: Appendix D 
Required: AH for the reaction 

We will begin by defining the reactions that involve the formation of methanol, acetic acid and water. Recall that all values given in 
Appendix D were taken at the standard temperature of 25.00 °C and 1 bar pressure. From Appendix D, we have; 

(1) 2C(s) + 3H 2 (g) + 1 0 2 (g) -> C 2 H 5 OH(l) 

A f H° = -277.6 kJ mol -1 

(2) 2C(s) + 2H 2 (g) + 0 2 (g) -> CH 3 COOH(l) 

A f H° = -484.3 kJ mol 1 

(3) H 2 (g) + ^-0 2 (g) — » H 2 0(1) 

A f H° = -285.830 kJ moF 1 

In order to formulate the wanted reaction; 

C 2 H 5 OH(l)+ 0 2 (g) -> CH 3 COOH(l) + H 2 0(1) 

We must add Eq. 3 to Eq. 2 then subtract Eq. 1 from the sum which yields; 
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(2) 2C(s) + 2H 2 (g) + 0 2 (g) -* CH 3 C00H(1) 

+ (3) H 2 (g) + ^-0 2 (g) — » H 2 0(1) 

-> 2 + 3JFr(gf + |o 2 ^ (g)CH 3 COOH(l) + H 2 0(1) 

-(1) C 2 H 5 OH(l)^2g<^+3J%<gT + |o 2 (g) 

-* C 2 H 5 OH(l) + 0 2 (g) ^ CH 3 C00H(1) + H 2 0(1) 


Making the same manipulations on the enthalpies, we obtain, 

AH° = A f H 0 (Eq.2) + A f H 0 (Eq.3)-A f H°(Eq.l) 

A H° = [(-484.3) + (-285.83) -(-277.6)] kJ mor 1 
AH° = (-484.3 - 285.83 + 277.6) kJ moF 1 
AH° = -492.53 kJ moF 1 

Recall that from problem 2.24 we come to the conclusion that: 
Reaction A: 

AH° = A f 7/°(CH 3 CHO) - A / //°(C 2 H 5 OH) 

AH° = -203.4 kJ moF 1 
Reaction B: 

AH 0 = A / //°(CH 3 COOH) - A / //°(CH 3 CHO) 

AH° = -291.2 kJ mol 1 


Solutions 
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This will produce a slightly different answer than the one we have obtained. 

A H° = A //“(reaction A) + A//°(reaction B) 

A//° = [-203.4 + (-291.2)] kJ mol 1 

A H° = -494.6 kJ mol 1 


Back to Problem 2.26 


Back to Top 


Solutions 
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2.27. The disaccharide a-maltose can be hydrolyzed to glucose according to the equation 

Ci 2 H 22 0ii(aq) + H 2 0(1) — 2C 6 H 12 0 6 (aq) 

Using data in Appendix D and the following values, calculate the standard enthalpy change in this reaction: 

Aj H°/kJ mol -1 


C 6 Hi 2 0 6 (aq) - 1263.1 

Ci 2 H 22 0n(aq) -2238.3 


Solution: 

Given: Appendix D 
Required: A H° 

This problem will be solved in the same way that we have solved all similar problems. Let us first make a list of the important reactions 
involved in the process. From Appendix D we have: 

(1) H 2 (g) + ^-0 2 — > H 2 0(1) 

A f H° = -285.83 kJ mol 1 

(2) 6C0 2 + 6H 2 0 — » C 6 H 12 0 6 + 60 2 

We are given that A f H° = -1263.1 kJ moL 1 

(3) 2(6C0 2 + 6H 2 0) — » C 12 H 22 O n + H 2 0 
We are given that A f H° = -2238.3 kJ moL 1 

In order to create the wanted reaction: C 12 H 21 O n (aq) + H.O(l) -> 2C s H l2 O s (aq) 

We must multiply Eq. 2 by two then subtract Eq. 3 and Eq. 1 which yields: 
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Solutions 


2 x (2) = j^G€^ + j^H^5'^2C 6 H l2 0 6 +120 2 
-(3) = /(6£€C+ 6JJ^5')^C 12 H 22 0 11 +H 2 0(1) 

-d)= H 2 (g) + ^-0 2 — » H 2 0(1) 

C 12 H 22 O u ( aq) + H 2 0(1) -> 2C 6 H 12 0 6 (aq) 


This must then be done for the enthalpies of formation which gives, 

AH 0 = 2AH°(Eq.2)-AH° (Eq.3)- A H° (Eq.l) 

AH° = [(2x -1263.1) -(-2238.3) -(-285.83)] kJ mol 1 
AH° = -2.07 kJ mol 1 
AH° = -2,1 kJ mol 1 

Back to Problem 2.27 Back to Top 
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2.28. The standard enthalpy of formation of the fumarate ion is -111 A kJ mol -1 . If the standard enthalpy change of the reaction: 

fumarate 2 (aq) + H 2 (g) — > succinate 2- (aq) 
is 131.4 kJ mol -1 , calculate the enthalpy of formation of the succinate ion. 


Solution: 

Given: A f H “(fumarate) = -111 A kJ mol -1 , A H° = 131.4 kJ mol -1 
Required: A f H “(succinate) 

Now we are given the standard enthalpy change for a reaction and we are asked to calculate the enthalpy of formation for the succinate ion. 
We can do this by rearranging what we already know and solving for the unknown. This is based on the same method that we have been 
practicing for many of the problems throughout this chapter. 

A H° = ^ A^// “(products) - A / //°(reactants) 

AH ° = A f H °(succinate) — A f H °(fumarate) 

Given that: 

A f H° (fumarate) = -111 A kJ mol -1 
Atf°(rxn) = 131.4 kJ mol -1 

Then we can say that: 

AH ° = A f H °(succinate) — A f H °(fumarate) 

131.4 kJ mol -1 = A^if “(succinate) -(-777.4 kJ mol -1 ) 

131.4 kJ mol -1 =A f H “(succinate) + 111 A kJ mol -1 
A f H “(succinate) = (131.4-777.4) kJ mol -1 
A f H “(succinate) = -646.0 kJ mol -1 

Back to Problem 2.28 Back to Top 
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2.29. The A H° for the mutarotation of glucose in aqueous solution, 

a-D-glucose(aq) — ■> /i-D-glucose(aq) 

has been measured in a microcalorimeter and found to be -1.16 kJ mol” 1 . The enthalpies of solution of the two forms of glucose 
have been determined to be 

a-D-glucose(s) — > a-D-glucose(aq) 

A H° = 10.72 kJ mol” 1 
/i-D-glucose(s) — > /i-D-glucose(aq) 

A/T = 4.68 kJ mol” 1 

Calculate A H° for the mutarotation of solid a-D-glucose to solid /?-D-glucose. 


Solution: 

Given: A H° = -1.16 kJ mol” 1 , A H° a = 10.72 kJ mol” 1 , A H° p = 4.68 kJ mol” 1 
Required: Af/°(mutarotation) in solid state 
We are given that; 

(1) a -D-glucose(s) — > a -D-glucose(aq) 

AH 0 = 10.72 kJ mol” 1 

(2) J3 — D — glucose (s) — > /3 -D -glucose (aq) 

AH° = 4.68 kJ mol” 1 

And for the mutarotation in the aqueous state we have; 

(3) «-D-glucose(aq) — > (3 -D -glucose (aq) 

AH° = -1.16 kJ mol 1 

Therefore we obtain a -D-glucose(s) — > y5-D-glucose(s)by adding Eqs. 1, 2 and 3. 
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Solutions 


(1) «-D-glucose(s)^^j^D^glacc5?e(aq) 

-(2) — > P - D - glucose (s) 

+(3) aj^I)j^kicaSe^a^ — » ^j^^j^hicoSe^aqy 

a - D - glucose (s) — » /? - D - glucose (s) 

Now we can perform the same operations on the enthalpies of solution in order to obtain, 

AH 0 = A s H° (Eq.l) - A s H° (Eq.2) + A H° (Eq.3) 

It is important to note that we use the reversed sign on Eq. 2 because we need to use the reverse reaction. Always keep this in mind when 
doing problems like this; otherwise it can become confusing! 

A H° = A v //°(Eq.l) - AH°(Eq.2) + A j //°(Eq.3) 

AH° = (10.72-4.68-1.16) kJ mol 1 

A//°(mutarotation) = 4.88 kJ moE 1 

Back to Problem 2.29 Back to Top 
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2.30. Use the data in Appendix D to calculate A H° for the hydrolysis of urea into carbon dioxide and ammonia at 25 °C. 

Solution: 

Given: Appendix D, T = 25 °C 
Required: A H° 

Remember that all values given in Appendix D were taken at the standard temperature and pressure of 25.00 °C and 1 bar pressure. The 
reaction for the hydrolysis of urea is as follows: 

(1) H 2 NCONH 2 (s) + H 2 0(1) -> C0 2 (g) + 2NH 3 (g) 

Let us now list the reactions needed in order to generate Eq.l. 

(2) H 2 (g) + 0 2 (g) — > H20(l) 

A f H° = -285.830 kJ moU 1 from Appendix D 

(3) C 

graphite (s) + 0 2 (g) — » C0 2 (aq) 

A f H° = -413.26 kJ mol” 1 from Appendix D 

(4) |H 2 (g) + iN 2 (g)^NH 3 (aq) 

A f H° = -80.29 kJ mol” 1 from Appendix D 

(5) 2NH 3 (g) + C0 2 (g) -> H 2 NC0NH 2 (s) + H 2 0(1) 

A f H° = -333.1 kJ mol” 1 

In order to obtain reaction (1), we need to multiply both Eqs. 2 and 5 by -1 then add them to Eq. 3 and Eq. 4 multiplied by 2. 
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-(2) H 2 0(1) — » H 2 (g) + ^-0 2 (g) 

+(3) C 

graphite (s) + 0 2 (g) ^C0 2 (aq) 

+2x(4) 2 |H 2 (g) + iN 2 (g)^NH 3 (aq) 

-(5) H 2 NCONH 2 (s) + H 2 0(1) -> 2NH 3 (g) + C0 2 (g) 


Making the same operations on the enthalpies of formation we obtain, 
AH 0 = -A / //°(Eq.2) + A y //°(Eq.3) + 2A / tf°(Eq.4) - A f H°(Eq.5) 


AH 0 = [-(-285.83) + (-413.26) + (2 x -80.29) - (-333. 1)] kJ moE 1 
AH° = 45.09 kJ mol 1 


Back to Problem 2.30 


Back to Top 


Solutions 
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Solutions 


2 . 31 . Here is a problem with a chemical engineering flavor: Ethanol is oxidized to acetic acid in a catalyst chamber at 25 °C. Calculate the 
rate at which heat will have to be removed (in J h” 1 ) from the chamber in order to maintain the reaction chamber at 25 °C, if the feed 
rate is 45.00 kg If 1 of ethanol and the conversion rate is 42 mole % of ethanol. Excess oxygen is assumed to be available. 


Solution: 

Given: T = 25 °C, v feed = 45.00 kg h v co _ n = 42 mole % of ethanol 
Required: v heat 

From Appendix D, we are given the enthalpies of formation for both ethanol and acetic acid. 

A f H° = -277.6 kJ moE 1 ethanol(l) 

A f H° = -484.3 kJ moE 1 acetic acid(l) 

A f H° = -285.83 kJ moE 1 water(l) 

We can then determine the standard enthalpy change for the reaction: 

C 2 H 5 OH(l) + 0 2 (g) CH 3 COOH(l) + H 2 0(1) 

Note that we also need to use the enthalpy of formation for water which yields; 

A H° = A / 7/°(acetic acid) + A^T/^H.O) - A / 7/°(ethanol) 

A H° = [(-484.3) + (-285.83) - (-277.6)] kJ moE 1 
A H° = (-484.3 - 285.83 + 277.6) kJ mol 1 
A// 0 = -492.53 kJ mol 1 

Since the ethanol is fed at a rate of 45.00 kg h , and only 42% of ethanol is converted, the actual heat evolved during the reaction per hour 
is defined by (molar mass ethanol is approximately 46.069 g mol' 1 ): 
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v hea ,=— *v. 


M 


conversion 


xA H c 


Vheat = -202 062.49 kJ h' 1 


45.00 h 1 
0.046 069 )4 


: (0.42) | 


-492.53 kJ 



This means that the heat will have to be removed at a rate of 202 MJ h" 1 . 

Back to Problem 2.31 Back to Top 


2-82 


Chapter 2: The Rist Law of Thermodynamics 
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2.32. a. An ice cube at 0 °C weighing 100.0 g is dropped into 1 kg of water at 20 °C. Does all of the ice melt? If not, how much of it 
remains? What is the final temperature? The latent heat of fusion of ice at 0 °C is 6.025 kJ mol, and the molar heat capacity of 
water, Cy m , is 75.3 J KT 1 mol -1 . 

b. Perform the same calculations with 10 ice cubes of the same size dropped into the water. (See Problem 3.33 of Chapter 3 for the 
calculation of the corresponding entropy changes.) 


Solution: 

Given: T = 0 °C, m ice = 100.0 g, m water = 1000 g, T water = 20 °C 

T = 0 °C, A fus H = 6.025 kJ mol 1 , C P = 75.3 J K 1 mol 1 
Required: see above 

a. Assume that all of the ice melts. The process would then absorb; 
A h (lOO.O /) (6-025 kJ TBfl 1^) 


m x 

ice 




18.02 / jnol^ 


= 33.435 072 214 kJ = q absorbed 


Let the final temperature be T °C , then we can use the following expression to solve for t. 


q = mC p AT 

However, since we are determining the value for ten ice cubes, we will use the following: 
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q = mCpAT 

V = '"water C P AT 
^ = OT wa,er C p( 7 ’water- 7 ]) 

(lOOO /)x75.3J 

33 435.072 214 J = 4 Al — — 1 — 

18.02 /jacr 

(33 435.072 214 /)(18.02) 

(1000)(75.3 /) 

(20-r) = 8.001 328 038 
T = 20-8.001 328 038 
T = 11.998 671 96 


(20 -T) 


T = 12 °C 


Since this value is not below 0 °C, it means that all of the ice does indeed melt. The final temperature is 12 °C. 

b. It is obvious that not all of the ice will melt. (If we assumed that it all melted, we would find that the final temperature would be below 
0 °C.) The final temperature of the water is now 0 °C, and if we suppose that x g of the ice melts, we can determine how much ice will 
remain solid in the water. 


m ice x A ju H = m wMcr C p t (molecular weight will cancel on both sides) 


'"water C P t 


m- 


(1000 g)(75.3 / 20 X) 

6 025 / jnol^ 


m ice = 249.958 506 2 g 

m ice = 250 § 


10 x lOOg - 250 = 750 grams of ice will remain solid. 


Back to Problem 2.32 


Back to Top 
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Solutions 


2.33. 


From the data in Table 2.1 and Appendix D, calculate the enthalpy change in the reaction 

C(graphite) + 0 2 (g) -*■ C0 2 (g) 


at 1000 K. 


Solution: 

Given: Appendix D, Table 2.1, T = 1 000 K 
Required: A H for the reaction 

All of the values given in Appendix D were taken under the standard conditions of 25 degrees Celsius and 1 bar pressure. For this 
particular reaction we can see that the enthalpy of formation for carbon dioxide is given by, 

A f H° = -393.51 kJ mol 1 

According to the values given in Table 2.1 and using Eq. 2.49 we have the following; 

AC pm =Ad+AeT + AJT- 2 

Ad = ^ Ad (products) - Ad (reactants) 

AJ = AJ(C0 2 )-[AJ(0 2 ) + AJ(C)] 

Ad = 44.22 -(29.96 + 16.86) 

Ad = 44.22-29.96-16.86 
Ad = -2.60 J K 1 mok 1 

Ae = ^ Ae(products) - Ae'(reactants) 

Ae = Ae(CO, ) - ( Ae(0 2 ) + Ae(C) ) 

Ae = [8.79 -(4.18 + 4.77)] xl0~ 3 J K 2 moF 1 
Ae = -0.16xl0~ 3 J K -2 moF 1 
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Af = Z A/ (products) - A/ (reactants) 

A/ = A/(C0 2 )-(A/(0 2 ) + A/(C)) 

A f = [-8.62 - (-1 .67 - 8.54)] x 10 5 J K mol 1 
A/ = 1.59 x10 s J K mol 1 


Putting all of these values into Eq. 2.52 we can determine the enthalpy change at 1000 K. 


A H m (T , ) = AHJT t ) + Ad (T, - T, ) + i Ae (T; - T ; ) + A/ 


J 1_ 

T T 
v 7 2 J iy 


) = -393 5 10 - 2.6(1000 - 298. 15) + -(-0. 16 x 10 3 )(1000 2 - 298.15 2 ) 


+ (1.59 x 10 s ) 


1 


1 


1000 298.15 


A H m (T 2 ) = -395 781.9871 J moE 


AH (1000 K) = -395.78 kJ moE 


Back to Problem 2.33 Back to Top 
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3 . 34 . From the bond strengths in Table 2.2, estimate the enthalpy of formation of gaseous propane, C 3 H 8 , using the following additional 
data: 

A f H°/kJ moF 1 

C(graphite) — > C(g) 716.7 

H 2 (g)->2H(g) 436.0 


Solution: 

Given: Table 2.2, see above 
Required: A f H° 

Propane has the molecular formula C 3 H 8 which means that it contains two carbon-carbon bonds and eight carbon-hydrogen bonds. We can 
therefore determine the heat of ionization by using the following; 

ft,,,, = E( # bonds of <ype n)(bond enthalpy of type n) 

=[(2x348) + (8x413)] kj moP 1 
kJ mol 1 

determine the correct and 
formation of each species 


L atomization 


= 4000 


Now we need to 
reactions for the 


balanced equation for the reaction which forms propane. After this, we must also determine the 
involved. 
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(1) 3C(g) + 8H(g) — » C 3 H 8 (g) 

A f H° = -4000 kJ mol 1 

(2) C graphite ^C(g) 

given that A f H° = 716.7 kJ mor 1 therefore, 

(3) 3C graphite -» 3C(g) 

A f H° = 2150.1 kJ moF 1 

(4) H 2 (g) — » 2H(g) 

given that A f H° = 436.0 kJ mor 1 therefore, 

(5) 4H 2 (g) — » 8H(g) 

A f H° = 1744 kJ moF 1 


When we add equations 1, 3 and 5, we obtain the desired reaction: 

(1) 3g^+8fJfgf^C 3 H 8 (g) 

(3) 3C graphite -> 30(gr 
(5) 4H 2 (g)^ smg) 

3C graphite +4H 2 (g) — > C 3 H 8 (g) 

Doing the same thing for the enthalpies of formation we obtain, 
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A H° = ^ A y //“(products) - A f H “(reactants) 

AH° = A / //°(Eq.l) + A / //°(Eq.3) + A / //°(Eq.5) 

AH° = (-4000 + 2150.1 + 1744) kJ mol 1 
AH °( graphite) = -105.9 kJ mol 1 

The agreement with experiment, -103.8 kJ mol is relatively good. 


Back to Problem 2.34 


Back to Top 
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2 . 35 . A sample of sucrose, C 12 H 22 O 11 weighing 0.1328 g, was burned to completion in a bomb calorimeter at 25 °C, and the heat evolved 
was measured to be 2186.0 J. 

a. Calculate A c U m and A c H m for the combustion of sucrose. 

b. Use data in Appendix D to calculate A fH m for the formation of sucrose. 


Solution: 

Given: m sucrosc = 0.1328 g, T = 25 °C, heat = q v m = 2186.0 J , Appendix D 
Required: A c U m , A H m , A f H m 

a. Remember that when using a bomb calorimeter, we are working under constant volume. With that said, the heat evolved per gram 
will be; 

<l,„ = ^ 
m 

2186.0 J 
qv m ~ 0.1328 g 
q V m = 16 460.843 37 J g 1 

We can now use this information in order to determine the change in internal energy which is given by; 

A c U° = -q v , m 

when working under constant volume conditions. Using the molar mass for sucrose (approximately 342.3 g mol' 1 ) we can determine the 
change in internal energy per mole of substance combusted. 

A c U m = ^Qv.m X -^sucrose 

A c U m = (-16 460.843 37 J ^)(342.3 / moU 1 ) 

A c U m = -5 635 kJ moU 1 

The balanced reaction for the combustion of sucrose is given by, 
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Solutions 


C 12 H 22 0, , (s) + 1 20 2 (g) -> 1 2C0 2 (g) + 1 1H 2 0(1) 

The change in the number of moles for the gaseous species is therefore 

A ^ — , ^products ^reactants 

An = 12-12 
An = 0 

According to Eq. 2.41 we can then say that; 

AH = AU + A(PV) 

AnRT = A(PV) 

since AnRT = 0 then A(PV) = 0 
AH = AU 

AH = -5 635 kJ moE 1 

b. For the formation of sucrose, we can use the same reaction given above for combustion but in reverse. Using Hess’ Law which 
states: 

= '^ J A f H m (products) -A f H m (reactants) 

We can rearrange and make the appropriate substitutions using information given in Appendix D to obtain, 

A f H m = Z A / // - ( P roducts ) (reactants) 

AfH m = UA f H m (C0 2 ,g) + 1 1A f H m (H 2 0,1) - A f H m (sucrose) 

A f H m = [(12 x -393.51) + (l lx -285.83) -(-5 635)] kJ mol 1 
A f H m = -2 231 kJ mol 1 

Back to Problem 2.35 Back to Top 
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Solutions 


2.36. The value of AH° for the reaction 

CO(g) + |o 2 (g) ^ C0 2 (g) 

is -282.97 kJ mol -1 at 298 K. Calculate A U° for the reaction. 

Solution: 

Given: A H° = -282.97 kJ mol" 1 , T = 298 K 
Required: A U° 

Since we have been given the standard change in enthalpy, we can simply use Eq. 2.41 and rearrange in order to determine the standard 
change in internal energy. First, we must determine the change in moles for the gaseous species. 

An = y"A/?( products) -A/?(rcactants) 

A« = lC0 2 -(lC0 + ^0 2 ) 

An = 1-1.5 

An = — — 

2 

According to Eq. 2.41: 

AH = AU + A(PV) 

AnRT = A(PV) and therefore 
AH = AU + AnRT 
AU° = AH° - AnRT 

AU° = (-282 970 J mol 1 ) -(-0.5x8.3145 J mol 1 x 298.15 X) 

AU° = -281 730.5159 J mol 1 
AU° = -281.73 kJ moE 1 

Back to Problem 2.36 Back to Top 
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2.37. One mole of an ideal gas initially at 10.00 bar and 298.0 K is allowed to expand against a constant external pressure of 2.000 bar to 
a final pressure of 2.000 bar. During this process, the temperature of the gas falls to 253.2 K. We wish to construct a reversible path 
connecting these initial and final steps as a combination of a reversible isothermal expansion followed by a reversible adiabatic 
expansion. To what volume should we allow the gas to expand isothermally so that subsequent adiabatic expansion is guaranteed to 

3 

take the gas to the final state? Assume that C v m =—R . 


Solution: 

Given: Ideal Gas: P. = 10.00 bar, 7) = 298.0 K, P ext = 2.00 bar, P f = 2.00 bar, T f = 253.2 K 


Required: V i 

It should be noted that we are required to find the intersection of the isotherm that passes through the initial state and the adiabat that passes 
through the final state. We will call this point (P,,V I ) and the temperature of the isotherm will be T . 


Recall that for adiabatic processes we use Eq. 290 which states that: 


T J_ 

T 


r y v-> 




We must first determine the value for y in order to solve the above expression. Remember that it can be found using Eq. 2.88 and knowing 
that for an Ideal Gas, 
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c, 


V ,m 

Cp,m ~ Cy.m = R 


C v m = —R and therefore, 


C P,m ~~ R + R 


f ■ 




7 = 


-R + R 

v2 j 


X 


c • 


R 


X 


5 / 

^ = 7 X T 


r=- 


7-1 = 


The final volume can be solved for using the Ideal Gas Law. 

PV = nRT 
RT f 


V f=- 


V f = 


L f 


f 


0.08315 dm 3 >hf ^ mor')(253.2 X) 


2.0 


V f =10.526 79 dm 3 


Now we are able to rearrange Eq. 2.90 in order to solve for the initial volume. 
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T, 

T 




T 


fV' 

3 

( T \ 

1 f 


-> 




UJ 




V t 


v,=v f 


\ T i J 


V t = (10.52 679 dm 3 )f 253-2 ^ 
' v '^298.0 X 

V =8.244 553 018 dm 3 


3 

V 


v. = 8.245 dm 3 


Back to Problem 2.37 


Back to Top 


Solutions 
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2.38. Two moles of oxygen gas, which can be regarded as ideal with Cp = 29.4 J K 1 mol -1 (independent of temperature), are maintained 
at 273 K in a volume of 1 1.35 dm 3 . 

a. What is the pressure of the gas? 

b. What is PV1 

c. What is Cy? 


Solution: 

Given: Oxygen Gas: C p = 29.4 J K 1 moE 1 , T = 273 K, V =11.35 dm 3 
Required: P 0 , PV, C v 

a 

a. One mole of oxygen gas in a volume of 22.7 dm and at 273 K exerts a pressure of 1 bar. If we make the necessary adjustments to 
account for the difference in volume (one half the volume means twice the pressure) the gas would exert a 2 bar pressure. We must 
now account for the number of moles of gas (of which there are two) which would bring the pressure up to 4 bar. 


P Qi = 4 bar 


b. Now we can determine the amount of PV work done in addition to the heat capacity under constant volume. 

PV =(4 bar)(ll.35 dm 3 ) 

PV = 45.4 bar dm 3 

since 1 bar dm 3 = 100 J 

45.4 bar dm 3 = 4540 J = 4.540 kJ 

PV = 4.540 kJ 


c. For an ideal gas we know that, 


C -C = 


p+ 


r dU^ 

ydV j T 


r dv_~\ 

v3r Jp 


Since, for an ideal gas 


f 8U} 
ydVj T 


= 0 , this can be simplified to Eq. 2.118: 


(Eq. 2.117) 
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Solutions 


Cp-Cy =P 


' dV ^ 
ydT J p 


For 1 mole of an ideal gas, we already know that PV m = RT and therefore, 


' dV_ 

K dT 


Jp 


R 

P 


which produces the following expression: 

C P , m -C VM =R (Eq- 2.119) 

And rearranging for CV we get, 

C/’,m ~ C V jn = R 
Cv,m = Cp,m ~ R 

C V m = 29.4 J K 1 moF 1 -8.3145 J K 1 moF 1 
C Vm =21.0855 JK 1 moF 1 
C V m = 21.1 J K 1 moF 1 


Back to Problem 2.38 Back to Top 
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Solutions 


2.39. Suppose that the gas in Problem 2.38 is heated reversibly to 373 K at constant volume : 

a. How much work is done on the system? 

b. What is the increase in internal energy, At/? 

c. How much heat was added to the system? 

d. What is the final pressure? 

e. What is the final value of PV1 

f. What is the increase in enthalpy, A HI 

Solution: 

Given: Oxygen (Problem 2.38): T = 273 K, T f =373 K 


a. A very important process is the compression of an ideal gas (such as the oxygen in Problem 2.38) under constant volume. This process 
is illustrated in Figure 2.6b. 

It is important to remember that for an ideal gas at constant volume, 


The work done on the system in a reversible compression of one mole of gas is given by the following, 


Since the pressure is varying, we must express this in terms of V m by using the Ideal Gas Law for a single mole. 


Required: w, A U m , W P f . PV, A H m 



d V ,m = C V ,ni ( T 2 ~ T \ ) 


This also means that for an ideal gas, 

AU m = C v JT 2 -T l ) 
AH m =C Ptm (T 2 -T l ) 



(Eq. 2.70) 
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Solutions 


w = — 

rev 


rV m 2 

f - PdV 

Jvl , 


py , = rt 

m 

rv m ,_ RT 


w„ 


= -f ml —dv 
•k,.i v 


w= -RT ln(Vir 


vv = -RT In 


f V X 

m, 2 

v 

V m ’ 1 J 


This can also be written as; 


w, = RT In 


f \ ' 
v m, 1 

V , 

v m . 2 y 


which then gives, 




= (8.3145 J x K^mol 1 )(273 X)ln 


( 
Viy 


w = 0 


b. Now we can use the first two expressions given above in order to determine the change in internal energy and change in enthalpy. 
W m =nC v , m {T 2 -T x ) 

AC/ m = (2 jndf)21.1 J ^101^(373- 273) X 
A£/ m = 4220 J 
AU m = 4.22 kJ 


c. Recall that at constant volume, the change in internal energy is equivalent to the amount of heat added to the system and therefore, 


Padded m 

Padded = 4 ‘ 22 k J 
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d. Knowing that — 


T 2 \im p JPV) 


T x lim P ^(PV\ 


from Chapter 1 (Eq. 1.22), we can solve for the final pressure. 


PT 

P 

T x 

_ 4 bar x 373. 15 X 

2 _ 273.15 X 

P = 5.464 396 852 bar 


Since 1 bar= 10 2 * * 5 Pa then we can say that, 
P f = 5.464 396 852 >hf (lO 5 Pa Jxrf* 1 ') 


P f = 546 439.6852 Pa 
P f =5.46 kPa 
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Solutions 


e. 


PV = P 2 V 2 

PV = (5.464 396 852 bar)(ll.35 dm 3 ) 

PV = 62.020 904 27 bar dm 3 
1 bar = 10 Pa and 1 atm = 1.01325 x 10 5 Pa 

PV = (62.020 904 27>tf dm 3 


PV = 61.209 873 45 atm dm 3 

and since, 1 atm dm 3 = 101.325 J then, 


PV = 6202.090 427 J 
PV = 6.20 kJ 


f. The change in enthalpy can now be determined. 


AH m = (2 jndf)(29.4 J JHoT r )(373.15-273.15) X 
AH m =5880 J 
AH m = 5.88 kJ 


Alternately, we can determine the enthalpy change using Eq. 2.41 which yields approximately the same answer. 





Back to Problem 2.39 Back to Top 
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2 . 40 . Suppose that the gas in Problem 2.38 is heated reversibly to 373 K at constant pressure. 

a. What is the final volume? 

b. How much work is done on the system? 

c. How much heat is supplied to the system? 

d. What is the increase in enthalpy? 

e. What is the increase in internal energy? 

Solution: 

Given: Oxygen (problem 2.38): T = 273 K, T f =373 K 
Required: V f , w rev (on system), q Pm ,AH Pm , A U P m 

a. The pressure-volume relationship for the reversible compression of an ideal gas at constant pressure can be found in Figure 2.6a. 
Remember from Chapter 1 that we have, 


T 2 = \\m r _ t{] (PV) 2 
T x lim M (/>V), 

T x V x 



v \ ± 2 

11.35 dm 3 x 373. 15 X 


273.15 X 


V f =15.5 dm 3 


b. The work done on the system for one mole can be defined by, 




This expression is true whether the gas we are working with is ideal or not. If we use the Ideal Gas Law, we can get, 
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Solutions 


W rev = P l 


f RT X RT 0 ^ 


Which simplifies to the following; 


w ar = R ( T i -t 2 ) 


For two moles of oxygen: 

w rev =( 2 j2w5f)(8.3145 J ^01^X273.15-373.15) X 
w rev = -1662.9 J 

However, since the work is being done ON the system, the value will be positive. 
w re v =1-66 kJ 

c. The heat absorbed by the system during such as process is given by; 
q r , = i r :C r JT (Eq. 2.57) 

Now, since the pressure is constant, the heat capacity will be independent of temperature and this integral will simplify to: 

<lp, m = C P,m( T 2~ T l) 

For two moles of oxygen: 

<lp,m= nC p, m ( T 2- T i) 

q Pm = (2 ja*5f)(29.4J Jk* (373. 15 - 273.15) X 

q Pm =5880 J 
q Pm = 5-88 kJ 
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d. According to Eq. 2.59, the change in enthalpy is equal to the amount of heat supplied to the system when the work is done under 
constant pressure. 

AH P ,m=C P , m (T 2 -T l ) 

p m — C lp, m 

\H Pm =5.88kJ 

e. We can now use Eq. 2.41 and rearrange it in order to solve for the change in internal energy. 

M P ' m =AU Pm +A(PV) 

AH P,m= AU P,m + W re V 
P,m ~ p m — W rev 

AU Pm =(5.88-1.66) kJ 
A U P m = 4.22 kJ 

Back to Problem 2.40 Back to Top 


2-104 


Chapter 2: The Rist Law of Thermodynamics 


Solutions 


2.41. Suppose that the gas in Problem 2.38 is reversibly compressed to half its volume at constant temperature (273 K). 

a. What is the change in U1 

b. What is the final pressure? 

c. How much work is done on the system? 

d. How much heat flows out of the system? 

e. What is the change in HI 


Solution: 

Given: Oxygen (Problem 2.38): T = 273 K, T f = 373 K 
Required: A U m , P f , w rev , <? outflow , AH m 

a. Another process of great importance is the compression of an ideal gas along an isotherm. This means that the process is occurring 
at constant temperature. An illustration of such a process is given in Figure 2.6c. We should note that for an ideal gas undergoing 
compression at constant temperature, 

A H m = 0 and 
At/ = 0 

m 


b. The final pressure can be found using Py i = P 2 V 2 and rearranging to get, 


_ (4 bar)(11.35 ) 

1 5.675 

P f = 8 bar 


c. The work done on the system in a reversible compression is given by, 
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Solutions 


Since the pressure is varying, we must express this equation in terms of V m by making use of the Ideal Gas Law. 




rv m , 2 nRT 

■k,, y 

m 


dV 


w. 


= -nRTMV)\ v ^ 
w = —nRT In 


r V ' 

m, 2 

v 

V m ’ 1 
\ 


w = nRT In 


V 


m, 1 


V. 


2 J 


W = 

rev 


(2 ^«5f)(8.3145 J X 1 " jHof r )(273 


w rev =3146.69 J 
W rev =3.15 kJ 


11.35^ 
5.675 j 


d. The amount of heat flowing out of the system is equal in magnitude but opposite in sign to the amount of work done ON the system. 
This is true because this is the only way to keep the temperature of the system constant. 


^rev ^outflow 

Outflow = -3.15 kJ 


e. Since there is no temperature change, [A H_ = 0 

Back to Problem 2.41 Back to Top 
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2 . 42 . With the temperature maintained at 0 °C, 2 mol of an ideal gas are allowed to expand against a piston that supports 2 bar pressure. 
The initial pressure of the gas is 10 bar and the final pressure 2 bar. 

a. How much energy is transferred to the surroundings during the expansion? 

b. What is the change in the internal energy and the enthalpy of the gas? 

c. How much heat has been absorbed by the gas? 


Given: Ideal Gas: T = 0 °C, n = 2 mol, P piston = 2.0 bar, P t = 10 bar, P f = 2 bar 
Required: w(by gas), AU , AH, ^(absorbed) 

a. We are given that we are making changes to a system under constant temperature. It is first important to determine the change in 
volume because we know that there is only PV work involved. 


Solution: 


PV = nRT 



P 



V : = 4.54 dm 


Now we can find the final volume and hence, the volume change. 
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Solutions 



(10 >df)(4.54 dm 3 ) 

Vf ~ 2 >tf 

V f =22.71 dm 3 

av =v f -v; 

Ay =(22.70-4.54) dm 3 
AV = 18. 16 dm 3 

Now the work done by the gas is given by pressure multiplied by the change in volume; 
w = PAV 

w = (2 bar)(l8.16 dm 3 ) 
w = 36.32 bar dm 3 


(36.32 dm 3 )(l0 5 ^ Jxtf" 1 ') 


1 atm 


w = 


1. 01325x10 s ^ 


w = 35.845 atm dm 3 

Since 1 atm dm 3 =101.325 J then, 



w = 3632 J 


The amount of work done by the gas will be equal to the amount of heat transferred to the surroundings because the temperature of the 
system needs to remain constant. 
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Solutions 


b. Remember that at constant temperature, 


At/ = 0 

m 

AH - 0 

m 


c. The amount of heat absorbed by the gas will be equal to the amount of work done. 


‘/absorbed — 3632 J 


Back to Problem 2.42 Back to Top 
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Solutions 


2.43. Suppose that the gas in Problem 2.42 is allowed to expand reversibly and isothermally from the initial pressure of 10 bar to the final 
pressure of 2 bar. 

a. How much work is done by the gas? 

b. What are A U and A HI 

c. How much heat is absorbed by the gas? 

Solution: 

Given: (problem 2.42): P t = 10 bar, P f = 2 bar 
Required: w(by gas), At/, AH. <? absorbed 

a. We are again working under conditions of constant temperature so we can solve this problem in the same way that we have done 
before. We can determine the amount of work done by the gas by using the volume change found in the previous problem. 

V f =22.11 dm 3 
V i = 4.54 dm 3 

V f 

w rcw =nRT\n^- 

w rev = (2 jnt5f)(8.3145 J ^ jnefK)(273.15 X)hi(^^ 
w rev =7312.407 687 J 

W rev = 7-31 kj 


b. Remember we are still working under constant temperature which means that, 
At/ = 0 

m 

AH =0 

m 


c. The amount of heat absorbed by the gas will be equal to the amount of work done in order to keep the temperature constant. 


q = 7.31 kJ 

Back to Problem 2.43 Back to Top 
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2 . 44 . A sample of hydrogen gas, which may be assumed to be ideal, is initially at 3.0 bar pressure and a temperature of 25.0 °C, and has a 

3 3 —1 

volume of 1.5 dm . It is expanded reversibly and adiabatically until the volume is 5.0 dm . The heat capacity Cp of Ho is 28.80 J K 
mol -1 and may be assumed to be independent of temperature. 

a. Calculate the final pressure and temperature after the expansion. 

b. Calculate A U and A H for the process. 


Solution: 

Given: Hydrogen gas: P t = 3.0 bar, T { = 25 °C, V { = 1.5 dm 3 , V f = 5.0 dm 3 , 

C p = 28.80 J K 1 moC 1 
Required: P f , T f , A U, AH 

Another process to consider is the compression or expansion of an ideal gas contained in a vessel whose walls are perfectly insulated. This 
means that heat cannot pass through them. Such processes are called adiabatic. The pressure-volume relationship for this type of process is 
given in Figure 2.6d. 

a. Since the work is performed on the gas in order 
higher than the initial temperature. 

Using the value of Cp, we can determine Cy according 

Cp, m ~ ^V,m = R 

C V,m = C P,m ~ R 

C V m = 28.80 J K 1 mol 1 -8.3145 J K 1 mol 1 
C V m = 20.4855 J K 1 mol 1 

Note that the ratio of Cp to Cy is often written as, 

Cp,m 

7 = 

C 

V,m 

We can now derive a version of Boyle’s Law for this adiabatic process. 


to compress it and no heat can leave the system, the final temperature must be 
to Eq. 2.119, 
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pyr = PfV r 

We can use this first to determine the final pressure for the system. 


PV y 

P, = ^~ 

1 \rr 


V 


f 


Pf=p i 


7 V 

( yy \ 


V’ 

Vf J 


P f = (3.0 bar) 

C D _ 


i.5 yrff 


v 


r 


5 yenf 

28.80 

C V m 20.4 855 JJ^Tfiol^ 
Y = 1.405 872 446 

s s \ 1 .405 872 446 

1 * 

P f = (3.0 bar) 


1.5 

5 


P f =0.552 103 415 


P f = 0.552 bar 


Using Eq. 2.90 it is possible to determine the final temperature. 


h 

Tx 


V 

V V 2J 


7 - 1 


Now rearrange to get, 


Solutions 
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T = T 
1 2 1 1 


A^Y- 1 
\ V 2j 


T 2 =(298.15 K) 
y = 1.405 87 
T 2 = (298.15 K) 


1.5 jfaff 3 ' 
5 ykX 

1.5 jftX 
5 frX 


V -1 


0.405 872 446 


r, =182.962 406 6 K 


r, =183.0 K 


b. Both U and H remain unchanged as we move alone the T j isothermal and the same is true for the 77 isothermal. The changes in U 
and H can be found using Eq. 2.29 and Eq. 2.31 respectively. 

A U =C V (T.-T.) 

AU m =(20.49 J ^ mol -1 ) (182.9 624 066-298.15) X 
AU m =-2360.193 789 J moE 1 

Now we need to determine the number of moles of hydrogen using the Ideal Gas Law. 

PV = nRT 
PV 


1 

(3.0 j hXj 

|(l.5 jkfXj 

1 

jo.083 144 72 

jadr" mol 

') 

(298.15 X) 


n H =0.181 527 75 mol 
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A U m = (0.181 527 75 jaatST) (—2360. 193 789 J jndX) 
A£/ b = -428.440 668 4 
AC/ m = -428.47 

Likewise, for the change in enthalpy we get, 
AH m=C Ptm (T 2 -T l ) 

AH m = ^28.80 J X 1 "moL 1 )(l82.962 406 6-298.15 X) 

AH m = -3317.402 69 J mol 1 

A// (II = (0.181 527 75 jadf) (-33 17.402 69 J 

A// = -602.200 646 1 J 

m 

A H m = -602.2 J 


Back to Problem 2.44 


Back to Top 


Solutions 
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Solutions 


2 . 45 . Initially 0.1 mol of methane is at 1 bar pressure and 80 °C. The gas behaves ideally and the value of C p/C v is 1.31. The gas is 
allowed to expand reversibly and adiabatically to a pressure of 0. 1 bar. 

a. What are the initial and final volumes of the gas? 

b. What is the final temperature? 

c. Calculate A U and AH for the process. 


Solution: 


C 

Given: Ideal Gas: n methane =0.1 mol, P = 1 bar, T = 80°C, — = 1.31, P f =0.1 bar 

C v 

Required: V% V f , T f , A U, AH 

Another process to consider is the compression or expansion of an ideal gas contained in a vessel whose walls are perfectly insulated. This 
means that heat cannot pass through them. These processes are called adiabatic. The pres sure- volume relationship for this type of process 
is given in Figure 2.6d. 

We may start by finding the initial volume by using the Ideal Gas Law: 


Py, = nRT 


P, 

(0.1 j3*5f)(0.083 144 72 Jxtf dm 3 ^iof r )(353.15 X) 

^ = 

V f = 2.936 255 787 dm 3 
V t = 2.936 dm 3 


We can now make use of Eq. 2.92 which states that, 

p t f v t Y 


p. 


i V ' J 


v. 
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Solutions 


This can easily be rearranged in order to solve for the final volume since we are given both the initial and final pressures in addition to y. 


V f =V < 


V 

y p fj 


\_ 

Y 


V f =(2.936 255 787 dm 3 ) 


1 

0.1 >af 


r 


_ c P , m _ 

“ C, 


1.31 


V ,m 

1 


r i.3i 
V f =(2.936 dm 3 ) 


= 0.763 358 778 

/ x 0.763 358 778 


1 

0.1 


V f = 17.027 569 61 dm 3 


1 

r 


V f = 17.026 dm 3 


Using Eq. 2.91 it is possible to solve for the final temperature of the system, 


T 


P V 

r r f 

pv : 


(Eq. 2.91) 
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Solutions 


T f 


T f 


_ TO 


(353.15 K) 

(o.l 

|(l7.027 569 61 


1 

(l >£tf) 

| (2.936 255 787 jkff] 

1 


= 204.794 334 6 K 


7} = 204.8 K 


Since we are given both Cp,,„ and Cy >m (in ratio form) for the system, and A U and AH are defined in the following manner, 

AU=C v (T f -T,) 

AH=C F (T f -T,) 


We can use these equations (Eq.2.95 and 2.96) in order to solve for the final wanted variables. However, since we are only given then ratio, 
we need to use Eq. 2.119 (to determine each unique value) which states that, 

C P m - C V m = R and therefore, 

C Pm ~C v _ m =8.3145 JK 1 moE 1 

— = 1.31 

Cv,m 
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^=--1 = 0.31 

Cy,m 

therefore, C Pm -C Vm = 0.3 lC^ 


since C Pm - C V m = 8.3145 J K 1 mol 1 
then we get: 




8.3145 JT 1 mor 1 
031 


= 26.820 967 74 J K 1 mor 1 


C Pm = C v , m (0-31) + C V m = 35.135 467 74 J K 1 mor 1 
Af L = C V „(T,-T,) 

At',, = ( 26.820 967 74 J .K'' 1 ' mol 1 )( 204.704 334 6 K -353.15 X) 


At/,,, = -3979.042 516 J mor 


A U = nAU m 

m 

A U = (0.1 jndf) (-3979.042 516 J 
AU =-397.904 251 6 J 


AU = -397.9 J 
AH m =C PjH (T f -T t ) 

AH m = (35.135 467 74 J K 1 mor‘)(204.794 334 6 X“353.15 X) 

AH, ,,=-5212.545 696 J mol 1 
AH = nAH m 

AH = (0.1 jntif) (-5212.545 696 J jndl^) 

AH =-521.2 545 696 J 
AH = -521.15 J 


Back to Problem 2.45 


Back to Top 


Solutions 
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2 . 46 . A gas behaves ideally and its Cy is given by 

Cy/J K 1 mor 1 = 21 .52 + 8.2 x 10' 3 77K 

a. What is Cp m as a function of 77 

’ a 

b. A sample of this gas is initially at T\ = 300 K, P\ = 10 bar, and V\ = I dm . It is allowed to expand until /A = I bar and Vi = 10 
dm’. What are A U and AH for this process? Could the process be carried out adiabatically? 


Solution: 

Given: Ideal Gas: C v = 21.52+ 8.2 x 10 3 E / K, T x = 300 K, P { = 10 bar, V x = 1 dm 3 
P 2 = 1 bar , V 2 = 10 dm 3 
Required: C Pm , A U, AH 

a. Just as in Problem 2.45, we can use Eq. 2. 1 19 in order to determine C Pjn given the value (or the equation for the value) of Cy m . 

Cp, m ~~ C V ,m = ^ 

C Pm — C v m = 8.3145 J K" 1 mor 1 

C Pm - (21.52 + 8.2 x 10 3 {T / K}) = 8.3145 J K 1 moE 1 

C P m = 29.8345 J K 1 mol 1 + 8.2 x 10 3 {T / K} 

Recall that both the increase in internal energy and in enthalpy are given by Eqs. 2.95 and 2.96; 

^U m =C Vm (T f -T,) 

AH „= C p J ,( T /-T,) 

However, we first need to determine the final temperature by using Eq. 2.91 and the information given above. 
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ZL 

T, 

T t = 


py 

py 


T f = 


(300 K)(l >tf)(l0 (kf^) 

(lO 


T f = 300 K 


b. Since there is no change in temperature, then we find that: 


W m =C V ' in (T f -T i ) 
W m = C v J 0) 
AU,„=0 

therefore, |a U = 0 
W m = C Fjn (T f -T,) 
AW„,=C,_„(0) 


AH =0 


therefore, AH = 0 


Recall that adiabatic processes take place in vessels whose walls are perfectly insulated. This means that no heat can be transferred to or 
from the control volume. We indeed could perform this process under adiabatic conditions by allowing free expansion which means that 
w = q = 0 . 


Back to Problem 2.46 Back to Top 
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2 . 47 . Prove that for an ideal gas two reversible adiabatic curves on a P-V diagram cannot intersect. 


Solution: 

The diagram given below displays two adiabatic pathways for an ideal gas. These adiabatic pathways are intersected by two isotherms 
corresponding to the temperatures Th and T c . Take careful note to compare this diagram with Figure 3.2a. 



To show mathematically that for an ideal gas, two reversible adiabatic curves on a P-V diagram cannot intersect, we will use Eq. 2.90 which 
gives, 


T, 

fvO 

T, 

f vA 

h _ 


as well as — = 

3 

T e ~ 


T c 

l y 2 J 


From this we can deduce that: 
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K V i J 

__4 

\ V \J 


r yv 

V^2 J 


or 


■V 


vV 


Thus, if any isotherm is 
This means that it is not 


Back to Problem 2.47 


U J 

drawn to intersect the two adiabatic pathways, the ration of the volume at the intersection points is always the same, 
possible for the adiabatic pathways to intersect. 

Back to Top 
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2.48. An ideal gas is defined as one that obeys the relationship PV = nRT. We showed in Section 2.7 that for such gases 

(dU/8V) t = 0 and (8H/8P) T = 0 
Prove that for an ideal gas Cy and Cp are independent of volume and pressure. 

Solution: 


Recall that Cy is defined by Eq. 2.45 which states that, 


Cy = 


dAU 

dT 


Jv 


From this, we can say that, 


dCy 

dV 


Jt 


_d_(dU^ 
dV 


dT 


( P 77 \ 


Jv 


dT 


dU 

dV 


Jt 


Since we are given that ( dU/dV)r = 0 for an ideal gas, then it is possible to see that from the above, ( dCvldV)p is also equal to zero. This 
means that C v is independent of both volume and pressure as only temperature is being held constant. Similarly, for C P we have: 


C,= 


'^Cy 

dP 


dH 

dT 


Jt 


Jp 


dP 


dH 

dT 


\ 

Jv 


dT 


dH 

dP 


Jt 


Since we are given that ( dH/dP)r = 0 for an Ideal Gas, thus it is possible to see that from the above, ( dCp/dP)r is also equal to zero. This 
means that Cp is independent of both volume and pressure as only temperature is being held constant. 

Back to Problem 2.48 Back to Top 
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2.49. One mole of an ideal gas underwent a reversible isothermal expansion until its volume was doubled. If the gas performed 1 kJ of 
work, what was its temperature? 

Solution: 


Given: Ideal Gas: 1 mole, reversible isothermal expansion, w = lkJ 
Required: T 


Remember that a reversible isothermal expansion or compression of an ideal gas occurs along an isotherm (which means at constant 
temperature!). Such a process is illustrated in Figure 2.6c. We have already seen the equations corresponding to this type of process. We 
have also gone through the derivation for Eq. 2.72 which gives the work done ON the system in a reversible compression or expansion; 


vv rC v = RT\n 


f V A 

v m, 1 

V , 

y m , 2 y 


However, since we are being asked for the work done by the gas, we must take the negative of this value (same magnitude, just opposite 
sign). 


-w , = RT in 


f y 3 

v m, 2 


V 

\ v 772,1 J 


(Eq. 2.74) 


In this particular case, we are given that, n = 1 mol, -w = 1000 J and 


V 0 

-^- = 2. Thus, 

v 

V 772,1 


1000 J = (lmol)x (8.3145 JT 1 moE^xT xln(2) 

_ 1000 / JBOI^ 

8.3145 / K 1 jnor^xln(2) 

T = 173.5 155 501 K 


T = 173.5 K 


Back to Problem 2.49 Back to Top 
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2 . 50 . A gas that behaves ideally was allowed to expand reversibly and adiabatically to twice its volume. Its initial temperature was 25.00 
°C, and Cy,m = (5/2)/?. Calculate A U,„ and A H m for the expansion process. 


Solution: 

Given: Ideal Gas: T i = 25.00 °C, C V m = |/? 


Required: A U m , A H m 

Since we already know that C v , m = (5/2) R we can determine C Pm by rearranging Eq. 2.119, 

C P,m = C V,m + R 

C P „ = ^R + R 

C ^\ R 

We can now determine the ratio of the two heat capacities, y; 


C D 


C, 

7 


V ,m 


2 7 . 
y = j t = —7 x — 
5/5 


7 

5 


We have been given the initial temperature as well as the ratio between the final and initial volumes so that we can use Eq. 2.90 in order to 
solve for the final temperature. 
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± f 

T 


' V. 

J 


T -T 
1 / 


f V. 




T f =(298.15 K) 


ml- 


V z 7 


T f =(298.15 K) 


f i V 


V z 7 


T f = 225.955 447 2 K 

We can again (as in the last few previous problems) use Eq. 2.95 and Eq. 2.96 in order to solve for A U m and A H m . 


A U =C V AT 

m V ,m 

AU m =|(8.3145 J moE'j (225.9 554 472-298. 15) X 

AU m = -1500.654 024 JmoE 1 
At/ = -1500 J moE 1 

m 

AU m = -1.5 kJ mol -1 
A H m = C Pm AT 

AH m = ^8.3145 J X^moE 1 ) (225.9 554 472-298.15)X 

A//, „ =-2100.915 632 J mol 1 
A// m = -2100 J mol 1 
AH m = -2.1 kJ moE 1 

Back to Problem 2.50 Back to Top 
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2 . 51 . With Cv, m = (3/2)/?, 1 mol of an ideal monatomic gas undergoes a reversible process in which the volume is doubled and in which 1 
kJ of heat is absorbed by the gas. The initial pressure is 1 bar and the initial temperature is 300 K. The enthalpy change is 1.50 kJ. 

a. Calculate the final pressure and temperature. 

b. Calculate A U and w for the process. 


Solution: 

Given: Ideal Gas: C Vm =^R, n = 1 mol, heat = 1 kJ, P t = 1 bar, T = 300 K, AH = 1.50 kJ 
Required: P f , T f , AU m , w 

a. Since we have already been given the enthalpy change and the value for the molar heat capacity at constant volume, we can find the 
value for the molar heat capacity at constant pressure. 

Cp t m —C v , m = R 

C P,m = C V,m + R 

c p „ = \r+r 

C " = \* 

Since we know that AH = C P AT , we can get the expression; 

1500 J mol 1 =(20.79 J mol' 1 ) (7} -300)X 
Solving first for the final temperature we get, 
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(l500 



(20.79 / K 1 jndf 1 ') 
1500 / 


T f =372.150 072 2 K 
T f =372.15 K 


The final pressure can be found using a rearrangement of Eq. 2.91, 


P f = Pj (0.620 250 12) 

=(1 bar) (0.620 250 12) 

P f =0.620 250 12 bar 
E) = 0.62 bar 

b. It follows that the change in internal energy would be, 



P f _ 372.1 500 722 X 
~P~ 300 X X 2 
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A U =C V AT 

m V ,m 

AU m =|(8.3145 J Jg* mok')(372.150 072 2-300)X 

A U m = 899.837 663 J mol 1 
A U m = 900 J mol 1 

Since the heat is absorbed BY the gas, work is defined as w = A U -q, which, when making the appropriate substitutions, will yield: 

w = 899.837 663 J mol 1 - 1000 J mok 1 
w = -100.162 337 Jmok 1 

w = -100 J mok 1 

Back to Problem 2.51 Back to Top 
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2.52. Prove that: 


Cy=~ 


dU 

\8Vj t 


f dv} 
Ju 


Solution: 

Remember again that C v is defined as (according to Eq. 2.25): 

f dU^ 


Cy = 


8T 


Jv 


Flip to Appendix C or try to remember Euler’s Chain Rule from calculus. We will see that, if a function depends on two or more variables, 
the partial derivative relates to the dependence of say, z on one variable with all other variables held constant. This would be if we were 
working with the differential, 

r dz' 


dx 




which expresses the dependence of z on x when y is held constant. 

If z is a function of x and y, Eq. C.6 (from Appendix C) will apply and we can then hold z constant and divide by dx to get the following: 

dy 

dy' 


dz = 
0 = 


(dz) , 

— dx + 


\dxj y 

l^yJ 




+ 


f \ f A 


\dx) y \dy j 


t \dxj 


We must then apply Eq. C.9 which will yield, 


dz ' 


l 

dXy 

, (dx! dz) y 



( 8z ) 

dy) 

CO 

V dx J 

(dz) 

f dz) 


or 


dx , 






= -i 


'sA 

k 8 x ) : 
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The last expression above is called Euler’s Chain Rule. Let us now apply this logic to the current system. 


We can equate 




\8xj y 

would then mean that, 


with 


f 8U ^ 


\8T Jy 


which means that we can also equate 


f dz> 

\8xj 


f dz \ 


\Syj 


8y 

\dx j 


with 


f dU\ 


( dU^ 


( 


\8T Jy 


\8V j T 


\ST ) u 


Cy = 


r dU} 

\8T Jy 


f dU^ 


\dVj T 


r dv} 

\dT j v 


Back to Problem 2.52 


Back to Top 


This 


2-131 


Chapter 2: The Rist Law of Thermodynamics 


Solutions 


2.53. Prove that for an ideal gas the rate of change of the pressure dP/dt is related to the rates of change of the volume and temperature by 

1 dP _ 1 dV J 
P dt V dt T dt 


Solution: 

Given: Ideal Gas 


„ . J dP . , dV , dT 

Required: — as it relates to and — 

dt dt dt 


From Appendix C, we are given the general relationship between pressure, volume and temperature by again making use of Eq. C.6 and 

f dz\ 

. Then the total derivative becomes, 


then applying the partial derivative 


ydxj 


dP = 


r dp\ 


dT + 


r dp\ 

\dVj T 


dV 


From the Ideal Gas Law, PV = nRT in the form P = 
equation. 


nRT 

V 


we can find the two required partial derivatives that appear in the differential 


"dP^ 

vCT Jy 

f dP ^ 


ydVj T 


nR _ P_ 
V ~ T 
nRT 




p_ 

v 


Substitution gives, 


P P 

dP = —dT dV 

T V 


and upon rearrangement and differentiation with respect to t , gives 
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1 dP 

_ 1 dT 

1 dV 

P dt 

T dt 

V dt 


Back to Problem 2.53 


Back to Top 
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2 . 54 . Initially 5 mol of nitrogen are at a temperature of 25 °C and a pressure of 10 bar. The gas may be assumed to be ideal; Cv, m = 20.8 J 
K 1 mol 1 and is independent of temperature. Suppose that the pressure is suddenly dropped to 1 bar; calculate the final temperature, 
At/, and AH. 

Solution: 

Given: Nitrogen: « nitrogen = 5 mol, = 25°C, = 10 bar, C v m = 20.8 J K^'mol" 1 , P f = 1 bar 

Required: T f , At/, AH 

From Eq. 2.95 written for one mole, 

W m = C v „(T 2 -T l ) 

For n moles, 

A U m = nC v m AT 

Taking the differentials we have, 
dU = ?7 C,, dT 


From Eq. 2.74, 

At/,,, = q rev + w rev we may also write, 
dU = dq + dw where dw = -PdV = - 


nRT 

V 


dV 


Since dq = 0 


nC u dT = -^-dV 


''V ,m 


V 


Rearranging and integrating yields 
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T f V f 

C v Jn— = -^ln — 

’ T V 


In T f - In T = 


-R 


C, 


(lnV f -lnV,) 


In 7} -In 7 = 


V ,m 


-R 


C, 




V R 


In 7} - In 7 = 


-7? 


C,, 


"V ,m 

Rearranging yields 
C. 


In — + In T f - In 

77 f 
V i 


In T f - 


taA_ ln V 

v ^ 


+ lnr 


i+A 

c 


R7; 

T 


A 

J 


In T t 


8.3145 8.3145 J K 1 moR 1 

20.8 [ n 100000 Pa 


8.3145 J K 1 mol 1 x 298.15 K^j 
!! 1000000 Pa 


, 8.3145 

1 + 

20.8 


+ ln(298.15 K) 


In 7) = 5.040 025 96 
T f = exp (5. 040 025 96) 


T f = 154.474 025 2 K 
T f = 155 K 


Solving for the energy we obtain, 
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AU =nC v AT 

AU=5 mol x 20.8 J K ‘mol -1 x (154.474 025 2 K - 298.15 K) 

AU = -14 942.301 38 J 
AU = -14 9427 
AH = nC P AT 

AH =5 mol x (20.8 + 8.3 145) J K W 1 x (154.474 025 2 K-298.15 K) 
AH = -20 915.270 87 J 
AH = -20 9T5T 

Back to Problem 2.54 Back to Top 
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2.55. A chemical reaction occurs at 300 K in a gas mixture that behaves ideally, and the total amount of gas increases by 0.27 mol. If A U 
= 9.4 kJ, what is A HI 

Solution: 

Given: Ideal Gas: T = 300 K, An = 0.27 mol, A U = 9.4 kJ 
Required: AH 

We know that the system initially contains n moles. When the reaction has occurred an extra 0.27 moles has been formed. So the extra 0.27 
moles has caused a APV change since the temperature remains constant. The relationship is, 

A (PV) = AnRT 
A(PV) = (0.27 mol) RT 

Since in Eq. 2.41 we have 
AH =AU + A(PV), 

substitution of the value of 0.21 RT for APV and the given value of A U gives, 

A(PV) = (0.27 jHdf)(8.3145 J jneT^OO X) 

A (PV) = 673.4745 J 
AH = AU + A(PV) 

AH = 9400 J + 673.4745 J 
AH = 10 073.4745 J 
AH = 10.07 kJ 


Back to Problem 2.55 Back to Top 
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2 . 56 . Suppose that 1.00 mol of an ideal monatomic gas (CV = (3/2)/?) at 1 bar is adiabatically and reversibly compressed starting at 25.0 
°C from 0.1000 m 3 to 0.0100 m 3 . Calculate q, w, A U, and AH. 

Solution: 

Given: Ideal Monatomic Gas: C v = —R, P = 1 bar, 7) = 25 °C, V t = 0.1000 m 3 , V f = 0.0100 m 3 

2 


Required: q, w, A U, AH 

In this problem, we are considering an ideal gas contained in a vessel whose walls are perfectly insulating (no heat exchange), this is called 
an adiabatic process. Since work is performed ON the gas in order to compress it and no heat can leave the system, the final temperature 
must be higher than the initial one. 

By now we have seen Eq. 2.95 and Eq. 2.96 many times and we also know that both U and H remain unchanged as we move along an 
isothermal pathway. Since we know that; 

A U = C V AT and AH = C P AT 

And from Eq. 2.41 { AH = A U + A(PV )} as well as {A U = q + w} from Chapter 1, we can formulate a pertinent expression for the work 

done on the gas during the compression. It is extremely important to note that since we are working under adiabatic conditions, this implies 
that q = 0. This helps to simplify the expression for work. 

The fact is that the gas is undergoing a compression so P-V work is being done, thus 

w = pav = p(v f -v i ) 

w = (\ bar)(0.0100 m 3 -0.1000 m 3 ) 
w = (l bar) (-0.09 m 3 ) 

Now we should change the units in order to express this in joules. Therefore, we must make all the appropriate substitutions. 
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1 bar = 10 5 Pa, therefore, 
w = (lO 5 Pa) x (-0.09 m 3 ) 
w = -9000 Pa m 3 

since 1 Pa = 1 ^ an( j i j = ^ m , 1 J = m 3 Pa 

m s~ s 

w = -9000 J 


Now we can find the final temperature using the Ideal Gas Law. This will enable us to determine the change in enthalpy and internal 
energy. 

PV f =nRT f 


0 

L0 5 X) 

|(0.0100 X) 

1 

(l jxn 5l 

') (0.083145 / K 1 jhcT^ 


T f = 120.264 582 1 K 

for n moles, 

A U m nC Vm AT 

AU m = (l ji«5f)^|x8.3145 J (120.264 582 1-298.15) X 

AU = -2 218.542 461 J 

m 

AU m = -2.22 kJ 

m 


We can solve for the enthalpy change by using Eq. 2.96 which yields, 
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Cpj„ C Vjn — R 

C P,m = C V,m + R 

3 5 

C Pm =-R + R = -R 

p ’ m 2 2 

for n moles, 

AH m = nC P _ m \T 

AH m =(l jac5f)^|x8.3145 J (120.2 645 821-298. 15) X 

AH = -3 697.570 768 J 

m 

A H m = -3.70 kJ 


Lastly, we will make use of the fact that {A U = q + w} in order to solve for the amount of heat generated by the compression. 
A U = q + w 
q = A U - w 

q = [-2 218.542 461- (-9000)] J 
q = 6 781.457 539 J 
q = 6.78 kJ 


Back to Problem 2.56 Back to Top 
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2 . 57 . Suppose that an ideal gas undergoes an irreversible isobaric adiabatic process. Derive expressions for q, w, A U, and AH and the final 
temperature of the gas undergoing the process. 


Solution: 


Given: Ideal Gas: irreversible isobaric process 
Required: expressions for q, w, A U , AH, T f 


It is important to note the conditions of this problem! The term isobaric means that the process is executed under constant pressure. We 
also remember that adiabatic means that there is no heat exchange between the material inside the vessel and the surroundings (the vessel 
walls are impermeable). In addition, we need to account for the fact that this process is an irreversible one. Mathematically, this all 
generates the following; 


Isobaric P x = P 2 = P 


Adiabatic 


q = 0 


and w = PAV 


Therefore, 


A U = +w 
A U=w 


A U = PAV 

PV f ~ nRT f 

T f = — L 
f nR 


As for the enthalpy change, there are a couple of different ways that it can be found. We will use the fact that for an ideal monatomic gas, 
Cp = 5/2R: 
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A H m = C Pm AT 
M = 5 -R(T r -T,) 


5 

f PV f } 

T > 

AH = —R 

2 

l nR ') 


Or, we can use Eq. 2.41 which gives, A H = A/7 + A(PV) and if the correct values are used throughout the exercise, this should still be valid 
for an ideal monatomic gas. 

Back to Problem 2.57 Back to Top 
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2.58. Exactly one mole of an ideal monatomic gas at 25.0 °C is cooled and allowed to expand from 1.00 dm to 10.00 dm against an 
external pressure of 1.00 bar. Calculate the final temperature, and q, w, A U, and AH. 

Solution: 

Given: Ideal Monatomic Gas: 7 = 25 °C, V t = 1.00 dm 3 , V f = 10.00 dm 3 , P ext = 1.00 bar 
Required: q, w, A U, AH, T f 

Given the pressure as well as the final and initial volumes, we can determine the final temperature by using the same method as we did in 
previous problems. 

P e ,V f =nRT f 
P V 

r exV f 

1 / iR 

(l.OO >tf)(l0.00 ^rt/) 

1 (l.OO jndf)(o.083 15 ^ K 1 * 

T f = 120.2 645 821 K 
T f = 120.3 K 

In this process, it is the gas that is doing the work while expanding against a constant external pressure. Knowing that the work done ON 
the system in a reversible compression is: 

w = -\ - PdV 

We can determine the work done by the gas against the external pressure by doing the integration and making a substitution. 
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PV m = nRT 

m 

nRT 


P = 


V„, 


•v_ 2 nRT 


w = - 1 dV 

i v m2 


•’mi V 

m 

w = -nRT In V_ 


w = -nRT In 


X 

m,2 

v 

v «>. 1 y 


w = nRT In 


f V A 

y m,l 

y 

V m - 2 J 


w = 


(l.OO ja<sr)(8.3145 J ^ jiwX) (120.264 582 1 X)H 
w = -2 302.446 633 J 


' 1.00 N 
^10.00 y 


w = -2.30 kJ 


We will solve for q, AU and AH in the same way as we have been doing for the past few problems. 

AH = nC P AT 
ideal monatomic gas; 

AH =n- RAT 
2 

AH = (l.OO j2K5f)^|x8.3145 J ^ ^0*1^(120.264 582 1-298.15) X 

AH = -3 697.570 768 J 
AH = -3.70 kJ 
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A U = nC v AT 
ideal monatomic gas; 

AU =n- RAT 
2 

AU = (l.OO j2*5f)[^|x 8.3145 J yS (120.264 582 1-298. 15)X 

AU = -2 218.542 461 J 
AU = -2.22~kJ 

Finally, we can solve for the amount of heat generated during this reaction. 

AU = q + w 
q = AU - w 

q = [(-2 218.542 461) -(-2 302.446 633)] J 
q = 83.90 417 231 J 
q = 8.39 x 10 2 kJ 

Back to Problem 2.58 Back to Top 
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2 . 59 . A balloon 15 m in diameter is inflated with helium at 20 °C. 

a. What is the mass of helium in the balloon, assuming the gas to be ideal? 

b. How much work is done by the balloon during the process of inflation against an external pressure of 1 atm (101.315 kPa), from 
an initial volume of zero to the final volume? 

Solution: 

Given: Helium: c/ h , illoon = 1 5 m, T = 20 °C, P ext =1.00 atm, V i = 0 dm 3 
Required: m balloon , w(by balloon) 

a. Assuming the balloon is a perfect sphere, 
v 4 3 

Sphere = 3^ 

Remembering that the diameter is twice the radius, we can write; 


balloon 


3 

4 risv 


balloon 


= — K 


balloon 



balloon 


= 1 767.145 868 m 3 


We are now able to determine the amount of helium present in the inflated balloon (the number of moles) by using the Ideal Gas Law. 
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PV = nRT 

PV 
n = 

RT 

1 atm = 1.013 25 x 10 5 Pa 

(1.013 25 x 10 5 X)(l 767.145 868 ja/j 
(8.3145 / ^ mol -1 ) (293. 15 X) 
n = 73 462.038 55 mol 

From the periodic table of the elements, we can approximate that the molar mass of helium is 4.026 g mol 1 . We now have enough 
information to find the mass of the balloon. 

'"balloon =nxM 

Walloon = (73 462.03 855 M) (4-026 g jmT^j 
'"baboon = 295 758.1 67 2 g 
'"balloon =295.8 kg 

b. The work done by the balloon in question during an expansion against a constant external pressure is given by Eq. 2.12: 

r v 2 

w = -P\ ~dV 

w = -p(v 2 -v,) 
w = -PAV 

Remember that when the system is doing work, we must switch the signs to get; 
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w = -P(v t -V,) 


w = -PAV 
-w = PAV 
note that V, ■ = 0 

-w = (l.Ol 325 x 10 5 Pa)(l 767.145 868 m 3 
—w = 179 056 055.1 J 
-w = 1.79 x10 s kJ 

Back to Problem 2.59 Back to Top 
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2.60. a. Calculate the work done when 1 mol of an ideal gas at 2 bar pressure and 300 K is expanded isothermally to a volume of 1.5 L, 
with the external pressure held constant at 1.5 bar. 

b. Suppose instead that the gas is expanded isothermally and reversibly to the same final volume; calculate the work done. 


Solution: 

Given: Ideal Gas: n = 1 mol, P { = 2 bar, T i = 300 K, V f = 1.5 L, P cn =1.5 bar 
Required: w done in both cases 

a. Under isothermal conditions, we already know that the temperature is being held constant. We also need to consider that this expansion 
is occurring against an external pressure just like in Problem 2.59. With the information that we have, we should start by trying to find 
the initial volume for the gas using the Ideal Gas Law. 

PV = nRT 


v : = 


nRT 


(l.O J2ttlf)(0.083 15 Jxtr' dm 3 jnoT^OO X) 

2 

V. = 12.4725 dm 3 


y 


By combining the gas laws for both the initial and final reaction conditions, we will be able to determine the final volume in cubic 
decimeters. Take note that the final pressure is equal to the constant external pressure value. 


y, = 


y / = 


p f 


(2.0 >af) (12.4725 dm 3 ) 


(l.5 J>£tf) 


y, = 16.63 dm 3 


The system exerts pressure-volume work, so we can say that: 


2-149 


Chapter 2: The Rist Law of Thermodynamics 
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w = -P ex , AV 

w = (-1.5 bar)(l6.63-12.4725)dm 3 
w = -6.236 25 bar dm 3 

1 bar = 10 5 Pa, 1 atm = 1.013 25 x 10 5 Pa 

w = (-6.236 25 dm 3 )x(l0 5 Joaf^jx 


when we consider the fact that the process is an expansion against constant pressure. 

b. Now we will imagine that the gas is being expanded isothermally and reversibly to the same final volume. This means that the process 
is occurring at constant temperature. This process is called reversible isothermal expansion. Note that since there is no change in 
temperature throughout the reaction, the changes in internal energy and enthalpy will also be equal to zero due to their dependence on 
temperature change. 

The work done on the system in a reversible compression is given by Eq. 2.70: 



w = -6.154 700 222 atm dm 3 
1 atm dm 3 = 101.325 J therefore, 

w = (-6.154 700 222 
w = -623.625 J 



w = -624 J 


Remember that when the work provides a negative number, it means that the gas itself is the component doing the work. This is obvious 
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Solutions 


w = — 

rev 


rV m 2 

f ' PdV 


P = 


nRT 

~V~ 


w rev = ~nRT\nV\; 


w , = -nRT In 


f V 

m, 2 

v 

r m , i y 


w , = - 


= (-1.0 jan5f)(8.3145 J X)ln( 


16.63 

12.4725 


y 


w =-717.579 777 4 J 


w =-718 J 


As we have just observed, the gas is actually doing more work in the reversible isothermal pathway. The difference in work done is 94 J. 

Back to Problem 2.60 Back to Top 
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Solutions 


2.61. The heat capacity difference can be determined experimentally in terms of the two variables a and fl in the equation for an ideal gas. 
Determine the value of Cp and Cy for an ideal gas in the equation Cp - Cy = TVcClfi where 



Solution: 

Given: see above 
Required: C P and C v 

For an Ideal Gas, we know that PV = nRT . This equation can be rearranged to solve for any missing variable. From the two equations 
given, we see that we must differentiate volume as our known with respect to P and also with respect to T, holding the other variables 
constant. We rearrange the expression so that the volume can be isolated. 

RT 

V = this expression is for one mole of substance 

We now can evaluate the two given differentials in the problem for one mole of gas. 

(dV\ R 


\8T J P P 



y dP ) r v P~ V 


Now substitute these values into a = 



a 


2 


Substituting these values for a and / 3 into the given equation C p -C v = TV 



we obtain, 
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C P -C V = TV 



rn 

2 

( R"' 

2 


IvJ 


VP) 


( 

p 

f- RT) 

V 


l P 2 

) 


f R 2 A 
k V 2 P 2 j 


C P -C V =TV , 

p v ( RT 


VP 2 


Now we simplify to obtain, 


C P 


C v =( //) 


{ Ri ] 

(yp) 


{// j 


Cp — Cy — R 

C P -C V =8.3145 JK 1 moF 1 


Back to Problem 2.61 


Back to Top 


Solutions 
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Solutions 


2.62. For an ideal gas, PV m = RT and therefore (cIT/dP) y = V m /R. Derive the corresponding relationship for a van der Waals gas. 

Solution: 


Given: Ideal Gas: PV = RT, 


( dT} 

V dP Jy 


= K L 

R 


Required: same relationship for a van der Waals gas 

This last section of problems for Chapter 2 concern Real Gases. It is important that you are familiar with all of the material regarding Real 
Gases from Chapter 1. We were given that for a single mole of a real gas, the Van der Waals Equation is written; 


V 2 

v v m j 


(V m -b) = RT 


(Eq. 2.100) 


We came to this expression by starting with the Ideal Gas Law then making small adjustments to compensate for the non-ideal nature of 
real gases. This is why there are two new constants a and b. 


The information provided to us indicates that since PV = nRT solving the differential 


PV 

T = and therefore, 


f dT} 

V dP Jy 


will produce the following; 


R 




V dP Jy 


V 

R 


Our task now is to carry out the same procedure on the modified van der Waals Equation. First let us expand the expression to isolate for T. 
{V„-b) = RT 


'p + j£ 


V 


vi 


n v ,.-b)+[i?\(y m -b) = RT 

V V tn J 

Now we will isolate temperature which gives, 
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Solutions 


T = 


_p{y m -b ) 


R 


+ 


^ a ^ 


ft-*) 


Now we must determine the value of the differential, 

r _PK~b) 


' dl ^ 
v dP Jv 


R 


- + 


f \ 

a 


K R V m J 


ft"*) 


r dT\ 


v dP )y 


V -b 

m 

R 


Note that the far right hand side of the expression completely cancels out because there is no P dependence involved there while V is being 
held constant. 


Back to Problem 2.62 Back to Top 
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Solutions 


•5 O 

2 . 63 . One mole of a gas at 300 K is compressed isothermally and reversibly from an initial volume of 10 dm to a final volume of 0.2 dm . 
Calculate the work done on the system if 

a. the gas is ideal. 

b. the equation of state of the gas is P( V m - b) = RT, with b = 0.03 dm 3 mol 1 . 

Explain the difference between the two values. 

Solution: 

Given: n = 1 mol, T = 300 K, = 10 dm 3 , V f = 0.2 dm 3 
Required: w ideal and see above 

This problem will be solved without extensive explanation because we have covered a number of these types of problems already, 
a. For an Ideal Gas under isothermal and reversible conditions: 



V 

w = -nRT lnV|J? 


w = -nRT In — 

v; 

Since the process involves 

w = -(l.O jndf)(8.3145 J 

w = 9 757.954 584 J 
w = 9.76 kJ 

b. For a Real Gas under the same isothermal and reversible conditions, we will solve the problem using the equation of state for the 
particular gas. We need to express the work done while using the equation of state. This means that we should first expand and 
simplify the equation of state if possible. 


a compression, the work will be done on the gas and the work done by the system should be a positive quantity. 
^^of f )(300 
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Solutions 


P(V.-b) = nRT 
P "RT 
(V.-b) 



dV 

(y m -b) 


Let (V m -b) = x and dV = dx to simplify the integration. Making these substitutions gives, 

Tjrp dX 

w = -nRl — 

Jv < x 

w = -nRTln(V m -b)[* 


w = -nRT In 


r V f -b' 


10.0 dm -0.03dm 3 


(-1.0 jndf)(8.3145 J X 1 " X)ln °' 2 dm °- 03dm 

(-1.0 jn(5f)(8.3145 J ^f f )( 300 X)ln 

w = 10 155.839 38 J 


3 A 


w = -J 


w = -J 


0.17 jhX 
9.97 ykX 


w = 10.16 kJ 


It should be noted that the reason why there is more work done when working with a real gas (as compared to an ideal gas), is because of 
the larger absolute value of the ratio of free volumes. 

Back to Problem 2.63 Back to Top 


2-157 


Chapter 2: The Rist Law of Thermodynamics 


Solutions 


2.64. 


One mole of a gas at 100 K is compressed isothermally from an initial volume of 20 dm' to a final volume of 5 dm . Calculate the 
work done on the system if 

a. the gas is ideal. 

b. the equation of state is 


f \ 

P + -^ 

V 2 

V v m 


V=RT wherea=0.384m 6 Pamol 1 


[This equation is obeyed approximately at low temperatures, whereas P(V m - b) = RT (see Problem 2.63) is obeyed more closely at 
higher temperatures.] Account for the difference between the values in (a) and (b). 


Solution: 

Given: n = 1 mol, T = 100 K, V t '. = 20 dm 3 , V f = 5 dm 3 
Required: vv ideal and w real 

a. This situation is similar to the last problem in that, the gas is being compressed and the system is the component doing the work. This 
means that the value obtained for work should be positive. We are still working under isothermal conditions! 

For the Ideal Gas (please note that we have been solving all problems according to the single mole assumption): 
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Solutions 


PV = nRT 
nRT 


P = 


V 


w = - 


c v f 

f ’ PdV 

JVi 

w = —nRT f 

j] 


VtdV 

y< v 


w = -nRT \nV\ v f 
V f 

w = -nRT In — 
V. 


w = -( 1.0 jntSf)|8.3145 J jnflT^lOO X)hf^ 


w - 1 152.634 447 J 


w jM = 1.15 V 


b. For the Real Gas: 


f \ 

P + —T 
V 2 

v V m y 


V m = RT should be expanded and simplified so that we can execute the same kind of procedure as was done 


in the first part of this problem. 
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Solutions 


V=nRT 


( \ 

P + ^2 

l k;J 


a nRT 
P + — = 


v: 


K, 


a 

v v 7 

m m 

rV f 


w = -f ' /W 

Jv, 


PT^ dV ^ f 
W = -77«y h a 

Jv, V 


V, V 


rVfdV 

Jv, y 2 


w = -nRT \nV\l f +a(~ — 
lv ' l V 


w = -nRT In 


w = - 


'YT 


-a 




(l.O ^«5f)(8.3145 J X r ^oT^)(lOO XW — 
(0.384 


5 dm 20 dm 

\2 


1000 dm 3 = 1 m 3 , m 6 = (lm J j , 1 atm = 1.013 25 x 10 5 Pa, 1 atm dm 3 

m / Pa^ 1000 ^ 


w = (l 152.634 447 j)- 0.0576 . 

w = (1 152.634 447 j) - (57.6 X m 3 ) 
w = (l 152.634 447-57.6) J 
w = l 095.034 447 J 


1 yrff 


w rea i =1.10kJ 


Back to Problem 2.64 


Back to Top 


101.325 J 
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Solutions 


2.65. Derive the expression 


for 1 mol of a van der Waals gas. 


dP = 


P dV„, 


ab 


V -b V 3 (V - b ) 

m m V m ' 


, T7 P dT adT 
~dV, n + + ^- 

•T! j ylj, 


Solution: 

We are already familiar with the van der Waals expression for a single mole of gas. Now, we will need to use the partial derivatives section 
of Appendix C in order to generate the corresponding relationship. 

Starting with the van der Waals Equation for 1 mole of gas: 


Expand 

f 


f \ 

P + ^2 

v 


(V m -b) = RT to form, 


P + 


V 


P = 


RT 


V 2 , 

m J 

RT 


K~b) 


(V m ~b) V 2 


The total differential can be written from Appendix C as, 


dP = 


f dP ^ 


\ dV mJ T 


dV„, + 


r dp\ 

\dT J v 


dT 


Since we have already found the total differential for the pressure, we can determine the values of these two partial derivatives. 


f dp\ 
\dT j Vr 

f dP A 




R 


K-b) 

-1 

K-b) 2 


RT + 


^2 o' 
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( dP A 


\ dV mJ T 


RT 


(v m - b Y 


-+ 


f la^ 


Now we can substitute these values into the total derivative to reproduce the derived equation given above. 


f dP A 


\ SV mJ T 


RT 


- + 


b la'' 


K~b) 

Substitution of these into 

f 8P ^ 


\ V mJ 


and 


C dP} 
\8T j v 


R 


( y m - b ) 


dP = 
gives, 


( dP ^ 


\ dv m j T 


dV„, + 


\8T Jy 


dT 


dP = - 


f \ 

RT 


(y m -by 


dV„, + 


b la' 

kKj 


dV„, + 


R 


K-b) 


dT 


Remember that: 

(V m -b) = RT so we can actually add back in the pressure term. 


( \ 

P + ^ 


V 


V, 


m J 


For the first two segments of the expression above, the substitution will be as follows; 


dP = - 


P + 


VI 




( v .- b )’ 


dV„, + 


b lay 
\Vlj 


dV„ 


dP = - 


P + 


a 

vl 


V , -b 


dV„, + 


b lay 
vKj 


dV.. 
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The last segment is slightly tricky because we need to separate the equation again and this will create four segments rather than the original 
three. Let’s try! 


P = 


RT 


( V m~ b ) 

P R 
T~(V m -b ) 


\ V mJ 


b a > 


\ TV m J 


R 


P a 


(V m -b) T TV, 
dP = ... 


dP = . 


. + . 


. + . 


+ 


f R 3 




dT 


.+ 


P a 

— + - 


yT TV m j 


dT 


Now everything can be put together to get: 


dP = - 


P + 


V: 


V-b 


dV„, + 




dV„, + 


( p\ 


V 1 V 


dT + 


r \ 

a 


v7X« j 


dT 


We can now expand a bit; 


P V 2a P a 

dP = dV m —dV m + — r/y +—dT + dT 

V-b V-b V T VT 

m m m m 

dP = —dV- aV,n ~f a ( Vm ~ h K -dT + dT 

V -b V 3 (V -b) T V~T 

m m \ m ) m 


Jri P nr 2 ab — aV m P dT adT 
dP = dV "-V + + 


V-b 


v>(v.-b) 


V_T 


Back to Problem 2.65 


Back to Top 
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2.66. If a substance is burned at constant volume with no heat loss, so that the heat evolved is all used to heat the product gases, the 
temperature attained is known as the adiabatic flame temperature. Calculate this quantity for methane burned at 25 °C in the amount 
of oxygen required to give complete combustion to COo and HtO. Use the data in Appendix D and the following approximate 
expressions for the heat capacities: 

Cp, m (C0 2 )/J KT 1 mol -1 = 44.22 + 8.79 x l(b 3 T/K 


Cp, m (H 2 0)/J k 


1 mob 1 


30.54+ 1.03 x lCb 2 T/K 


Solution: 

Given: Appendix D, C P , m (C0 2 )/J K 1 mob' = 44.22 + 8.79 x I0 3 T/K 
Cp. m (H 2 0)/J K 1 mob 1 = 30.54 + 1.03 x 10~ 2 T/K 

Required: T adiabatic flame temperature 

With any problem of this type, it is always important to begin by writing down all of the reactions that will be useful. The balanced reaction 
for the complete combustion of methane gas is as follows: 

CH 4 (g) + 20 2 (g) -+ C0 2 (g) + 2H 2 0(g) 

Remember from previous problems that we can determine the standard enthalpy change by using the enthalpies of formation for all species 
involved. 

A H° = ^^7/ “(products) - ^A^// “(reactants) 

AH° = A f H°(C0 2 , g) + 2A / //°(H 2 0, g) - A / //°(CH 4 , g) 


By using the enthalpies of formation found in Appendix D, we can calculate this value. 

A H° = (-393.5 1 kJ mol 1 ) + (2 x -241 .826 kJ mob 1 ) - (-74.6 kJ mob 1 ) 

AH° = -802.562 kJ mol 1 

We have been given the expressions for the heat capacities for both carbon dioxide and gaseous water so we can combine them in order to 
get the total heat capacity for the products. 
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Solutions 


C Pm (C0 2 )/ J K 1 mol 1 = 44.22 + 8.79 x 10 3 ( T / K) 

C P m (H 2 0)/ J K 1 mor 1 =30.54 + 1.03x10 2 (77 K) 

C P (products) /JK 1 mor 1 = C Pm (C0 2 ) + 2C Pm (H 2 0) 

C p (products) / J K 1 mor 1 =105.30 + 2.939x10 2 (T/K) 

Since we are working under constant volume, we will need to determine the appropriate values for the heat capacity. Recall that: 


Cp,m Cy,m ~ R 


C V ,m ~ C P m R 


We can use the expression for the heat absorbed in order to determine the final temperature. Remember that under these conditions, the 
heat absorbed by the gas will be equal to the standard internal energy change for the reaction. Since we are using the heat capacity given in 
terms of constant pressure conditions, we will be making the appropriate arrangements to involve the value we solved for initially. 


<?v, 

<7v, 


\ , ‘C v ,d T = C Vm (T 1 ^T l ) 

JI l 

O c -- fi M 77K > 

802 562 J mol 1 =J^ 5 (l05.30- 8.3145 + 2.939x10 2 (77K))rf(77K) 
802 562 = 1^(96.9855 + 2.939x10 2 (T/K))d(T/K) 

802 562 = (96.9855)^ + ^(2.939 x 10 2 (T / K)) 2 

(T. 


(t 2 i k) 

298.15 


802 562 = 96.9855 


802 562 = 96.9855 


— -298.15 
vK 


( 'T 2 


+ 1.4695x10" 


T 

vK 2 


-^5—88 893.422 5 
K 2 


f T \ 


\Kj 



(T^\ 

2 

f tA 

1.4695 xl0“ 2 

± 2 

+ 96.9855 



Uj 


U J 


-28 916.226 83 + 1.4695x10“ 


-832 784.515 7 = 0 




\Kj 


-1306.288 844 
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This forms a quadratic equation which can then be solved to determine the adiabatic flame temperature for methane. Let each term 

o T n 

correspond to the general quadratic equation given by ax" +bx + c = 0 . This means that — = x which leads to; 

K 

- b±\lb 2 -4 ac 

x = 

2 a 

T -96.9855±^(96.9855) 2 -4(l.4695xl0~ 2 )(-832 784.515 7) 

K~ 2(1.4695x10 2 ) 

T 2 _ -96.9855 ±V58 357.261 04 
K ~ (2.939x10 2 ) 

Using the positive value for the square root we obtain, 

T 2 _ -96.9855 + ^58 357.261 04 
K~ 2.939x10 2 

— = 4 919.597 678 
K 

T 2 = 4 920 K 



The value as calculated may vary by about 20 K lower depending upon how many significant figures we used in the calculation. This value 
may be reduced by about 170 K under constant pressure condition. 

Back to Problem 2.66 Back to Top 


2-166 


Chapter 2: The Rist Law of Thermodynamics 


Solutions 


o 

2 . 67 . Two moles of a gas are compressed isothermally and reversibly, at 300 K, from an initial volume of 10 dm' to a final volume of 1 

o o 1 

dm . If the equation of state of the gas is P(V m - b) = RT, with b = 0.04 dm' mol , calculate the work done on the system, A U, 
and AH. 


Solution: 


Given: n = 2 mol, T = 300 K, V t = 10 dm 3 , V f = 1 dm 3 
P (V m -b) = RT, with b = 0.04 dm 3 mok 1 
Required: w, AC/, AH 

We have seen many problems like this one already. Remember that under isothermal conditions, there is no change in temperature. It is 
also important to note that the process is reversible. Lastly, we are working with a Real Gas which means that we cannot use the Ideal Gas 
Law. 

Since the gas is undergoing a compression, the reversible work done on the system is given by: 
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w = — 

rev 


[ ' PdV 

JV , 

using Eq. of state: P(V - nb ) = nRT 


, „ nRT 

then P = and so, 


w „ 


W rev = - 


{V — nb) 
v, dV 
v < (V -nb) 

nRT\n(V -nb)l 


= -nRT f 

Ji 


vv = —nRT In 


V f - nb 
\ V j- nb 


w „ 


= -(2.0 j»df)(8.3145 J X < ^K5f r )(300 X)ln 
= -(2.0 j2*5f)(8.3145 J X < ^K3l^)(300 X)H 


1 jhff -(2.0 j&dL* 

10 jbff-v.o 
0.923 


9.92 


w rev =11 862.801 99 J 


w =11.86 kJ 


The change in internal energy for a Real Gas is given by Eq. 2.124 and Eq. 2.125: 

f 8U^ 


dU = 


\8V Jt 


dV = ^dV 
V 2 


, TT r v 2 n a 2 

Af/ = — —dV =77 a 

Jv, T / 2 


Jy y 


f-T| 

J/ 


Af/ = 77 a 


1 1 


y y 

V«‘ v fJ 
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Since the constant a is not involved in the equation of state for this unknown real gas, there will be no change in the internal energy 
throughout the reaction. 

AU = 0 

Eq. 2.127 will then enable us to determine the change in enthalpy. 

AH =AU + A(PV) 


We have not been given the pressures corresponding to the system so they must be calculated using the equation of state. 

P(V -nb) = nRT 

„ nRT , _ nRT 

P = t - and P f = - 

(V, - nb ) (V 2 - nb ) 


P = 


P = 


(2.0 jnt5f)(o.083 15 bar dm 3 X^ jsq I 4 ') (300 X) 


[10 dm 3 -(2.0 jnt5f)0.04 dm 3 jhoT 1 " 
49.89 bar ylrX 


9.92 yirX) 

P t = 5.029 233 871 bar 

(2.0 j2*5f)(0.083 15 bar dm 3 X^ jnof r )(300 X) 


p f = 


^10 dm 3 -(2.0 jn(5f)0.04 dm'jno!^ 


_ 49.89 bar yhX 
' (0.92 yirX) 

P, = 54.228 260 87 bar 


We can now find the value for the P-V work done and subsequently the change in enthalpy for the reaction. 

Py t = (5.029 233 871 bar)(l0.0 dm 3 ) 

?y i = 50.292 338 71 bar dm 3 
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1 bar = 10 5 Pa, 1 atm = 1.01325 x 10 5 Pa, 1 atm dm 3 = 101.325 J 


Py t = 50.292 338 71 Jjdr' dm 3 x 
py = 49.634 679 21 


10 5 X 1 atm 

1 >tf X 1.01325 x 10 5 
101.325 J 
1 jtardm 3 ^ 



Py = 5029.233 871 J 

P f V f = (54.228 260 87 bar)(l.O dm 3 ) 

P f V f = 54.228 260 87 bar dm 3 


p v 

r r f 


P i V f 


= 54.228 260 87 >dr dm 3 x 
= 53.519 132 37 jdartim^x 


10 5 1 atm 

1 X 1.01325 xlO 5 
101.325 J 
1 jUm-ttm 3 " 


X 


P f V f = 5422.826 087 J 

a (pv) = p f v f -py 

A(PV) = (5422.826 087-5029.233 871) J 
A(PV) = 393.592 216 J 
AH = jtff + A (PV) 

AH = 394 J 


The application of the correct number of significant figures gives, 


AH = 4xl0 2 J 


Back to Problem 2.67 


Back to Top 


Solutions 
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Solutions 


2 . 68 . 


Three moles of a gas are compressed isothermally and reversibly, at 300 K, from an initial volume of 20 dm to a final volume of 1 
dm 3 . If the equation of state of the gas is 


P + 


2 3 

n a 


V 


V„ = nRT 


m J 


with a = 0.55 Pa m 6 mol ', calculate the work done, A U, and AH. 


Solution: 


Given: n = 3 mol, T = 300 K, V i = 20 dm 3 , V f = 1 dm 3 , 


P + 


2 3 

n a 


V. 


V.. 


m J 


= nRT 


Required: w, AU, AH 

We will solve this problem in the exact same way as problem 2.67 was done. Since the two problems are extremely similar, no additional 
explanation will be provided. 
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= -[ f PdV 

JVj 

using Eq. of state: 


( 2 A 

p+ na 


V 


vt 


V=nRT 


J 


. nT7 na . n n RT n 2 a 

then PV„, H = and so P = ■ 


V, 


V V 

m m 


w 


-l 


rv f f nRT 

n a ' 

Jv, V 

\ m 

V 2 . 

772 / 


W rev = -n/?rinV m f +7J 2 fl 


v f 2 

w v = -nRT In — + 77 a 

rev y 


dVL 


A ! A 


v y 


l l 




w = — 

rev 


(3.0 jndf)(8.3145 J y? jnof^OO XM - 

v 2( 

(3.0 jndf) (o.55 Pa iX 


1 


20x10 m 10 J m J 


w rev =22 417.21439 J- 4702.5 Pam 3 
w rev =22 417.21439 J- 4702.5 J 
w =17 714.714 39 J 


w = 17.71 kJ 


Solutions 
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Solutions 



AU = n a 




AU =(3.00 jxtff (0.55 Pa ) 


1 


20x10 3 m 3 


AU = -4702.5 Pa m 3 


1 3 

10 3 m 3 . 


AU = -4702.5 J 
A U = -4.70 kJ 


f 


P + 


2 A 

n a 


V 

P = 


nRT 

VL 


V„=nRT 


n a 


Vl 


„ 77PP 72 a , _ 77PP 72 a 

P = r and P, = 

v; v ; 2 1 v f v* 

(3.0jndf)(8.3145 Payri^X^^wf r )(300X) 

(20x10 3 

/> =374 152.5 Pa -12 375 Pa 
P t = 361 777.5 Pa 


(3.0 2 j2«5l 

')(0.55 Pa 

( : 

20x10 3 y*/) 

2 
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Solutions 


(3.0 j2*5f)(8.3145 Pa^xVflr^)(300X) (3.0 2 ^idf)(o.55 Pa^jatO^j 
' (l.O xKT 3 ^) (l.OxlO 3 ^) 2 

P f = 7 483 050 Pa - 4 950 000 Pa 

P f = 2 533 050 Pa 

Py i =(361 777.5 Pa)(20xl0 3 m 3 ) 

Py= 7 235.55 Pam 3 
Py t = 1 235.55 J 

P f V f =( 2 533 050 Pa) (l.O x 10 3 dm 3 ) 

P f V f = 2 533. 05 Pa m 3 

P f V f = 2 533. 05 J 

A(pv) = p f v f -py 

A(PV) = (2 533.05-7 235.55) J 

A(PV) = -4702.5 J 

AH = AU + A(PV) 

AH =(-4702.5-4702.5) J 
A// = -9405 J 
AH = -9.41 kJ 


Back to Problem 2.68 Back to Top 
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Solutions 


a o 

2 . 69 . One mole of a van der Waals gas at 300 K is compressed isothermally and reversibly from 60 dm to 20 dm . If the constants in the 
van der Waals equation are 

a = 0.556 Pa m 6 mol -1 and b = 0.064 dm 3 moP 1 

calculate w rev , A U, and AH. 

Solution: 

Given: van der Waals gas: n = 1 mol, T = 300 K, V t = 60 dm 3 , V f = 20 dm 3 

a = 0.556 Pa m 6 mol -1 , b = 0.064 dm 3 moP 1 

Required: w rev , A U, AH 

The reversible work for a van der Waals gas is given by Eq. 2.122 and Eq. 2.123: 
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Solutions 


w =-\ f PdV 

rev Jv ( 

using Van der Waals Eq: 

=-f, 


nRT /7 ^ 


’v, [V -nb V 2 


r 

P + 

v 

dV 


n 2 a ^ 
~V T 


( V-nb) = nRT 


J 




= -nRT In (V - nb)\ f +n 


1 Vf , 2 

( n 

+h a 

— 

\v i 

1 V) 


w„„ = -nRT In 


V f - nb 
yK-nb j 


+ n^a 


r i_ J_ A 

V ~ V fJ 


w = — 

rev 


(l.O jjit5f)|8.3145 J Ji«jf r )(300 X)ln 

(l.O jndf ) 2 (0.556 Pa JBd^) 


20-0.064 

60-0.064 


60x10 3 20x10 3 ^ 


w = 2 727.122 887 J 


w = 2.73 kJ 


Recall that from Eq. 2.124 and Eq. 2.125 we can solve for the change in internal energy: 
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Solutions 


AU = n a 


< V fJ 


AU = (l.OO jaatSf )' (o.556 Pa iX jutT 1 ') 


60x10 3 ^ 20x10 3 ^ 


AU = -18.533 3 Pa m 3 
AU = -18.533 3 J 


AU = -18.5 J 


P + 


ira ' 




(V - nb) = nRT 


P = 


P = 


n a 


nRT 

{V -nb) ~V 

nRT 


n a , „ nRT 
and P, = 


n a 


P 


( V-nb ) Vf (v>-nfr) V; 

(l.O jndf)(8.3145 PayO^jn^^OOX) (l-0 2 M f)(o.556 Pa judf 1 ') 
" [(60 - 0.064) x 10 3 (60x10 3 y^) 2 

/> =41 459.669 13 Pa 

(l.O y5f)(8.3145 Pay^ judlX^OO X) (l.O 2 y5f)(o.556 Pa y^ 


p f = 


[(20 - 0.064) x 10 3 ] m 3 


(20x10 3 y^)" 


P f =123 727.877 2 Pa 
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Py t = (41 459.669 13Pa)(60xl0 3 m 3 ) 

Py i = 2 487.580 148 Pa m 3 

Py i = 2 487.580 148 J 

P f V f =( 123 727.877 2 Pa)(20xl0 3 m 3 ) 

P f V f = 2 474.557 544 Pa m 3 

P f V f = 2 474.557 544 J 

a (pv) = p f v f -py 

A(PV) = (2 474.557 544-2 487.580 148) J 
A(PV) = -13.022 604 J 


AH = AU + A{PV) 

AH =(-18.533 3-13.022 6047) J 
AH =-31.555 904 J 
AH = -31.56 J 


Back to Problem 2.69 


Back to Top 


Solutions 
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Solutions 


2 . 70 . Show that the Joule-Thomson coefficient ft can be written as: 

1 (dH\ 


Then, for a van der Waals gas for which fi can be written as: 


2 a/RT-b 


calculate AH for the isothermal compression of 1.00 mol of the gas at 300 K from 1 bar to 100 bar. 


Solution: 

Given: n = 1 .00 mol, T = 300 K, P. t = 1 bar, P f =100 bar 
Required: //, AH 

From Eqs. 2.108 and 2.1 10 we can see that; 

far"! at 

M ~{8PJ h X AP 

This value is equal to zero for an Ideal Gas but it may be either positive or negative for a Real Gas. When there is expansion taking place, 
the change in pressure will be negative (cooling expansion: here the change in temperature is also negative allowing the Joule-Thomson 
coefficient to be positive). 

Conversely, a negative p corresponds to a rise in temperature upon expansion. This is interesting to note because most gases under regular 
temperatures will cool when they are able to expand. Since the Joule-Thomson expansion occurs at constant enthalpy, the total differential 
will be: 



dP + - — dT = 0 

\dP ) T y dT ) P 


It follows that: 


(dH\ (dH \ ( dT'] 


ydP ) T v dT ) P \dP ) H 
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Solutions 


We have seen previously that for an ideal gas, the Joule-Thomson coefficient is equal to zero. This also indicates that the enthalpy is 
independent of pressure. For real gases, we will see that the enthalpy shows some variation with pressure. 


Since // = 


f 


dH 

dP 


\SPj H 

f dH\ (dT^ 


, we can use this in order to rearrange the expression given above. 


Jt 


dT 


J p 


\d p Jh 


= -C 


P,n 


dH 


fdT^ 


l dP) 

T _ 

(dH > 


( dT^ 

UpJ 

H 

f dH ^ 


IdP) 

T 

Id H) 


M = 


it follows that. 


dT 


J p 


P 


f dT ^ 

vd p J H 


f AH \ f 


dH_ 

ydP j T 


yCp j 


m . 1 (dH 

We are given that: u = 

c\dP 


Jt 


2a/RT-b 

C D 


which then means that we determine the enthalpy change for the isothermal compression 


by using the expression for the total differential. Take note that in Chapter 1 there is a table (Table 1.5) which provides the Van der Waals 
constants for many gases. For simplicity, we will assume that we are working with hydrogen gas. (This is a good choice since ji for FF is 
positive.) 
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Solutions 


a = 0.0248 Pa m 6 mol 2 
b = 0.0266 x 10 3 m 3 moP 1 


dH = 


clH = 


f dH^ 


V dP j T 


dP + 




\dT Jp 

1 


dT = 0 


2 a 
RT 


-b 


dP H dT = 0 

C D 


Assuming C to be independent of temperature, 


dH = \—-b 


RT 


dP 


\cM = -\ 


p f f 2 a 


-b 


dP 


A H = - 

f 
V 


AH = 


p i \RT 

w~ b \ p ’- p ‘) 


r 


AH = 


0.0266x10 3 m 3 mol 1 - 


:(o.( 


2(0.0248 Pam 6 mol“ X ) 


1 bar = 10 5 Pa, 1 Pa m 3 = 1 J 


f 


AH = 


0.0266x10 3 m 3 mol 1 - 


8.3145 J X^4a«I^)(300 X) 


2 (0.0248 / m 3 mol 1 ) 


(100-1) bar 


8.3145 /^>ifi6f r )(300 X) 
AH =(6.715 060 036 x 10 6 ) m 3 mol 1 x99xl0 5 Pa 


(lOO-l)xlO 5 Pa 


AH = 66.479 094 35 J mol 1 
AH = 66.5 J mol 1 


Back to Problem 2.70 Back to Top 
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Chapter 3: The Second and Third Laws of Thermodynamics 


The Camot Cycle (see also Section 3.1) 


Chapter 3 

*problems with an asterisk are slightly more demanding 

The Carnot Cycle (see also Section 3.1) 

3.1. The accompanying diagram represents a reversible Camot cycle for an ideal gas: 



a. What is the thermodynamic efficiency of the engine? 

b. How much heat is rejected at the lower temperature, 200 K, during the isothermal compression? 

c. What is the entropy increase during the isothermal expansion at 1000 K? 

d. What is the entropy decrease during the isothermal compression at 200 K? 

e. What is the overall entropy change for the entire cycle? 

f. What is the increase in Gibbs energy during the process A — > B? 


Solution 


3.2. An engine operates between 125 °C and 40 °C. What is the minimum amount of heat that must be withdrawn from the reservoir to 
obtain 1500 J of work? 


Solution 
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The Camot Cycle (see also Section 3.1) 


3.3. a. Figure 3.2 shows a Camot cycle in the form of a pres sure- volume diagram. Sketch the corresponding entropy-temperature 
diagram, labeling the individual steps A — > B (isotherm at Th), B — > C (adiabatic), C — > D (isotherm at T c ), and D — > A (adiabatic). 

b. Suppose that a reversible Carnot engine operates between 300 K and a higher temperature T h . If the engine produces 10 kJ of 
work per cycle and the entropy change in the isothermal expansion at Th is 100 J K , what are qi,. q c , and T \ ? 

Solution 

3.4. The following diagram represents a reversible Camot cycle for an ideal gas: 



a. What is the thermodynamic efficiency of the engine? 

b. How much heat is absorbed at 400 K? 

c. How much heat is rejected at 300 K? 

d. What is the entropy change in the process A — ► 5? 

e. What is the entropy change in the entire cycle? 

f. What is the Gibbs energy change in the process A —> B? 

g. In order for the engine to perform 2 kJ of work, how much heat must be absorbed? 


Solution 


3-3 


Chapter 3: The Second and Third Laws of Thermodynamics 


Entropy Changes 


3.5. Suppose that an iceberg weighing 10 9 kg were to drift into a part of the ocean where the temperature is 20 °C. What is the maximum 
amount of work that could be generated while the iceberg is melting? Assume the temperature of the iceberg to be 0 °C. The latent 
heat of fusion of ice is 6.025 kJ mol -1 . 


If the process occurred in one day, what would be the power produced? 


Solution 


3.6. 


Show that the change in the internal energy of an ideal gas during an isothermal expansion is zero, i.e., 


dU 

dV 


Jt 


= 0 . 


Compare this result to Eq. 3.148 for a van der Waals gas. 


Solution 


Entropy Changes 

3.7. Calculate the entropies of vaporization in J K 1 mol -1 of the following substances, from their boiling points and enthalpies of 
vaporization: 

Boiling Point/K Av ap ///kJ mol -1 


c 6 h 6 

353 

30.8 

chc 1 3 

334 

29.4 

H 2 0 

373 

40.6 

C 2 H 5 OH 

351 

38.5 


In terms of the structures of the liquids, suggest reasons for the higher values observed for PCO and C 2 H 5 OH. 


Solution 

3.8. Calculate the standard entropies of formation of (a) liquid methanol and (b) solid urea, making use of the absolute entropies listed in 
Table 3.2 (p. 120). 


Solution 
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Entropy Changes 


3.9. Calculate the standard entropies for the following reactions at 25 °C: 

a. N 2 (g) + 3H 2 (g)-+2NH 3 (g) 

b. N 2 0 4 (g) — 2N0 2 (g) 

Solution 

3 . 10 . Calculate the standard entropy for the dissociation of H 2 (g) into atomic hydrogen 2[H(g)] at 298.15 K and 1273.15 K. 
C;:/JK 1 mor 1 : H 2 (g), 28.824; H(g), 20.784. 

Solution 

3 

3 . 11 . One mole of an ideal gas, with C Vm = — R, is heated (a) at constant pressure and (b) at constant volume, from 298 K to 353 K. 
Calculate AS for the system in each case. 

Solution 

3 . 12 . One mole each of N 2 and 0 2 and ^ mol of H 2 , at 25 °C and 1 atm pressure, are mixed isothermally; the final total pressure is 1 atm. 
Calculate AS, on the assumption of ideal behavior. 

Solution 

3 . 13 . Initially 1 mol of 0 2 is contained in a 1-liter vessel, and 5 mol of N 2 are in a 2-liter vessel; the two vessels are connected by a tube 
with a stopcock. If the stopcock is opened and the gases mix, what is the entropy change? 

Solution 

3 . 14 . Calculate the entropy of mixing per mole of air, taking the composition by volume to be 79% N 2 , 20% 0 2 , and 1% Ar. 

Solution 

3 . 15 . From the data given in Table 3.2 (p. 120), calculate the standard entropy of formation A/ S° of liquid ethanol at 25 °C. 


Solution 
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Entropy Changes 


a o 

3 . 16 . a. One mole of an ideal gas at 25 °C is allowed to expand reversibly and isothermally from 1 dm to 10 dm . What is AS for the gas, 
and what is AS for its surroundings? 

•5 a 

b. The same gas is expanded adiabatically and irreversibly from 1 dm to 10 dm with no work done. What is the final temperature 
of the gas? What is AS for the gas, and what is AS for the surroundings? What is the net AS? 

Solution 

3 . 17 . One mole of liquid water at 0.00 °C and 1 atm pressure is turned into steam at 100.0 °C and 1 atm pressure by the following two 
paths: 

a. Heated at constant pressure to 100. 0°C, and allowed to boil into steam (A vap H° = 40.67 J mob 1 at this temperature). 

b. Pressure lowered to 0.006 02 atm so that water evaporates to steam at 0 °C (A vap H° = 44.92 J mol -1 at this temperature), heated at 
the constant pressure of 0.006 02 atm to 100.0 °C, and compressed at 100.0 °C to 1 atm pressure. 

Calculate the entropy change along each path and verify that they are the same, thus proving that A S° is a state property. The Cp M 
for liquid water and water vapor can be found in Table 2.1. [The paths and the enthalpies of vaporization are adapted from Table 
6.1, Gordon M. Barrow, Physical Chemistry, 5th Ed., New York: McGraw-Hill, 1988.] 

Solution 

3 . 18 . Predict the signs of the entropy changes in the following reactions when they occur in aqueous solution. 

a. Hydrolysis of urea: H 2 NCONH 2 + H 2 O — * CO 2 + 2NH3 

b. H + + OH — ► HtO 

c. CH 3 COOH CH 3 COO + H + 

d. CH 2 BrC00CH 3 +S 2 0 3 2 - ->CH 2 (S 2 0 3 )COOCH 3 +Br 

Solution 

3 . 19 . Obtain a general expression, in terms of the molar heat capacity Cp, m and temperature T \ and Ti, for the entropy increase of n mol of 
a gas (not necessarily ideal) that is heated at constant pressure so that its temperature changes from T 1 to T 2 . To what does your 
expression reduce if the gas is ideal? 

Solution 

1 1 1 

3 . 20 . Initially 5 mol of an ideal gas, with Cv.m = 12.5 J K mol , are at a volume of 5 dm and a temperature of 300 K. If the gas is 
heated to 373 K and the volume changed to 10 dm 3 , what is the entropy change? 


Solution 
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Entropy Changes 


* 3 . 21 . At 100 °C 200 g of mercury are added to 80 g of water at 20 °C in a vessel that has a water equivalent of 20 g. The specific heat 
capacities of water and mercury may be taken as constant at 4.18 and 0.140 J K 1 g -1 , respectively. Calculate the entropy change of 
(a) the mercury; (b) the water and vessel; (c) the mercury, water, and vessel together. 

Solution 

* 3 . 22 . At 0 °C 20 g of ice are added to 50 g of water at 30°C in a vessel that has a water equivalent of 20 g. Calculate the entropy changes 
in the system and in the surroundings. The heat of fusion of ice at 0 °C is 6.02 kJ mol, and the specific heat capacities of water and 
ice may be taken as constant at 4.184 and 2.094 J K 1 g , respectively, and independent of temperature. 

Solution 

*3.23. Calculate the increase in entropy of 1 mol of nitrogen if it is heated from 300 K to 1000 K at a constant pressure of 1 atm; use the 
Cp data in Table 2.1. 

Solution 

* 3 . 24 . The entropy change for the isothermal expansion of an ideal gas at 300 K from a particular state A to a state B is 50 J K When an 
expansion was performed, the work done by the system was 6 kJ. Was the process reversible or irreversible? If the latter, calculate 
the degree of irreversibility (i.e., the ratio of the work done to the reversible work). 

Solution 

3 . 25 . One mole of water is placed in surroundings at -3 °C, but at first it does not freeze (it remains as supercooled water). Suddenly it 
freezes. Calculate the entropy change in the system during the freezing, making use of the following data: 

C p m (' water) = 75.3 JK 1 moT 1 
C /)m (ice) = 37.7 JK 1 mol 1 

A / H (ice — » water) = 6 .0 1 kJ mol 1 at 0 °C 


The two Cp values can be assumed to be independent of temperature. Also, calculate the entropy change in the surroundings, and the 
net entropy change in the system and surroundings. 


Solution 
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Entropy Changes 


3.26. 200 cm' of a 0.5 m solution of sucrose is diluted to 1 dm by the addition of 800 cm' of water. Assume ideal behavior and calculate 
the entropy change. 

Solution 

3.27. One liter of a 0.1 M solution of a substance A is added to 3 liters of a 0.05 M solution of a substance B. Assume ideal behavior and 
calculate the entropy of mixing. 

Solution 

3.28. Ten moles of water at 60 °C are mixed with an equal amount of water at 20 °C. Neglect any heat exchange with the surroundings 
and calculate the entropy change. The heat capacity of water may be taken to be 75.3 J K 1 mol 1 and independent of temperature. 

Solution 

3.29. A vessel is divided by a partition into two compartments. One side contains 5 moles O 2 at 1 atm pressure; the other, 5 moles N 2 at 1 
atm pressure. Calculate the entropy change when the partition is removed. 

Solution 

3.30. One mole of liquid water at 0 °C is placed in a freezer having a temperature of -12 °C. The water freezes and the ice cools to -12 
°C. Making use of the data given in Problem 3.25, calculate the change in entropy in the system and in surroundings (the freezer), 
and the net entropy change. 

Solution 

3.31. One mole of liquid water at 0 °C is placed in a freezer which is maintained at -10 °C. Carry out the same calculations as for Problem 
3.30. 

Solution 

3.32. Two moles of water at 60 °C are added to 4 mol of water at 20 °C. Calculate the entropy change, assuming that there is no loss of 
heat to the surroundings. The heat capacity of water is 75.3 J K 1 mol -1 . 


Solution 


3-8 


Chapter 3: The Second and Third Laws of Thermodynamics 


Gibbsand Helmholtz Energies 


3 . 33 . One mole of an ideal gas is initially at 10 bar and 298 K. It is allowed to expand against a constant external pressure of 2 bar to a 
final pressure of 2 bar. During this process, the temperature of the gas falls to 253.2 K. Find A U, A H, AS, AS therm, and AS UI1IV for the 
process. Assume that the thermal surroundings remain at 298 K throughout. Devise at least three different paths to accomplish this 
change and show that no matter which path is used, the desired values are the same. 

Solution 

3 . 34 . Five moles of water at 50 °C are placed in a refrigerator maintained at 3 °C. Calculate AS for the system and for the environment, 
and the net entropy change, taking C P for water at 75.3 J K 1 moF 1 and independent of temperature. 

Solution 

3 . 35 . Problem 2.32 of Chapter 2 was concerned with dropping (a) one ice cube, (b) 10 ice cubes, each weighing 100 g, into 1 kg of water 
at 20 °C. Calculate the entropy change in each case. (AH ^ of ice at 0 °C is 6.026 kJ mol -1 ; C Pm for water is 75.3 J K 1 mol -1 .) 

Solution 

3 . 36 . The absolute entropy of nitrogen at its vaporization point of 77.32 K and exactly 1 bar is 151.94 J K 1 mol -1 . Using the expression 
for C Pjn for nitrogen given in Table 2.1, find the entropy of the gas at 800.0 K and 1 bar. 

Solution 

Gibbs and Helmholtz Energies 

3.37. Calculate A G° at 25 °C for the following fermentation reaction: 

C 6 H 12 0 6 (aq) ^ 2C 2 H 5 OH(aq) + 2C0 2 (g) 

glucose ethanol 

The standard Gibbs energies of formation of glucose, ethanol, and carbon dioxide are given in Appendix D. 

Also use the data in Appendix D to calculate AS 0 for the fermentation reaction. 

Solution 

3 . 38 . The latent heat of vaporization of water at 100 °C is 40.6 kJ moF 1 and when 1 mol of water is vaporized at 100 °C and 1 atm 
pressure, the volume increase is 30.19 dm . Calculate the work done by the system, the change in internal energy A U, the change in 
Gibbs energy AG and the entropy change AS. 

Solution 
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Gibbsand Helmholtz Energies 


3 . 39 . On pages 115-1 16 we worked out the AS values for the freezing of water at 0 °C and at -10 °C. What are the corresponding AG 
values? 

Solution 

a 

3 . 40 . At 25 °C 1 mol of an ideal gas is expanded isothermally from 2 to 20 dm . Calculate A U, AH, AS, A A, and AG. Do the values depend 
on whether the process is reversible or irreversible? 

Solution 

3 . 41 . The values of AH and AS for a chemical reaction are -85.2 kJ mol 1 and -170.2 J K 1 mol -1 , respectively, and the 

values can be taken to be independent of temperature. 

a. Calculate AG for the reaction at (a) 300 K, (b) 600 K, and (c) 1000 K. 

b. At what temperature would AG be zero? 

Solution 

3 . 42 . The standard Gibbs energy for the combustion, A C G°, of methane has been measured as -815.04 kJ mol* 1 at 25.0 °C and -802.57 
kJ mol* 1 at 75.0 °C. Assuming that Eq. 3.169 applies and that A C G° changes linearly with temperature in this range, estimate the 
enthalpy of combustion at the midpoint of this temperature range, i.e., 50.0 °C. 

Solution 


3 . 43 . The heat of vaporization of water at 25 °C is 44.01 kJ mol* 1 , and the equilibrium vapor pressure at that temperature is 0.0313 atm. 
Calculate AS, AH, and AG when 1 mol of liquid water at 25 °C is converted into vapor at 25 °C and a pressure of 10* 5 atm, assuming 
the vapor to behave ideally. 

Solution 

3 . 44 . For each of the following processes, state which of the quantities A U, AH, AS, A Quid AG are equal to zero: 

a. Isothermal reversible expansion of an ideal gas. 

b. Adiabatic reversible expansion of a nonideal gas. 

c. Adiabatic expansion of an ideal gas through a throttling valve. 
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d. Adiabatic expansion of a nonideal gas through a throttling valve. 

e. Vaporization of liquid water at 80 °C and 1 bar pressure. 

f. Vaporization of liquid water at 100 °C and 1 bar pressure. 

g. Reaction between H? and O 2 in a thermally insulated bomb. 

h. Reaction between H 2 SO 4 and NaOH in dilute aqueous solution at constant temperature and pressure. 


Solution 


3.45. Calculate the change A G m in the Gibbs energy of 1 mol of liquid mercury initially at 1 bar pressure if a pressure of 1000 bar is 
applied to it. The process occurs at the constant temperature of 25 °C, and the mercury may be assumed to be incompressible and to 
have a density of 13.5 g cm . 

Solution 

3.46. The entropy of argon is given to a good approximation by the expression 

S m /J K 1 mol -1 = 36.36 + 20.79 ln(77K) 

Calculate the change in Gibbs energy of 1 mol of argon if it is heated at constant pressure from 25 °C to 50 °C. 

Solution 

3.47. Calculate the absolute entropy of S 02 (g) at 300.0 K and 1 bar given the following information: S°(15.0 K) = 1.26 J K 1 mol -1 , 
Cp, m ( s) = 32.65 J K -1 mol -1 , T &s = 197.64 K, A fus H° = 7 402 J mol -1 , C Pjn (\) = 87.20 J K -1 mol -1 , T vap = 263.08 K, A vap //° = 24 937 
J mol -1 , C P , m (g) = 39.88 J K -1 mol -1 . 

Solution 

3.48. Initially at 300 K and 1 bar pressure, 1 mol of an ideal gas undergoes an irreversible isothermal expansion in which its volume is 
doubled, and the work it performs is 500 J mol -1 . What are the values of q, A U, AH, AG, and AS? What would q and w be if the 
expansion occurred reversibly? 

Solution 

*3.49. At 100 °C 1 mol of liquid water is allowed to expand isothermal I y into an evacuated vessel of such a volume that the final pressure 
is 0.5 atm. The amount of heat absorbed in the process was found to be 30 kJ mol -1 . What are w, A U, AH, AS, and AG? 


Solution 
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* 3 . 50 . Water vapor can be maintained at 100 °C and 2 atm pressure for a time, but it is in a state of metastable equilibrium and is said to be 
supersaturated. Such a system will undergo spontaneous condensation; the process is: 

H 2 0(g, 100 °C, 2 atm) -> H 2 0(1, 100 °C, 2 atm) 

Calculate A H m , A S m , and A G m . The molar enthalpy of vaporization A vap // m is 40.60 kJ mol 1 ; assume the vapor to behave ideally 
and liquid water to be incompressible. 

Solution 

* 3 . 51 . Initially at 300 K and 10 atm pressure, 1 mol of a gas is allowed to expand adiabatically against a constant pressure of 4 atm until 
equilibrium is reached. Assume the gas to be ideal with: 

Cp, m /J K 1 mol -1 = 28.58 + 1.76 x 1(T 2 77K 

and calculate A U, AH, and AS. 

Solution 

3 . 52 . Calculate A H°, A G°, and A S° for the reaction 

CH 4 (g) + 20 2 (g) — 0 2 (g) + 2H 2 0(1) 

making use of the data in Appendix D. 

Solution 

3 . 53 . The following is a set of special conditions: 

a. True only for an ideal gas. 

b. True only for a reversible process. 

c. True only if S is the total entropy (system + surroundings). 

d. True only for an isothermal process occurring at constant pressure. 

e. True only for an isothermal process occurring at constant volume. 

Consider each of the following statements, and indicate which of the above conditions must apply in order for the statement to be 
true: 

a. A U = 0 for an isothermal process. 

b. AH = 0 for an isothermal process. 

c. The total AS = 0 for an adiabatic process. 

d. AS > OO for a spontaneous process. 

e. AG < DO for a spontaneous process. 


Solution 
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3 . 54 . 


Calculate the entropy and Gibbs energy changes for the conversion of 1 mol of liquid water at 100 °C and 1 bar pressure into vapor 
at the same temperature and a pressure of 0.1 bar. Assume ideal behavior. The heat of vaporization of water at 100 °C is 40.6 

kJ mol -1 . 


Solution 


3 . 55 . 


In the bacterium nitrobacter the following reaction occurs: 

N0 2 +^° 2^ N0 3 

Use the data in Appendix D to calculate A H°, A G°, and AS 0 for the reaction. 


Solution 


Energy Conversion 

3 . 56 . At 100 atm pressure water boils at 312 °C, while at 5 atm it boils at 152 °C. Compare the Carnot efficiencies of 100-atm and 5-atm 
steam engines, if T c is 30 °C. 

Solution 

3.57. A cooling system is designed to maintain a refrigerator at -4 °C in a room at 20 °C. If 10 4 J of heat leaks into the refrigerator each 
minute, and the system works at 40% of its maximum thermodynamic efficiency, what is the power requirement in watts? [1 watt 
(W) = 1 J s -1 .] 

Solution 

3 . 58 . A heat pump is employed to maintain the temperature of a house at 25 °C. Calculate the maximum performance factor of the pump 
when the external temperature is (a) 20 °C, (b) 0 °C, and (c) -20 °C. 

Solution 
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3.59. A typical automobile engine works with a cylinder temperature of 2000 °C and an exit temperature of 800 °C. A typical octane fuel 

—1 —1 3 

(molar mass = 114.2 g mol ) has an enthalpy of combustion of -5500 kJ mol and 1 dnr (0.264 U.S. gal) has a mass of 0.80 kg. 
Calculate the maximum amount of work that could be performed by the combustion of 10 dm of the fuel. 

Solution 

3.60. The temperature of a building is maintained at 20 °C by means of a heat pump, and on a particular day the external temperature is 10 
°C. The work is supplied to the heat pump by a heat engine that burns fuel at 1000 °C and operates at 20 °C. Calculate the 
performance factor for the system (i.e., the ratio of the heat delivered to the building to the heat produced by the fuel in the heat 
engine). Assume perfect efficiencies of the pump and the engine. 

Solution 

3.61. Suppose that a refrigerator cools to 0 °C, discharges heat at 25 °C, and operates with 40% efficiency. 

a. How much work would be required to freeze 1 kg of water (A t H = -6.02 kJ mol 1 )? 

b. How much heat would be discharged during the process? 


Solution 


Thermodynamic Relationships 


3.62. Show that (a) 
coefficient. 


f dU} 
K dVj T 


aT -kP 


k 


and (b) 


f dU} 

v3Py r 


=V(kP - aT), where k=— 

V 


f dV} 

\dP j T 


, is called the isothermal compressibility 


dP 

Use the relationship | — 


dP 

dV 


dV_ 

dT 


Solution 


3.63. Derive an equation of state from 

clH = T dS + V clP 

by taking the partial derivative with respect to P at constant temperature. Then use the appropriate Maxwell relation and the 
definition of a to express the partial in terms of easily measured quantities. 


Solution 
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3.64. Derive expressions for (a) a and (b) k for an ideal gas. 


Solution 


*3.65. Suppose that a gas obeys the van der Waals equation 


f 

P + - 

V V m J 


V m ~b) = RT 


Prove that: 


f 8U^ 


8V 


]/ 

\ m J j m 


Solution 


*3.66. Obtain an expression for the Joule- Thomson coefficient for a gas obeying the equation of state: 

P(V m - b) - RT 

in terms of R , T. P, V m , and Cp, m . 


Solution 


*3.67. Derive the following equations: 


a. C P =-T 


f d 2 G A 


k 8T 2 j 


8C P 

8P 


= -T 


f 8 2 V A 


Jt 


\8T 2 j p 


Solution 

*3.68. Starting with the definition of the Helmholtz energy, A = U - TS, prove that the change in Helmholtz energy for a process at constant 
temperature is the total work (PV and non-PV). (This relationship holds without any restriction as to volume or pressure changes.) 


Solution 
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*3.69. Prove that if a gas obeys Boyle’s law and if in addition ( dU/dV)j = 0, it must obey the equation of state PV = constant x T. 


*3.70. Derive the relationship 


and confirm that it applies to an ideal gas. 


Solution 


f dS^ 


dV 


\ uv Su 


Solution 


3.71. Starting from Eq. 3.160, 


a. Show that In 


A 

^2 


H 


pjz - 1 


dP, where Z = 


PV 

m_ 

RT 


b. For a nonideal gas, the equation of state is given as PV m = RT + (b - AJRT m )P (see Example 1.6, p. 42). Derive an expression to 
find the fugacity of the gas at a given temperature and pressure when the constants b and A are given. 

Solution 

2 —2 —1 

3.72. The van der Waals constants for methane in older units are a = 2.283 L" bar mol and b = 0.0428 L mol . Expressing the 
compression factor as (see Problem 1.52 in Chapter 1): 

1 


Z = l + - 


RT 


r, a > 


( b ^ 

b 

P + 


l RT) 


[rt J 


Find the fugacity of methane at 500 bar and 298 K. 


Solution 
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Essay Questions 

3.73. The frying of a hen’s egg is a spontaneous reaction and has a negative Gibbs energy change. The process can apparently be reversed 
by feeding the fried egg to a hen and waiting for it to lay another egg. Does this constitute a violation of the second law? Discuss. 10 

3.74. Consider the following statements: 

a. In a reversible process there is no change in the entropy. 

b. In a reversible process the entropy change is dq re JT. How must these statements be qualified so that they are correct and not 
contradictory? 

3.75. Consider the following statements: 

a. The solution of certain salts in water involves a decrease in entropy. 

b. For any process to occur spontaneously there must be an increase in entropy. 

Qualify these statements so that they are correct and not contradictory, and suggest a molecular explanation for the behavior. 

3.76. A phase transition, such as the melting of a solid, can occur reversibly and, therefore, AS = 0. But it is often stated that melting 
involves an entropy increase. Reconcile these two statements. 


10 In answering this question, a student commented that a hen would never eat a fried egg. We suspect she would if she were hungry and had no alternative. In any case, 
let us postulate a hen sufficiently eccentric to eat a fried egg. 
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Solutions 

3.1. The accompanying diagram represents a reversible Camot cycle for an ideal gas: 



a. What is the thermodynamic efficiency of the engine? 

b. How much heat is rejected at the lower temperature, 200 K, during the isothermal 

c. What is the entropy increase during the isothermal expansion at 1000 K? 

d. What is the entropy decrease during the isothermal compression at 200 K? 

e. What is the overall entropy change for the entire cycle? 

f. What is the increase in Gibbs energy during the process A — > 5? 


compression? 


Solution: 

Given: Carnot Cycle Diagram for Ideal Gas 
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Required: see above 

a) The efficiency for an engine is given by Eq. 3.21 which states that: 



T„ 

1000-200 

e = = 0.8 

1000 

e = 80% 

b) We can determine the amount of heat rejected at the lower temperature by making use of Eq. 3.23 which is that of a reversible engine. 


c _ % + % 
<■. h 


and therefore, 


T h -T c _ q h +q c ) T h 

T „ q h T c 


-q c = qh 


f 

v 



-q c 


= 150 kJ x 


200 X 

iooo X 


heat rejected = 30 kJ 


C A 

q c 


c) The increase in entropy for the system throughout this process can be defined by Eq. 3.55 which gives, 
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AS = 


T 


S = — 

inc rp 

_ 150 000 J 
rac ~ 1000 K 


5 mc =150JK 


d) We may use the same expression given in part C in order to determine the entropy decrease. 


AS = ■ 


s — 

^decr 


^decr 


T 

So. 

T c 

30 000 J 
200 K 


^decr =150 J K ‘ 


e) We must simply take the difference between the entropies calculated in parts C and D. 

AS = S inc -S decr 
AS = (150-150) jr 1 
AS=0 


f) Using the well known equation for the Gibbs Free Energy: 
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AS = 150 J K" 1 and AH = 0 
AG = AH -T AS 

AG = 0-(l000 X)(l50J 
AG = -150 000 J 
AG = -150 kJ 


Back to Problem 3.1 Back to Top 


Solutions 
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3.2. An engine operates between 125 °C and 40 °C. What is the minimum amount of heat that must be withdrawn from the reservoir to 
obtain 1500 J of work? 


Solution: 

Given: 7j = 40 °C, T 2 = 125 °C, w = 1500 J 
Required: q min 

For this problem, we should start by determining the efficiency of the engine. Efficiency is given by Eq. 3.20: 

w T h - T 
e = — = - c 


Qh T k 


e = 


e = 


[(125 + 273.15) -(40 + 273. 15)] K 
(125 + 273. 15)K 

(398. 15-313. 15) X 


398.15 X 
e = 0.213 487 379 

Now that we have the efficiency we will be able to determine the minimum amount of heat that must be withdrawn from the reservoir to 
obtain 1500 J of work. 


e = ■ 


w 


0.213 487 379 = 


1500 J 


C ln 


1500 J 


qimn 0.213 487 379 
=7026.176 471 J 


<7 mn =7.03kJ 


Back to Problem 3.2 


Back to Top 
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3.3. a. Figure 3.2 shows a Carnot cycle in the form of a pres sure- volume diagram. Sketch the corresponding entropy-temperature 
diagram, labeling the individual steps A —> B (isotherm at Th), B —> C (adiabatic), C — > D (isotherm at T c ), and D —*■ A (adiabatic), 
b. Suppose that a reversible Carnot engine operates between 300 K and a higher temperature Th. If the engine produces 10 kJ of 
work per cycle and the entropy change in the isothermal expansion at T h is 100 J K ', what are q h , q c , and T h l 


Solution: 


Given: Figure 3.2, 7j = 300 K, T 2 = T h ,w = 10 kJ, AS = 100 J K 
Required: q h , q c , and T h S-T diagram 
a) 



b) From Eq. 3.23 we are given, 
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T h ~ T c _ Vk-Qc or _ I ] L= <h 
T h < h T r <lc 

^ + ^ = 0 
T h T c 

c ih [ q c Q 

T h 300 K 

We know that the work performed by the system is equal to: 
-w = q h + q c = 10 kJ 


We can determine the change in entropy which will then enable us to find q c and qj,- 
~w = q h +q c = 10 kJ 


A S=^~ thus, AS, = — 
T h T h 

AS, = — = 100 J K 1 


100 J K _I +— ^— = 0 
300 K 


<lc 


300 X 
q c = -30 000 J 


= -100 J JK* 


q c = -30 kJ 


q h +q c = 10 kJ -*q h = 10 kJ - (-30 kJ ) 


q h = 40 kJ 


T =-T 

1 h 1 c 


<h 

<lc 


(-300 K) 


40 yd 
-30 0 


T h = 400 K 


Back to Problem 3.3 Back to Top 
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3 . 4 . The following diagram represents a reversible Camot cycle for an ideal gas: 

a. What is the thermodynamic efficiency of the engine? 

b. How much heat is absorbed at 400 K? 

c. How much heat is rejected at 300 K? 

d. What is the entropy change in the process A —> B1 

e. What is the entropy change in the entire cycle? 

f. What is the Gibbs energy change in the process A —> B1 

g. In order for the engine to perform 2 kJ of work, how much heat must be absorbed? 



Solution: 

Given: Camot Cycle for Ideal Gas 
Required: see above 
a) According to Eq. 3.21: 


Chapter 3: The Second and Third Laws of Thermodynamics 


Solutions 



_ (400- 300) X 
C ~ 400 X 

e = 0.25 
e = 25% 


b) The heat absorbed can also be found using a rearrangement of the previously given equation. 


T h ~T c w 

T i, Q h 


w 800 J 

q h (400 K) = — = 

h V ’ e 0.25 

q h (400 K) = 3200 J 


q h (400 K) = 3.2 kJ 


c) The heat rejected can be found by the following: 


^rejected Qh Qc 
Ejected = 3200 J- 800 J 

Rejected = 2400 J 
Rejected = 2A k J 

d) The entropy change from A — » B can be determined by: 


AS 


A— »B 


AS 


A— »B 


T h 

3200 J 
400 K 


AS a ^ b = 8 J K 1 
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e) We can say that A5^ H denotes the change in entropy in going from A to B by path 1. Conversely, AS^ a denotes the change in entropy 
in going from B to A along path 2. The change in entropy of the second case/path is identical in magnitude but opposite in sign to the 
entropy change in the first case/path. This would mean that, 

A S^a = -AS*^ which is given by Eq. 3.35. 

The total change in entropy for the system is therefore, 

AS = 0 

f) Since we know that AN = 0 , we can therefore use the equation that describes the Gibbs Free Energy in order to find the answer. 

AG = AH -T AS 

AG = 0- (400 K)(8.0 JK [ ) 

AG = -3200 J 
AG = -3.2 kJ 

g) We can use the expression which defines the efficiency calculated in the first part of this question in order to determine the amount of 
heat which must be absorbed. 

C _ T „-T c _ w 

T i, q „ 

w 

q h = — 
e 

_ 2000 J 
Clh ~ 0.25 
q h = 8000 J 

q h =8.0 kJ 

Back to Problem 3.4 Back to Top 
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3.5. Suppose that an iceberg weighing 10 9 kg were to drift into a part of the ocean where the temperature is 20 °C. What is the maximum 
amount of work that could be generated while the iceberg is melting? Assume the temperature of the iceberg to be 0 °C. The latent 
heat of fusion of ice is 6.025 kJ mol -1 .]] 

If the process occurred in one day, what would be the power produced? 


Solution: 

Given: Iceberg: m iceberg = 10 9 kg, T ocean = 20 °C = 293.15 K, 71 ceberg = 0 °C, A f H ice = 6.025 kJ mol 
Required: vv inax , P{\ day) 

The heat that is transferred from the water to the melting iceberg is given by; 


m T1 

q = — A H . . 

* fusion 


10 12 g 


q 


-(6.025 kJ mol 1 ) 


1 8 g mol 1 
q = 3.347 222 222x10" kJ 

The fraction of this that can be converted into work can be determined by Eq. 3.21; 
T -T 

„ _ 1 h 1 c 


[(20 + 273.15) - (0 + 273. 15)] K 
L “ (20 + 273. 15) K 

_ (293.15-273. 15) X 
L “ 293.15 X 

e = 0.068 224 458 

Using a different version of Eq. 2.21 we can not determine the amount of work available. 
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w 

e = — 

Qh 

w = cq h 

w — (0.068 224 458) (3.347 222 222 xlO 11 kj) 
w = 2.283 624 219 xlO 10 kJ 
w=2.284 x 10 10 kJ 


Power is simply defined as the amount of work done in a unit time. This can be easily found for a single day. 

60 s 60 min 24 hrs 

x x 

1 min 1 hour 1 day 

t = 86 400 s 
t 

p _ 2.283 624 219 xlO 10 kj 
~ 86 400 s 

P = 264 308.3587 kj s 1 

P = 2.643 x 10 5 kJs -1 


Back to Problem 3.5 Back to Top 
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3 . 6 . Show that the change in the internal energy of an ideal gas during an isothermal expansion is zero, i.e., 
Compare this result to Eq. 3.148 for a van der Waals gas. 


f dU^ 

ydVj T 


= 0 . 


Solution: 


Given: 


f dU ^ 


dV 


= 0 . 


J T 

Required: prove it 

Let us use the thermodynamic equation of state given by Eq. 3.128 which states that: 


' dU ) = p + T fdP ^ 

{dv) T 


dT 


Jv 

From the Ideal Gas Law, we know that PV = nRT which can be slightly altered to get: 
nRT 


P = 
P = 


V 

RT 

V~ 


Now taking the partial derivative of this expression with respect to temperature and keeping volume constant, 
RT 


P = 


V. 


f dp\ 


\dT Jv 


R 

V 


This can now be substituted into Eq. 3.128 to obtain, 


Solutions 
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'dU' 

dV 

' dU_ 

y dV 

r dU_ 
dV 


= -P + T 


C 8P\ 


\ 


Jt 

\ 


= -P + T 


Jt 

\ 


\ST )y 


f 

V j 


= -P + 


Jt 


f RT^ 

vKO 


dU 

V dV j T 


= -P + P -+ 


8U 

K dV; T 


= 0 


Back to Problem 3.6 


Back to Top 


Solutions 
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3.7. Calculate the entropies of vaporization in J K 1 mol 1 of the following substances, from their boiling points and enthalpies of 
vaporization: 

Boiling Point/K Av ap ///kJ mol -1 


Cf^He 

353 

30.8 

CHCI 3 

334 

29.4 

H 2 0 

373 

40.6 

c 2 h 5 oh 

351 

38.5 


In terms of the structures of the liquids, suggest reasons for the higher values observed for H 2 0 and C 2 H 5 OH. 


Solution: 

Given: see table above 


Required: A vap S for all species in the above table 

It is possible to heat a solid sufficiently slowly at its melting point such that the equilibrium between the liquid and solid phases is hardly 
disturbed. This means that the process is reversible (ie. it follows a path of successive equilibrium states) and the latent heat of melting is 
also reversible. 


The entropy of melting (ie. fusion) is given by Eq. 3.49: 


A wS=- 


fus 


fus 


Given the data in the table above, we obtain: 

Benzene: 
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A S-^L 

A fus° “ 


fus 


A tus 5 = 


A fus S = 


30.8 kJ mol 1 
353 K 

30 800 J mol 1 
353 K 


A to S = 87.3 J K 1 mol 1 


T richloromethane : 


A S-*** 


fus 


A^ = 


A &S A = 


29.4 kJ mok 1 
334 K 

29 400 J mok 1 
334 K 


A fus 5=88.0 JK 1 mol 1 


Water: 


A S-^- 


A^ = 


A tus 5 = 


fus 

40.6 kJ mok 1 
373 K 

40 600 J mok 1 
373 K 


A fus 5 = 109 JK 1 mok 1 


Ethanol: 
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A S-^L 




A^ = 


± fus 

38.5 kJ mok 1 
351 K 

38 500 J mok 1 
351 K 


A fus 5 = 110 JK 1 mok 1 


A higher value for entropy is correlated to the nature of the hydrogen bonding in the latter two species. 

Back to Problem 3.7 Back to Top 
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3.8. Calculate the standard entropies of formation of (a) liquid methanol and (b) solid urea, making use of the absolute entropies listed in 
Table 3.2 (p. 120). 


Solution: 

Given: Table 3.2 

Required: A f S° for methanol and urea 

We have to first write down the complete and balanced equations required for the individual equation. We have seen in previous chapters 
that, 

a) For liquid methanol: 

(1) C„ l „ I +2H 2 (g)+io,(g)^CH,OH(l) 


According to Eq. 3.69 and Table 3.2; 

A f S° = ^ A / 5 10 (products) A / 5° (reactants) 

A / r=A / r(CH 3 0H,l)^f2A / S"(H 2 ,g)+iA / 5"(0 2 ,g)+A / S"(C TOll „) 
A ,S° = A ,S° (CH 3 OH. 1) - 2A / A°(H 2 , g)-T A ,S° (0 2 , g) - A ,S° (C„ MB ) 


V = 


126.80 - (2 x 130.68) - j^x 205.14-j - (5.74) 


J K 1 mol 


A f S° = -242.87 J K mol" 


b) For the formation of solid urea: 

(4 C„ li „+2H 2 (g) + io 2 (g) + N 2 (g)^H 2 NCONH 2 ( S ) 

According to Eq. 3.69 and Table 3.2; 
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A f S° = ^ A f S° (products) -^A/S 0 (reactants) 

A / S“=A / S“(H i NC0NH ! ,s)-(A / S“(N,,g)+TA / r(0 ! ,g) + 2A / r(H 2 ,g) + A / S“( c ,.ph,»( 

A / r=A / r(H 2 NC0NH 2 ,s)-A / r(N 2 ,g)-iA / r(0 2 ,g)-2A / r(H,,g)-A / S“(C OTM „) 


V" 


104.60— (191.61) 


^-x 205. 14^- (2x130.68) -(5.74) 


A f S° = -456.68 J K 1 mol 1 


J K 1 mol 1 


Back to Problem 3.8 Back to Top 
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3.9. Calculate the standard entropies for the following reactions at 25 °C: 

a. N 2 (g) + 3H 2 (g)-+2NH 3 (g) 

b. N 2 0 4 (g) — 2N0 2 (g) 

Solution: 

Given: N 2 (g) + 3H 2 (g) — 2NH 3 (g) 

N 2 0 4 (g) — 2N0 2 (g) 

Required: AS ° for both reactions 

We will first write the balanced equations for each reaction. Then apply Eq. 3.69 in order to determine the standard entropy changes for 
both A and B. 

a) (1) N 2 (g) + 3H 2 (g) — » 2NH 3 (g) 

Using Eq. 3.69 together with data from Table 3.2 we obtain, 

A S° = ^ AS° (products)-^ AS ° (reactants) 

AS° = 2 AS 0 (NH 3 , g) -(3A5° (H 2 , g) + AS° (N 2 , g)) 

A*S° = 2A5° (NH 3 , g) -3AS° (H 2 , g) - AS 0 (N 2 , g) 

A5°=[(2xl92.45)-(3xl30.68)-(l91.6l)] JK 1 moE 1 

A5° = -198.75 J K -1 moE 1 

b) (2) N 2 0 4 (g) — > 2N0 2 (g) 

Using Eq. 3.69 together with data from Appendix D we obtain, 
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A S° = ^ A S° (products) - ^ A S° (reactants) 
A5° = 2A5° (N0 2 , g) - AS° (N 2 0 4 , g) 

AS° =(2x240.1-304.2) J K 1 mol 1 
AS 0 = 176 J K 1 mor 1 


Back to Problem 3.9 Back to Top 
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3.10. 


Calculate the standard entropy for the dissociation of H 2 (g) into atomic hydrogen 2[H(g)] at 298.15 K and 1273.15 K. 
C;/JK 1 mor 1 : H 2 (g), 28.824; H(g), 20.784. 


Solution: 

Given: dissociation of Hydrogen: 7j =298.15 K T 2 =1273.15 K, Cp/JK^mor 1 : H 2 (g), 28.824; H(g), 20.784 


Required: A r S° 

As in the last few problems, we will first write the balanced equation for the reaction. 

(1) H 2 (g)-»2H(g) 

First, it is important that we determine the entropy change at the initial temperature for the dissociation of hydrogen gas. Using this value, 
we can calculate the increase in entropy for the overall increase in temperature (ie. to 1273. 15K ). Assuming that the heat capacity is 
constant throughout this temperature range and using the data given in Appendix D; 

A S° = AS° (products) A S° (reactants) 

AS° = 2AS° (H, g) - A5° (H 2 , g) 

A5° = [(2x114.717) — (130.680)] J K 1 moF 1 
A5° =98.754 IT 1 mol 1 

Beginning with Eq. 3.55, it can be integrated to yield: 


dS = 


dq dT dV 

-Ji^ = n C Vm + n R 

T ’ T V 

dT 


AS = S ! -S 1 =q , C v . — + «Rj 


r v i dV 

Jv, y 


However, we are working under constant pressure, not constant volume so we need formulate an expression in terms of Cp, m . When the 
heat capacity is independent of temperature, we may further simplify to: 
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T V 

AS = nC v In — + nR In — 

y ’ m T V 

± 1 M 

An easier way to do this is to take Eq. 2.50 (Chapter 2) and instead of writing it in terms of enthalpy, we switch the units to entropy of 
dissociation. This substitution leads to determine the entropy changes at different temperatures providing that the first has already been 
found. 

AH„(7' 2 )-AH m (T,)=f’AC,rfr 

t,I l 

A,r(r 2 )-A,r(7;)=J('^£k/r 

A r S°(1273.15 K) = A,S° (298.15 K) + J^'^k/r 

Where, A r C° = ^ . v,C° , for the reaction. Again, the heat capacity is independent of temperature therefore; 


A r S"(1273.15K) = A,S(298.15 K) + 2,v,C;J i .‘— 

A r S 0 (1273.15 K) = (98.754 J KC 1 mor 1 ) + [(2x20.784 -28.824) J K 

1273.15 


A r S° (1273.15 K) = 


98.754 + 12.744 ln- 


298.15 


J K 1 mol 1 


A r S° (1273.15 K) = [98.754 + 18.499 862] J K 1 mol -1 


A r 5° (1273. 15 K) = 117.25 J K 1 mol" 


mol ‘[jin 


1273.15 

298.15 


Back to Problem 3.10 Back to Top 
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3 . 11 . One mole of an ideal gas, with C Vm = — R , is heated (a) at constant pressure and (b) at constant volume, from 298 K to 353 K. 
Calculate AS for the system in each case. 

Solution: 


Given: Ideal Gas: n = 1 mol, C V m =-R,T { = 298 K, T 2 = 353 K 
Required: A S m in each case 

a) For one mole of Ideal Gas at constant pressure and using Eq. 3.55: 

dq dT dV 

dS = = nC + n R 

T V.m T y 

It can then be integrated to yield, 

dq dT dV 

ds = ^ev_ = nC + n R 

j V,m j, y 


AV V V TV dT ^ d( V2CIV 
AS = S 0 - S, = n C v 1- nR 

2 1 Jj. V,m j y 

Since we are working at constant pressure, we will find that; 
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Cy 

dT n rv 2 dv 

— +nR\ 


T V 

Cv,m 

dT or A S„ - T 2 

T 

Jr, 


C D 


given that C V m =-R and C P m -C V m = R; 


C V,m ~ C P,m C pm - R + ~R --R 




C/\m 


dT 


A5„=C,.lnr|“ 

AC 5 pi 353 

A S m = — R In 

m 2 298 


AS, =3.52 JK _1 mol 1 


b) Using the same method for one mole of Ideal Gas at constant volume : 


/• T~, Ct, 

as „ = l rr 


Jr, J 


given that C v m =-R 


2 

353 


= C v, m In T |2?8 

3 353 

AS = — i?ln 

2 298 


AS, =2.11 JK 1 mol 1 


Back to Problem 3.11 Back to Top 
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3.12. One mole each of Ni and Oo and — mol of Hi, at 25 °C and 1 atm pressure, are mixed isothermally; the final total pressure is 1 atm. 
Calculate AS, on the assumption of ideal behavior. 


Solution: 


Given: n H 


1 

2 


mol, n N = 1 mol, n 0 = 1 mol, T = 25° C, P = 1 atm, P tot = 1 atm 


Required: A S MIX = -R^ j x j \nx t 

i 

Total number of moles: 1+1+0. 5 = 5/2 

Mole fractions are 

0.5 1 1 

Wti 5 ? n n 9 

2 2.5 2 2.5 2 2.5 

1 12222] 

—ln — + — ln — +—ln — 

5 5 5 5 5 5_ 

AS mix = -8. 314[-0. 3219-0. 3665-0. 3665] = 8.77 e.u. 
This is the molar entropy of mixing. For 2,5 moles, 

A S MIX = 8.77 e.u.x 2.5 moles = 21.93 J K' 1 

Back to Problem 3.12 Back to Top 


as m,x =-R'Z x i h ^i = - R 
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3.13. Initially 1 mol of O 2 is contained in a 1-liter vessel, and 5 mol of N 2 are in a 2-liter vessel; the two vessels are connected by a tube 
with a stopcock. If the stopcock is opened and the gases mix, what is the entropy change? 


Solution: 

Given: n (j = 1 mol, V 0 = 1 litre, n s = 5 mol, V N = 2 litre 
Required: AS mix 

In this instance we will assume that both the oxygen and nitrogen behave ideally and are initially at equal pressure. When we allow the 
gases to mix reversibly, the volume will eventually come to equilibrium and we will be able to determine the entropy changes for either 
species according to Eq. 3.58 and Eq. 3.59: 


(1) AS 02 =n 0 R\n 


y O, +V N 2 

V n 


(1 + 2)X 


AS 0 = (l.O jadf)(8.3145 J K 1 jnof^ln [ ^ 


A S Qi =9.134 411 874 J K 1 


(1) A5 N2 =n N Rln 


^n 2 +^o 2 

K, 


A5 n ^ = (5.0 ^t5f)(8.3145 J K- 1 ^jln^^ A5 = (16.856 198 21 + 9.134 411 874) J K 


AS = A5 Nj + A5 02 


A5 m =16.856 198 21 JK 1 


AS = 25.990 610 08 J K 


AS = 25.99 J K7 1 


Back to Problem 3.13 Back to Top 
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3.14. Calculate the entropy of mixing per mole of air, taking the composition by volume to be 79% N 2 , 20% O 2 , and 1% Ar. 

Solution: 

Given: Air: Composition 79% N 2 , 20% Oo, and 1% Ar 
Required: AS mix for air 

Since we are given the relative approximations for each of the species in air, we can start off by calculating the respective mole fractions. 
This concept was seen in Chapter 1. 

n , 

x i =~ 

n 

Where, x i is the mole fraction, it is the number of moles per species and n is the total number of moles for the system. 

Nitrogen: 



n N 2 





n 


79 

*n 2 

_ 100 

-v 

= 0.79 


Oxygen: 



n <x 

* 0 , 

— 


n 


20 

*o 2 

_ 100 

^ 0 , 

= 0.20 


Argon: 
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At 

n 

1 

Too 


*Ar =0.01 


*Ar = 


*Ar = 


Since we have seen that AS mn = A S l + A S 2 + A S 3 then we can re-write the expression to get Eq. 3.65: 


AS mix =AS I +AS 2 + AS 3 


n x +n^+n 3 


AS mix = n x R In — + n 2 R In — + n 3 R In — 






AS nm =n N R\n- 


- + n M R\n 

*N, '* *0, *Ar 


■ + n 0 R\n- 


A^, mx = -R (x Ni In + x 02 In v 0i + x Ar In v Ar ) 

AS mix = -8.3145 J K 1 moE 1 [(0.791n0.79) + (0.201n0.20) + (O.OllnO.Ol)] 
AS - = 4.607 562 72 J K 1 mol 1 


AS^ (air) = 4.61 J K 1 mol 1 


Back to Problem 3.14 


Back to Top 
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3.15. From the data given in Table 3.2 (p. 120), calculate the standard entropy of formation A/ S° of liquid ethanol at 25 °C. 

Solution: 

Given: Table 3.2 
Required: A/ S° ethanol 

Remember that we have already completed this exercise for methanol! This should be a very quick review and makes use of I 
us first give the balanced reaction: 


(1) 2C„ hil , +3H ; (g) + io : (g) -> C a H,OH(l) 


graphite 


Let us use the data given in Table 3.2 to obtain, 


A/ 5° = ^ AS° (products) - ^ AS ° (reactants) 



A f S° (C 2 H 5 OH) = -345.40 J K 1 mol" 1 


Back to Problem 3.15 Back to Top 
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a o 

3.16. a. One mole of an ideal gas at 25 °C is allowed to expand reversibly and isothermally from 1 dm to 10 dm . What is AS for the gas, 


and what is AS for its surroundings? 

a o 

b. The same gas is expanded adiabatically and irreversibly from 1 dm to 10 dm with no work done. What is the final temperati 
of the gas? What is AS for the gas, and what is AS for the surroundings? What is the net AS? 

Solution: 

Given: Ideal Gas: n = 1 mol, T = 25 °C, V t =l dm 3 , V f = 10 dm 3 

Required: see above (there are two different conditions here) 
a) Ideal Gas undergoing a reversible and isothermal expansion. 

Since we are working at constant temperature, Eq. 3.51 will hold true. We will use it to calculate the entropy change for both the gas and 


AS = 19.144 844 JIC 1 

gas 

AS = 19.14 J K -1 

gas 

Let us now consider Eq. 3.70 which gives the condition for equilibrium in such a system. 

dS total =dS syst +dS sun = 0 
here, dS syst = dS gas therefore, 

AAjoj = AS gas + AS sulT = 0 

A^sun = _ AS gas 

AS sun . =-19.14 JK 1 mol 1 


the surroundings. 




b) Ideal Gas undergoing an adiabatic, irreversible expansion. 
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Remember from Chapter 3 that for an adiabatic process, A U = 0, AH = 0(due to their temperature change dependence) and we are told that 
no work is done. Since we have shown that A U = 0 , we also know that there is no change in temperature throughout the reaction. 


AU =0 

AU =mC AT = mC(T f -7)) 
AU 


mC 


■ = 0 therefore, 


T f =T =298.15 K 


Due to the fact that AS„ as can only be calculated from the reversible process it would follow: 


AS =19.14 J K 1 mol' 1 

gas 


AS tot =AS gas +AS surr =0 

dS sw = dqZ=dUZ= 0 



Back to Top 
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3 . 17 . One mole of liquid water at 0.00 °C and 1 atm pressure is turned into steam at 100.0 °C and 1 atm pressure by the following two 
paths: 

a. Heated at constant pressure to 100.0°C, and allowed to boil into steam (A vap H° = 40.67 J mol 1 at this temperature). 

b. Pressure lowered to 0.006 02 atm so that water evaporates to steam at 0 °C (A vap H° = 44.92 J mol -1 at this temperature), heated at 
the constant pressure of 0.006 02 atm to 100.0 °C, and compressed at 100.0 °C to 1 atm pressure. 

Calculate the entropy change along each path and verify that they are the same, thus proving that AS° is a state property. The Cp_,„ 
for liquid water and water vapor can be found in Table 2.1. [The paths and the enthalpies of vaporization are adapted from Table 
6.1, Gordon M. Barrow, Physical Chemistry, 5th Ed., New York: McGraw-Hill, 1988.] 


Solution: 

Given: see above, Table 2.1 
Required: AS 0 

Since we are beginning with water at 0.00 °C and 1 atm pressure and we are turning it into steam in the process, we need to consider the 
entropy changes that occur when moving between states. 

a) Heated at constant pressure to 100.0°C, and allowed to boil into steam 


AS 0 (373.15 K)/(JK 1 moE 1 ) = dT + A ™ pH 


A f 373.15 C p m(1) 


273.15 J' 


dT + 


40.67 J moE 1 
373.15 K 


AS 0 (373. 15 K)/(j K 1 mol ! ) = J 

373 1 5 R 7 

A5°(373.15 K) = 75.48 JK 1 mol 1 In ^ + 0.108 991 JK 1 mol 1 

V ’ 273.15 X 


AS°(373.15 K) = 23.66 J K 1 mol 1 


b) Pressure lowered to 0.006 02 atm so that water evaporates to steam at 0 °C, heated at the constant pressure of 0.006 02 atm to 100.0 °C 
and compressed at 100.0 °C to 1 atm pressure. 

One should recognize that changing the pressure on the surface of a liquid does not affect the entropy of the system. We must therefore 
consider the entropy changes for the vaporization process (heating the vapor at constant pressure and compressing the vapor at constant 
temperature). 
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AS°(373.15 K)/(JK 1 mol ‘) = 
AS°(373.15 K)/(JK 1 mol 1 ): 


C p M =30.54 + 10.29x10 Y 

P,m( g) 


A vap^° | [-9 C P,m( g) 


dT + i?ln- 


Yl 


44.92 J mol 1 r 373 15 C p, m (s) 


373.15 K 


- + 


J 273. 15 


dT + (8.3145 J K7 1 mor'Jln- 


A5° (373.15) = 


44.92 J mor 1 r 373.15 30.54 + 10.29 x 10 3 r 


373.15 K 


- + 


J: 


273.15 


dT 


(o Ac t i-i\i 0.00602 pkfa 

8.3145 J K 1 mol Min 

v ’ 1.00 


AS° (373.15) = 0.120 380 544 J K 1 mol 1 +30.541n 


373.15 X 


273.15 X 

+ 10.29 xlO 3 (373.15 - 273.15) K + (8.3145 J K 1 mor 1 )ln0.00602 
AS° (373.15) = (0.120 380 544 + 9.527 239 732 + 1.029-42.509 278 25)JKT‘ mol 1 
AS° (373.15) = -31.832 657 97 J K 1 mol 1 


A5° (373.15) = -31.83 JT 1 mor 1 


Back to Problem 3.17 Back to Top 
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3.18. Predict the signs of the entropy changes in the following reactions when they occur in aqueous solution. 

a. Hydrolysis of urea: H 2 NCONH 2 + H 2 0 -»■ C0 2 + 2NH 3 

b. H + + OH — ► H 2 0 

c. CH 3 COOH -► CH 3 COO + H + 

d. CH 2 BrCOOCH 3 +S 2 0 3 2 ” ->CH 2 (S 2 0 3 )COOCH 3 +Br 


Solution: 

Given: a. Hydrolysis of urea: H 2 NCONH 2 + H 2 0 — >■ C0 2 + 2NH 3 

b. H + + OH — ► H 2 0 

c. CH 3 COOH -> CH 3 COO + H + 

d. CH 2 BrCOOCH 3 + S 2 0 2 ' ->CH 2 (S 2 0 3 )COOCH 3 +Br 

Required: signs of AS 

a) For the hydrolysis of urea: 

Simply by counting the number of molecules (or moles of each species) on either side of the reaction, it is evident that there is a positive 
entropy change. The system becomes ‘more disordered’ with an increase in the number of components on the product side. 


AS = + 


b) For the formation of water: 

Here, we are taking two molecules and putting them together. However, we must also consider the fact that initially, we are working with 
ions. These ions have electrostatic interactions with one another. Electros triction is a property that dielectric materials possess. It is caused 
by the random alignment of electrical domains. Since the water molecule has less electrostatic interactions, the system becomes more 
ordered and there is a decrease in entropy. 



c) For the decomposition of acetic acid: 

We can use the same logic as we did in the previous example in order to answer part C. Since it is the reverse reaction, thus forming 
species with an increased amount of electrostriction; the system will become more ‘disordered’. This means that the change in entropy 
would be positive. 
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AS = + 


d) There is a decrease in electro striction. Therefore, the the change in entropy is positive. 


AS = + 


Back to Problem 3.18 Back to Top 


3-53 


Chapter 3: The Second and Third Laws of Thermodynamics 


Solutions 


3 . 19 . Obtain a general expression, in terms of the molar heat capacity Cp, m and temperature T i and T 2 , for the entropy increase of n mol of 


a gas (not necessarily ideal) that is heated at constant pressure so that its temperature changes from T\ to 7Y To what does your 
expression reduce if the gas is ideal? 

Solution: 

Given: n = n mol, 7j, T 2 

Required: general expression in terms of C P , m and temperature 
In Chapter 2, we saw Eq. 2.96 which states that: 


If we are assuming that the gas is ideal, then we can say that the heat capacity is independent of temperature (ie. it is constant) and the 
above expression reduces to; 



However, we know that under constant pressure, we can make the following substitution; 

^=C Pm AT 
q = AH 

q = C P m AT or dq = C p dT 


The corresponding entropy change is given by Eq. 3.68; 



T 


AS = f T 
J T 
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p/. C D 

as = 4 

Jr, j 

AS = C P ln — 

Ty 

AS = nC Pm ln^ 


Back to Problem 3.19 


Back to Top 
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i i o 

3.20. Initially 5 mol of an ideal gas, with Cy, m = 12.5 J K mol , are at a volume of 5 dm and a temperature of 300 K. If the gas is 
heated to 373 K and the volume changed to 10 dm 3 , what is the entropy change? 


Solution: 

Given: Ideal Gas: n = 5 mol, C V m = 12.5 J K 1 mol 1 , V, = 5 dm 3 , V 2 = 10 dm 3 , T x = 300 K, T 2 = 373 K 
Required: AS 

We have already seen Eq. 3.55 which states: 

dq dT dV 

dS = _Jr S}L = nC + nR 

j V,m j, y 

Upon integration and the assumption that Cy.m is independent of temperature we obtain Eq. 3.57, 

AS = nC v In — + nR In — 


10 


T V 

L \ v i 

AS = (5.0 ^«Sf)(l2.5 JK 1 jnof r )ln^^ + (5.0 ) (^8.3 145 J K" 1 ^ 

AS = (13.612 247 + 28.815 861) JK 1 


AS = 42.4 J K 


Back to Problem 3.20 Back to Top 
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* 3 . 21 . At 100 °C 200 g of mercury are added to 80 g of water at 20 °C in a vessel that has a water equivalent of 20 g. The specific heat 
capacities of water and mercury may be taken as constant at 4.18 and 0.140 J K 1 g , respectively. Calculate the entropy change of 
(a) the mercury; (b) the water and vessel; (c) the mercury, water, and vessel together. 

Solution: 

Given: T = 100 °C, m Hg = 200 g, m water/vessel = 100 g, C water = 4.18 J K 1 g \ C Hg = 0.140 J K 1 g 1 
Required: AS for a, b, c 

We are told that the heat capacities for water and mercury are constant. This is like saying that they are independent of temperature and we 
will be able to use a form of Eq. 3.57 as we have done in the previous problem. First, let us determine the final temperature of the system; 

rj-U 

mC p AT 

’n,^C r (T‘-T) = m„ l C F (T-r) 

(100 /)(4.18 JK2‘ _gA(r-20) °C = (200 /)(o,140 JKT 1 ^(lOO-r") °c 
(418 JK ')(r-20) °C = (28 JK ^(lOO-T") °C 
(14.928 57l)(r-20) °C = (l00-r) °C 

14.928 5717" -298.571 429 °C = 100 °C-T U 

15.928 5717“ =398.571 429 °C 
T“ = 25.02 °C 

a) Mercury: using a form of Eq. 3.55 
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A5 = (200 /)(0.140JK" ^)£”f 


AS = (28 JK“‘)ln 


298.17 X 
373.15 X 


AS = -6.28 J K 1 


b) Water and vessel: using a form of Eq. 3.55 



A5 = (100/)(4.18JK" ^)£"f 


AS = (418 J K ')ln 


298.17 X 
293.15 X 


AS = 7.10 J K 1 


c) Water, vessel and mercury: 

net water/vessel 

A,S net =(-6.28 + 7.10) JK 1 
AS net = 0.82 J K- 1 


Back to Problem 3.21 Back to Top 
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* 3 . 22 . At 0 °C 20 g of ice are added to 50 g of water at 30°C in a vessel that has a water equivalent of 20 g. Calculate the entropy changes 
in the system and in the surroundings. The heat of fusion of ice at 0 °C is 6.02 kJ mol, and the specific heat capacities of water and 
ice may be taken as constant at 4.184 and 2.094 J K 1 g , respectively, and independent of temperature. 


Solution: 


Given: T = 0 °C, m. = 20 g, m = 50 g, T = 30 °C, m , = 20 g, 

ice ’ice o’ water O’ water ’ vessel o’ 


'water 


water 


'vessel 


A &s tf icc = 6.02 kJ mol 1 , C lce = 2.094 J K 1 g 1 , C water = 4.184 J K 1 g 


Required: AS for the system 

In this particular problem, we will be dealing with different temperature ranges so it is important to first determine the amount of heat 
required to melt the ice or heat the water. 

The heat required to melt 20 g of ice can be found by using the heat of fusion; 

q = mCAT 
at constant T, 


c l = nA <u, H 

J71 

n = —, M =18.0152 g mol 


M 



q = 6683.245 J 


The heat required to warm up 20 g of water over a temperature range (use heat capacity); 
q = mCAT 

9 = mC water AT 

q = ( 20 /)(4.18JjT 1 ''^)(r- 0 ) X 


q = 83. 6T J 
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The heat required to cool 70 g of water from 30 °C in the vessel to T °C (use heat capacity); 
q = mCAT 

<1 = mC water AT 

q = { 70 /)(4.1SJX r ^ X )(30 -T) X 
q = 292.6 J (30- T) 

q = 8778 J- 292.6 T 

Now, we can balance out the reaction by writing: 

«A fus H +mC„„ (7- -0) = mC„„, (30-7) 

(6683.245 J) + (83.6T J) = 8778 J — 292.6 T J 

Which can then be solved for T, we obtain; 

"K S H + ™c mter (T-0) = mC watcr (30 - T) 

(6683.245 J) + (83.6 T J) = 8778 J - 292.6 T J 
83.6 T J = 2094.755 J - 292.6 T J 
376.2 T / = 2094.755 / 

_ 2094.755 
376.2 
T = 5.57 °C 

All of these processes are considered to be reversible and the heat capacities are independent of temperature (when working over a range). 
Melting 20 g of ice at constant temperature: 
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AS = — 

^^syst j, 

q = nA^H and therefore, 


AS _ nA ^ H _ m Ks H 


syst 


A^ syst = 


MT 


(20 /)(6020 J jntjf 1 ') 
(18.0152 / 273.15 K) 


AS syst = 24.47 J K- 1 


Due to the law of equilibrium, 

dS totM = dS syst + dS SUIT = 0 
dS M " = - dS* yst 
AS sun = -24.47 lip 

Cooling 70 g of water to 0 °C: 
A S=f 2< ^dT 


A S,„=mC p ,^‘A 


AS,, = 


= (70 /)(4.184JK-' )/)[ 
273.15 X 


273.15 dT 

303.15 J 


AS.,, =(292.88 JK-')ln 


303.15 X 


AS syst = -30.52 J K 
AS sulT = 30.52 JK 1 
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Heating the total amount of water (90 g) to the final temperature of the system: 


AS syst = 7.60 J K 
AS,„ it = -7.60 J K~ 

The net entropy change for this system will then be: 

AS net = AS 1 ! + A5 2 + AS 3 

AS net =(24.47-30.52 + 7.60) J K 1 


A*^ net (syst) = 1 .55 J K 1 




A»S net (surr) = -1.55 J K 

-1 

Back to Problem 3.22 



, T i\, 278.72 
AS,,, = (376.56 JK 
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Solutions 


*3.23. Calculate the increase in entropy of 1 mol of nitrogen if it is heated from 300 K to 
Cp data in Table 2.1. 


1000 K at a constant pressure of 1 atm; use the 


Solution: 

Given: n N = 1 mol, T x = 300 K, T 2 = 1000 K, P = 1 atm , Table 2.1 
Required: A S m 

The increase in entropy can be calculated by using Eq. 3.55, as well as information given in Chapter 2. 
T C 

2 P ^dT 


’-dT 


AS »=1, 

(Eq. 2.48) C Pm =d + eT + JT- 

A S„=jf +eT + fT ~ ! y 

c t 2 d rT 2 eT r T 2 fT 2 

A S m = f ~ —dT + f " — dT+ f dT 

JTj y Jr, y Jr, y 

AS, = Jln^^ + c(l000-300) + -/^ 1 

m 300 v ’ 2 


1 


AS,,, = 


1000 2 300 

(28.58) In 1 ^ + (0.003 76x700) + 5 ° 1 


vl000 300- j 


J K 1 mol 


AS_ = 36.79 J K 1 mol 1 


Back to Problem 3.23 Back to Top 


3-63 


Chapter 3: The Second and Third Lawsof Thermodynamics 


Solutions 


*3.24. The entropy change for the isothermal expansion of an ideal gas at 300 K from a particular state A to a state B is 50 J K When an 
expansion was performed, the work done by the system was 6 kJ. Was the process reversible or irreversible? If the latter, calculate 
the degree of irreversibility (i.e., the ratio of the work done to the reversible work). 

Solution: 

Given: Ideal Gas: T = 300 K state A, state B is 50 J K ', w(by system) = 6 kJ 
Required: reversible or irreversible? 

From Chapter 2, we have seen that for isothermal processes both the change in internal energy and enthalpy are equal to zero because they 
are dependent on temperature change. Let us first start by describing a reversible isothermal expansion. 

AU = <?rcv + W rcv 

AU =0 

4rev = -^rev 

since AS = -^- then, 

T 

4rev =TAS 

-w mv =TAS = ( 300 X)(50J^) 

w rev (by system) = 15 000 J or vv rct = -15 000 J 

Given that the actual work done by the system is -6000 I which is less than the value we calculated above, we know that the process is an 
irreversible one. 

The degree of irreversibility is therefore: 

Xf 

-15 X 

w 

— — = 0.4 


Back to Problem 3.24 Back to Top 
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3 . 25 . One mole of water is placed in surroundings at -3 °C, but at first it does not freeze (it remains as supercooled water). Suddenly it 
freezes. Calculate the entropy change in the system during the freezing, making use of the following data: 

C p m ( water) = 75.3 JK 1 mok 1 

C Pm (ice) = 37.7 JK 1 mok 1 

A f H (ice — » water) = 6.02 kJmok 1 atO °C 

The two Cp values can be assumed to be independent of temperature. Also, calculate the entropy change in the surroundings, and the 
net entropy change in the system and surroundings. 


Solution: 

Given: n water = 1 mol, 7 urr = -3 °C, C P values 
Required: AS 

In order to solve this problem, it is necessary to devise a process in which we can describe the freezing of water reversibly. This will take 
three steps; 

(1) Heat the supercooled water reversibly from -3 °C to 0 °C: 

AS) = \ Tl ^dT 

1 J 7] t 

A5 , = nC Pm \n 1 ± 

AS, =(l.O jatf)f)(75.3 J K 1 ^) ln 270 15 X 
AS, = 0.831 593 J KA 1 

(2) Freeze the water at 0 °C (use the enthalpy of formation): 
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q = A ias H=-A f H 

-A f H 
A S 2 = £ 

A -6020 

273.15 K 
A S 2 = -22.04 J K 1 

(3) Cool the ice reversibly from 0 °C to -3 °C: 

A S 3 = \ Tl —dT 

AS 3 = nC P m ln^f 

A 

A*S 3 =(l.O jadf)(37.7 J K 1 ^ 

A5 3 =-0.416 349 JK 1 

The net entropy change is therefore: 

AS net =A5 1 +A5 2 +A5 3 

A5 net =(0.831 593-22.04-0.416 349) J K 1 

AS net (syst) = -21.62 JK 1 


In order to determine the entropy change in the surroundings, we must first calculate all of the heat that has been gained by the environment 
in each step. 

(1) Heat the supercooled water reversibly from -3 °C to 0 °C: 


3-66 


Chapter 3: The Second and Third Laws of Thermodynamics 


Solutions 


= nC r,„A T 

q x =(l.O j»(5f)(75.3 J JZ* j»df^)(-3-0) 

Qi = -225.9 J[ 

(2) Freeze the water at 0 °C (use the enthalpy of formation): 

A , H (ice — » water) = 6 .0 1 kJ moF 1 
q 2 = nA f H 
q 2 = 6020 J 

(3) Cool the ice reversibly from 0 °C to -3 °C: 

4 3 = nC p,„A T 

q 3 =(l.O ^w5f)(37.7 J ^of f )( 0-(-3)) 
q 3 =113.1 j| 


The net heat gained by the surroundings is thus: 

A dne, = Ac/, + Aq 2 + Aq, 

A q nel =(-225.9 + 6020 + 113.1) J 
A< 7ne t ( sur r) = 5907.2 J 

The heat was gained by the surroundings at -3 °C and the entropy change is therefore given by: 
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AS 


SUIT 


AS 


SUIT 


7 'i.rr 


T 

5907.2 J , , 

x mol 

270.15 K 


A5 SU[T =21.87 JK 1 mol 1 


The net entropy change in the system and the surroundings is therefore: 

A ^net = AA net ( S Y St ) + AA net ( SU1T ) 

A5 net = -21.62 J K7 1 + 21.87 J K 1 
A5 net = 0.25 J K 1 
AS m = 0.25 J K 1 mol 1 


Back to Problem 3.25 


Back to Top 


Solutions 
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3.26. 200 cm of a 0.5 mol solution of sucrose is diluted to 1 dm by the addition of 800 cm of water. Assume ideal behavior and 

calculate the entropy change. 

Solution: 

Given: Ideal: V sucrose = 200 cm 3 , n_ = 0.5 mol, V f = 1 dm 3 , V water = 800 cm 3 
Required: AS 

In the Ideal Gas section of Chapter 3, we have been given Eq. 3.51 which applies at constant temperature. Let us assume that this is true. 

AS = nR In — 

V, 


This means that we must first determine the number of moles and knowing that the total volume is 1000 cm' we can determine the entropy 
change. 

mol X onn 1 3™ 

n = 0.5 — 7— x 1 200 cm x -7 

X 10 3 ymX 

n = 0.1 mol 

V f _ 1000 
V t 200 prf? 

V f 

AS = nR\n — 

V 


= 5 


AS = (O.l indf)(8.3145 J K 1 jndf^lnS 
AS = 1.338 167 152 J K 1 


AS = 1.34 J K _l 


Back to Problem 3.26 Back to Top 
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3.27. 


One liter of a 0.1 M solution of a substance A is added to 3 liters of a 0.05 M solution of a substance B. Assume ideal behavior and 
calculate the entropy of mixing. 


Solution: 

Given: Ideal: V A = 1 litre, C A = 0. 1 M, V B = 3 litres, C B = 0.05 M 


Required: AS mix 


Since we are working with liters and solution in Molar concentrations, we know that there are 0.1 moles of substance A and 0.15 moles of 
substance B. For substance A, the volume increases by a factor of 4. Let us again use Eq. 3.51 in order to calculate the entropy change. 


V f 

AS. =nR ln^- 
V 

y A 

AS a =(0.1 ^df)(8.3145 JK _1 
AS a =1.153 jr 1 


j 


For substance B, the volume increases by a factor of 4/3. This will give the following entropy change: 


V f 

AS r = nR\n^- 
V 

V B 

AS b =(0.15 jndf)(8.3145 JK 1 
AS B =0.359 J K 1 




The entropy of mixing will therefore be given by the total entropy change for both substances A and B. 

A5 rax =A5 A +A5 B 

A5 nilx =(1.153 + 0.359) JK 1 

AS^ =1.151 JK 1 


Back to Problem 3.27 Back to Top 


3-70 


Chapter 3: The Second and Third Laws of Thermodynamics 


Solutions 


3.28. 


Ten moles of water at 60 °C are mixed with an equal amount of water at 20 °C. Neglect any heat exchange with the surroundings 
and calculate the entropy change. The heat capacity of water may be taken to be 75.3 J K 1 mol 1 and independent of temperature. 


Solution: 

Given: n water = 10 mol, T = 60 °C, n water2 = 10 mol, T = 20 °C, C P = 75.3J K 1 mol 1 


Required: AS 

First it is important to determine the final temperature of the system. Since we are told that there is no heat exchange with the surroundings, 
we can simply take the average of the two temperatures which yields: 


T =T 

1 f Gv g 


(20 + 60) °C 
2 


= 40 °C 


The water at 60 °C can be cooled in a reversible manner to 40 °C while the water at 20 °C can be heated reversibly to the same final 
temperature. Since these processes are reversible, and the heat capacity is taken to be independent of temperature, we can use a form of Eq. 
3.57 to determine the entropy change in either case. 

T f 

A S = nC P In — 

T, 

AS 6o .c=( 1 0^tff)(75.3JK-' ^ 

AS = -46.618 629 J K 1 

60 C 


A^. c =(l0j*q(75.3JK-' jJW+jlnAlE 

A 5 20 “ C = 49 - 696 408 JK ‘ 

As we have previously seen, the net entropy change for the system is simply the addition of both entropy changes calculated above. 
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AS AS net A5 g0 „ c + AS 40 „ c 


AS = (-46.618 629 + 49.696 408) J K 1 
AS = 3.08 J K _1 


Back to Problem 3.28 Back to Top 


Solutions 
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3.29. A vessel is divided by a partition into two compartments. One side contains 5 moles O 2 at 1 atm pressure; the other, 5 moles N 2 at 1 
atm pressure. Calculate the entropy change when the partition is removed. 


Solution: 

Given: Side 1: n = 5 mole O 2 , P = 1 atm 
Side 2: n = 5 mole N 2 , P = 1 atm 

Required: A S MIX = - nR ^ x i lru ; 


Treat the gases as Ideal Gases and since they are in contact the have the same temperature. 


nRT = W 

v o 2 p 1 V N 2 - v 


So both volumes are equal. Mole fractions, 
5 1 

x n = — = — = x N 
° 2 10 2 2 


a S mix = -R% x t Inv, = -R ^-ln ~ - R |ln | = R In 2 

A S MIX = 5.76 e.u. per mole 
A S MIX =10x5.76 =57.6 JK 1 


Back to Problem 3.29 Back to Top 


3-73 


Chapter 3: The Second and Third Laws of Thermodynamics 


Solutions 


3.30. One mole of liquid water at 0 °C is placed in a freezer having a temperature of -12 °C. The water freezes and the ice cools to -12 
°C. Making use of the data given in Problem 3.25, calculate the change in entropy in the system and in surroundings (the freezer), 
and the net entropy change. 


Solution: 


Given: data from 3.25, n water = 1 mol, T = 0.00 °C, T freezeT = -12 °C 
Required: AS net 

Just as was done in problem 3.25, we will consider this system as two reversible processes. 

(1) The liquid water will freeze to become ice at 0 °C 


6020 J mol 1 
1_ 273.15 K 

AS, = -22.039 173 J K 1 moP 1 

(2) The ice is cooled reversibly to -12 °C 


AS 2 =-1.693 715 JK 1 

(3) Combine these values in order to determine the entropy change for the system 





273.15 X 
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AS (system) = AS, + A S 2 

AS (system) = (-22.039 173-1.693 715) J K 1 

AS (system) = -23.73 J K 1 

It is important to calculate the amount of heat gained by the freezer. 

<h = nA f H ice = 6020 J 

q 2 =nC Pm AT = (l.O jz«5f)(37.7 J jaof f )(0 + 12)X 
q 2 = 452.4 J 

9 freezer = 7l + C h 

^freezer =(6020 + 152.4) J 
<?,„ = 6472.4 J 

Since this heat was gained at -12 °C, we can define the entropy change as: 


^freezer ( SU1T ) 
^freezer ( SU1T ) 


7freezer 

T 

6472.4 J 
261.15 K 


AS„_(surr) = 24.78 JT 1 


The net entropy change occurring in the system and surrounding is therefore, 

A ^net ( total ) = A S„et (system) + AS na (surr) 

AS net (total) = (-23.73 + 24.78) J K 1 

AS net ( total) = 1. 05 JK 1 


Back to Problem 3.30 Back to Top 
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3 . 31 . One mole of liquid water at 0 °C is placed in a freezer which is maintained at -10 °C. Carry out the same calculations as for Problem 


3.30. 


Solution: 


Given: n water = 1 mol, T = 0.00 °C, T freezer = -10 °C 


water 


Required: AS net 

Just as was done in problem 3.25, we will consider this system as two reversible processes. 

(1) The liquid water will freeze to become ice at 0 °C 


6020 J mol 1 
1_ 273.15 K 

AS, = -22.039 173 J K 1 moP 1 

(2) The ice is cooled reversibly to -10 °C 


AS 2 = -1.406 092 J K 1 

(3) Combine these values in order to determine the entropy change for the system 


AS 2 = \ TlC ^dT 

z Jj. J 




273.15 X 
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AS (system) = A S l + A S 2 

AS (system) = (-22.039 173-1 .406 092) J K 1 

AS (system) = -23.45 J K 1 


It is important to calculate the amount of heat gained by the freezer. 
<h = nA f H ice = 6020 J 

q 2 =nC Pm AT = (l.O jz«5f)(37.7 J jaof r )(0 + 10)X 


q 2 = 377 J 

9 freezer = C l\ + 2 

=(6020+377) J 
= 6397 J 

Since this heat was gained at -10 °C, we can define the entropy change as: 


^freezer ( SU1T ) 
^freezer ( SU1T ) 


T 

6397 J 
263.15 K 


A5 freezer (surr) = 24.31 JK-' 


The net entropy change occurring in the system and surrounding is therefore, 

A^net (total) = AS nct (system) + AS net (surr) 

AS net (total) = (-23.45 + 24.31) J K 1 

AS net ( total) = 0. 86 JK 1 


Back to Problem 3.31 Back to Top 
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3 . 32 . Two moles of water at 60 °C are added to 4 mol of water at 20 °C. Calculate the entropy change, assuming that there is no loss of 
heat to the surroundings. The heat capacity of water is 75.3 J K 1 mol -1 . 


Solution: 

Given: n water = 2 mol, T water = 60 °C, n water2 = 4 mol, T water2 = 20 °C, C P = 75.3 J K 1 moF 1 
Required: AS 

This problem may be solved by using a similar method to problem 3.21. It is important to determine the final temperature of the system 
after the mixing occurs. Since we are not neglecting the heat exchange between the system and the surroundings, we cannot use the same 
method as in problem 3.28. 

nC p AT 

"water ! C p { T l~ T ) = "water2 C p { T 2~ T ) 

(2.0 j»c5f)(75.3 J K 1 60-T)°C = (4.0 mol) (75.3 J K 1 moF 1 )^ -20)°C 

(150.6 J K _1 )(60-r) = (301.2 J K ‘)(T - 20) 

(60-r) = 2(r-20) 

60 -T = 2T - 40 
100 = 3 T 

T = 33.333 333 33 °C 
T = 306.483 333 3 K 
T = 306.48 K 

Since the heat capacity is taken to be independent of temperature, we can use a form of Eq. 3.57 to determine the entropy change. 


3-78 


Chapter 3: The Second and Third Laws of Thermodynamics 


Solutions 


T f 

AS = nC„ In — 

P 

AS m „ c = (2-0 ^T)(75.3 J K- 
AS = -12.566 115 JK 1 

60 C 

AS 20 „ c = (4.0 J*sr)(75.3 J K-' j^jln 
A5 20 „ c = 13.393 784 79 J K 1 


As we have previously seen, the net entropy change for the system is simply the addition of both entropy changes calculated above. 


AS = A5 net = A5 6QOc + A5 20 „ c 


AS = (-12.566 115 + 13.393 784 79)JK 1 
AS = 0.827 669 794 J K 1 


AS = 0.828 J K 1 


Back to Problem 3.32 Back to Top 
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3 . 33 . One mole of an ideal gas is initially at 10 bar and 298 K. It is allowed to expand against a constant external pressure of 2 bar to a 
final pressure of 2 bar. During this process, the temperature of the gas falls to 253.2 K. Find A U, AH , AS, AS therm, and AS u „iv for the 
process. Assume that the thermal surroundings remain at 298 K throughout. Devise at least three different paths to accomplish this 
change and show that no matter which path is used, the desired values are the same. 


Solution: 

Given: Ideal Gas: n = 1 mol, J? = 10 bar, T = 298 K, P ext = 2 bar, P f = 2 bar, T f = 253.2 K 
= 298 K 

Required: A U, AH, AS, AS therm, and AS un i v , devise three different paths 

It is important to consider the fact that there are many reversible paths that can be taken in order to move from the initial to final state. We 
will consider four of them. 

1. It is possible to perform an isothermal expansion to the final volume. After this, we should cool the gas at constant volume until we 
reach the final temperature. 

A U = 0 we know that this is true because there is neither a change in internal energy or enthalpy when an ideal gas is subject to isothermal 
conditions. 

A U = C v m (T f -T t ) is also true for the second part of this process (under constant volume). 

By putting these two expressions together we can generate the change in internal energy for this pathway. 

AU =0+C v „(T f -T l ) 

c >A r 

AU =|(8.3145 J X^mol ‘)(253.2-298) X 
AU =-558.7 JmoF 1 
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W=0+Cr, m (T / -T l ) 

C '"' = \ R 

AH = |(8.3145 J X r mor‘)(253.2-298) X 
A// =-931.2 J mol 'I 


Under constant temperature, we have seen (from Eq. 3.94) that the entropy is given as: 
V f 

AS = nR In — 

V t 

Similarly, at constant volume, the following expression holds true; 

AS = C V .„ In A 
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V T 

AS = i?ln — + C„ In — 
V. ' T 

PV = nRT 


V = 


nRT (l j»df)(8.3145 J X 1 " ^hf f )(298 X) 


= 247.7721 J bar 


P 10 bar 

1 bar = 10 5 Pa, 1 atm = 1.01325 xlO 5 Pa, 1 atm dm 3 = 101.325 J 

l>df 1.01325x10 s l^tfndm 3 


V =247.7721 / >Xx , ... , , 

10 5 ^ 1 ptfn 101.325 / 

V t = 2.477 721dm 3 

nRTf (l ^«5f)(8.3145 J yt* JBf5f r )(253.2 X) 


V, = 


P f 


= 1052.6157 J bar 1 


V f =1052.6157 / >1^: 


V f =10.526 157 dm 3 


2 bar 

lbdf 1.01325 x 10 5 P^ 1 attn dm 3 

s/ ' x ^ 

101.325 / 


10 5 yi 1 >ttn 


AS = (8.3145 J K 1 mol 1 ) In 


10.526 157 3 

2.477 721 2 


(8.3145 JK 1 mol 1 ) In 


253.2 

298 


AS = 12.027 125 J K 1 moP 1 -2.031 820 J K 1 mol 


AS = 9.995 J K 1 moP 1 


2. The second method to arrive at the final state entails an isothermal expansion 
pressure cooling in order to attain the final temperature. 

A U = 0 we know that this is true because there is neither a change in internal energy 
conditions. 

A U =C V m (T f -T . ) is also true for the second part of this process (just as we have seen for constant volume!) 
By putting these two expressions together we can generate the change in internal energy for this pathway. 


to the final pressure. We can then employ constant 
or enthalpy when an ideal gas is subject to isothermal 
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AU =0+C v „(T f -T l ) 

AU =|(8.3145 J X r mor‘)(253.2-298) X 
AU = -558.7 J mor 1 
^H=0 + C Pm (T f -T i ) 

c '-=f* 

A// =|(8.3145 J X^mol ‘)(253.2-298) X 
A// =-931.2 J mor 1 1 

Since we know that pressure and volume have an inverse relationship, we can simply write: 

P 

AS = R In— when we are carrying out the expansion under constant pressure (rather than constant volume). The second part of the 

pathway will remain the same aside from the fact that we will be using C p m . 

P T 

AS = In — ^ + C p In — 

. f 

C '-=f* 

AS = (8.3145 J K 1 mol 1 ) In — + -(8.3145 J K 1 mol -1 ) In 

v ’ 2 2 V ’ 298 

AS = 9.995 J K 1 mok 1 

3. The third path will involve an isothermal expansion from ( P {) , V 0 ) followed by an adiabatic expansion to the final state. 
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It is important to note that we need to find the intersection of the isotherm that passes through the initial state and the adiabat that passes 
through the final state. This intersection is (P 0 , V 0 ) at 7). Using the relationships for adiabatic processes (Eq. 2.90); 


ZL 

T 


Yu 

V V fJ 


Cp ’ m and C P =^R, C v 


C, 


V,m 


2^ 5 / 5 

r ~3 x ^/ X 3 ^3 


ZL 

T 


2 

f v? 


f T \ 


\ T i J 


* 'O 


K v f) 


3 

2 


R 




f 'T \ 


\ T i j 


= 10.526 dm 3 


V n = 8.243 934 dm 3 


r 253.2 X V 
V 298 X , 


W=0 + C V ' m (T f -T i ) 

^-=f* 

AU =|(8.3145 J X r mor‘)(253.2-298) X 
AU = -558.7 J mol -1 


3-84 


Chapter 3: The Second and Third Laws of Thermodynamics 


Solutions 


AH=o+c,„(r,-7;.) 

c '-=f* 

AH =|(8.3145 J .jK mol' 1 ) (253.2 -298) X 
A// =-931.2 Jmor’l 

When determining the change in entropy, we can use the first part of the equation given in the first method, however, during the adiabatic 
expansion, there will be no change in entropy. 

AS = jR In — + 0 

V t 

8.243 934 
2.477 721 ykX 

AS = 9.995 J K 1 mol 1 

4. Constant pressure heating to the final volume followed by constant volume cooling to the 
The gas will have to be heated to T o = 1266.0 K in order for it to reach the volume of 10.526 dm 3 


final pressure. 

at 10.0 bar pressure. Therefore; 


AS = (8.3145 J K 1 mol 1 ) In 


AC/ = c„ (r„ - 7/ ) + C„, (t, - T „ ) = | * ( 1 266.0 - 298. 1 + 253.2 - 1 266.0) 
A U = -558.7 J mol 1 


AH = C p , (T„ - T) + C„ (T, - T , ) = |/i (1266.0 - 298. 1 + 253.2 - 1266.0) 
AH =-931.2 J mol 1 


AS = C P m In 


f J \ 

T 

VT 


+ C v, m ln 


f T \ 


T 

\ 1 o J 


= -Rln 
2 


f 1266.03 
v 298.0 j 


+ -R\n 
2 


f 253.2 3 

v 1266.0 j 


AS = 9.995 J K 1 mol 1 
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Yet another path we can try is constant volume cooling to the final pressure followed by constant pressure heating to the final temperature. 

In each of these cases, we have verified that A U, AH and AS are the same, thus proving that they are independent of the path taken, as any 
state property should be. We now have to find the entropy change of the surroundings. 

The actual process is the expansion of the gas against a constant external pressure of 2 bar. For this process, according to the first law, 


*V=q„-P„,(v,-V,y, Therefore, 
«f„=A£/ + J>„( V,-V) 


1 lac t 


(-558.7 J mol 1 ) + (2.0 Jxtf) x (10.526 - 2.478) 


yktr^ 

— x 

mol 



q act = 1050.9 J mol 1 


M -q act -1050.9 J mol 1 

SUrr T m 298 K 

A S sulT = -3.526 510 067 J K 1 mol 1 

AS sulT = -3.527 J K 1 moF 1 

AS imiv = AS + AS surr = (9.995-3.527)1 K 1 mol 1 

AS = 6.468 J K 1 moF 1 


Back to Problem 3.33 Back to Top 
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3 . 34 . Five moles of water at 50 °C are placed in a refrigerator maintained at 3 °C. Calculate AS for the system and for the environment, 
and the net entropy change, taking Cp for water at 75.3 J K 1 moF 1 and independent of temperature. 

Solution: 

Given: n water = 5 mol, F water = 50 °C, T fndge = 3 °C, C P = 75.3 J K 1 moF 1 
Required: AS sys , A5 rndgc (suit) , A5 net 

(1) Since the heat capacity is independent of temperature, the entropy change for the system can be defined by, 

AS = nC In ZkAeL 

SyS p rri 

± water 

AS sys = (5.0 mol)(75.3 J K 1 moi ' ) ]n 323 ] 5 
AS sys =-59.175 414 38 J K 1 
AS sys = -59.181^ 

(2) The heat accepted by the fridge can now be found. 

^fridge = n C p m AF 

bridge =( 5 -0 mol) (75.3 J KF 1 moF 1 ) (323. 15- 276.15) K 
fe dge =17695.51 

(3) Since this heat was gained at 3 °C, we can define the entropy change as: 
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A ^fndge 0 urr ) 
A ^fndge ( SU1T ) 


f/fridge 

T 

19695.5 J 
276.15 K 


bridge ( surr ) = 64.079 304 73 J K ' 
A3 frid ge ( sur r) = 64.08 J K 1 


The net entropy change between the system and surroundings is therefore, 

AS net (total) - AS sys + AS fridge (surr) 

AS net (total) = (-59.175 414 38 + 64.079 304 73) J K 1 
AS net (total) - 4.903 890 346 J K 1 
AS net (total) = 4.90 J K 1 

Back to Problem 3.34 Back to Top 
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3.35. Problem 2.32 of Chapter 2 was concerned with dropping (a) one ice cube, (b) 10 ice cubes, each weighing 100 g, into 1 kg of water 
at 20 °C. Calculate the entropy change in each case. (A//f us of ice at 0 °C is 6.026 kJ mol -1 ; Cp, m for water is 75.3 J K 1 mol -1 .) 


Solution: 

Given: Problem 2.32 
Required: AS in each case 

a) Recall that in the first case (only one ice cube), all of the ice melts and the final temperature was 12 °C (see solution to problem 2.32). 
The entropy change associated with this process can be broken down into three reversible processes. 

(1) The ice melts reversibly at 0 °C 


nA f H, 


AS, = 


T 


m 

n = — 


100 ji 


= 5.550 868 mol 


M 18.0152 £ mol 



273.15 K 


AS, = 122.438150 JK 


(2) The water is heated reversibly from 0 °C to 12 °C 
T 

AS, = nC p In — 



AS, =17.970 757 J K 


(3) 1 kg of water is cooled reversibly from 20 °C to 12 °C 
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77 

A S 3 = nC p In^r 

AS 3 = (55.508 682 jn<Sf)(75.3 J K 1 
AS 3 = -115.651 264 J K 1 



285.15 

293.15 


The net entropy change is therefore given by the sum of the entropies calculated above. 
AS net =AS 1+ AS 2 +AS 3 


AS net =(122.438150 + 17.970757-115.651264) J K 1 
AS^ = 24.76 J K 1 


b) In the second situation, only 250 g of the ice melts and the final temperature of the water ends up being 0 °C (see solution to problem 
2.32). Using the same method as above, we will break the system down into two reversible processes. 

(1) 250 g of ice melts reversibly at 0 °C 


AS, = - 


m 

n = — = 


nAjH 


250 j 


M 18.0152 mok 


= 13.877 170 mol 


A S x 
A S, 


(13.877 170 ja*5f)(6025 J f r 'J 

~ 273.15 K 

= 306.095 375 JT 1 


(2) 1 kg of water is cooled reversibly from 20 °C to 0 °C 
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T 

AS 2 = nC p ln-^j- 

A5 2 = (55.508 682 jj«5f)(75.3 J K 1 
A5 2 = -295.358 845 J K 1 



273.15 

293.15 


The net entropy change is therefore given by the sum of the entropies calculated above. 
A^nel = ASj + AS 2 

AS net = (306.095 375 - 295.358 845 J K 1 ) J K 1 
AS net = 10.74 JlP 

Back to Problem 3.35 Back to Top 


3-91 


Chapter 3: The Second and Third Laws of Thermodynamics 


Solutions 


3.36. 


The absolute entropy of nitrogen at its vaporization point of 77.32 K and exactly 1 bar is 151.94 J K 1 mol \ Using the expression 
for Cp, m for nitrogen given in Table 2.1, find the entropy of the gas at 800.0 K and 1 bar. 


Solution: 

Given: A abs S N , = 151.94 J K 1 moU 1 , T vap = 77.32 K, P = 1 bar , Table 2.1 
Required: AS of gas 

In Eq. 2.48 we are given the following expression for Cp, m : 

Cp m =d + eT + JT ~ 

For nitrogen at 800 K and 1 bar, we are given that; 

d = 28.58 J K 1 moU 1 
e = 3.76x10 3 IK’ 2 mol 1 
/ = - 5.0xl0 4 JKmoE 1 


We can substitute the expression for Cp iin into the equation that produces the value for entropy at a single given temperature. 


T f C D 


S°(800 K) /( J K- 1 mor' ) = A, b ,S“ + J/ -+V7 


S°(800 K) / (j K7 1 moU 1 ) = 151.94 + J 


800 K 
77.32 K 


(28.58 + 3.76xl0^ 3 T-5.0xl0 4 /r 2 ) 


■clT 


5°(800 K) = 151.94 + 


800 K 


(28.58) 


77.32 K J 1 


/•80I 

dT+ [ 

J77.: 


800 K 
.32 K 


(3.76x10 3 r) 


/• 801 

dT-\ 

J77.: 


800 K 
.32 K 


(5.0xio 4 /r 2 ) 


dT 


S°(800 K) = 217.3 JK 1 mol 1 


Back to Problem 3.36 Back to Top 
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3.37. Calculate A G° at 25 °C for the following fermentation reaction: 

C 6 H 12 0 6 (aq) -> 2C 2 H 5 OH(aq) + 2C0 2 (g) 

glucose ethanol 

The standard Gibbs energies of formation of glucose, ethanol, and carbon dioxide are given in Appendix D. 
Also use the data in Appendix D to calculate AS 0 for the fermentation reaction. 

Solution: 

Given: Appendix D 
Required: AG°, AS° 

By using Appendix D and Eq. 3.91, we will be able to determine the standard change in Gibbs Energy. Given that; 
C 6 H 12 0 6 (aq) — » 2C 2 H 5 OH(aq) + 2C0 2 (g) 

glucose ethanol 

A / G(C 6 H 12 0 6 , aq) = -910.4 kJ moE 1 
A / G(C 2 H 5 OH, aq) = -181.64 kJ mol 1 
A / G(C0 2 , g) = -394.36 kJ mol 1 
A G° = ^A / G(products)-^A / G(reactants) 

AG° = 2A / G(C0 2 , g) + 2A / G (C 2 H 5 OH, aq) - A / G(C 6 H 12 0 6 , aq) 

AG° = (2 x -394.36 kJ moE 1 ) + ( 2 x -1 8 1 .64 kJ mol 1 ) - (-9 10.4 kJ mol 1 ) 

AG° =-241.6 kJ mol 1 


We may also use Appendix D and a similar equation for the standard enthalpy change in order to determine the standard entropy change. 
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Solutions 


C 6 H 12 0 6 (aq) — » 2C 2 H 5 OH(aq) + 2C0 2 (g) 

glucose ethanol 

A / //(C 6 H 12 0 6 , aq) = -1273.3 kJmor 1 
A f H (C 2 H 5 OH, aq) = -288.3 kJ mol 1 
A f H(C0 2 , g) = -393.51 kJ mol 1 
A H° = ^A y i7 (products) -^A^// (reactants) 

AH° = 2A f H (C0 2 , g) + 2A f H (C 2 H 5 OH, aq)-A / //(C 6 H 12 0 6 , aq) 

AH 0 = (2x -393.5 1 kJ mol 1 ) + (2x -288.3 kJ mol 1 ) -(-1273.3 kJ mol -1 ) 
AH° = -90.32 kJ moF 1 

Rearranging the Gibbs Free Energy equation, we obtain, 

AG = AH -T AS 
AG° = AH°-TAS° 


T 

[-90.32 -(-241.6)1 kJ mol 1 

AS° = J= ^ ^ 

298.15 K 

AS° = 507.4 J K 1 moF 1 

Back to Problem 3.37 Back to Top 
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3.38. The latent heat of vaporization of water at 100 °C is 40.6 kJ mol 1 and when 1 mol of water is vaporized at 100 °C and 1 atm 
pressure, the volume increase is 30.19 dm 3 . Calculate the work done by the system, the change in internal energy A U, the change in 
Gibbs energy AG and the entropy change AS. 

Solution: 

Given: A mp H = 40.6 kJ mol 1 , T = 100 °C, n water = 1 mol, P = 1 atm, AV = 30.19 dm 3 
Required: w, A U, AG, AS 

Since there is pressure-volume work done on the system, we can determine the work done according to; 
w = PAV 

w = (l atm) (30. 19 dm 3 ) 
w = 30.19 atm dm 3 
1 atm dm 3 = 101.325 J therefore, 

101.325 J 

w = 30.19 jterdm x — - 

1 jjtertfirr 

w = 3059 J 

Since it is already for 1 mole of water then we can say that, 
w = 3059 J moT) 

Recall from Chapter 2 the following equation, 

AH =AU + A(PV) 

AU = AH - A (PR) 

A U = 40 600 J mol -1 -3059 J mok 1 
AU =31 541 J mol 1 
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Let us now use the Gibbs Free Energy equation: 


AG = AH -T AS 


AG = 0 


AS = 


AS = 


AH -AG 
T 

40 600 J moL 1 
373.15 K 


AS = 108.8 J K 1 moL 1 


Back to Problem 3.38 


Back to Top 
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3.39. 


On pages 115-116 we worked out the AS values for the freezing of water at 0 °C and at -10 °C. What are the corresponding AG 
values? 


Solution: 

Given: pages 115-116 
Required: AG values 

Using Example 3.6 on page 1 15, we can see that the enthalpy and entropy values have already been worked out. We can therefore 
determine the change in Gibbs Free Energy by using our well known equation which will be given below. From the text we have; 

a) The entropy change in the reversible freezing water at 0 °C : 

AS _ frus _ 6020 J mo1 ' 

2 T 273.15 K 

A S 2 = -22.039 172 62 J K 1 mol 1 

= q fus 

A fus H = 6.02 kJ mol 1 
AH (freezing) = -6.02 kJ moE 1 
AG = AH -T AS 

AG = (-6020 J mol” 1 ) -(273.15 X)(~22.039 172 62 J X^mol 1 ) 

AG = 0 J mol 1 

b) The net heat transferred to the surroundings at the constant temperature of -10 °C : 
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ffsuiT + <?fus + ^gained - (~753 + 6020 + 377) J mol 1 

AH = f/surr + <7fus + ^gained 

AH = 5644 J mol 1 
AH (freezing) = -5644 J mol 1 
A S sys = -20.64 J K 1 mol 1 
AG = AH -T AS 

AG = (-5644 Jmor 1 )-(263.15 X)(~20.64 J ^ mol 1 
AG = -212.58 Jmor 1 

Back to Problem 3.39 


Back to Top 
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a 

3.40. At 25 °C 1 mol of an ideal gas is expanded isothermally from 2 to 20 dm . Calculate A U, AH, AS, A A, and AG. Do the values depend 
on whether the process is reversible or irreversible? 


Solution: 

Given: Ideal Gas: n = 1 mol, T = 25 °C, V t =2 dm 3 , V f = 20 dm 3 
Required: A U, AH, AS, A A, and AG 

It is important that you remember from Chapter 2 that during an isothermal compression or expansion, the change in both the internal 
energy and enthalpy are equal to zero due to their temperature dependence. 

A U m = CAT 

AT = 0 and therefore. 


A U.„ = 0 


AH „ = JVC + a 


AH. =0 


From Eq. 3.45 we are given that, 

f B dq™ 


AS 


A— >B 


Ja t 


The process is an isothermal expansion so the gas is being taken from state A to state B. We can now solve the integral but A and B will 
represent the change in volume which means that a new expression must be formulated. For an Ideal Gas, we will use Eq. 3.50; 


3 

__2 

V v i? 


*7 rev = nRT ln 

I 

Since the temperature is constant, the entropy change is simply the reversible heat absorbed divided by the temperature which leads to, 
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AS = nR\n 


\ v ij 


AS = (l jnt5f)(8.3145 JK' 1 


AS = 19.14 J K 1 
AS m =19.14 JK 1 moF 1 



' 20 ^ 


The equation of state (Eq. 3.86) defines the Helmholtz energy and states that: 

A = U-TS 
AA = AU -TAS 


Since we have already determined that the internal energy is equal to zero, 
AA = -TAS 

AA = -(298.15 X)(l9.14J X^mol ') 

AA = -5708 J mol 1 
A A = -5.71 kJ moE 1 

The Gibbs energy can now be found using Eq. 3.80, 

AG = AH -TAS 


Remember that the change in enthalpy is also equal to zero. 

A G = jAtf-TAS 
AG = TAS 

AG = (298.15 X)(l9.14J X^moE 1 ) 

AG = 5.71 kJ moE 1 1 
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All of the quantities calculated above are state functions. This means that the values are not determined by the way in which the process is 
carried out. 

Back to Problem 3.40 Back to Top 
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3 . 41 . The values of AH and AS for a chemical reaction are -85.2 kJ mol 1 and -170.2 J K 1 mol -1 , respectively, and the 

values can be taken to be independent of temperature. 

a. Calculate AG for the reaction at (a) 300 K, (b) 600 K, and (c) 1000 K. 

b. At what temperature would AG be zero? 


Solution: 

Given: AH = -85.2 kJ mol 1 , AS = -170.2 J K 1 
Required: AG, at a, b, c and AG=0 where? 

a) Using Eq. 3.80 at 300 K, 

G = H-TS 
AG = AH -T AS 

AG = (-85 200JmoE 1 )-(300 X) (-170.2 J X^mol 1 ) 
AG = -34 140J mol' 1 
AG = -34. 14 kJ mol" 1 

b) Using Eq. 3.80 at 600 K, 

G = H - TS 
AG = AH -T AS 

AG = (-85 200 JmoE 1 )-(600 X) (-170.2 J 
AG = 16 920 J mol 1 
AG = 16.92kJ mol 1 

c) Using Eq. 3.80 at 1000 K, 
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G = H-TS 
AG = AH -T AS 

AG = (-85 200Jmor 1 )-(l000 X) (-170.2 J junior 1 ) 
AG = 85 000 J mol 1 
AG = 85. 00 kJ mol 1 


The change in Gibbs energy will be equal to zero when, 

AG = AH -TAS 

0 = AH - TAS 
AH = TAS 


AS 

T _ -85 200 J mor 1 
~ -170.2 J K 1 moG 1 
T = 500.6 K 


Back to Problem 3.41 
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3 . 42 . The standard Gibbs energy for the combustion, A C G°, of methane has been measured as -815.04 kJ moE 1 at 25.0 °C and -802.57 
kJ mol 1 at 75.0 °C. Assuming that Eq. 3.169 applies and that A C G° changes linearly with temperature in this range, estimate the 
enthalpy of combustion at the midpoint of this temperature range, i.e., 50.0 °C. 


Solution: 

Given: methane: A c G° = -815.04 kJ mol" 1 , T = 25 °C, A c G° = -802.57 kJ mol" 1 , T = 15 °C, Eq. 3.169 
Required: AH 

Eq. 3.166 gives us an important thermodynamic relationship which is called the Gibbs-Helmholtz Equation. 
AH 


" 5 

1 

< 

_8T 

l t 


We can write. 


" d 

f AG^j 

AH 

8T 

l T J 

rpl 

-P 1 

" 8 

( AG^j 

1 

8T 

l T J 

T -T 

Ap 1 2 1 \ 


A c G 2 ° A t .G; 


V T 2 T\ j 


A H° 


T is the midpoint of the temperature range (50.0 °C). In the limit AT — > 0 we will obtain the following; 
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" d 

1 

<i 

8T 

l T )_ 

" 8 

1 

< 

8T 

l T )_ 

" 8 

f A G\ 

8T 

{ T 


1 

T^T, 


A A° A c G{ 


o A 


L 2 *1 V 2 

1 


A H° 


i J 

f 


348.0 K- 298.0 K 


-802.57 kJ mol" 


V 


; 8.576x10 3 kJK 1 mol 1 =- 


348.0 K 
A H° 


A f //° =-(8.576x10 3 kJK 1 mok'Jr 2 

A c //° =-(8.576x10 3 kJ X r mol ')(323.0 X)’ 


A H° = -894.72 kJ mol" 


Back to Problem 3.42 


Back to Top 


-815.04 kJ mok 1 ^ 
298.0 K , 
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3 . 43 . The heat of vaporization of water at 25 °C is 44.01 kJ mol -1 , and the equilibrium vapor pressure at that temperature is 0.0313 atm. 
Calculate AS, AH, and AG when 1 mol of liquid water at 25 °C is converted into vapor at 25 °C and a pressure of 10~ 5 atm, assuming 
the vapor to behave ideally. 


Solution: 

Given: A vap // water = 44.01 kJ mol" 1 , T = 25 °C, P eq = 0.0313 atm, n water = 1 mol, P = 10 5 atm 
Required: AS, AH, and AG 

For the conversion of water to vapor at 25 °C and 0.0313 atm, 

AH mp (water) = 44.01 kJ mol" 1 
ap A^F 

T - T 

A P _ 44 010 J mol" 1 
298.15 K 

AS = 147.610 263 3 JK 1 mol" 1 

AS = 147.61 J K" 1 mol" 1 
AG = AH -T AS 

AG = (44 010 J mol" 1 ) -(298. 15 X)(l47.610 263 3 J X^mol" 1 ) 

AG = o| 

However, under a reversible isothermal expansion from 0.0313 atm to 10 5 atm we will obtain, 
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AH = o| 

AS,„=[ 


b dq. 
a T 


vap 


q = nRTlnl — 


AS = R\n 


[ 2 y 

p 


= (8.3145 J K 1 mol -1 ) In | 


0.0313 


■\ 


10 


A5„„ = 66.921 650 18 J K 1 mol 1 


AA = 66.9 J K 1 mol 1 


However, for the entire entropy change in the system, we will have to add up the last two entropies calculated to get, 

A5 tot =(66.921 650 18 J K 1 mol^ + ^.OlO 263 3 J K 1 mol 1 ) 

AS tot = 214.531 913 5 J K 1 mol 1 
A5 tot = 214.5 J K 1 moH 1 
AG = AH -T AS 

AG = (44 010 Jmor‘)-(298.15 X)(214.531 913 5 J ^mol 1 ) 

AG = -19 952.690 01 J mol 1 
AG = -19.95 kJ mol 1 


Back to Problem 3.43 Back to Top 
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3.44. For each of the following processes, state which of the quantities A U, A H, AS, Apimd A G are equal to zero: 

a. Isothermal reversible expansion of an ideal gas. 

b. Adiabatic reversible expansion of a nonideal gas. 

c. Adiabatic expansion of an ideal gas through a throttling valve. 

d. Adiabatic expansion of a nonideal gas through a throttling valve. 

e. Vaporization of liquid water at 80 °C and 1 bar pressure. 

f. Vaporization of liquid water at 100 °C and 1 bar pressure. 

g. Reaction between FF and O 2 in a thermally insulated bomb. 

h. Reaction between H2SO4 and NaOH in dilute aqueous solution at constant temperature and pressure. 


Solution: 

Given: see above 

Required: U, AH, AS, Ap]md A G are equal to zero where? 

a. Isothermal reversible expansion of an ideal gas 

— > A U and AH since they are temperature dependent and if there is no change in temperature, then they must be equal to zero. 

b. Adiabatic reversible expansion of a nonideal gas. 

— » AS will be equal to zero due to the nature of the expansion. 

c. Adiabatic expansion of an ideal gas through a throttling valve. 

— » AH will be equal to zero 

d. Adiabatic expansion of a nonideal gas through a throttling valve. 

— > AH will be equal to zero 

e. Vaporization of liquid water at 80 °C and 1 bar pressure. 

None of the above will be equal to zero. 

f. Vaporization of liquid water at 100 °C and 1 bar pressure. 

— » AG due to the fact that here, the system will be at equilibrium 
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g. Reaction between Lb and O2 in a thermally insulated bomb. 

— » A U will be equal to zero 

h. Reaction between H2SO4 and NaOH in dilute aqueous solution at constant temperature and pressure. 
None of the above will be equal to zero. 

Back to Problem 3.44 Back to Top 
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3.45. Calculate the change A G m in the Gibbs energy of 1 mol of liquid mercury initially at 1 bar pressure if a pressure of 1000 bar is 
applied to it. The process occurs at the constant temperature of 25 °C, and the mercury may be assumed to be incompressible and to 


Solution: 

Given: n Hg = 1 mol, P t = 1 bar, P ext = 1000 bar, T = 25 °C, p Uo =13.5 g cm 3 

Required: A G m 
Eq. 3.154 states that, 
dG = V m dP 

This means that under the isothermal conditions, we can write; 


have a density of 13.5 g cm . 



AG = f VdP 



A G.=V. (/>„-/;) 

A G„=V m {P m -P,) 


We must first determine the molar volume for the liquid mercury. Since we are given the density, this can be easily determined. 
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p Hg =13.5 gem- 

_ m 
Ar g =- 

m = nM 

M (200-6 j m °l ) 

Ai, (13.5 i cm ' ) 

V m = 14.859 259 cm 3 mor 1 
since 1 cm 3 =1.0xlCT 6 m 3 

V m = 14.859 259 prf? mor 1 x 1 ' Qxl ° m 

J^etrr 

V =1.486xl0- 5 m 3 mol 1 

m 

Now substituting all the appropriate values into the expression derived above we obtain, 
AG =V (P ,-P) 

AG m = (1.486 xlO 5 m 3 mol ^lOOO-^bar 
AG m = ( 1.486 x 10 -5 m 3 mol 1 ) (999 bar) 

A G m = 0.014 844 4 m 3 bar moP 1 
1 bar = 10 5 Pa, 1 Pa m 3 = 1 J 
A G m = (0.014 844 4 m 3 Jxtf mol’^lO 5 Pa 
AG = 1 484.44 Pa m 3 mol 1 

m 

AG = 1 484.44 J mol 1 

m 

AG, , = 1.485 kJ moG 1 

m 

Back to Problem 3.45 Back to Top 
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3 . 46 . The entropy of argon is given to a good approximation by the expression 

S, „/J K 1 mol" 1 = 36.36 + 20.79 ln(77K) 

Calculate the change in Gibbs energy of 1 mol of argon if it is heated at constant pressure from 25 °C to 50 °C. 

Solution: 

Given: SJJ K 1 moE 1 = 36.36 + 20.79 ln(77K) 

^ argon = 1 mol, T, = 25 °C, T f = 50 °C 
Required: AG 

Just like in the previous problem which dealt with mercury at constant temperature, we will begin by defining the Gibbs energy as a partial 
differential. Eq. 3.161 describes Gibbs energy at constant pressure. 

f^O = _c 

l dT ) P 

Since we have been given an approximation for entropy, let us say: 

S m / J K 1 mol 1 = 36.36 + 20.79 In (T / K) 

A = 36.36 J K 1 mol 1 
B = 20.79 J K 1 moE 1 

We can now take the integral of both side of Eq. 3.161 in order to obtain, 
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AG, = f-S m dT 

m J m 

AG ..=-C> +sln7 ') rfT 

ag„, = -[Ar + s(rinr-r)] 

i 323 15 

&G,„=-[AT + BT\nT-BT] | mij 
AG,„=-AT-BT\nT + BT 

i3?3 1 S 

AG =-(A-B)T-BT\nT " 

m v > 1298.15 

AG„, =-(36.36-20.79) J mol 1 x (323.15 -298.15) X 

- (20.79 J mol 1 ) (323. 15 x In (323. 15) - 298. 15 x In (298. 15)) X 

A G m = -389.25 J mol 1 -3 502.281 785 J mol 1 
AG =-3 891.531 785 Jmol 1 

m 

AG m = -3.89 kJ mol 1 

Back to Problem 3.46 Back to Top 
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3.47. Calculate the absolute entropy of SO 2 (g) at 300.0 K and 1 bar given the following information: S°(15.0 K) = 1.26 J K 1 mol 
C P , m ( s) = 32.65 J KT 1 mol -1 , r fas = 197.64 K, A ius H° = 7 402 J mol -1 , C P , m ( 1) = 87.20 J KT 1 mol -1 , T vap = 263.08 K, A vap //° = 24 937 
J mol -1 , Cp.m(g) = 39.88 J KT 1 mol -1 . 


Solution: 

Given: see above 
Required: AS abs 

The absolute entropy of S02(g) at 300.0 K and 1 bar can be calculated using the following: 

S°(300 K)/(j KT 1 mol 1 ) = S° (15.0 K)+f rfus Cpjn ^ \ lT + AfusH + f r ' ap Cp ’ m ^ d T 

V ’ V / V ' Jl5.0K J J )T f ^ J 

+ A ^ H ° + [ 7vap Cp ’ m ( g \ iT 

Now we can simply substitute all of the values given in the problem into the equation stated above. Since we are asking for the absolute 
entropy of this compound in the gaseous phase, we must consider the changes that accompany each phase that comes before it. This is why 
all of the information given above is important. 
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clT 


24 937 r 3oo.o 39.88 _ 

H ClT 

263.08 J 26308 T 


3oo.o 39.88 


, , (\ 97 643 

S° (300.0 K) / ( J K 1 mor 1 ) = 1 .26 + 32.65 x In ^ ^ q j + 37.45 1 932 


+ 37.451 932 81 + 87.20xln 


f 263.08 3 
v 197.64, 


( 300 0 3 

+94.788 657 44 + 39.88 x In 


^263.08 ) 

S° (300.0 K)/( JK mol 1 ) = 1.26 + 84. 184 661 82 + 37.451 932 81 + 24.940 156 97 

+94.788 657 44 + 5.237 213 332 
5° (300.0 K) / ( J K 1 mol 1 ) = 247.862 622 4 

5° (300.0 K) = 247.86 J K 1 mol 1 

Back to Problem 3.47 Back to Top 
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3 . 48 . Initially at 300 K and 1 bar pressure, 1 mol of an ideal gas undergoes an irreversible isothermal expansion in which its volume is 
doubled, and the work it performs is 500 J mol -1 . What are the values of q, A U, AH, AG, and A 5? What would q and w be if 

the expansion occurred reversibly? 


Solution: 

Given: Ideal Gas: n = 1 mol, P = 1 bar, T = 300 K, AV = 2, w = 500 J moF 1 
Required: q, A U, AH, AG, and AS and q & w (reversible) 

Under the irreversible isothermal conditions: 

Remember that we have seen numerous times that A U and AH are equal to zero due to the fact that A U = C V AT and AH = C P AT . Since 
they are dependent on temperature change, it is obvious that these will be equal to zero under isothermal conditions whether they be 
reversible or irreversible. 


AU = 0 
AH =0 

From the equation which describes the change in internal energy, we can determine the work and heat. 

AU =w+q 
AU = 0 therefore, 
q = -w 

q = 500 J moF 1 

Remember to read carefully and understand that the system is doing work and therefore, that would mean that the value they give us should 
actually have the opposite sign. This is why the heat has a positive value. 



q = nRT In V 

For a single mole and at constant temperature this expression comes down to, 
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q = nRT In V 
AS = 7?lnVf 2 


AS = (8.3145 J K -1 mol 1 )ln(2) 

AS = 5.763 J K 1 mol 1 

With all of the above information we are now able to calculate the change in Gibbs energy according to Eq. 3.80. 

G = H-TS 
A G = jAff-TAS 
AH =0 
AG = -TAS 

AG = -(300 X)(5.736 J moV 1 ) 

AG = -1728.95 J mol 1 
AG = -1.73 kJ moE 1 

Under reversible conditions, we can assume the following; 

AH =AU + A(PV) 

AH =AU+w rev 

AG = AH - T AS -A AH = AG + TAS 
JS(1 + TAS= jAtf + w rev 
>v re y =TAS 

w rcv =1.73 kJ moE 1 

And using the expression we originally found between work and heat, 
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w rev =1.73 kJ mol 1 

7 rev = - W ,-cv 

q KV = -1.73 kJ mol -1 


Back to Problem 3.48 


Back to Top 


Solutions 
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* 3 . 49 . At 100 °C 1 mol of liquid water is allowed to expand isothermally into an evacuated vessel of such a volume that the final pressure 
is 0.5 atm. The amount of heat absorbed in the process was found to be 30 kJ mof '. What are w, A U, AH, AS, and AG? 


Solution: 

Given: n water = 1 mol, T = 100 °C, =0, P f = 0.5 atm, q = 30 kJ mok 1 

Required: w, A U, AH, AS, and AG 

In an evacuated vessel, P ext = 0 , which implies that no work is done. 
w = 0 

We can use a very familiar equation from Chapter 2 to determine the change in internal energy. 

A U =w+q 
since w = 0 then, 

A U=q 

A U = 30 kJ mok 1 

At 100 °C, liquid water will begin to go into the vapor phase. When we are working under these conditions, we can make the following 
approximation: 
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(1) H 2 0(l, 100 °C) H 2 0(g, 100 °C, 1 atm) 

AH = AU + A(PV) 

A(PV) = AnRT 
AH =AU + AnRT 
An = 1 

AH =(30 000 J mol 1 ) + (8.3 145 J mol 1 ) (373. 15 X) 

AH =33 102.555 68 Jmol 1 
AH =33.10 kJ mol 1 


In order to determine the change in entropy, we should consider this process to be both isothermal and reversible. This will enable us to use 
the following expression: 

(1) H 2 0(l, 100°C, 1 atm) — » H 2 0(g, 100°C, 1 atm) 

, \ A H, 

AS) (evaporation) = — 

A n I . v 40 600 J mor 1 

AS, evaporation = 

1V ’ 373.15 K 

AS ] (evaporation) = 108.8 J K 1 mol -1 

(2) H 2 0(g, 100 °C, 1 atm) -> H 2 0(l, 100 °C, 0.5 atm) 



^7rev ~ = wRT In V 
AS 7 = S! In — 

v; 

AS 2 = (8.3145 J K 1 mor 1 )ln(2) 
AS 2 = 5.76 J K 1 mol 1 


3-120 


Chapter 3: The Second and Third Laws of Thermodynamics 


Solutions 


Since the pressure is decreasing by one half, it would follow that the volume would double during the process, this is why we are not 
directly using the pressure values. Now we can determine the net change in entropy. 

AS net = AS 1 + AS 2 

AS net = (108.8 + 5.76) IT 1 mol 1 

AS net =114.6 JK 1 mor 1 


The Gibbs energy can be found according to Eq. 3.80: 

G = H - TS 
AG = AH -T AS 

AG = (33 100 J mol" 1 ) -(373.15 X)(86.16J X^moE 1 ) 
AG = 949.396 J moE 1 

Back to Problem 3.49 Back to Top 
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* 3 . 50 . Water vapor can be maintained at 100 °C and 2 atm pressure for a time, but it is in a state of metastable equilibrium and is said to be 
supersaturated. Such a system will undergo spontaneous condensation; the process is: 

H 2 0(g, 100 °C, 2 atm) -> H 2 0(1, 100 °C, 2 atm) 

Calculate A H m , A S m , and A G m . The molar enthalpy of vaporization A wap H m is 40.60 kJ mol 1 ; assume the vapor to behave ideally 
and liquid water to be incompressible. 


Solution: 

Given: see above 
Required: A H m , A S m , and A G m 

In order to solve this problem, we must break down the process into three distinct and reversible steps. 

(1) H 2 0(g, 100°C, 2 atm) -> H 2 0(g, 100°C, 1 atm) 

AH l = 0 

AS, = Rln (Eq. 3.94) 

AS, =(8.3145 J K 1 mol ' )ln 2 ^ 

V ’ \ p tiff 

AS, =5.763 172 J K 1 mol 1 

AG, = pH^-T AS , 

AG, =-(373.15 X)(5-763 172J JC^mor 1 ) 

AG, =-2150 J mol 1 

Recall that for an isothermal process, there is no change in enthalpy. 
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(2) H 2 0(g, 100°C, 1 atm) — » H 2 0(l, 100°C, 1 atm) 


AH 2 = ~A mp H m = -40 600 J mor 1 


A S 2 (condensation) 

A S 2 (condensation) 
AS 2 (condensation) 


A vap^,„ 

T 

40 600 J mol 1 
373.15 K 

-108.803 430 J K 1 mor 1 


AG 2 =0 


For a reversible process at constant T and P, there is no change in Gibbs energy. 
(3) H 2 0(1, 100°C, 1 atm) -> H 2 0(l, 100°C, 2 atm) 


The enthalpy, entropy and Gibbs energy changes are negligible for this particular step of the process. We can now sum up all of the values 
in order to determine the A H m , A S m , and AG m . 

ah„=^<+ah 2 +^< 

A H m = -40.6 kJ 

AS m =(5.763 172-108.803 430+ ^sf) J K 1 
AS m = -103 J K 1 
AG m =AG 1+ >< + >< 

AG m = -2150 J 
AG m = -2.15 kJ 


Back to Problem 3.50 Back to Top 
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* 3 . 51 . Initially at 300 K and 10 atm pressure, 1 mol of a gas is allowed to expand adiabatically against a constant pressure of 4 atm until 
equilibrium is reached. Assume the gas to be ideal with: 

C P , m /J K 1 mol -1 = 28.58 + 1 .76 x 10' 2 77K 

and calculate A U, AH , and AS. 


Solution: 


Given: T = 300 K, P j = 10 atm, n = I mol, P f = 4 atm 
Required: A U, AH, and AS 

Remember from Chapter 2, that an adiabatic process is one that occurs in a vessel whose walls are perfectly insulating so that no heat can 
pass through them. In short, there is no heat exchange between the system and the surroundings. Normally, we know that, 
dU =dq- PdV however, since dq = 0 then we can determine the change in internal energy according to the following: 


A U=f T 'C v „dT 


C P,m~ C V,m ~ R 

Cv,m = Cp m 


C V m = [(28.58 + 1.76 X 10 2 k / k) - 8.3 145 J J K 1 mok 1 
C V m =(20.2655 + 1.76x10 2 77K) J K 1 mok 1 


Since we have only been given the initial temperature, we can rearrange the expression using Eq. 2.81 in order to make use of the pressure 
values stated above. 

nC Vm dT + PdV = 0 
(l mol)C v m dT = -P f dV = dw 

AU m = (20.2655 + 1.76 x 10 2 k / k ) dT 

AU m =-['P f dV 

AU -=~ P f\l' dV 
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Assuming that the gas is ideal, we can use the Ideal Gas Law in order to finish solving this integration. 
PV = nRT 


M 

P i ' P f 


W m =~P f 


f RT f RT 


p p 

V / ' J 


AU, = -4 atmx 8.3145 J K ‘mol 


At/ = -4 atm x 8.3 145 J K ‘mol 


300 K 


v 4 atm 10 atm , 


Tf 30 K 


4 atm 1 atm 


Now we can use the initial expression found for the change in internal energy. We can set both equations equal to one another in order to 
solve for the final temperature. 


A U m = 020.2655 + 1.76 x 10‘ 2 T / K )dT 
A U m = 20.2655(7} -7)) + ^1.76xl0" 2 (?} 2 -T 2 ) 

AU m =20.2655(7} -300) + 0.008 98(r 2 -300 2 ) 

20.2655(7} -300) + 0.008 980 -300 2 ) = -4 >tt^x8.3145 J mol 1 
20.2655 T f -6079.65 + 0.008 98T 2 -808.2 = -8.3 1457’- +997.74 

J f J 

0.008 98T 2 + 28.587} -7885.59 = 0 

/ J 


^athT 


30 X" 
1 >tfn y 


This can be solved using the quadratic equation. 
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- b±\]b 2 -4 ac 

x = 

2 a 

^ _ -28.58 ± ^28.58 2 - 4 x 0.008 98 x (-7 8 85.59) 

7 _ 2x0.008 98 

_ -28.58 ±33.167 254 83 
f ~ 0.017 96 

taking the positive root, 

T f = 255.415 079 6 K 

AU m =20.2655(255.415 079 6 - 300) + 0.008 98(255.415 079 6 2 - 300 2 ) 
A£/=-l 125.908 676 J mol 1 

m 

A U m = -1 125.9 J mol -1 


A7/ m =28.58(255.415 079 6 - 300) + 0.008 98(255.415 079 6 2 - 300 2 ) 
A H m = -1496.609 996 J mol 1 
A H m = -1496.6 J mol -1 
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For 1 mol of ideal gas, PV m = RT 
d ( PV m ) = RdT = PdV + VdP 

\ m / mm 


RT 

PdV m = RdT -VJP = RdT — ydP 


dU,„ + RdT - 


RTdP 


dS,„ = ■ 


Cpm -dT--dP 


A S m / J K 1 moF 1 = f 

J - 


T TP 

255.3 28.58 + 0.01767 

300 


dT -8.3 145 In 


f _4 ) 

K 10y 


AS,,, / J K 1 mol 1 =28.581n 


255.3 

300 


+ 0.0176(255.3 -300) + 7.618 499 29 


AS... / J K 1 mol 1 = 2.220 592 051 


AS = 2.22 J K mol" 


Back to Problem 3.51 


Back to Top 
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3.52. Calculate AH 0 , A G°, and AS° for the reaction 

CH 4 (g) + 20o(g) — 0 2 (g) + 2H 2 0(1) 

making use of the data in Appendix D. 

Solution: 

Given: Appendix D 
Required: A H°, A G°, A S° 

It is possible to use the enthalpies and free energies of formation in conjunction with a form of Eq. 2.53 in order to solve for the standard 
enthalpy and standard Gibbs energy for the reaction given above. Recall that all of the values given in Appendix D were taken at 298.15 K. 

A H° = ^A / //°(products)-^A / //°(reactants) 



AH 0 = [(2x -285.830) - (-74.6)] kJ mol 1 


AH 0 = -497 kJ moE 1 


A G° = ^]A / G° (products)-^] A f G° (reactants) 



AG° = [(2x-237.l)-(-50.5)] kJ mol 


AG° = -424 kJ mol 1 


AG° = AH°-TAS° 
TAS° = AH°-AG° 



AS° = - — 

298.15 K 


AS 0 = -245 JK mol 1 


Back to Problem 3.52 Back to Top 
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3.53. The following is a set of special conditions: 

a. True only for an ideal gas. 

b. True only for a reversible process. 

c. True only if S is the total entropy (system + surroundings). 

d. True only for an isothermal process occurring at constant pressure. 

e. True only for an isothermal process occurring at constant volume. 

Consider each of the following statements, and indicate which of the above conditions must apply in order for the statement to be 
true: 

a. AU = 0 for an isothermal process. 

b. A H = 0 for an isothermal process. 

c. The total AS = 0 for an adiabatic process. 

d. AS > DO for a spontaneous process. 

e. AG < DO for a spontaneous process. 

Solution: 

a) AU = 0 for an isothermal process only when the gas is an Ideal Gas 

b) AH = 0 for an isothermal process only when the gas is an Ideal Gas 

c) The total AS = 0 for an adiabatic process when this process is a reversible one 

d) AS > dOffeKa'«p.©irfMwg 0 S)pcoc 03 ^tiEtiitelyyst]eErai considering the 

e) AG < DO for a spontaneous proce 

Back to Problem 3.53 Back to Top 
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3 . 54 . Calculate the entropy and Gibbs energy changes for the conversion of 1 mol of liquid water at 100 °C and 1 bar pressure into vapor 
at the same temperature and a pressure of 0.1 bar. Assume ideal behavior. The heat of vaporization of water at 100 °C is 40.6 

kJ mol -1 . 


Solution: 

Given: «wa,c = 1 mol, T = 100°C, P water = 1 bar, P mp = 0.1 bar, A vap // waler = 40.6 kJ mol 1 
Required: AS, AG 

There are two stages to this process. First we must determine the entropy change when heating the liquid water to bring it to the vapor 
phase. After this, we must expand the gas from the initial pressure to the final pressure of 0.1 bar. This will yield the following: 

(1) Vaporize water at 1 bar 

A H 

AS, = vap 

1 T 

40600 J moF 1 
1_ 373.15 K 

A^ =108.803 430 J K 1 mol 1 

(2) Expansion from 1 bar to 0.1 bar 

V P 
AS, = R In — = R in — 

V P 

y l 1 2 

AS, =(8.3145 JK 1 mol 1 ) In — 

AS, =19.144 844 JK 1 moF 1 

The net entropy change is therefore; 

AS net = ASj + AS, 

AS net = 127.9 J K -1 moF 1 
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AG = AH -T AS 

AG = 40 600 J mol 1 -(373.15 X^mol 1 ) 

AG = -7143.898 Jmor 1 
AG = -7.144 kJmor 1 

Back to Problem 3.54 Back to Top 
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3.55. In the bacterium nitrobacter the following reaction occurs: 


n o;+-o 2 ^no 


Use the data in Appendix D to calculate A H°, A G°, and AS° for the reaction. 

Solution: 

Given: Appendix D 
Required: A H°, A G°, A S° 

We will use the same method as previously done for this type of question. 

A H° = ^A y //° (products) -^A y //° (reactants) A H° = ^A y //° (products) - ^A y //° (reactants) 


AH° = A y // 0 (N0;)-A y // 0 (N0 2 ) 
AH° =(-206.85 + 104.6) kJ mol 1 
A H° = -102.25 kJ moU 1 


AG° = A / G° (NOj ) - A / G° (n0 2 ) 
AG° =(-108.74 + 32.2) kJ mol 1 
A G° = -76.54 kJ mol 1 


AH 0 = -102.3 kJ moU 1 


A G° = -76.5 kJ mol 


A H° = ^A y //° (products) -^A y //° (reactants) 
AG° = AH° -TAS° 

TAS° = AH°-AG° 



T 


AS° = a 

298.15 K 

AS° = -0.086533624 kJ K 1 mol 1 


(-102.3 - (-76.5)) kJmor 1 


A S° = -86.5 J moU 1 


Back to Problem 3.55 Back to Top 
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3.56. At 100 atm pressure water boils at 312 °C, while at 5 atm it boils at 152 °C. Compare the Carnot efficiencies of 100-atm and 5-atm 
steam engines, if T c is 30 °C. 


Solution: 


Given: water: /> = 100 atm, 7j = 312 °C, P 2 = 5 atm, T 2 = 152 °C, T c = 30 °C 

Required: Camot efficiencies for steam engines 

Recall that the efficiency is given by Eq. 3.21 which states: 



For the 100-atm steam engine: 
T h =585.15 K, T =303.15 K 

(585. 15-303. 15)X 
585.15 X 

e = 0.48 
e = 48% 


For the 5-atm steam engine: 
T h =425.15 K, T c =303.15 K 

_ (425. 15-303. 15) X 
425.15 X 

e = 0.29 
e = 29% 


Back to Problem 3.56 Back to Top 
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3.57. A cooling system is designed to maintain a refrigerator at -4 °C in a room at 20 °C. If 10 4 J of heat leaks into the refrigerator each 
minute, and the system works at 40% of its maximum thermodynamic efficiency, what is the power requirement in watts? [1 watt 
(W) = 1 J s -1 .] 


Solution: 

Given: T system = -4 °C, T mom = 20 °C, q = 10 4 J min 1 
Required: P ( 40% ) 

Eq. 3.21 gives the efficiency for this cooling system. 


T -T 

room system 

T 

room 

_ (293.15-269.15 ) yC 
293.15 X 

e = 0.082 
c _w _ T h -T c 
c l< T h 

w = eq c = (0.082) (lO 4 ) J min -1 
w = 818.69 J min -1 
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w = 8 1 8 .69 J yga^ x L^. 

60 sec 

w = 13.64 Js 1 


P( 40%)= — 
e 


P{ 40%) = 


13.64 Js 1 
0.4 


P(40%) = 34.1 W 


Back to Problem 3.57 


Back to Top 
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3 . 58 . A heat pump is employed to maintain the temperature of a house at 25 °C. Calculate the maximum performance factor of the pump 
when the external temperature is (a) 20 °C, (b) 0 °C, and (c) -20 °C. 


Solution: 


Given: T house 25 °C 


Required: performance factor for a, b, c 


a) at 20 °C; 

Pf=~ 

e 

T 

Pf= h 


T -T 

1 h 1 c 


Pf = 


298.15 X 


(298.15-293. 15)X 


Pf = 59.63% 


b) at 0 °C; 

Pf=~ 

e 

T 

Pf= h 


T -T 

1 h 1 c 


Pf = 


298.15 X 


(298. 15-273. 15)X 


Pf= 11.93% 


c) at -20 °C; 


3-136 


Chapter 3: The Second and Third Laws of Thermodynamics 


Pf = 


l 

e 


T 

Pf= i— 

T h ~T c 

298.15 X 

(298. 15-253. 15)X 


Pf = 6.63% 


Back to Problem 3.58 


Back to Top 
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3.59. A typical automobile engine works with a cylinder temperature of 2000 °C and an exit temperature of 800 °C. A typical octane fuel 

—1 —1 3 

(molar mass = 1 14.2 g mol ) has an enthalpy of combustion of -5500 kJ mol and 1 dm (0.264 U.S. gal) has a mass of 0.80 kg. 
Calculate the maximum amount of work that could be performed by the combustion of 10 dm of the fuel. 


Solution: 

Given: T cyl = 2000 °C, T exit = 800 °C, M fuel = 1 14.2 g mol 1 , A c H = -5500 kJ moU 1 
V = 1 dm 3 , m = 0.80 kg 
Required: w max such that V = 10 dm 3 


We can first determine the efficiency of this automobile engine due to the fact that we are given both the exit and cylinder temperatures. 
Eq. 3.21 gives the efficiency for this system. 


e = 


T -T 

1 h 1 c 


e = 


e = 


T -T 

cyl exit 


1 cyl 


(2273.15-1073. 15)X 


2273.15 X 


e = 0.528 


Given the fuel’s mass and molar mass, we can determine the number of moles involved in the reaction. We are initially told that 1 dm 
(0.264 U.S. gal) has a mass of 0.80 kg. Since 1 dm 3 can be described as 

1 dm 3 = 1 dmx 1 dmx 1 dm = 10 cmx 10 cmx 10 cm = 1000 mL = 1 L it follows that 1 liter of fuel is equivalent to 0.80 kg. 

n = — for 1 liter 
M 

800 { 

Jl — E- 

114.2 £ mol’ 1 
n = 7.005 254 mol 
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Using the enthalpy of combustion for the reaction, it is possible to determine the amount of energy produced (ie. the heat). 
q = -nA c H° 

q = -(7.005 254 jnt5f)(-5500 kJ 
q = 38 528.8967 kJ — > <7 = 3.85 x 10 4 kJ 

Eq. 3.20 gives a modified version of the efficiency which can be used in conjunction with the value calculated in the first part of the 
problem in order to determine the work done during the combustion of the fuel. 

w 

e = — 

Vh 

w = cq h 

w = (0.528)(38 528.8967 kj) 
w = 20 343.257 kj 

w = 2.03 xlO 4 kJ 


Back to Problem 3.59 Back to Top 
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3 . 60 . The temperature of a building is maintained at 20 °C by means of a heat pump, and on a particular day the external temperature is 10 
°C. The work is supplied to the heat pump by a heat engine that burns fuel at 1000 °C and operates at 20 °C. Calculate the 
performance factor for the system (i.e., the ratio of the heat delivered to the building to the heat produced by the fuel in the heat 
engine). Assume perfect efficiencies of the pump and the engine. 


Solution: 

Given: r building = 20' ’C, T ext = 10 °C, T bum = 1000 °C, T operate = 20 °C 
Required: performance factor 

The efficiency of the reversible Camot engine can be defined as the work done by the system during the cycle divided by the work that 
would have been done if all the heat absorbed at the higher temperature had been converted to work. From this statement, we can extract 
Eq. 3.20. We say that efficiency is unity (100% efficiency) only if the lower temperature is zero. Here, we are assuming that the 
efficiencies of the pump and the engine are perfect. This yields the following expression. 

Eq. 3.22: 

T h~ T c _ + (ic or _ J ± = Vl L 

T „ % T q c 

Let the heat being supplied to the building be qj, at 20 °C. At the same time, q, will be the heat taken in by the heat pump at 10 °C. With 
this information, it is possible to determine the amount of work supplied to the heat pump. 

( h = _T> L 

% T c 

q h 293.15 X 
q c (-283.15 X) 

q h _ 293.15 X 
q c 283.15 X 

— = 1.035 317 

q, 


From Eq. 3.20 and Eq. 3.21 we get, 
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c . W T h~ T c Qh~Qc 

Qh T h q h 

since - — = — 

T , q c 


w = q h -q c 


f 

w = q h 1 



V Qh 

w = 0.034 112 q h 


We must now consider the heat that is produced as a result of fuel combustion. Let qh ’ be the heat produced by the fuel at 1000°C. On the 
other hand, q c ’ will be equivalent to the heat being rejected at 20°C. 


<lh 


T ' 

1 h 


Qc 


t: 


Qh 

Qc 

Qh 

Qc 


1273.15 X 
(-293.15 X) 

1273.15 X 

293.15 X 


C ^~ = 4.342 998 


From Eq. 3.20 and Eq. 3.21 we get, 
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* n-T e 

c ih T h 


Qh 


since 



<lc 


W = C lh -<lc 


r 


w = q h 




V Qh 

w = 0-769 744 q h ' 


Setting both values for work equal to one another, it will be possible to solve for the performance factor. 
w = 0.034 1 1 2 q h =0.769 744 q’ 

Pf = — = r ^ h = 7;, _ c h_ 

e T h~T c C lh +( lc Qh 

0.769 744 
' ~ 0.034 112 
Pf = 22.57% 


Back to Problem 3.60 Back to Top 
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3 . 61 . Suppose that a refrigerator cools to 0 °C, discharges heat at 25 °C, and operates with 40% efficiency. 

a. How much work would be required to freeze 1 kg of water (A /H = -6.02 kJ mol -1 )? 

b. How much heat would be discharged during the process? 


Solution: 


Given: 7) ool = 0 °C, T d 


discharges 


= 25 °C, e - 40% 


Required: w freeze , r/ dischargc 


First we should determine the amount of heat that must be removed from 1 kg of water in order to freeze it. This can be done using the 
number of moles in 1 kg (water) and the enthalpy of formation given above, 
a) This yields, 
q c = nA f H° 

m 1000 j/ 

12 = = — 

M 18.0152 y moF 1 

n = 55.508 682 mol 


q c =(55.508 682 j3K5f)(6.02 kJ jndf 1 ') 
q c =334.16 kJ 

<7 fre eze=3.34xl0 2 kJ 


The value for heat that we just calculated will be the amount of heat gained by the refrigerator during the cooling process. Assuming that 
we were able to work under 100% efficiency, we would have the following from Eq. 3.22; 
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T h~ T c _ % + ( /r Qr _ 7 ± = <h 
T h C lh T c dc 


d , L = I]L 

dc T c 

q h _ 298.15 X 
q c 273.15 X 


“d/, = <lc 


298.15 X" 
v 273.15 


= 334.16 kJxl.091 525 


-q h = 364.74 kJ 


The amount of heat discharged at 25 °C is therefore expressed as, 
-g h =365 kJ | -> <7 discharged = 365 kJ 


The work required to be supplied to the refrigerator can then be found by subtracting the amount of heat that must be removed from 1 kg of 
water in order to freeze it from the amount of heat discharged. We obtain, 


w. 


supplied 


'dm 


w. 


supplied 


= |364.74-334.16| kJ 


^supplied = 30 - 58 kJ 


We will now work under the given conditions (ie. efficiency is equal to 40%) in order to determine the amount of work required to freeze 1 
kg of water. By inspection: 
w 

supplied 

^freeze = 


e 


e = 0.40 = 


40 


100 
= (30.58 kJ): 


100 

40 


w, 


freeze 


= 76.45 kJ 
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b) The amount of heat discharged at 25 °C at 40 percent efficiency is therefore given by the expression which defines the change in internal 
energy of a system: 

A U =q+w 

AU = freeze + ^freeze 

AU =334.15 kJ + 76.45 kJ 

^ ^ ^discharged 

(25"C) = 41 1 kJ 


Back to Problem 3.61 Back to Top 
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3.62. Show that (a) 
coefficient. 


f dU} 

K dV jT 


aT -kP 


k 


and (b) 


f dU} 

v dP j T 


=V(kP - aT), where k=— 

V 


f dV} 

\dP j T 


, is called the isothermal compressibility 


Use the relationship 


f 8P] ( oV 


\dT 


dVJ T \dT 


Solution: 


On the basis of principles that have been developed and explored in the previous problems (Chapter 3), it is possible to derive a number of 
relationships between different thermodynamic quantities. We can derive equations that give the internal energy and the enthalpy in terms 
of pressure, volume and temperature. 


a) Using the relationship ship given above and knowing that k = 


-1 

V 


'dV_ 

dP 


Jt 


r dU\ _ aT - kP 
K dV ) T k 


we have; 


f Q P \ 


ydT j T 


' dV ^ 
,dT ) p 
' dV ^ 
ydPJ T 


a 

K 


Which can then be substituted into Eq. 3.128 in order to get, 


dU 

dV 

dU 

dV 


= -P + T 


Jt 


= -P + T 


Jt 


f sp\ 
\dT j w 


\Kj 


expanding to obtain, 


f ATT 3 


dU 

dV 


Jt 


aT — kP 


K 


b) Using the chain rule for partial differentiation given in Appendix C we can then say that: 
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if we have 


dz = 


\dxj 


then. 


f dz ) , 

— dx + 

f 

\dx) y 

UyJ 


dy 


Then according to Euler’s Reciprocity Theorem, we will get the following: 


" 8 

f dz "| 



d 

(dz'] ‘ 

dx 


X _ 

y 

dy 

1 

cS 


f— 1 


l 

Tdx\ 


\dzj 


0 = 


fdz} 

ydx/ 


+ 


r dz A 


fdyA 

\ dx ) z 


1-1 

f— 1 

K dx) % 


f-1 


f— 1 

kSx). 


= -l 


fd/' 

y dx) 


\&y j 


We can now use what we have been given above in order to prove the given relationship. 
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' 8P ^ 
V 


Jv 


8T 
therefore, 


' dP ' 

\dV 


8V_ ' 
\dT ) P 


f 


\ 


8U_ 

dP 


\ 


r 


Jt 


8U_ 

dV 


Jt 


'dV_ 

dP 


since; 


f 


dU 

8V 

'8U 

8P 




aT — kP 


Jt 


K 


Jt 


and f — 

Up 


r 


aT — kP 


Jt 


/ 


|(-/v) 


simplify to get, 


'8U_ 

8P 


Jt 


=V{kP-uT) 


Back to Problem 3.62 


\ 

= -kV 

Jt 


Back to Top 
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3.63. Derive an equation of state from 

dH=TdS + VdP 

by taking the partial derivative with respect to P at constant temperature. Then use the appropriate Maxwell relation and the 
definition of a to express the partial in terms of easily measured quantities. 


Solution: 

Recall that for Maxwell Relations, they are used to describe an infinitesimal process involving only PV work. This means that we are able 
to combine the First and Second Laws of Thermodynamics. This is shown by Eq. 3.105: 

dU =dw + dq = -PdV + TdS 


Since we are already given the expression above for enthalpy let us find the partial derivative. 


dH =TdS + VdP 


8H 

dP 

dH 

dP 


= T 


ST 


= T 


ST 



Knowing that - 


f dS} 

\dP j T 


rev} 

\ST Jp 


f dS\ fdV^ 
y dT Jp 


\SP j T 

f dH ^ 


V dP j T 


= V-T 


r dv} 

V dT Jp 


From Eq. 3.139 we are given the following: 


a =- 




V 


\dT jp 


which then rearranges to 


r dvj\ 

\dT j P 


= aV and making the last substitution we obtain, 
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(SH) „ T, 

— =V-T(aV) 

\or J T 


' dH 

K dP 


\ 

Jt 


V(l-ccT) 


Back to Problem 3.63 
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3.64. Derive expressions for (a) a and (b) k for an ideal gas. 


Solution: 

We have seen many times by now that the Ideal Gas Law is given by, PV=nRT. Remember from the previous problem that we are given the 
value of a in Eq. 3.139 which states that: 


1 (dV 
a = — 

n 


dT 


\ 


J p 


We can also determine the relationship for k by Eq. 3.142 which gives: 


1 (^V^ 

K = — 


V 


dP 


Jt 


a) Since the volume is the important variable in this case, let us rearrange the Ideal Gas Law to isolate for it. 


PV = nRT 


V =- 


nRT 


,7 RT u * 

V„ = therefore, 

m p 


Ur J 


p 


R 

P 


Let us make the appropriate substitution into the equation for the cubic expansion coefficient to get, 
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1 ( dV 
a = — 

V 


dT 


a 


I 

VL 


A 

Jr 


dV 

w 

sr 


sy 

m 

dT 

R 


J p 


p 


1 ( R\ 


a = — 

— 

v m 


R 


a- — 


V P 

m 

1 


a- — 


T 



b) For the second part of this problem, we will use the same rearrangement of the Ideal Gas Law, however, we will take the partial 
derivative with respect to the pressure while keeping the temperature constant. This will yield the following: 
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PV = nRT 
nRT 


V = - 


V, = 


P 

RT 


'dV 

w 

dP 


RT 


Jt 


K = 


VL 


dP 


Jt 


K - 


VL 


V 


RT 

J 


1 


K = 


r KT' 

V P , 


V 


p 2 J 


K = — 


1 


f y v 

0 


y 




y 

y 


Back to Problem 3.64 
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* 3 . 65 . Suppose that a gas obeys the van der Waals equation 

f 

P + 

V 


a 



(V, 


Prove that: 


' 8U ' 

[wj 


T 


-b) = RT 


a 



Solution: 

Remember that Eq. 3.105 represents a process which is infinitesimal and involves only PV work. We have combined both the First and 
Second Laws of Thermodynamics. 

dU = dw + dq = -PdV + TdS 


We will continue by using the second part of this expression as it relates back to the Van der Waals equation. Let us take the partial 
derivative with respect to the volume while keeping the temperature constant. 

dU = TdS - PdV 


f 8U^ 


V Jt V 

'su} = / 


f 


= T 





Now since we know that -PdV + TdS and 


f dP \ 

\dT Jy 


r 8S^ 


\ dV mJ T 


then we can make this substitution into the above (this is given by Eq. 3.124): 


f 

V 

f 

V 


8U 


8V t 

8U 


m J j 


3V 


m Jt 


f 8S^ 


j T 


P 


f 8Pj 

\ST Jy 


P 
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From the Van der Waals equation given in the problem, 


f \ 

P + A^ 

V V,nJ 
( 


( V m -b) = RT 


dP_ 

\dT Jv 


{V m ~b) T 


P + - 


V 


m J 


We can now substitute this into the above and simplify which will yield: 


r dU A 


\ dV mJ T 
f Qp\ 

\dT J v 
f dU A 


= T 


f sp\ 
\dT Jv 


-P 


( Vm-b ) T 


p+— 

V K; y 


\ dV mJ T 

( dU A 


= / 


r 


/ 




\ SV mJ T 


P + ^Y 

V V mJ 


{ \ 

/+£ -/ 


-P 


V 


V 


m J 


r dU A 


ay 


„„ y 2 

V m SJ m 


Back to Problem 3.65 
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*3.66. Obtain an expression for the Joule-Thomson coefficient for a gas obeying the equation of state: 

P(V m - b) = RT 

in terms of R, T, P, V m , and Cp, m . 


Solution: 

From Chapter 2 we have seen that the Joule-Thomson coefficient is given by Eq. 2.108: 


P 


' dT ^ 
ydPjn 


AT 
A P 


We must also realize that the enthalpy is given by dH = TclS +VdP so we need to take the partial derivative of dH both with respect to T and 
P in order to solve for the final expression. Recall that from Eq. 2. 109 and Eq. 2. 1 10: 


f ph A 


dH = 


dH 

dP 


( PH A 


dH 

dP 


dP + 

Jt 

^dH^ 


dH 


Jt 


V dT J p 


V dT j P 
' dT ^ 
K dPJ T 


dT = 0 
= -C 


pm 


Using Euler’s Chain Rule, we can redefine the expression given above for the Joule-Thomson coefficient. 

' dT ^ 

kSPJh 


p 


AT 
A P 

f dH^ 


f dT_ A 
\dPj H 


V dP j T _ 
f dH^ 


V dT jp 


p¥f 

dP 


7/ 


dT 

-Jpf 


Jf 


fdT} 


1 

f dH 

UpJ 

H 


UpJ 


Let us now define 


f dH} 

V dP j T 


using the relationship between T, P and V and enthalpy. 
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(dH\ 


\dP ) T 
( dH } 


V dP J T 



Since we know that according to Eq. 3.125: 

f dS\ (dV ' 


ydPj T 


ydT Jp 


We can make this substitution into the above equation to get, 


'dH' 

v dP J T 

'dS_' 
K dPJ T 
f dH"'' 

dP 


= T 


f dS^ 


+y 


\dP j T 
'dV_' 

\dT Jp 

( dv ^ 


= V-T 


Jt 


V dT Jp 


Let us now substitute this expression into that of the Joule-Thomson coefficient to obtain, 
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P 


' 8T ' 

V dP ) H 


P = 


8H 

dP 


~C 


p v 


GH 

dP 


AT 
A P 

\ 


= V-T 


P 


Jt 

1 

c 


p = - 


p 

' 8 V ^ 
y dT J p 


V-T 
-V 


Jt 

' 8 V ^ 
k 8 T jp 

' 8 V ^ 

k 8 T J p 


c E 


For a single mole of this gas (as was given by the equation of state) we can then write, 

r dv^ 


P 


P 


\ 8 T Jp 


-V 


P 

f 7S\7 \ 


C, 

8 V 

m 

8 T 

~C, 


-v„. 


J p 


' P,m 

P(V m -b) = RT 
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8V 

w 

8T 


Jp 


R 

P 


M 


8V 

m 

8T 


-V 


Jp 


c 

f R ^ 


P,m 


M = - 


yrj 


-VL 


C D 
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*3.67. Derive the following equations: 


a. C P =-T 


f 8 2 G A 


8T 2 


b. 


dCp 

8P 


r 8 2 V A 


Jt 


dT 2 


Jp 


Solution: 

a) Using Eq. 3.119 we can see that, 


f 8G) 

\dP j T 


= V and 


f 8G) 
\dT Jp 


= -S 


We will use the second expression and differentiate each side (with respect to T while keeping P constant) in order to obtain the desired 
equation. 


f 8G > 


\8T Jp 
( 8 2 G^ 


= -S 


8T 2 

\ 0 ‘ Jp 


' 8S ^ 
k 8T Jp 


Eq. 3.55 gives us dS = and we can also say that dS = at constant pressure. Therefore, we can make this substitution into the 

above expression to obtain, 

8 2 G 


( dS \ 


8T 2 

\° 1 Jp 


f 8 2 G A 


K^ 2 j p 


\8T j p 
C D 


C P =-T 


f 8 2 G ^ 


[dT 2 ) 

P 
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b) Cp is defined by Eq. 2.27 which states that: 


C p 


' dH ' 


p 


Using the Euler Reciprocity Theorem we can write, 


(8C P ^ 


' 8 

( 8H > 



' 8 

f 8H > 


U P ) 

T 

8P 

VdT ) 

P _ 

T 

8T 

UpJ 

T _ 


From problem 3.66 we have the following: 


dH = VdP + TdS 


8H 

8P 

8H 

DP 


Jt 



r 8S^ 

y dPJ T 


Jt 


since VdP = -TdS 


8V_ 

ST 


Jp 


'a s' 

ydPJ T 


8H 

8P 


= V-T 


r 8V\ 


Jt 


\8T ) p 


This can now be substituted into the expression derived from Eq. 2.27. 
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( 5C r 

dP 

d f 8H 


A 

' d 

' dH ' 


' d 

' dH \ ~ 

Jt 

dP 

CD 

I 

T 

dT 

CD 

*0 

l 


dT 


dP 


Jt . 


j p 


_d_ 

dT 


f 


V-T 


V 




dT 



-T 


f d 2 V A 


dT 2 

\ 01 Jp 
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*3.68. Starting with the definition of the Helmholtz energy, A = U - TS, prove that the change in Helmholtz energy for a process at constant 
temperature is the total work (PV and non-PV). (This relationship holds without any restriction as to volume or pressure changes.) 


Solution: 

We have already been given the equation that defines the Helmholtz energy. Now let us define it for an infinitesimal process. 

A = U - TS 

dA = dU -TdS-SdT 

At constant temperature then the above becomes: 

dA = dU -TdS-SdT 
since dU = dw+dq then; 
dA = dw + dq- SdT 

However, knowing that dq = TdS so we can say that: 
dA = dU -TdS-SdT 
dU = dw + dq 

dA = dw+ - JVtSf - SdT 
dA = dw- SdT 


Using the First Law of Thermodynamics which states that: dU = TdS - PdV we can change the work so that it only considers pressure- 
volume work in order to obtain, 

dA = dU -TdS-SdT 
dU = TdS -PdV 
dA = JTPf - PdV - - SdT 

dA = -PdV -SdT 


Back to Problem 3.68 Back to Top 
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*3.69. Prove that if a gas obeys Boyle’s law and if in addition ( dU/dV)r = 0, it must obey the equation of state PV = constant x T. 


Solution: 

From the previous problem and the First Law of Thermodynamics, recall that (Eq. 3.105): 
dU = dw + dq = TdS - PdV 


Let us take the partial differential with respect to volume while keeping temperature constant. 

f 8U^ 


\dV j T 

r dU^ 
v dV j T 


= T 


= T 



= 0 


We can make the following substitution into the above equation to obtain, 
TdS = PdV 

f 8P\ ( dS A 


\dT j v 
' 8U ' 

Jw) T 

C dU > 


\dVj T 
C dS^ 


= T 


= T 


\8V Jt 

This means that 


ydVj T 

' dP 

K8T Jy 

8 8P A 


-P = 0 
-P = 0 


\8T Jy 


- — and this can be integrated to get, 


dP 

dT 


Jv 


J T 


K 1 J 


And using the rules for logarithms, 


3-164 


Chapter 3: The Second and Third Laws of Thermodynamics 


In 



ln(P)-ln(r) = 0 


ln(P) = ln(r) + C 


Thus, 


PV = CxT 


when taking the exponential for the expression. 


Back to Problem 3.69 
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*3.70. Derive the relationship 


and confirm that it applies to an ideal gas. 


f dS^ 


dV 


\ uv Ju 


Solution: 

We will again use Euler’s Chain Rule and Reciprocity Theorem for this problem. This will give us the following, 


f dS^ 


\Wjv 


r dU} 

V dVj s 
f 3rr^ 


dU_ 

8S 


-» - 


( ( dS A 


SV 


Js 




Jv 


Jv 


Using the Maxwell Relation given by Eq. 3.116, we observe, 


r du} 


= -P and 


r du} 

\dS y v 


= T 


ydv^ 


Which proves that: 

(dU' 

' 8U ' 

Js) v 

r_ P \ 


r ds_ ' 

\dV; v 
f ds} 


v 1 j 






For an Ideal Gas, we should note that the internal energy only depends on the temperature. This will allow us to write, 


Solutions 
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c as} 


VdVj v 


"as 

v ay 


A 

) T 


For an Isothermal Process involving n moles of Ideal Gas, 


dS = nRd In V 


nRdV 

V 


and since PV = nRT — > — = 

T 


nR 

V 


dS = 


PdV 

T 


Thus, 


dS = 


PdV 

T 


"as 

K sv 


\ 

)t 


— and therefore 
T 


( 8S\ 


ysvk 


p 

T 
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3.71. 


Starting from Eq. 3.160, 


a. Show that In 


A 


K 


Z-l 


dP , where Z = 


J 


PV 

m_ 

RT 


b. For a nonideal gas, the equation of state is given as PV m = RT + (b - AJRT m )P 
find the fugacity of the gas at a given temperature and pressure when the constants 


(see Example 1.6, p. 42). Derive an expression to 
b and A are given. 


Solution: 

a) If P; is a sufficiently low pressure, Eq. 3.160 states that: 



This relationship describes the fugacity for a gas. Let us divide both sides by RT and using the definition of the compression factor (given 
in Chapter 1, Eq. 1.98) Z, we will obtain the following: 



nRT RT 


( PV m -RT) 

m 
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b) Let’s first substitute the equation of state into the expression for the compression factor. 


Z = 


PV 

m_ 

RT 


PV m = RT + (b-A/ RT 213 ) P 
+ (b- A! RT 213 ) P J 


Z = - 


Jpf 

Z=\ + (b-A/ RT 213 ) 
b A 


' P ' 


Z = 1 + 
Z-l 


(RT) ( RT 5/3 ) 
b A 


P (RT) ( RT 51 3 ) 


Now we can set Pj= 0 and integrate the expression to obtain, 
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i „^=r- 

p ji. 


r,( Z-l 


dP 


1 „X = 


1„X = 


In— = 


2 v ^ y 

^ z? A ^ 


RT 

RT 5,3 J 

b 

A ) 

RT 

RT 5 ' 3 ) 

( b 

A 


(^2- 




5/3 


Back to Problem 3.71 
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2 —2 

3 . 72 . The van der Waals constants for methane in older units are a = 2.283 L" bar mol and 
compression factor as (see Problem 1.52 in Chapter 1): 

1 


Z = l + - 


RT 


f, a ^ 


f b ^ 

b 

P + 


l RT) 


[rt J 


Find the fugacity of methane at 500 bar and 298 K. 


b = 0.0428 L mol '. Expressing the 


Solution: 

We are able to use the same expression (for fugacity) we have just derived in the previous problem. This yields the following: 


In 


r/ 
l p 


=f, 


p(Z - 1 


clP 


f 


Z = l + 
Z-l 


RT 


RT /3 ) 


P 

Z-l 


RT 

1 

RT 


RT 73 

4 „ A 4 b A 2 


b - 


RT 


+ 


RT 


In 


In 


In 


rzj=r 

i 


+ 

( b ^ 

Jo 

RT 

l RT) 


l RT) 


P dP 


£M 


f L 

kP 

(1) 

{ P) 


If, a ^ 


RT 
1 4 


b-- 


RT 


v RTj 
a 

v PTj 


dP + 


b - 


\ + P b v 
2 


RT 


f PdP 
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The fugacity of the gas can then be found. 
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f 


In 
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\Pj 
r f \ 


= -0.622 84 


_ e (-0.622 84) 




j = p e (-0-6 22 84) 

/ = (500)e H ' 622 84) 


/ = 268 bar 


Back to Problem 3.72 


Back to Top 
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Chapter4: Chemical Equilibrium 


Equilibrium Consta nts 


Chapter 4 

*problems with an asterisk are slightly more demanding 

Equilibrium Constants 

4.1. A reaction occurs according to the equation: 

2A ^ Y + 2Z 

If in a volume of 5 dm we start with 4 mol of pure A and find that 1 mol of A remains at equilibrium, what is the equilibrium 
constant K C 1 

Solution 

4.2. The equilibrium constant for a reaction below is 0. 1 : 

A+B ^ Y + Z 

What amount of A must be mixed with 3 mol of B to yield, at equilibrium, 2 mol of Y? 

Solution 

4.3. The equilibrium constant for the reaction below is 0.25 dm 6 mol 2 

A + 2B ^ Z 

In a volume of 5 dm , what amount of A must be mixed with 4 mol of B to yield 1 mol of Z at equilibrium? 

Solution 


4.4. The equilibrium constant K c for the reaction: 

2S0 3 (g) ^ 2S0 2 (g) + 0 2 (g) 

is 0.0271 mol dm 3 at 1 100 K. Calculate Kp at that temperature. 


Solution 
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Equilibrium Consta nts 


4 . 5 . When gaseous iodine is heated, dissociation occurs: 

h ^ 21 

It was found that when 0.0061 mol of iodine was placed in a volume of 0.5 dm at 900 K, the degree of dissociation (the fraction of 
the iodine that is dissociated) was 0.0274. Calculate K c and K P at that temperature. 

Solution 


4 . 6 . It has been observed with the ammonia equilibrium: 

N 2 + 3H 2 ^ 2NH 3 

that under certain conditions the addition of nitrogen to an equilibrium mixture, with the temperature and pressure held constant, 
causes further dissociation of ammonia. Explain how this is possible. Under what particular conditions would you expect this to 
occur? Would it be possible for added hydrogen to produce the same effect? 

Solution 

4 . 7 . Nitrogen dioxide, N0 2 , exists in equilibrium with dinitrogen tetroxide, N 9 O 4 : 

N 2 0 4 (g) ^ 2N0 2 (g) 

At 25.0 °C and a pressure of 0.597 bar the density of the gas is 1.477 g dm . Calculate the degree of dissociation under those 
conditions, and the equilibrium constants K c , K P , and K x . What shift in equilibrium would occur if the pressure were increased by 
the addition of helium gas? 


Solution 
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4 . 8 . At 25.0 °C the equilibrium: 

2NOBr(g) ^ 2NO(g) + Br 2 (g) 

is rapidly established. When 1.10 g of NOBr is present in a 1.0-dm vessel at 25.0 °C the pressure is 0.355 bar. Calculate the 
equilibrium constants Kp, K c , and K x . 

Solution 

4 . 9 . At 100 °C and 2 bar pressure the degree of dissociation of phosgene is 6.30 x 10 \ Calculate K P , K c , and K x for the dissociation: 

COCl 2 (g) ^ CO(g) + Cl 2 (g) 

Solution 


4 . 10 . In a study of the equilibrium 


H 2 + I 2 ^ 2HI 


1 mol of H 2 and 3 mol of I 2 gave rise at equilibrium to x mol of HI. Addition of a further 2 mol of H 2 gave an additional x mol of 
HI. What is xl What is K at the temperature of the experiment? 

Solution 


* 4 . 11 . The equilibrium constant for the reaction below is 20.0 at 40.0 °C: 

H 2 (g) + I 2 (g) — 2HI(g) 

The vapor pressure of solid iodine is 0.10 bar at that temperature. If 12.7 g of solid iodine are placed in a 10-dm vessel at 40.0 °C, 
what is the minimum amount of hydrogen gas that must be introduced in order to remove all the solid iodine? 


Solution 
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Equilibrium Consta nts 


4 . 12 . The degree of dissociation a of N 2 C> 4 (g) is 0.483 at 0.597 bar and 0.174 at 6.18 bar. The temperature is 298 K for both 
measurements. Calculate K P , K c , and K x in each case. 

{Hint: See Example 4.1.) 

Solution 

4 . 13 . One mole of HC1 mixed with oxygen is brought into contact with a catalyst until the following equilibrium has been established: 

4HCl(g) + 02 (g) ^ 202 (g) + 2H 2 0(g). 

If y mol of HC1 is formed, derive an expression for Kp in terms of y and the partial pressure of oxygen. 

(Hint: First develop expressions for the ratios x Ci /x UCi and v H 0 /x cl in terms of y and P Q ) 

Solution 

4 . 14 . Using the result of Problem 4.13, evaluate K P for an experiment in which 49% HC1 and 51% 0 2 are brought into contact with a 
catalyst until the reaction is complete at 1 bar and 480 °C. The fraction of HC1 converted per mole is found to be 0.76. 

Solution 

4 . 15 . 10.0 g of HI is introduced into an evacuated vessel at 731 K and allowed to reach equilibrium. Find the mole fractions of H 2 , I 2 , and 
HI present at equilibrium. K P = K c = K x = 65.0 for the reaction H 2 (g) + I 2 (g) ;=^ 2HI(g). 

(Hint: see Example 4.2) 

Solution 
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Equilibrium Constants and Gibbs Energy Changes 

4 . 16 . The equilibrium constant for the reaction 

(C 6 H 5 COOH) 2 ^ 2C 6 H 5 COOH 
in benzene solution at 10 °C is 2.19 x 10 3 mol dm -3 . 

a. Calculate A G° for the dissociation of the dimer. 

a 

b. If 0.1 mol of benzoic acid is present in 1 dm of benzene at 10 °C, what are the concentrations of the monomer and of the dimer? 

Solution 

4 . 17 . At 3000 K the equilibrium partial pressures of C0 2 , 

CO, and 0 2 are 0.6, 0.4, and 0.2 atm, respectively. Calculate A G° at 3000 K for the reaction: 

2C0 2 (g) ^ 2CO(g) + 0 2 (g) 

Solution 

4 . 18 . The conversion of malate into fumarate: 


1. malate(aq) ^ fumarate(aq) + H 2 0(1) 

is endergonic at body temperature, 37 °C; A G° is 2.93 kJ mol 1 . In metabolism the reaction is coupled with 

2. fumarate(aq) ^ aspartate(aq) 

for which A G° is - 15.5 kJ mol” 1 at 37 °C. 

a. Calculate K c for reaction 1. 

b. Calculate K c for reaction 2. 

c. Calculate K c and A G° for the coupled reaction 1+2. 

Solution 
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4 . 19 . From the data in Appendix D, deduce the A G° and K P values for the following reactions at 25.0 °C: 

a. N 2 (g) + 3H 2 (g) ^ 2NH 3 (g) 

b. 2H 2 (g) + C 2 H 2 (g) ^ C 2 H 6 (g) 

c. H 2 (g) + C 2 H 4 (g) ^ C 2 H 6 (g) 

d. 2CH 4 (g) ^ C 2 H 6 (g) + H 2 (g) 

Solution 


4 . 20 . Calculate K c and K x for each of the reactions in Problem 4. 19 assuming total pressures of 1 bar in each case. 

Solution 

4 . 21 . At 25.0 °C the equilibrium constant for the reaction: 

CO(g) + H 2 0(g) ^ C0 2 (g) + H 2 (g) 

is 1.00 x 10 5 , and A S° is 41.8 J K 1 mol -1 . 

a. Calculate A G° and A H° at 25.0 °C. 

b. Suppose that 2 mol of CO and 2 mol of H 2 0 are introduced into a 10-dm 3 vessel at 25.0 °C. What are the amounts of CO, H 2 0, 
C0 2 , and H? at equilibrium? 

Solution 

4 . 22 . Suppose that there is a biological reaction: 


1. A + B ^ Z 

1 o 

for which the A G° value at 37.0 °C is 23.8 kJ mol . (Standard state = 1 mol dnF .) Suppose that an enzyme couples this reaction 
with 


2. ATP ^ ADP + phosphate 

for which A G° = -31.0 kJ mol -1 . Calculate the equilibrium constant at 37.0 °C for these two reactions and for the coupled reaction 

3. A + B + ATP ^ Z + ADP + phosphate 


Solution 


Chapter4: Chemical Equilibrium 


Temperature Dependence of Equilibrium Constants 


4 . 23 . The equilibrium between citrate and isocitrate involves d.v-aconitatc as an intermediate: 

citrate ^ ds-aconitate + H?0 ^ isocitrate 

At 25 °C and pH 7.4 it was found that the molar composition of the mixture was: 

90.9% Citrate 
2.9% d.v-aconitatc 
6.2% Isocitrate 

Calculate the equilibrium constants for the individual reactions, and for the overall reaction, and A G° for the citrate-isocitrate 
system. 

Solution 

4 . 24 . The solubility product of Cr(OH )3 is 3.0 x 10 24 mol 4 dm -12 at 25 °C. What is the solubility of Cr(OH )3 in water at this temperature? 

Solution 

Temperature Dependence of Equilibrium Constants 

4 . 25 . A gas reaction: 

A ^ B +C 

is endothermic and its equilibrium constant Kp is 1 bar at 25 °C. 

a. What is A G° at 25 °C (standard state: 1 bar)? 

b. Is AS°, with the same standard state, positive or negative? 

c. For the standard state of 1 M, what are K c and A G°? 

d. Will Kp at 40 °C be greater than or less than 1 bar? 

e. Will A G° at 40 °C (standard state: 1 bar) be positive or negative? 

Solution 
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4.26. A solution reaction: 

A + B ^ X + Y 

is endothermic, and K c at 25 °C is 10. 

a. Is the formation of X + Y exergonic at 25 °C? 

b. Will raising the temperature increase the equilibrium yield of X + Y? 

c. Is AS 10 positive or negative? 

4.27. From the data given in Appendix D, for the reaction: 

C 2 H 4 (g) + H 2 (g) — C 2 H 6 (g) 


Calculate the following: 

a. A G°, A H°, and AS 0 at 25 °C; what is the standard state? 

b. K P at 25 °C. 

c. K c at 25 °C (standard state: 1 M). 

d. A G° at 25 °C (standard state: 1 M). 

e. AS° at 25 °C (standard state: 1 M). 

f. Kp at 100 °C, on the assumption that A H° and AS° are temperature independent. 


4.28. From the data in Appendix D, for the reaction: 


Solution 


Solution 


2H 2 (g) + 0 2 (g) ^ 2H 2 0(g) 


Calculate the following: 

a. AG°, A H°, and AS 0 at 25 °C (standard state: 1 bar). 

b. Kp at 25 °C. 

c. A G° and K P at 2000 °C, on the assumption that A H° and AS 0 are temperature independent. 

Solution 
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4 . 29 . 


4 . 30 . 


4 . 31 . 


Calculate the equilibrium constant at 400 K for the reaction: 


where A/G°(C> 3 , g) = 163.2 kJ mol \ 


302(g) - 20 3 (g). 


The hydrolysis of adenosine triphosphate to give adenosine diphosphate and phosphate can be represented by: 

ATP ^ ADP + P 

The following values have been obtained for the reaction at 37 °C (standard state: 1 M)\ 

AG° = - 3 1 .0 kJ moP 1 
A//° = - 20.1kJ moP 1 


Solution 


a. Calculate A S°. 

b. Calculate K c at 37 °C. 

c. On the assumption that A H° and A S° are temperature independent, calculate A G° and K, at 25 °C. 

Solution 


Thermodynamic data for /z-pentanc(g) and neo-pentane(g) (standard state: 1 bar and 25 °C) are as follows: 


Compound 


Enthalpy of Formation, Entropy, S° J K 1 

A H° kJ mol" 1 mol" 1 " 


n-Pertane(g) 

Neopentane(g) 


- 146.44 349.0 

- 165.98 306.4 


a. Calculate A G° for n-pcntanc — > neopentane. 

b. Pure n-pentanc is in a vessel at 1 bar and 25 °C, and a catalyst is added to bring about the equilibrium between n - pentane and 
neopentane. Calculate the final partial pressures of the two isomers. 

Solution 
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4.32. a. An equilibrium constant K c is increased by a factor of 3 when the temperature is raised from 25.0 °C to 40.0 °C. Calculate the 
standard enthalpy change. 

b. What is the standard enthalpy change if instead K c is decreased by a factor of 3 under the same conditions? 

Solution 

4.33. a. The ionic product [H + ] [OH ], which is the equilibrium constant for the dissociation of water; 

H 2 0 ^ H + + OH 

is 1.00 x 10~ l4 mol 2 dnT 6 at 25.0 °C and 1.45 x 10 -14 mol 2 dnT 6 at 30.0 °C. Deduce A H° and AS 0 for the process, 
b. Calculate the value of the ionic product at body temperature (37 °C). 

Solution 

4.34. The equilibrium constant K P for the reaction I 2 (g) + cyclopentane(g) ^ 2 HI(g) + cyclopentadiene(g) varies with temperatures 

according to the equation: 


log io(^f p/bar) = 7.55 - 4844/(77K) 

a. Calculate K P , A G°, A H°, A S° (standard state: 1 bar) at 400 °C. 

b. Calculate K c and A G° (standard state: 1 M) at 400 °C. 

c. If I 2 and cyclopentane are initially at 400 °C and at concentrations of 0.1 M, calculate the final equilibrium concentrations of b, 
cyclopentane, HI, and cyclopentadiene. 

Solution 


4.35. From the data in Appendix D, for the synthesis of methanol, 

CO(g) + 2H 2 (g) — CH 3 OH(l) 

Calculate A H°, A G°, and A S° and the equilibrium constant at 25 °C. 


Solution 
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4.36. The bacterium nitrobacter plays an important role in the “nitrogen cycle” by oxidizing nitrite to nitrate. It obtains the energy it 
requires for growth from the reaction 

N0;(aq) + ^-0 2 (g)->N0;(aq) 

Calculate A H°, A G°, and AS° for this reaction from the following data, at 25 °C: 


Ion 

a f H° 

A f G° 

kJ mol 1 

kJ mol 1 


no; 

-104.6 

-37.2 

no; 

-207.4 

-111.3 


4.37. When the reaction: 


Solution 


glucose- l-phosphate(aq) ^ glucose-6-phosphate(aq) 


is at equilibrium at 25 °C, the amount of glucose-6-phosphate present is 95% of the total. 


a. 


b. 


Calculate A G° at 25 °C. 

Calculate AG for reaction in the presence of 10 M glucose- 1 -phosphate and 10 M glucose-6-phosphate. In which direction 
does reaction occur under these conditions? 

Solution 


4.38. From the data in Appendix D, for the reaction 

C0 2 (g) + H 2 (g) ^ CO(g) + H 2 0(g) 


Calculate the following: 

a. A H°, A G°, and AS 0 (standard state: 1 bar and 25 °C). 

b. The equilibrium constant at 25 °C. 

c. From the heat capacity data in Table 2.1, obtain an expression for A H° as a function of temperature. 

d. Obtain an expression for In K P as a function of temperature. 

e. Calculate K P at 1000 K. 

Solution 
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4 . 39 . Irving Langmuir [/. Amer. Chem. Soc., 28, 1357 (1906)] studied the dissociation of CO 2 into CO and O 2 by bringing the gas at 1 
atm pressure into contact with a heated platinum wire. He obtained the following results: 


77 K 

Percent Dissociation 

1395 

0.0140 

1443 

0.0250 

1498 

0.0471 


Calculate K P for 2C02(g) = 2CO(g) + 02 (g) at each temperature, and estimate AH 0 , A G°, and AS 10 at 1395 K. 


Solution 

4 . 40 . G. Stark and M. Bodenstein [Z. Electrochem.,16, 961(1910)] carried out experiments in which they sealed iodine in a glass bulb and 
measured the vapor pressure. The following are some of the results they obtained: 

volume of bulb = 249.8 cm 3 
amount of iodine = 1.958 mmol 

Temperature/°C Pressure/Torr 

800 558.0 

1000 748.0 

1200 1019.2 

a. Calculate the degree of dissociation at each temperature. 

b. Calculate K c at each temperature, for the process I 2 ^ 21. 

c. Calculate K P at each temperature. 

d. Obtain values for AH 0 and A U° at 1000 °C. 

e. Calculate A G° and A S° at 1000 °C. 

Solution 
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4 . 41 . The following diagram shows the variation with temperature of the equilibrium constant K c for a reaction. Calculate A G°, A H°, and 
AS° at 300 K. 



Solution 

4 . 42 . The following values apply to a chemical reaction A ^ Z: 

A// 0 = -85.2 kJ mol -1 
AS° = -170.2 J K 1 mol -1 

Assuming these values to be temperature independent, calculate the equilibrium constant for the reaction at 300 K. At what 
temperature is the equilibrium constant equal to unity? 

Solution 

4 . 43 . The equilibrium constant K c for the hydrolysis of adenosine triphosphate (ATP) to adenosine diphosphate (ADP) and phosphate is 
1.66 x 10 5 mol dm -3 at 37 °C, and A H° is -20.1 kJ mol -1 . Calculate A S° for the hydrolysis at 37 °C. On the assumption that A H° and 
A S° are temperature independent, calculate K, at 25 °C. 

Solution 
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4 . 44 . A dissociation A 2 ^ 2A has an equilibrium constant of 7.2 x 1CT 5 mol dm ” 3 at 300 K, and a A H° value of 40.0 kJ mol -1 . Calculate 
the standard entropy change for the reaction at 300 K. (What is its standard state?) If the A H° and AS 0 values for this reaction are 
temperature independent, at what temperature is the equilibrium constant equal to unity? 

Solution 

4 . 45 . A reaction A + B ^ Z has an equilibrium constant of 4.5 x 10 4 dm 3 mob 1 at 300 K, and a A H° value of -40.2 kJ mol -1 . Calculate 
the entropy change for the reaction at 300 K. If the A H° and AS° values are temperature independent, at what temperature is the 
equilibrium constant equal to unity? 

Solution 

4 . 46 . At 1 bar pressure liquid bromine boils at 58.2 °C, and at 9.3 °C its vapor pressure is 0.1334 bar. Assuming A H° and A S° to be 
temperature independent, calculate their values, and calculate the vapor pressure and AG° at 25 °C. 

Solution 

4 . 47 . The standard Gibbs energy of formation of gaseous ozone at 25 °C, AG" , is 162.3 kJ mol” 1 , for a standard state of 1 bar. Calculate 
the equilibrium constants K P , K c , and K x for the process: 

302(g) ^ 20 3 (g) 

What is the mole fraction of O 3 present at 25 °C at 2 bar pressure? 

Solution 

4 . 48 . For the equilibrium: 


H 2 (g) + I 2 (g) ^ 2HI(g) 


The following data apply: 


AH 0 (300 K) = -9.6 kJ mol ” 1 
AS°(300K) = 22.18 JK ' 1 moF 1 
A C p (500 K) = -7.11 JK ” 1 mol ” 1 

The latter value can be taken to be the average value between 300 K and 500 K. 
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Calculate the equilibrium constants Kp, K c , and K x at 500 K. What would be the mole fraction of HI present at equilibrium if HI is 
introduced into a vessel at 10 atm pressure; how would the mole fraction change with pressure? 


Solution 

* 4 . 49 . Protein denaturations are usually irreversible but may be reversible under a narrow range of conditions. At pH 2.0, at temperatures ranging 
from about 40 °C to 50 °C, there is an equilibrium between the active form P and the deactivated form D of the enzyme trypsin: 

D 

Thermodynamic values are A H° = 283 kJ mol 1 and A S° = 891 J K 1 mol -1 . Assume these values to be temperature independent over 
this narrow range, and calculate A G° and K c values at 40.0 °C, 42.0 °C, 44.0 °C, 46.0 °C, 48.0 °C, and 50.0 °C. At what temperature 
will there be equal concentrations of P and D? 

**Note that the high thermodynamic values lead to a considerable change in K over this 10 °C range. 


Solution 


Binding to Protein Molecules 

* 4 . 50 . Suppose that a large molecule, such as a protein, contains n sites to which a molecule A (a ligand) can become attached. Assume 
that the sites are equivalent and independent, so that the reactions M +A = MA, MA + A = MA 2 , etc., all have the same equilibrium 
constant K s . Show that the average number of occupied sites per molecule is: 

- nK[A] 

v = 

1 + K S [A] 

Solution 

* 4 . 51 . Modify the derivation in Problem 4.50 so as to deal with sites that are not all equivalent; the equilibrium constants for the 
attachments of successive ligands are each different: 


M + A^MA K, = 


[MA] 

[M][A] 


MA + A^MA 2 k 2 = 


[ma 2 ] 

[MA][A] 
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MA„_! + A 


MA„ 


[MAJ 

[MA„J[A] 


Show that the average number of molecules of A bound per molecule M is: 

K l [A\ + 2K l K 2 [Af+--- + n(K l K 2 K,---K n )[A ]" 
1 + ^ [A] + K x K 2 [A] 2 + • • • + (K l K 2 K 3 — K n ) [A]” 


This equation is important in biology and biochemistry and is often called the Adair equation, after the British biophysical chemist 
G. S. Adair. 


Solution 


* 4 . 52 . Now show that the Adair equation, derived in Problem 4.51, reduces to the equation obtained in Problem 4.50 when the sites are 
equivalent and independent. [It is not correct simply to put K\ = K 2 = K 3 ■■■ = K n ; certain statistical factors must be introduced. 
Thus, if K s is the equilibrium constant for the binding at a given site, K\ = nK s , since there are 11 ways for A to become attached to a 
given molecule and one way for it to come off. Similarly Ki = (n - l)K s /2; n - 1 ways on and 2 ways off. Continue this argument 
and develop an expression for v that will factorize into «^[A]/(1 + AM A]). Suggest a method of testing the equilibrium obtained 
and arriving at a value of n from experimental data.] 


Solution 

* 4 . 53 . Another special case of the equation derived in Problem 4.5 1 is if the binding on one site affects that on another. An extreme case is 
highly cooperative binding, in which the binding of A on one site influences the other sites so that they fill up immediately. This 
means that K n is much greater than K\, K 2 , etc. Show that now: 

-__nK[ Af_ 

V ~l + K[A] n 


Where K is the product of K\, K 2 , ■■■ K n . The British physiologist A. V. Hill suggested that binding problems can be treated by plotting: 


In 


0 


\-e 


against ln[A] 


Where 6 is the fraction of sites that are occupied. Consider the significance of such Hill plots, especially their shapes and slopes, 
with reference to the equations obtained in Problems 4.50 to 4.53. 


Solution 
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Essay Questions 

4 . 54 . Give an account of the effect of temperature on equilibrium constants, and explain how such experimental studies lead to 
thermodynamic data. 

4 . 55 . Give an account of the effect of pressure on (a) the position of equilibrium and (b) the equilibrium constant. 

4 . 56 . Explain what experimental studies might be made to decide whether a chemical system is at equilibrium or not. 

4 . 57 . Give an account of the coupling of chemical reactions. 

4 . 58 . State the Le Chatelier principle, and give several examples. 


**SUGGESTED READING** 

See the listing at the end of Chapter 3. For a discussion of binding problems relating to Problems 4.50-4.53 see: 

• K. J. Laidler, Physical Chemistry with Biological Applications, Menlo Park, California: Benjamin/Cummings, 1978; especially Section 
11.2, “Multiple Equilibria.” 

• J. Steinhart, and J. A. Reynolds, Multiple Equilibria in Proteins , New York: Academic Press, 1969, especially Chapter 2, 
“Thermodynamics and Model Systems.” 

• C. Tanford, Physical Chemistry of Macromolecules, New York: Wiley, 1961, especially Chapter 8, “Multiple Equilibria.” 
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Solutions 

4.1. A reaction occurs according to the equation 

2A ^ Y + 2Z 

If in a volume of 5 dm we start with 4 mol of pure A and find that 1 mol of A remains at equilibrium, what is the equilibrium 
constant KP 

Solution: 

Given: V = 5 dm 3 , n initial = 4 mol, n equilibrium = 1 mol 
Required: K c 


This equilibrium problem can be solved using a table: 

2A ^ Y + 

2Z 


^initial 

4 

0 

0 

mol 

^equilibrium 

1 

1.5 

3.0 

mol 

^equilibrium 

1 

1.5 

3.0 



5 

5 


mol dm' 3 


For this reaction, K c is given by the equation K c 


AM: 

[a ] 2 


Solving using the concentrations at equilibrium gives the following, 


^ mol dm 

p 5 ° jndf 

K c = 2.7 mol dm 3 


Back to Problem 4.1 


Back to Top 
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4.2. The equilibrium constant for a reaction 

A + B ^ Y + Z 

is 0. 1 What amount of A must be mixed with 3 mol of B to yield, at equilibrium, 2 mol of Y? 

Solution: 

Given: K c = 0.1, n R =3 mol, n Y = 2 mol 

^initial 1 equilibrium 

Required: n, 

x ^initial 

This equilibrium problem can be solved using a table: 

A + B ^ Y + Z 

n initial n. 3 0 0 mol 

^initial 

^equilibrium _ — 2 1 2 2 Hiol 


For this reaction, K c is given by the equation K c = 


[Y][Z] 

W[B] 


. Assuming the total volume is constant for the reaction, K = 


n v n 


Y Z 


Rearranging for, n A gives, n, = Y z and therefore n. can be determined. 

^ t/ ^initial 

K c n B 


n, -2mol = 

^initial 


(2 mol)(2j3it5f j 
0.l(l jndf j 

(2 mol) (2 mbf ) 

— — — - + 2 mol 

0.l(l jxtff) 


n. = 42 mol 

^initial 


Back to Problem 4.2 


Back to Top 
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4.3. The equilibrium constant for the reaction 

A + 2B ^ Z 

is 0.25 dm 6 mol 2 . In a volume of 5 dm 3 , what amount of A must be mixed with 4 mol of B to yield 1 mol of Z at equilibrium? 

Solution: 

Given: K c = 0.25 dm 6 mol” 2 , V= 5 dm 3 , n R = 4 mol , n 7 =1 mol 

^initial ^equilibrium 

Required: n A 

This equilibrium problem can be solved using a table: 



A 

+ 

2B 

^ z 


ft initial 


n 


4 

0 

mol 

^equilibrium 


ft A “I 

^initial 


2 

1 

mol 

^equilibrium 


r^-n 


2 

1 




l 5 ; 


5 

5 

mol dm' 3 


For this reaction, K c is given by the equation K c = L Rearranging for [A] , gives, [A] = — - — L_ an( j can |-, c determined from 




KJB]- 


this expression. 
(n, -1) mol 

\ ^initial / 


(l \ 

— mol dm 3 

v5 J 


5 dm 3 / , ( 0 y 

mol dm 


(0.25 dm 6 moF 2 ) 




\ n . -1) mol 

\ ^initial / 


5 dm 3 


= 5 mol dm 


n . = 26 mol 

^initial 


Back to Problem 4.3 Back to Top 
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4.4. The equilibrium constant K c for the reaction 

2S0 3 (g) ^ 2S0 2 (g) + 0 2 (g) 

is 0.0271 mol dm* 3 at 1100 K. Calculate K p at that temperature. 

Solution: 

Given: K c = 0.0271 mol dm* 3 , T = 1100 K 
Required: K P 

The relationship between K c and K P is given by Eq. 4.26, 

K P = K r (RTf' where Ev is the difference between the moles of products to the moles of products. 
Since there are three moles of gas produced from two moles of S0 3 , 

Ev = +1 mol. 

Solving for K P gives, 

K P =( 0.0271 jnof dm* 3 )(o.083 145 bar jprf* y.\\Qfo X)' '' 

K p = 2.478 55 bar 
K p = 2.48 bar 


Back to Problem 4.4 Back to Top 
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4 . 5 . When gaseous iodine is heated, dissociation occurs: 


h 21 

It was found that when 0.0061 mol of iodine was placed in a volume of 0.5 dm 3 at 900 K, the degree of dissociation (the fraction of 
the iodine that is dissociated) was 0.0274. Calculate K c and K P at that temperature. 

Solution: 

Given: n, Mtial = 0.0061 mol , V = 0.5 dm 3 , T = 900 K, a, degree of dissociation = 0.0274 


Required: K c and K P 

This equilibrium problem can be solved using a table: 


^initial 

^equilibrium 


h ^ 

0.0061 

0.0061(1-0.0274) 
= 5.9329x10 3 


21 

~0 

0.0061x0.0274x2 
= 3.3428x10^ 


mol 

mol 


Jif 


For this reaction, K c is given by the equation K c = . Solving using the concentrations at equilibrium gives the following, 

[bj 


K c 

K c 


( 3.3428 xlO^ 4 3 ' 

mol dm 

_ l °- 5 , 

f 5.9329x10 3 ,, _ 3 

mol dm 

^ 0.5 

= 3.7669x10 5 mol dm 3 


K c =3.77xl0“ 5 mol dm 3 


The relationship between K c and K P is given by Eq. 4.26, 

K P = K c (RTf 1 ', where £v is the difference between the moles of products to the moles of products. 
Since there are two moles of iodine produced from one mole of iodine gas, 
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Ev = +1 mol. 

Solving for K P gives, 

K p = (3.77xl0 5 j»df ^l«^)(o.083 145 bar ^ ^ 

K p =0.002 821 bar 
=2.82x10 3 bar 

Back to Problem 4.5 Back to Top 
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4.6. It has been observed with the ammonia equilibrium: 


N 2 + 3H 2 ^ 2NH 3 

that under certain conditions the addition of nitrogen to an equilibrium mixture, with the temperature and pressure held constant, 
causes further dissociation of ammonia. Explain how this is possible. Under what particular conditions would you expect this to 
occur? Would it be possible for added hydrogen to produce the same effect? 

Solution: 

The equilibrium constant for this reaction is given by, 


K [NH,]- 

' 


3 3 

n N 2 n H 2 


If is increased at constant V, the equilibrium must shift to the right, so as to produce more ammonia. If the pressure (as well as the 
temperature) is kept constant, however, addition of N 2 requires that V is increased. If the proportional increase in V~ is greater than the 
increase in n N , the equilibrium will shift to the left when N 2 is added. 


The volume is proportional to n NH +n N + n u and V 2 is proportional to (n NH + n s +n H ) . If n v is much larger than n NH + n H , V 2 will 
increase approximately with n 1 N and therefore increases more strongly than n K . If n v _ is not much larger than n NH + n H , an increase 
in n v will have a relatively small effect on V . The increase in ammonia dissociation when N 2 is added is therefore expected when N 2 is in 
excess, but not otherwise. 


O 2 

On the other hand, n H appears in the equilibrium expression; this varies more strongly than V , and added H 2 therefore cannot lead to the 
dissociation of ammonia. 


Back to Problem 4.6 


Back to Top 
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4 . 7 . Nitrogen dioxide, NO2, exists in equilibrium with dinitrogen tetroxide, N2O4: 

N 2 0 4 (g) ^ 2N0 2 (g) 

At 25.0 °C and a pressure of 0.597 bar the density of the gas is 1.477 g dm -3 . Calculate the degree of dissociation under those 
conditions, and the equilibrium constants K c , Kp, and K x . What shift in equilibrium would occur if the pressure were increased by 
the addition of helium gas? 

Solution: 

Given: T = 25°C = 298. 15K, P = 0.597 bar, p = 1.477 g dm' 3 

Required: a, degree of dissociation, K c , Kp, and K x . the shift in equilibrium that would occur if the pressure were increased by the addition 
of helium gas. 

To determine the degree of dissociation, we need to first obtain the mole fractions of each gas. First we assume that in 1 dm there 
ar en N 04 moles of N 2 0 4 and /7 N0 moles of NCF. Therefore the total number of moles is given by 77 = n s<h + n SQ . 

Using the ideal gas law, PV = nRT _ and solving for n, n N ^ 0 and n N0 can be obtained. 

PV 
n = 

RT 

(0.597 >df)(i M r ) 

n = 

(o.083 145 yxf ykh 3 " mol' 1 ) (298. 15 X) 

77 = 0.024 083 mol 
«N 2 o 4 + n No 2 = 0.024 083 mol 

The mole fractions can also be determined using the density of the gas given in the problem. 
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V 


m 



(2x14.006 74 g mol * 1 +4x15.9994 g mol' 1 )^ 0 + (l4.006 74 g mol* 1 + 2x15.9994 g mor'jn^ 

1 dm 3 

(92.011 08 g mol' 1 + (46.005 54gmol '^n NO 
P ~ ldm 3 

_ (46.005 54 g mol' 1 )(2/7 N 04 + n NOi ) 

P ~ ldm 3 

(l.477 M^) 

1 N ° J (46.005 54 /mol' 1 ) 

( 2tt N 2 0 4 + «N0 2 ) = 0 - 032 105 mQl 


Now we have two equations and two unknowns, and therefore we can solve for the mole fractions. 


2n N,o 4 + n m , = 0.032 105 mol 

Subtracting (1) from (2) gives, 
n N ,o 4 = 0.008 022 mol 
n N ,o 4 =8.02xl0~ 3 mol 
n NO =0.024 083 mol -0.008 022 mol 
n NO , =0.016 061 mol 

n NO =1.61x10 2 mol 

If the degree of dissociation is a, the amounts of N2O4 and NO2 present are: 


«n 2 o 4 +n No, =0.024 083 mol 


( 1 ) 
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N 2 0 4 \P(l-a) 

N0 2 : 2P(a) 

Since partial pressures are proportional to the number of moles of each species present, 

w n 2 o 4 

n No 2 K2P(a) 


therefore, 


‘NO, 


‘n,o. 


2 P(a) 
P(l-a) 


Solving for a gives, 

(!-«)_ 2 /»n 2 q 4 
(a) /^n NO 


1 


In 


1 = 

a n 


N,0, 


NO, 


1 _ 2n N2 Q 4 


+ 1 


a 


NO, 


1 _ 2^n 2 Q 4 + n NO, 


2^n 2 o 4 +n no 2 

0.016 061 mol 

° ~ 2(0.008 022 mol) + (0.016 061 mol) 
a =0.500 265 
a = 0.500 
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The equilibrium constant for this reaction is given by K c 
n NOi moles of NO2, we can solve for K c . 


[NO ; ] 2 

[NA] 


. From our assumption that in 1 dm 3 there are n s 0 moles of N2C 


f 0.016 061 moO 2 


K = 


ldm 3 


y 


0.008 022 mol 
ldm 3 




K = 0.032 156 mol dm 


-3 


K = 0.0322 mol dm 


The relationship between K c and Kp is given by Eq. 4.26, 

K P = K c {RTf v , where Xv is the difference between the moles of products to the moles of products. 
Since there are two moles of nitrogen dioxide produced from one mole of dinitrogen tetroxide, 

Xv = +1 mol. 

Solving for K P gives, 

Kp — | 0.032 156 jHbf yhrf^)(o.083145 bar 298. 15X)' " 

K p =0.797 137 bar 
K p = 0.797 bar 

The relationship between K x and Kp is given by Eq. 4.32, 

Kp = K X P Iv , where Xv is the difference between the moles of products to the moles of products. 
Rearranging for K x gives, 

K x = K p P 11 


4 and 
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Since there are two moles of nitrogen dioxide produced from one mole of dinitrogen tetroxide, 

Sv = +1 mol. 

K x can therefore be solved, giving, 

K x =(0.797 137 bar)(0.597 bar) 1 
K x =1.335 238 
K x =1-34 

The addition of helium gas would have no effect on the equilibrium since the concentrations, partial pressures, and mole fractions would 
remain unchanged. 


Back to Problem 4.7 Back to Top 
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4.8. At 25.0 °C the equilibrium: 

2NOBr(g) ^ 2NO(g) + Br 2 (g) 

is rapidly established. When 1.10 g of NOBr is present in a 1.0-dm 3 vessel at 25.0 °C the pressure is 0.355 bar. Calculate the 
equilibrium constants Kp, K c , and K x . 

Solution: 

Given: m = 1.10 g, V = 1 dm 3 T = 25°C = 298. 15K, P = 0.355 bar 
Required: K P , K c , and K x 

[NO] 2 [BrJ 

The equilibrium constant for this reaction is given by K = — — ^ .To calculate K c , we must first determine n NOBr > the number of moles 

[NOBr]" 

initially present of NOBr, 


m 


NOBr 


NOBr 


NOBr 


M 


NOBr 


1.10 g 


(14.006 74 g mol 1 +15.9994 g mol 1 +79.904 g mol ‘) 


n NO Br =0.010 008 mol 

%OBr = °- 01 mo1 


If a is the degree of dissociation, then the number of moles of each gas at equilibrium is given in the following table: 


^initial 

^equilibrium 


2NOBr ^ 2NO 

ool 0 

0.0l(l-«) 0.01a 


+ 


Br 2 


0 


0.01 




v z y 


mol 

mol 


The total number of moles is given by n = n NOBr + n NO + n Kr 
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n = 0.01(1 -a) + 0.01 a + 0.01 
n = 0.01 + 0.01 




n = 0.01 + 0.005a 

Using the ideal gas law, PV = 


a 


\ 


nRT ^ and solving for n, a can be obtained 


PV 
n — 

RT 

(0.355 >dr )(l 

n — 

(o.083 145 mol 1 )(298.15 X) 

n — 0.014 32 mol 

where n = 0.01 + 0.005a; 

n-0.01 

a = 

0.005 

0.014 32 mol — 0.01 

a = 

0.005 

a = 0.864 


From a, >i NOBr , n N0 , and >i Br can be obtained. 


w NOBr =0.01 mol(l-a) 

n NO = 0.01 mol(a) 

'V 

n NOBr =0.01 mol(l-0.864) 

n NO = 0.01 mol(0.864) 

'V 

n NOBr =1-36x10 3 mol 

n NO =8.64x10 3 mol 

7 V 


Solving for K c gives, 


0.005 mol (a) 
0.005 mol(0.864) 
4.32x10 3 mol 
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( 8.64xl0~ 3 jntffY 

( 4.32 xl0~ 3 mol^l 

V 1 ^ 

v 1 dm 3 y 


1.36xlQ~ 3 ^tH^f Y 

v 1 , 


=0.174 35 mol dm 3 
K c = 0.174 mol dm 1 

The relationship between K c and K P is given by Eq. 4.26, 

Kp = K c (RTf‘ v , where Ev is the difference between the moles of products to the moles of products. 
Since there are three moles of total gas produced from two moles of NOBr, 

Ev = +1 mol. 

Solving for K P gives, 

A' p =( 0.174 ^h^)( 0.083145 bar x29S.l5)tj + " 

K p = 4.322 08 bar 
K p = 4.32 bar 

The relationship between K x and K P is given by Eq. 4.32, 

K P = K x r , where Ev is the difference between the moles of products to the moles of products. 
Rearranging for K x gives, 

K X =K P P 2v 

Since there are three moles of total gas produced from two moles of NOBr, 

Ev = +1 mol. 

K x can therefore be solved, giving, 
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K x = (4.322 08 bar) (0.355 bar) 
K x =12.174 87 
^= 12-2 


Back to Problem 4.8 


Back to Top 


Solutions 
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4 . 9 . At 100 °C and 2 bar pressure the degree of dissociation of phosgene is 6.30 x 10 5 . Calculate Kp, K c , and K x for the dissociation: 

COCl 2 (g) — CO(g) + Cl 2 (g) 

Solution: 

Given: T = 100°C = 373.15 K, P = 2 bar, « = 6.30x10 5 
Required: Kp, K c , and K x 

P P 

The equilibrium constant in terms of partial pressures is given by K p = -To calculate Kp, we must first determine the partial pressures 

' COCI, 

of each gas present. 

If a is the degree of dissociation, then the partial pressures of each gas at equilibrium is given in the following table: 

COCl 2 ^ CO + CI 2 

p(\-a) Pec Pa bar 


The total number pressure is given by P toU = P cocu + P co + P cu 


P^i= p ( l -a) + Pa + Pa 
Pto^=P + Pa 
P{l + a) = 2 bar 
2 bar 


P = 


P = 


(l + a) 

2 bar 


(l + 6.30xl0~ 5 ) 
P = 1.999 87 bar 
P - 2 bar 


Solving for K P , we obtain, 
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K p 

K p 

K p 


(/a)(Pa) 

/(I -a) 

Pa 2 

(l-a) 

(2bar)(6.30xl0 5 ) 2 
(1-6.30x10 5 ) 


=7.9385x10 9 bar 
K p = 7.94xl0~ 9 bar 


The relationship between K c and Kp is given by Eq. 4.26, 

Kp = K c (RTf‘ v , where Ev is the difference between the moles of products to the moles of products. Rearranging for K c gives, 
K c = Kp(RTf v 

Since there are two moles of gas produced from one moles of COCI 2 , 

Ev = +1 mol 
Solving for K c gives, 

K c =(7.9385x10 9 >^)(o.083 145 >dr dm 3 ^ moE 1 x 373.1 5X)' '' 

K c = 2.558 697 x 10 10 mol dm 3 
K c = 2.56x10 10 mol dm 3 


The relationship between K x and Kp is given by Eq. 4.32, 

Kp = K X P Iv , where Ev is the difference between the moles of products to the moles of products. 
Rearranging for K x gives, 
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K x = K p P 

Since there are two moles of gas produced from one moles of COCI 2 , 
Ev = +1 mol 

K x can therefore be solved, giving, 

=(7.9385x10 9 >ar )(2 >tr ) 

K x = 3.969 25x1 O’ 9 
=3.97x10 9 


Back to Problem 4.9 


Back to Top 
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4 . 10 . In a study of the equilibrium 


H 2 + h ^ 2HI 


1 mol of H 2 and 3 mol of I 2 gave rise at equilibrium to x mol of HI. Addition of a further 2 mol of H 2 gave an additional x mol of 
HI. What is x? What is K at the temperature of the experiment? 

Solution: 

Given: n ^ = 1 mol, n u = 3 mol, added = 2 mol 


Required: x, K 


This equilibrium problem can be solved using a table: 
H 2 + I 2 

2HI 


^initial 

1 

3 

0 

mol 

^equilibrium 

1-* 

2 

3- — 
2 

X 

mol 

^after H 2 added 

3-x 

3-x 

2x 

mol 


For this reaction, K is given by the 
K is always constant, therefore the 


equation K = 


[hi ] 2 


Assuming the volume is constant, the 


[h 3 ][i 2 ] 

two expressions obtained at equilibrium and after H 2 is added 


expression for K becomes, K 
can be used to solve for x. 
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K 4/ 


(~ x') (3-v)(3-x) 

l 2 J 

l 2) 

II 

(N 

r .rV x^\ 

v 2 ){ 2) 


9-6x + = 12-8.x + / / / 

2x = 3 
3 

x = — 

2 


Substituting for x, K can be solved. 




K = 


V z 7 

( 3 
3-- 


Y 


V 




K = 


K = 


9 

V 3Y 

u, 

9 

V 9 V 

U; 


K = A 


Back to Problem 4.10 Back to Top 
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4 . 11 . The equilibrium constant for the reaction below is 20.0 at 40.0 °C: 

H 2 (g) + I 2 (g) ^ 2HI(g) 

o 

The vapor pressure of solid iodine is 0.10 bar at that temperature. If 12.7 g of solid iodine are placed in a 10-dm vessel at 40.0 °C, 
what is the minimum amount of hydrogen gas that must be introduced in order to remove all the solid iodine? 

Solution: 

Given: K = 20.0, T = 40.0 °C =313.15 K, P = 0.10 bar, m = 12.7 g, 7 =10 dm 3 
Required: n H 


First, the number of moles of I 2 is given by, 
m 

n, = — 

2 M 

12.7 / 

n — - 

2 (2x126.904 47 / mol 1 ) 

n, = 0.050 037 6 mol 
l 2 

n, = 0.050 mol 
l 2 


By examining the reaction, the consumption of 0.050 mol of I 2 leads to the formation of 0. 10 mol of HI. 
The equilibrium constant for this reaction in terms of partial pressures is given by, 


p 2 

K d = hi 


P nA 


, where P HI is obtained from the ideal gas law. 
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P - nRT 
m V 

(0.10jadf)(0.083 145 bar Jg*' > mt5r r )(313.15 X) 

p "' = I7JZ 

P Hl = 0.26037 bar 

Rearranging and solving for P H gives, 

_ (0.260 37 bar) 2 
Hj 20(0.1 bar) 

P H = 0.033 896 bar 

Then, if P H is the partial pressure of Hi after equilibrium is established, n H equilibrium can be obtained using the ideal gas law. 

p H y 

Yl = — 

H 2 equilibrium D r r 

Kl 

(0.033 896 JjdrllO 

Jl ... = - 

Hi equilibrium / / ^ . \ / 

(0.083 145 JT mol 1 j 313.15 X 

«H 2 equilibrium =0.013 018 mol 

This means 0.013 018 mol of H 2 is produced in the equilibrium mixture, and 0.05 mol of Hi is required to remove the 0.05 mol of I 2 . n H is 
therefore equal to 0.013018 mol +0.05 mol. 

n u =0.013 018 mol +0.05 mol 
n„ =0.063 018 mol 
n u = 0.063 mol 

H 2 


Back to Problem 4.11 Back to Top 
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4 . 12 . The degree of dissociation a of NoCMg) is 0.483 at 0.597 bar and 0.174 at 6.18 bar. The temperature is 298 K for both 
measurements. Calculate K P , K c , and K x in each case. 

{Hint: See Example 4.1.) 

Solution: 

Given: a p= 0597 bar =0.483, a p=618bar =0.174, T = 25 °C =298.15 K 
Required: K P , K c , and K x in each case 

Suppose that we start with 1 mol of N 2 O 4 and that a mol have become converted into NO 2 ; the amounts at equilibrium are 

N 2 0 4 ^2N0 2 
l- a 2 a 

The total amount is given by, \-a + 2a =\ + a . If P is the total pressure, the partial pressures are 

N 7 0, '}-^-P and N0 7 :^—P 

2 4 1 + a 1 +a 


The equilibrium constant in terms of partial pressures is given by K p 



o 4 


Solving for K P , we obtain, 
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K p 


f 2 a V 


yl + « j 


^1 -a^ 

^1 + a j 


P i 

/ 


K P =P 


K p = P 


K p = P 


4 a- 

(l + aY v ^~ a 
4a 1 

(l + a)(l-«) 

4a 1 

1-cc 2 


At P = 0.597 bar, 


K p 


(0.597 bar) 4 (°' 483 ) 
l-(0.483) 


K p = 0.726 60 bar 
K p = 0.727 bar 


At P = 6.18 bar , 

K p =(6.18 bar) 4 (°' 174 ) 

V 1-(0.174) 2 

K p =0.771 79 bar 

K p = 0.772 bar 

The relationship between K c and Kp is given by Eq. 4.26, 

Kp = K c (RTf v , where Ev is the difference between the moles of products to the moles of products. Rearranging for K, gives, 
K c = Kp(RTf v 
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Since there are two moles of nitrogen dioxide produced from one mole of dinitrogen tetroxide, 
Ev = +1 mol. 

Solving for K c dlP = 0.597 bar gives, 

K c =(0.726 60 bar)|o.083 145 Jjhr' dm 3 mol 1 X298.15X)' " 

K c =0.029 3 1 mol dm 3 
= 2.93x10 2 mol dm 3 

Solving for K c at P = 6. 1 8 bar gives, 

K c =(0.771 79 bar) (o.083 145 dm 3 mol 1 x 298.15X)' " 

K c = 0.031 13 mol dm 3 
=3.11x10 2 mol dm' 3 

The relationship between K x and K P is given by Eq. 4.32, 

Kp = K X P Iv , where Ev is the difference between the moles of products to the moles of products. 
Rearranging for K x gives, 

K x = K p P ^ 

Since there are two moles of nitrogen dioxide produced from one mole of dinitrogen tetroxide, 
Ev = +1 mol. 

Solving for K x at P = 0.597 bar gives, 
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K x ={ 0.726 60 >tr) (0.597 
^ =1.217 09 
*,= 1-22 

Solving for K x at P = 6. 1 8 bar gives, 

=(0.771 79 >Jr)(6.18 >£Jr) ‘ 

=0.124 89 

=0.125 


Back to Problem 4.12 


Back to Top 
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4 . 13 . One mole of HC1 mixed with oxygen is brought into contact with a catalyst until the following equilibrium has been established: 

4HCl(g) + 0 2 (g) — 2Cl 2 (g) + 2H 2 0(g). 

If y mol of HC1 is formed, derive an expression for K P in terms of y and the partial pressure of oxygen. 

(Hint: First develop expressions for the ratios x a /x na and A' ll o /x cl in terms of y and P Q ) 

Solution: 

Given: n HCl = 1 mol 
Required: Kp in terms of y and P Q 

Rewriting the reaction in terms of one mole of HC1 gives, 


HC1 

+ 

14 0 2 

¥i Ch 

1/2 H 2 0 

1-y 


P o 2 

y/2 

y/2 


From examining the equation above, it is possible to establish the following relationships: 


'Cl, 


2(i-y) 


, and -M- = l 

*C1, 


These ratios also hold for partial pressures and solving for K P , 
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= { P c\ 2 ) 2 ( ^H 2 0 ) ~ 

(^hci)(^0 2 )* 



K p 



Back to Problem 4.13 


Back to Top 
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4.14. Using the result of Problem 4.13, evaluate K P for an experiment in which 49% HC1 and 51% O 2 are brought into contact with a 
catalyst until the reaction is complete at 1 bar and 480 °C. The fraction of HC1 converted per mole is found to be 0.76. 

Solution: 

Given: 49% HC1, 51% 0 2 , P = 1 bar, T = 480 °C = 753.15 K, y = 0.76 
Required: K P 

The result from problem 4.13 gives K P as. 

K p = y x— ^ 

2(1 - y) ('J 

Solving using P 0 =0.51x1 bar 

K 0-76 1 

- 2(1-0.76) X (0 51bar) i 

_1 

K p =1.873 61 bar 4 

1 

K p =1.9 bar 4 


Back to Problem 4.14 Back to Top 
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4 . 15 . 10.0 g of HI is introduced into an evacuated vessel at 731 K and allowed to reach equilibrium. Find the mole fractions of FE, F, and 

HI present at equilibrium. Kp = K c = K x - 65.0 for the reaction 

H 2 (g) + I 2 (g) ^ 2HI(g). 


{Hint: see Example 4.2) 

Solution: 

Given: m m = 10.0 g, T = 731 K, K P = K c = K x = 65.0 
Required: v H , x L , x HI 

Note first that because the reaction involves no change in the number of molecules, the volume of the vessel is irrelevant, since it cancels 
out in the equilibrium equation. Note also that from Eq. 4.26 and Eq. 4.32 the equilibrium constants K P , K c , and K x are all the same and that 
they are dimensionless. 

Since there are no reactants present initially, we can write, 

H 2 (g) + I 2 (g) ^ 2HI(g) 

x x n-2x 

Where n is the initial amount of HI present, 
m 

n m = 

HI M 

10.0 i 

n — — 

“ (l.007 94/ mol 1 +126.904 47 £ moE 1 ) 

n m = 0.078 178 mol 
n m =7.8179x10 2 mol 

The equilibrium constant for this reaction in terms of partial pressures is given by, 
p 2 

K p = — m — , which can be written in terms of moles as, 
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n 

K p =^~ 
n u n. 

H, 1 


Solving for the x, the mole fractions x H , x u , x Hl can be obtained. 
(n -2xf 


K P = 


65.0 = 


( x )( x ) 

(n-2x) 2 


V65X) = 


x 

(n — 2x) 


V65X)=--2 

x 

8.062 26 + 2 = 


7.8179x10 2 mol 


x = - 


7.8179x10 2 mol 
10.062 26 
v = 7.7695x10 3 mol 

The mole fractions are given by the expressions, 
x , n-2x 

X H 2 =X I=-’ and *HI = 

n n 


Solving for x H , x, , and x m gives, 


Solutions 
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7.7695x10 3 mbf 
2 2 7.8179x10 

x H = Xr =0.099 381 

1-1 2 I 2 

x„ = x T =9.94x10 2 
A 2 

7.8179x10 2x7.7695x10 3 jaatSf 

* H1 ~~ 7.8179xlO“ 2 ^p«Sf 

x H] =0.080 124 
x Hl = 8.01x10 2 


Back to Problem 4.15 


Back to Top 
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4 . 16 . The equilibrium constant for the reaction 

(C 6 H 5 COOH) 2 ^ 2C 6 H 5 COOH 
in benzene solution at 10 °C is 2.19 x 10 3 mol dm” 3 . 

a. Calculate A G° for the dissociation of the dimer. 

b. If 0.1 mol of benzoic acid is present in 1 dm of benzene at 10 °C, what are the concentrations of the monomer and of the dimer? 

Solution: 

Given: T = 10.0 °C = 283.15 K, K = 2.19 x 10 3 mol dm 3 , n = 0.1 mol, V = 1 dm' 3 

Required: A G°, C monomer, ^ dimer 

a. Solving for A G° , given by Eq. 4.27, AG° = -RTln K° c 

AG° = ( -8.3145 J Xmol 1 )(283.15X)ln(2.19x 10“ 3 mol dm 3 ) 

AG°= 14 417 J mor 1 
AG°= 14.4 kJ mol” 1 

b. This equilibrium problem can be solved using a table: 

(C 6 H 5 COOH)2 ^ 2C 6 H 5 CQOH 

C initial 0 0T mol dm" 3 

Cequilibrium X 0.1-2.V mol dm 

The equilibrium constant for this reaction is given by, 

K [c.h^cooh] 2 
' [(c,h s cooh) 2 ] 

Using the concentrations at equilibrium given in the table, x can be obtained. 
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, (0.l-2x) 2 

2.19 x 10 3 = 4 

x 

0.0 1-0.4021 9x + 4x 2 =0 

Using the quadratic formula, the expression can be further simplified. 

-b±yjb 2 -Aac 

x = 

2 a 


x = 


x = - 


0.40219 ±^(-0.40219) -4(4)(0.0l) 

2 ( 4 ) 

0.4 0219±0.041914 

8 


x = 0.0555 13 mol dm 3 or x = 0.0450345 mol dm 3 


From the equilibrium concentrations, we know that there are (0.1-2x) mol dm" of C6H5COOH, therefore, we take * = 0.0450345 since 2x 
cannot be greater than 0.1. 


Therefore, 


C_ = 0.045 034 5 mol dm 



C dimer = 0. 1 mol dm 3 - 2 (0.045 034 5 mol dnT 3 ) 
C dimer =0.009 931 mol dnU 3 

C dl „,cr - 1x10 2 mol dm 3 


Back to Problem 4.16 Back to Top 
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4.17. At 3000 K the equilibrium partial pressures of CO 2 , 

CO, and O 2 are 0.6, 0.4, and 0.2 atm, respectively. Calculate A G° at 3000 K for the reaction: 

2C0 2 (g) ^ 2CO(g) + 0 2 (g) 

Solution: 

Given: T = 3000 K, P co =0.6atm, P co =0.4atm, P 0 =0.2atm 
Required: A G° 

A G° is given by Eq. 4.20 as AG°=- RT\nK° 

The equilibrium constant for this reaction is given by 



Solving for A G° gives, 

( p 2 p 3 

AG° = - RT In co ° 2 
P 

V C °2 J 

AG° = ( -8.3145 JX mol ' 
AG° = 60 372.45 J mol 1 


)(3000 X)ln 


(0.4 atm)" (0.2 atm) ^ 
v (0.6atm)“ y 


AG° = 6 x 1 0 kJ mol 1 


Back to Problem 4.17 Back to Top 
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4 . 18 . The conversion of malate into fumarate: 


1. malate(aq) ^ fumarate(aq) + H 20 (l) 

is endergonic at body temperature, 37 °C; A G° is 2.93 kJ mol -1 . In metabolism the reaction is coupled with 

2. fumarate(aq) ^ aspartate(aq) 


for which A G° is - 15.5 kJ mol 1 at 37 °C. 

a. Calculate K c for reaction 1 . 

b. Calculate K c for reaction 2. 

c. Calculate K c and A G° for the coupled reaction 1 + 2. 

Solution: 

Given: 7j =37°C = 310.15 K, AG,° = 2.93 kJ moE 1 
T 2 =37°C = 310.15 K, AG 2 ° = -15.5 kJ mol 1 
Required K cU K c2 , K c l+2 , AG l+2 ° 

a. The relationship between A G° and K c is given by Eq. 4.27, 
AG° = - RT In K° 

Rearranging and solving for K c gives, 



K° =e RT 


-2.93x10 3 /jhO K 



K cl =0.321 03 


K cl =0-321 
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b. Using the procedure in part a, K c 2 can be obtained. 

-|-15.5xl0 3 y jnoUj 

^8.3145 jhoE')(310.15 X) 

K C 2 =e 

K C2 =407.761 
K c2 =408 

c. The coupled reaction of 1 + 2 is given by, 

malate(aq) ^ aspartate(aq) + EECXl) 

K c i +2 is given by Eq. 4.65, 

k,k 2 =k 3 

Therefore solving for K c i +2 gives, 

K cl+2 =K c i*K C 2 
K cl+2 =0.321x408 
K cU2 =130.968 
*, 1 + 2=131 

AGi+ 2 ° is given by Eq. 4.67, the sum of the free energies of each reaction 
A G° =A G,° + A G° 

Solving for AG 1 + 2 0 gives, 

AG 1+2 °=2.93 kJ moE 1 -15.5 kJ moE 1 
AG 1+2 °= -12.57 kJ mol 1 
AG 1+2 °= -12.6 kJ moE 1 

Back to Problem 4.18 Back to Top 
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4 . 19 . From the data in Appendix D, deduce the A G° and K P values for the following reactions at 25.0 °C: 

a. N 2 (g) + 3H 2 (g) — 2NH 3 (g) 

b. 2H 2 (g) + C 2 H 2 (g) ^ C 2 H 6 (g) 

c. H 2 (g) + C 2 H 4 (g) ^ C 2 H 6 (g) 

d. 2CH 4 (g) ^ C 2 H 6 (g) + H 2 (g) 


Solution: 

Given: T = 25°C = 298.15 K , Appendix D 
Required: AG° and K P for a-d 

a. From Eq. 3.91 the Gibbs energies of formation can be used to obtain A G° for each reaction. 
A G° = Z A / G°(products)-ZA / G°(reactants) 

A G° = 2(-16.4 kJ moF 1 )- (0 + 3(0)) 

A G° = -32.8 kJ mol 1 


The relationship between A G° and K P is given by Eq. 4.20, 
AG° = -RT\nK° p 


Rearranging and solving for K P gives, 
A G° 


In K p = 


RT 


-A G° 

K p =e RT 

^|-32.8x10 3 /j nof^) 
(8.3145 /yt* jcK3l^ r )(298.15 X) 

p €■ 

K p =557 552 bar -2 
Kp =5.58xl0 s bar 2 
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b. Using the same procedure as part a, 

A G° = (-32.0kJ moU 1 ) -(2(0) + 209.9 kJ mok 1 ) 
A G°= -241.9 kJ mol 1 
A G°= -242 kJ moU 1 

-|-241.9xl0 3 / / jndUJ 
(8.3145 jboK|(29 8.15 X) 

p ^ 

K p =2.392 522 xlO 42 bar -2 
K p =2.39xl0 42 bar 2 

c. Using the same procedure as part a, 

A G° = (-32.0kJ mol -1 ) -((0) + 68.4 kJ mol 1 ) 

A G°= -100.4 kJ mol 1 
A G°= -100 kJ mol 1 

-(-lOOxlo’/jnoUj 
(8.3145 ? ye* jndUj(298.15 X) 

p ^ 

K p =3.304 94xl0 17 bar 1 
K p =3.30xl0 17 baU 1 

d. Using the same procedure as part a, 

A G° = (-32.0kJ mol 1 + (0)) - 2 (-50.5 kJ mol -1 ) 
A G°= 69 kJ mol 1 
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- 69x10 




K p =e 


8.3145 / yS X) 


K p =8.161 64x10 


-13 


K p =8.2x10 


-13 


Back to Problem 4.19 


Back to Top 


Solutions 
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4.20. Calculate K c and K x for each of the reactions in Problem 4. 19 assuming total pressures of 1 bar in each case. 

Solution: 

Given: P =1 bar, Problem 4.19 
Required: K c , and K x in each case 

The relationship between K c and Kp is given by Eq. 4.26, Kp = K c (RTf‘ v , where Zv is the difference between the moles of products to the 
moles of products. Rearranging for K c gives, 

K c = Kp(RTf v 

Since there are two moles of ammonia produced from one mole of nitrogen gas and three moles of hydrogen gas, 

Zv = -2 mol. 

Solving for K c , 

K c =(5.58xl0 5 >af^j(0.083 145 >df dm 3 mol' 1 x 298. 15^) 

K c =908.013 mol 2 dm' 6 
K c =9.08xl0 2 mol 2 dm' 6 

The relationship between K x and Kp is given by Eq. 4.32, 

Kp = K X P Iv , where Zv is the difference between the moles of products to the moles of products. 

Rearranging for K x gives, 

K x = K p P~ J ‘ v 

Since there are two moles of ammonia produced from one mole of nitrogen gas and three moles of hydrogen gas, 

Zv = -2 mol. 

Solving for K x 
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i^ A =(5.58xl0 5 JjaK)(l 
K x = 5.58 x10 s 


Repeating this procedure for each reaction gives the following results: 



K P 

Sv 

a. 

5.58 xlO 5 bar 2 

-2 

b. 

2.39xl0 42 bar 2 

-2 

c. 

3.30xl0 17 bar 1 

-1 

d. 

8.2x10 13 

0 


Back to Problem 4.20 


Back to Top 


Solutions 


K c = K P (RT )' & 


9.08 xlO 2 mol 2 dnT 6 
3.89xl0 39 mol 2 dm 6 
1.33 xlO 16 mol dm 3 
8.2x10 13 


K x = K p P 
5.58xl0 5 
2.39 xlO 42 
3.30xl0 17 
8.2x10 13 
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4 . 21 . At 25.0 °C the equilibrium constant for the reaction: 

CO(g) + H 2 0(g) ^ C0 2 (g) + H 2 (g) 

is 1.00 x 10' 5 , and AS° is 41.8 J KT 1 mol -1 . 

a. Calculate A G° and A H° at 25.0 °C. 

b. Suppose that 2 mol of CO and 2 mol of H 2 0 are introduced into a 10-dm vessel at 25.0 °C. What are the amounts of CO, H 2 0, 
C0 2 , and H 2 at equilibrium? 

Solution: 

Given: T = 25°C = 298.15 K, K = 1.00 xl0“ 5 , AS° = 41.8 J K l moE 1 
n co = 2 mol, n H O = 2 mol, V = 10 dm 3 

Required: AG°, A H° at 25.0 °C and, n COequilibrium , n„ 20cquillbnum , « C02 equilibrium. n u 2 equilibrium 
a. The relationship between A G° and K is given by 
AG° = -RT\nK 
Solving for A G° gives, 

AG°--(8.3145 J X^mol 1 )(298.15 X)ln(l.00x I0 5 ) 

AG°-28 540 J mol 1 
AG° = 2.85 kJ mol 1 

The relationship between A G° and A H° is given by Eq. 3.90, 

AG = AH-TAS, 

Hence, A G° = A H° - TAS° 

Rearranging and solving for A H° gives, 
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AH° = AG° + TAS° 

A// 0 = 28 540 J mol 1 + (298.15 X)(4L8 J ^"mol 1 ) 
AH 0 = 41 002 Jmor 1 
AH° = 41.0 kJ mor 1 


b. This equilibrium problem can be solved using a table: 


CO(g) + ^L° (g) C0 2 (g) + H 2 (g) 

n initial 2 2 0 0 mol 

^equilibrium — X 2 X X X mol 


For this reaction, the equilibrium constant is given by the equation K c = K p 


[co 2 ][H,] 
[CO][H.O] ' 


The total volume is constant for the reaction, and cancels out, therefore we can write, 


K C =K P = 


n CO, n H 1 


n CO n H.O 


Solving for x, we can then obtain « COequilibrium , n H20equillbllum , n c<h equiIibrium , and n lu equilibrium 
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K. = K n 


1 

MM 

1 

(2- 

M 

(2- 

"*) 


1.00x10 5 =— T 

{ 2~ x ) 2 

V 10 " (2-.*) = a: 
2>/kF = x + y/w J x 


2A/lO T = .x:(l + VlO T ) 

(i+VkF) 

a: = 0.006 304 6 


Therefore, 

^C0 2 equilibrium ^H 2 equilibrium 

^C0 2 equilibrium = ^H 2 equilibrium “0.006 304 6 
^C0 2 equilibrium ^H 2 equilibrium 6.30x10 


= 11 

CO equilibrium H 2 0 equilibrium 

Yl ... = vi 

CO equilibrium H 2 0 equilibrium 

yi ... = n 

CO equilibrium H 2 0 equilibrium 


2 — x 

2-0.006 304 6 
1.993 695 4 




CO equilibrium 


= n 


H 2 0 equilibrium 


= 1.99 


Back to Problem 4.21 Back to Top 
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4 . 22 . Suppose that there is a biological reaction: 

1. A + B ^ Z 

for which the A G° value at 37.0 °C is 23.8 kJ mol -1 . (Standard state = 1 mol dm -3 .) Suppose that an enzyme couples this reaction 
with 


2. ATP ^ ADP + phosphate 

for which A G° = -31.0 kJ mol -1 . Calculate the equilibrium constant at 37.0 °C for these two reactions and for the coupled reaction 

3. A + B + ATP ^ Z + ADP + phosphate 


Solution: 

Given: AG^ = 23.8 kJ mol -1 , AG 2 ° = -31.0 kJ mol -1 , 


T = 37.0°C = 310.15 K, n = 1 mol, V = 1 dm -3 


Required: K t , K 2 , K 3 


For this reaction, K c is given by the equation K c 
and K c is given by Eq. 4.27, 


\A 

[A][B] 


. Therefore the units of K c will be in mol 1 dm’ . The relationship between A G° 


AG° = - RT In K° 


Rearranging and solving for K c gives, 
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In K c 


-A G° 
RT 


-A G° 

K c =e RT 

-23.SX10 3 / jedf* 

K (8.3145 / yt* jBoT^j(310.15 X) 

K x =9.812 13x10 5 mol dm 3 
K x =9.81x10 5 mol dm 3 


K 2 can be obtained by following the same procedure. K c is given by K c 
mol dm 3 

-(- 31.0xl0 3 /jBof f j 
(8.3145 /yS J Bdf 1 '](310.15 X) 

K 2 =e 

K 2 =166 269 mol dm 3 
K 2 =1.66x10 5 mol dm 3 

For the coupled reaction, K 3 is given by Eq. 4.65, 

k x k 2 =k 2 

Solving for K 3 gives, 

£ 3 = (9.81x10 5 ^irfr^j(l.66xl0 5 jndf 

£3 = 16.2846 
£3 = 16.3 


Solutions 


[ ADP] [phosphate] 
[ATP] 


Therefore the units of K c will be in 
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Back to Problem 4.22 


Back to Top 
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4 . 23 . The equilibrium between citrate and isocitrate involves cA-aconitate as an intermediate: 

citrate ^ cA-aconitate + H 2 0 ^ isocitrate 

At 25 °C and pH 7.4 it was found that the molar composition of the mixture was: 

90.9% citrate 
2.9% cA-aconitate 
6.2% isocitrate 


Calculate the equilibrium constants for the individual reactions, and for the overall reaction, and A G° for the citrate-isocitrate system. 

Solution: 

Given: T = 25°C = 298.15 K, pH = 7.4, x CItrate = 0.909, x ds _ aconitate = 0.029, x lsocitrate = 0.062 
Required: K v K 2 , K 3 , AG° 

The individual reactions are given by, 

1. citrate ;=^ cA-aconitate + H 2 0 

2. cA-aconitate + H 2 0 ^ isocitrate 

3. citrate ^ cA-aconitate + H 2 0 ^ isocitrate 

T r i .i . • rr X cis-aconitate X H,0 

a i is given by the equation K x = — . 

X 

citrate 


Solving for Ky gives, 
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*1 = 


X X 

■^cw-aconitate "^H^O 


where jc Hi0 = 1 


0 029 

K,=- = 0.031 903 2 

1 0.909 

=3.19x10 2 


Ki is given by the equation K 2 


AC 


X X 

cis — aconitate H 9 0 


Solving for K 2 gives, 


K x = 


where v H0 = 1 

= O062 =2 B7 93 
2 0.029 

K 2 = 2.14 


^3 is the overall rate constant and is given by Eq. 4.65, 

k x k 2 =k 3 

Solving for K 3 gives, 

= (3.190 32x10 2 )(2.137 92) 

K, = 0.068 207 
K 3 = 6.82x10 2 

The relationship between A G° and K is given by, 
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AG° = - RT In K 


Solving for A G° gives, 

AG° = -(8.3145 J ^ mol 1 ) (298. 15 X)M 0.068 207) 
AG° = 6656.545 J mol 1 
AG° = 6.66kJmol 1 


Back to Problem 4.23 Back to Top 
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4.24. The solubility product of Cr(OH )3 is 3.0 x 10 29 mol 4 dm 12 at 25 °C. What is the solubility of Cr(OH )3 in water at this temperature? 

Solution: 

Given: K sp = 3.0x10 29 mol 4 dm 12 T = 25°C = 298.15 K 

Required: solubility of Cr(OH )3 

When Cr(OH )3 dissolves, the reaction becomes 


Cr(OH),(s) 


+ 


30H 

3a 


A 


Where a is the solubility in mol dm 
K sp is given by the K = a (3 af =27 a 4 . 


Solving for a, 



3.0x10 29 mol 4 dm 12 ) 


27 


a = 3.246 68 x 10 8 mol dm 3 


a = 3.2 x 10 8 mol dm 3 


Back to Problem 4.24 Back to Top 
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4 . 25 . A gas reaction: 


A ^ B +C 

is endothermic and its equilibrium constant K P is 1 bar at 25 °C. 

a. What is A G° at 25 °C (standard state: 1 bar)? 

b. Is AS 0 , with the same standard state, positive or negative? 

c. For the standard state of 1 M, what are K, and A G°? 

d. Will K P at 40 °C be greater than or less than 1 bar? 

e. Will AG° at 40 °C (standard state: 1 bar) be positive or negative? 


Solution: 

Given: K p = 1 bar, T = 25°C = 298.15 K 
Required: 

a. A G° is given by Eq. 4.20, AG°=-RT\nK° p 

AG° = -(8.3145 JjK mor 1 )(298.15 X)ln(l bar) 

AG° = 0 JmoE 1 

b. The relationship between AG° and A H° is given by Eq. 3.90, 
AG = AH - TAS, hence, A G° = A H° - TAS° 

Rearranging and solving for AS° gives, 

A5°= AW °- AG ° 

T 

AG° = 0 
A = 

T 
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1 


Since the reaction is endothermic, 
AH 0 > 0 


c. The relationship between K c and K P is given by Eq. 4.26, 

Kp = K c (RTf'\ where Ev is the difference between the moles of products to the moles of products. Rearranging for K, gives, 

K c = Kp(RTf v 

Since there are two moles of gas produced from one mole of A, 

Ev = +1 mol. 

Solving for K c at P = 1 bar gives, 

K c = (l >df)(o.083 145 dm 3 ^ mol' 1 x 298.15X)' " 

K c = 0.040 339 4 mol dm 3 
K c =4.03x10 2 mol dm' 3 

A G° is given by Eq. 4.27, A G° = -RT In K° 

AG° = -RT\nK° 

AG° = - (8.3 145 J X^moE 1 x 298. 1 5^) In (4.033 94 x 10' 2 mol dm' 3 ) 

AG° = 7958.545 J mol' 1 
AG° = 7.96 kJ mol' 1 

d. Since the reaction is endothermic, increasing the temperature to 40 °C, will shift the equilibrium to the right, making the forward reaction 
more likely to occur, and the equilibrium constant, K P , will increase. 

K p > 1 bar 
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e. Since the reaction is endothermic, increasing the temperature to 40 °C, will shift the equilibrium to the right, making the forward reaction 
more likely to occur. 


AG°< 0 


Back to Problem 4.25 Back to Top 
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4 . 26 . A solution reaction: 

A + B ^ X + Y 

is endothermic, and K c at 25 °C is 10. 

a. Is the formation of X + Y exergonic at 25 °C? 

b. Will raising the temperature increase the equilibrium yield of X + Y? 

c. Is AS 0 positive or negative? 

Solution: 

Given: K c = 10 ,T = 25°C = 298.15 K 
Required: 

a. An exergonic reaction is one that releases energy, i.e., A G°< 0 
A G° is given by Eq. 4.27, 

AG° = -RT In K c 

AG°= -(8.3145 JX^mol 1 x298.15X)ln(l0) 

AG°= -5708.035 J moE 1 
AG°= -5.7 kJ mol 1 

Therefore A G° is less than zero, and the formation of X + Y is exergonic at 25 °C. 

b. Since the reaction is endothermic, increasing the temperature will shift the equilibrium to the right, making the forward reaction more 
likely to occur, and the equilibrium yield will increase. 

c. The relationship between A G° and AH" is given by Eq. 3.90, 

AG = AH- TAS, hence, A G° = AH" - TAS° 

Rearranging and solving for A S° gives, 
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A S°= AH °- AG ° 

T 

where A G° < 0 and AH° < 0 for an endothermic process, 
A5°>0 


Back to Problem 4.26 


Back to Top 
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4.27. From the data given in Appendix D, for the reaction: 

C 2 H 4 (g) + H 2 (g) — C 2 H 6 (g) 

Calculate the following: 

a. A G°, A H°, and A S° at 25 °C; what is the standard state? 

b. K P at 25 °C. 

c. K c at 25 °C (standard state: 1 M). 

d. A G° at 25 °C (standard state: 1 M). 

e. A S° at 25 °C (standard state: 1 M). 

i.K P at 100 °C, on the assumption that A H° and AS° are temperature independent. 

Solution: 

Given: Appendix D, T = 25°C = 298.15 K 
Required: 

a. From Eq. 3.91 the Gibbs energies of formation can be used to obtain AG° for each reaction. 
A G° = Z A / G°(products)-ZA / G°(reactants) 

A G° = (-32.0 kJ mol 1 ) -(68.4 kJ mol 1 + (0)) 

AG° = -100.4 kJ mol 1 
AG° = -100 kJ mol 1 

From Eq. 2.53 the enthalpies of formation can be used to obtain A H° for each reaction. 

A H° = Z A A //° (products) -Z A^.// 0 (reactants) 

A H° = (-84.0 kJ mol 1 ) -(52.4 kJ moE 1 +(0)) 

AH° = -136.4 kJmoE 1 
AH° = -136 kJ mol 1 

The relationship between A G°, A H° and A S° is given by Eq. 3.90, 
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AG = AH - TAS, hence, A G° = A H° - TAS° 
Rearranging and solving for AS° gives, 

T 


-136.4 xlO 3 J mol'- (-100.4 xlO 3 J mol' 

A S° = ^ 

298.15 K 

AS 0 = -120.744 59 J mol 1 K 
A5° = -121 Jmol 1 K 


b. The relationship between K P and A G° is given by Eq. 4.20, AG°=- RT In K° . Rearranging and solving for K P gives, 


In K p 


-A G° 
RT 


-A G° 

K p =e RT 

(8.3145 / ^ ^KsKj(298.15 X) 

JT p a 

K p =3.883 65xl0 17 bar 1 
K p =3.88xl0 17 bar 1 


c. The relationship between K c and K P is given by Eq. 4.26, 

K P = K C (RT)~' , where Ev is the difference between the moles of products to the moles of products. Rearranging for K, gives, 
K c = K P (RTf v 


Since there is one mole of gas produced from two moles of gas reactants, 
Ev = -1 mol. 

Solving for K c gives, 
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K c =(3.883 65xl0 17 bar ‘)(o.083 145 bar dm 3 X^mol 'x 298.1 5^) ' " 
K c =9.621 44xl0 18 dm 3 mor 1 
K c = 9.63xl0 18 dm 3 mol 1 


d. The relationship between K c and A G° is given by Eq. 4.27, A G° = - RT In K° 


Solving for A G° gives, 

AG° = -(8.3145 J X^mor')(298.15 X)ln(9.627 44xl0 18 dm 3 mol 1 ) 
AG° = -108 358 JmoE 1 
AG° = -108 kJ moE 1 


e. Solving for AS° using the expression obtained in part a. gives, 


-136.4xl0 3 J mol 1 -(-108 358 J mol 1 

A S° = ^ 

298.15 K 

AS° = -94.051 49 JmoE 1 K 1 
AS° = -94.1 J moE 1 K 1 


f. Assuming that A H° and AS 0 are temperature independent, we solve for K P , 
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AG° = AH°-TAS° 

AG°(100°C) = -136.4xl0 3 J mol 1 -(373.15 X)(~120.744 59 J mol' 
AG° = -91 462.268 J mol 1 


-A G° 

K p =e RT 


K p (100°C) =e 


K p -6.351 13xl0 12 bar 1 


-1-91 462.268/ jnoK) 
8.3145 / yt* jMr rf J(373.15 X) 


Kp =6.35 xio 12 bar 


-i 


Back to Problem 4.27 Back to Top 
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4.28. From the data in Appendix D, for the reaction: 

2H 2 (g) + C>2(g) ^ 2H 2 0(g) 

Calculate the following: 

a. A G°, A H°, and AS 0 at 25 °C (standard state: 1 bar). 

b. K P at 25 °C. 

c. A G° and Kp at 2000 °C, on the assumption that A H° and AS 0 are temperature independent. 

Solution: 

Given: Appendix D, T = 25°C = 298.15 K 
Required: 

a. From Eq. 3.91 the Gibbs energies of formation can be used to obtain A G° for the reaction. 

AG° = ZA / G°(products)-ZA / G°(reactants) 

A G° = 2 (-228.6 kJ moF 1 )-(2(0) + (0)) 

A G° = -457.2 kJ moF 1 

From Eq. 2.53 the enthalpies of formation can be used to obtain A H° for each reaction. 

A H° = Z A f H° (products) ~Y.A f H° (reactants) 

A//° = 2(-241.826kJmol 1 )-(2(0) + (0)) 

A H° = -483.652 kJ mol 1 


The relationship between A G° and A H° is given by Eq. 3.90, 
AG = AH- TAS, hence, A G° = A H° - TAS° 

Rearranging and solving for A S° gives, 
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AS° 


A H° 


A G° 


T 

-483.652 xlO 3 J mol 1 -(-457.2 xlO 3 J mol 1 

A S°= ^ 

298.15 K 

A5°= -88.720 44 Jmor 1 K 1 


AS°= - 88.72 J mol 1 K 1 


b. The relationship between Kp and A G° is given by Eq. 4.20, AG°=- RT In K " . Rearranging and solving for Kp gives, 


In K p 


-A G° 

RT 


-A G° 

K p =e RT 

-i-457.2xl0 3 jaoAj 
(8.3145 ^01^1(298.15 X) 

JT p a 

K p =1.252 03 xlO 80 bar 1 
K p =1.252xlO so bar 1 


c. Assuming that A H° and AS 0 are temperature independent, we solve for A G° and K P at 2000 °C. 
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A G° = A H° - TAS° 

AG°(2000°C) = -483.652xl0 3 J mol 1 -(2273.15 X) (-88.720 44 J mol 1 
AG° = -281 977.1318 Jmor 1 
AG° = - 282.0 kJ mol 1 

-A G° 

K P =e RT 

-|-281 977.1318 jncC 1 ') 

. . (8.3145 / ^ jnof f )(2273.15 X) 

K p (2000°C) =e' ' j 

=3 015 697.02 bar 1 
X p =3.016xl0 6 bar 1 


Back to Problem 4.28 
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4.29. Calculate the equilibrium constant at 400 K for the reaction: 


302(g) - 20 3 (g). 

where A/G°( 03 , g) = 163.2 kJ mol -1 . 

Solution: 

Given: T = 400 K , AyG°(0 3 , g) = 163.2 kJ mol -1 
Required: K 

From Eq. 3.91 the Gibbs energies of formation can be used to obtain A G° for the reaction. 

AG° = ZA / G°(products)-ZA / G°(reactants) 

A G° = 2(163.2 kJ moE 1 ) -3(0) 

A G° = 326.4 kJ mol 1 

The relationship between K and A G° is given by AG°=- RT In K" . Rearranging and solving for K gives, 


In K =- 


-A G c 


RT 


-A G° 

K=e RT 


326.4x10 


/jboE') 


(8.3145 /jC jnciCj(400 X) 


K=e y 
K= 2.385 38x10 43 


K =2.39x10 


-43 


Back to Problem 4.29 Back to Top 
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4 . 30 . The hydrolysis of adenosine triphosphate to give adenosine diphosphate and phosphate can be represented by: 

ATP ^ ADP + P 

The following values have been obtained for the reaction at 37 °C (standard state: 1 M)\ 

AG° = - 3 1 .0 kJ moE 1 
AH° = - 20. 1 kJ moF 1 


a. Calculate AS°. 

b. Calculate K c at 37 °C. 

c. On the assumption that A H° and AS° are temperature independent, calculate A G° and K, at 25 °C. 

Solution: 

Given: T =37 °C = 313.15 K, AG° = -31.0 kJmoP 1 , Aff° = -20.1 kJmoP 1 


Required: 

a. The relationship between A G° and A H° is given by Eq. 3.90, 
AG = AH- TAS, hence, A G° = A H° - TAS° 

Rearranging and solving for AS° gives, 


AS° 


A H° - A G° 
T 


-20.1xl0 3 J mol 1 —(—31.0 xlO 3 J mol 1 

A S° = 

310.15 K 

A5° = 35.144 29 J mol 1 K 1 


AS 0 = 35.1 J moE 1 K 1 


b. The relationship between K c and AG° is given by Eq. 4.27, AG° = ~ RT In K° . Rearranging and solving for K, gives, 
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In K e 


-A G° 
RT 


-A G° 

K c =e« T 

-(-31.0x10 r’/jncKj 

K (8.3145 /yS j»oK)(310.15 X) 

K c = 166269.3995 mol dnT 3 
/f = 1 .66 x 10 5 mol dm 3 


c. Assuming that A H° and AS° are temperature independent, we solve for A G° and K, at 25 °C. 
A G° = A H° - TAS° 

AG°(25°C) = -20.1xl0 3 J mol 1 -(298.15 X)(35. 14429 J mol 1 
AG° = -30 578.270 06 J mol 1 
AG°=-30.6 kJ mol -1 

-A G° 

^ =e ^ 

-(-30 578.270 06/ jntfK) 

^ ( 2 5 o C ) =e ( 8 - 3145/ ' t ^ JB ° ff ) (298 I5X) 

=227 539.635 mol dnT 3 
=2.28x10'’ mol dm -3 


Back to Problem 4.30 Back to Top 
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4 . 31 . Thermodynamic data for n-pentane(g) and neo-pentane(g) (standard state: 1 bar and 25 °C) are as follows: 


Compound 


Enthalpy of Formation, Entropy, S° J K 1 

A H° kJ mol -1 mol” 1 


/z-Pertane(g) 

Neopentane(g) 


- 146.44 349.0 

- 165.98 306.4 


a. Calculate A G° for /7-pentanc — > neopentane. 

b. Pure n-pentane is in a vessel at 1 bar and 25 °C, and a catalyst is added to bring about the equilibrium between //-pentane and 
neopentane. Calculate the final partial pressures of the two isomers. 

Solution: 

a. The relationship between A G°, A H° and AS 0 is given by Eq. 3.90, 

AG = AH - TAS, hence, A G° = A H° - TAS° 

To obtain A G° we must first determine A H° and A S°. 

From Eq. 2.53 the enthalpies of formation can be used to obtain A H° for each reaction. 

A H° = Y,A f H° (products) -ZA / 77° (reactants) 

AH° = (-165.98 kJ mol 1 ) -(-146.44 kJ mol 1 ) 

A77° = -19.54 kJ mol 1 

From Eq. 3.69 the absolute entropies can be used to obtain A 77° for each reaction. 

AS = Z S (products) - X S (reactants) 

AS = 306.4 J K -1 moF 1 -349.0 J K 1 moF 1 
AS = -42.6 J K 1 moF 1 

Solving for A G°, 
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A G° = A H° - TAS° 

AG°(100°C) = -I9.54xl0 3 Jmor 1 -(298.15 X)(-42.6 J moE 1 
AG° = -6838.81 JmoF 1 
AG° = - 6. 84 kJ mol -1 

b. To calculate the partial pressures, we need to obtain the equilibrium constant Kp The relationship between Kp and A G° is given by Eq. 
4.20, AG° = - RT In K° . Rearranging and solving for K P gives, 

-A G° 

K p =e RT 

-(-6838.81/ jncf 1 ') 

K r ( 100°C)=F J “^'»F(-^) 

K p =15.779 83 bar 1 

P 

rrii • r ts- i Ts- neopentane 

The expression for K p is given by, K p = 

-pentane 

At equilibrium, we have 

n-pentane ^ neopentane 

1-x x 

X 

Therefore K p becomes, K p = — — . Solving for x, we can obtain the partial pressures. 

1-x 
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K p (l-x) = x 
K p - K p x - x = 0 
£ P -x(£ P +l) = 0 
x(K p +l) = K p 
K p 

x = ~} 

(K P + 1) 

15.779 83 

X — 

(15.779 83 + 1) 
x = 0.940 405 bar 

^neopentane = * = 0-940 bar 

p n pentane = (1 ■ - x) = lbar - 0.940 405 bar 

^pentane =0.059 595 bar 

P„ pentane = 0-060 bar 


Back to Problem 4.31 
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4.32. a. An equilibrium constant K c is increased by a factor of 3 when the temperature is raised from 25.0 °C to 40.0 °C. Calculate the 


standard enthalpy change. 

b. What is the standard enthalpy change if instead K c is decreased by a factor of 3 under the same conditions? 


Given: 7[ = 25.0°C = 298.15 K, T 2 = 40.0°C = 313.15 K 
Required: AH 0 

a. The problem states that K c2 = (3K rt ) . To obtain A H° , the standard enthalpy change, we use Eq.4.83. 
d\nK° _ A U° 

d(l/T) ~ IT 


Solution: 


This can be written as, — = since A U° and A H° are very close in solution. 

d(l/T) R 


Rearranging and solving for AH “gives, 



AH 0 = -(8.3145 J mor 1 )(ln(3)-(-1.606 586 19x10 4 )) 
AH° = 56 856.033 83 J moC 1 


AH 0 = 56.9 kJ mol 1 
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(l 3 

b. The problem states that K cl = — K cl . Using the same procedure as part a., AH ° can be obtained. 

v3 


A H°=-R 


f 

(K^ 


f 1 

iY| 

In 

c 2 




V 



l T 2 

dj 


( 


AH° = -(8.3145 J^rnoT 


In 

V v 


X 


313. 15X 298. 15^ 




AH 0 = -(8.3145 J mol 1 ) In - U(-1.606 58619xl0 4 ) 


In 

v v 

AH° = -56 856.033 83 J mol 1 


AH° = -56.9 kJ moU 1 


Back to Problem 4.32 Back to Top 
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4.33. a. The ionic product [H + ] [OH ], which is the equilibrium constant for the dissociation of water; 

H 2 0 ^ H + + OH 

is 1.00 x 10 -14 mol 2 dnT 6 at 25.0 °C and 1.45 x 10~ 14 mol 2 dm 6 at 30.0 °C. Deduce A H° and AS° for the process, 
b. Calculate the value of the ionic product at body temperature (37 °C). 

Solution: 

Given: K x = 1.00x10 14 mol 2 dnT 6 , 7J = 25.0°C = 298.15 K = 1.45x10 14 mol 2 dm 6 , T 2 = 30.0°C = 303.15 K 
Required: 

d\wK° a U° 

a. To obtain AH ° , the standard enthalpy change, we use Eq.4.83. — = 


d(l/T) R 


This can be written as, — = since A U° and A H° are very close in solution. 

d(l/T) R 


Rearranging and solving for AH° gives, 



AH° = -(8.3145 J mol 1 ) (in (1.45) +(-5.531 942xl0~ 5 )) 
AH° = 55 845.943 25 J moT 1 


AH 0 = 55.8 kJ mol 1 


To obtain A5° we use the relationship between A G°, A H° and AS 0 given by Eq. 3.90, 
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AG = AH - T AS, hence, A G° = A H° - TAS° 

To continue to solve, we must determine A G°. The relationship between K and A G° is given by AG° = - RT\n K . 
Solving for A G° gives, 

AG° = -(8.3145 J X r mor 1 |(298.15 X)ln(l.00xl0 14 mol 2 dm 6 ) 

AG° = -79 912.492 32 J moG 1 
Solving for AS° gives, 



T 



55 845.943 25 J mol" 1 —(—79 912.492 32 J mo\ l 


AS° = -80.7 J mol 1 K 1 


b. To obtain K at 37°C we use Eq.4.83. 


d In K° _ A U 


d(l/T) R 


This can be written as, — = since A U° and A H° are very close in solution. 

d(\!T) R 


Rearranging and solving for K 2 , the solubility product at37°C, gives, 
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In 


In 




l _ l 

V^2 ^1 J 


AH° 


AH° 


R 


1 1 


R 

\ 


T T 
\ 1 2 1 \J 


In K 2 - In K x = 


AH° 


R 


In K 2 = 


K 2 =e 


AH C 


R 


1 _ 1 

T T 
\ 1 2 1 \J 


J 1_ 

T T 
\ 1 2 L \J 

\ 


+ ln K, 


{ Ag°| 

f± 0 

l * 

l T 2 rj 


Solving for K 2 , 

(55 845.943 25 / jneC'f j 


K 2 =e 


K 2 =e 


K 2 =e 


55 845.943 25 / jbOT U , , 4 , 

-V -M 7 v +ln( 1.00xl0~ 14 mol 2 dnT 6 ) 

( (8.3145 / /K jboI^) 1.310.15X 298.15/0 1 ’ 

(-(6716.692 916)(-1.297701xl(r*)+(-32.236 19)) 


-31.364 564 09 


K 1= 2.390 798x10 14 mol 2 dm 


-6 


^ =2.39x10 14 mol 2 dm 


„ 6 


Back to Problem 4.33 Back to Top 


4-94 


Chapter4: Chemical Equilibrium 


Solutions 


4 . 34 . The equilibrium constant K P for the reaction I 2 (g) + cyclopentane(g) ^ 2 HI(g) + cyclopentadiene(g) varies with temperatures 
according to the equation: 


a. Calculate K P , A G°, A H°, AS° (standard state: 1 bar) at 400 °C. 

b. Calculate K c and A G° (standard state: 1 M) at 400 °C. 

c. If I 2 and cyclopentane are initially at 400 °C and at concentrations of 0.1 M, calculate the final equilibrium concentrations of G, 
cyclopentane, HI, and cyclopentadiene. 

Solution: 

Given: T = 400°C = 673.15 K 
Required: 

a. K P can be obtained from the equation logio(Kp/bar) = 7.55 - 4844/(77K). 

4844 

log 10 (K p / bar) = 7.55 — 


K P = 2.259 34 bar 1 
K p = 2.26 bar -1 

The relationship between K P and AG° is given by Eq. 4.20, AG° = - RT\n K° 
Solving for A G° gives, 

AG°--(8.3145 J mor 1 )(673.15 X)ln(2.259 34 bar [ ) 

AG° = -4561.885 J moE 1 
AG° = -4.56 kJ moE 1 


log 10 (^ P /bar) = 7.55 - 4844/(77K) 



4-95 


Chapter4: Chemical Equilibrium 


Solutions 


The temperature dependence of the equilibrium constant is given by the equation 

logioC&T/bar) = 7.55 - 4 8 44/(77 K). From this equation, A 77°. by converting it into Eq. 4.75, In K° = - 


AH° 

RT 


To convert logio/fp to In K P , we use the law of logarithm that states log n 

ln(l0 logl0 ^) = ln/: p 
In K p = 2.3031og 10 /f p 

( 4844 

2.3031og 10 /f p = 2.303+7.55 


)= lQ g a 


7 


To solve for A77°, we drop the 7.55 term and multiply by R 
AH° = 2.3037? log 10 K p 

AH° = 2.303(8.3145 J ^mor')(4844 X) 

AT/ 0 = 927 54.334 J mol 1 


A// 0 = 92.75 kJ mol 1 


The relationship between A G°, AH° and AS° is given by Eq. 3.90, 
AG = AH- TAS, hence, AG° = A H° - TAS° 

Rearranging and solving for AS° gives, 

A S°= AH °- AG ° 


927 54.334 J mol 1 -(-4561.885 J mol 1 ) 

A S° = ^ 

673.15 K 


AS° = 144.568 J moE 1 K 


AS 0 = 145 J mol K 


+ 7 . 
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b. The relationship between K c and K P is given by Eq. 4.26, 

K P = K c (RTf'\ where Ev is the difference between the moles of products to the moles of products. Rearranging for K, gives, 
K c = K,4RTf v 

Since there are three moles produced from two moles of gas reactants, 

Zv = +1 mol. 

Solving for K c gives, 

K c =( 2.259 34 bar ‘)(o.083 145 bar dm'X^mol 1 x 673.15X) ^ 

K c = 0.040 368 dm 3 mol 1 
^ =4.04x10 2 dm 3 mol 1 

The relationship between K c and A G° is given by Eq. 4.27, A G° = - RT In K° 

Solving for A G° gives, 

AG° = -(8.3145 J X 1 "moE 1 )(673.15 X)ln(0.040 368 dm 3 mol 1 ) 

AG° = -17 964.488 26 J moE 1 
AG° = - 18.0 kJ mol 1 

c. To calculate the equilibrium concentrations, we need to obtain the expression for the equilibrium constant K c . 


[Hi] [cyclopentadiene] 
[l 2 ] [cyclopentane] 

At equilibrium, we have 

I 2 (g) 

+ 

cyclopentane(g) ^ 

2 HI(g) 

+ 

cyclopentadiene(g) 

0.1 -x 


0. 1 - x 

2x 


X 
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Therefore .ff. becomes, 

K ( 2x f x 

(0.1-x)(0.1-x) 

K 4x3 
C (0.1-xf 

Solving for x, we can obtain the equilibrium concentrations. 

4x 3 

0.040 368 dm 3 mol 1 = T 

(0.1 — jc) 

0.040 368 dm 3 mol 1 (0.1- xf = 4x 3 
0.040 368 dm 3 mol 1 (0.01 - 0.2x + x 2 ) = 4x 3 

4.0368x10^ dm 3 mol 1 -(8.0736x10 2 dm 3 mol 1 )x + (4.0368xl0' 2 dm 3 moF 1 )* 2 -4.r 3 = 0 

To obtain x we can graph the equation and find the solution. 
x = 0.005 006 32 mol dm -3 
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[cyclopentadiene] = x = 0.005 006 32 mol dm 3 
[cyclopentadiene] = 5.01x 10 3 mol dm 5 
[HI] = 2 jc = 2(0.005 006 32 mol dnT 3 ) 

[HI] = 0.010 012 64 mol dm 3 

[HI] = 1.00x10 2 mol dm 3 

[l 2 ] = [cyclopentane] = 0. 1 - x 

[l 2 ] = [cyclopentane] = 0.09499368 mol dnT 3 

[l 2 ] = [cyclopentane] = 9.50 x 10~ 2 mol dm -3 


Back to Problem 4.34 
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4.35. From the data in Appendix D, for the synthesis of methanol, 

CO(g) + 2H 2 (g) — CH 3 OH(l) 

Calculate A H°, A G°, and AS 0 and the equilibrium constant at 25 °C. 

Solution: 

Given: Appendix D, T = 25°C = 298.15 K 
Required: AH°, AG°, AS°, K 

From Eq. 2.53 the enthalpies of formation can be used to obtain A H° for each reaction. 

A H°= Z A ^.7/° (products) -lA / //°( reactants ) 

A H° = (-239.2 kJ mol 1 ) -(-110.53 kJ mol 1 +2(0)) 

A H°= -128.67 kJ mol" 1 
A H°= -128.7 kJmoF 1 

From Eq. 3.91 the Gibbs energies of formation can be used to obtain A G° for each reaction. 
A G°= ZA / G°( products) -Z A / G°(reactants) 

A G° = (-166.6 kJ mol 1 ) -(kJ mol 1 + 2(0)) 

A G°= - kJ mol 1 
AG° - kJ mol 1 

The relationship between A G°, A H° and A S° is given by Eq. 3.90, 

AG = AH- TAS, hence, A G° = AH° - TAS° 

Rearranging and solving for AS° gives, 
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- Aff °- AG ° 

T 

- J mol 1 -( J mol 1 

A S°= ^ 

298.15 K 

A S°=- J mol 1 K 


A S°=- J mol 1 K 


Back to Problem 4.35 
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4 . 36 . The bacterium nitrobacter plays an important role in the “nitrogen cycle” by oxidizing nitrite to nitrate. It obtains the energy it 
requires for growth from the reaction 

N0 2 (aq) + ^0,(g)->N0;(aq) 

Calculate A H°, A G°, and AS° for this reaction from the following data, at 25 °C: 

Ion 


\ H ° 

kJ mol 1 


A /G° 

kJ mol 


no; 


no; 


-104.6 

-207.4 


Solution: 

Given: F = 25°C = 298.15 K 
Required: AH°,AG°,AS° 

From Eq. 2.53 the enthalpies of formation can be used to obtain A H° for each reaction. 

A H° = Z A^.// 0 (products) -ZA^ 0 (reactants) 

( 1 N 

A H° = (-207.4 kJ mol 1 ) 104.6 kJ mol 1 +-(0) 


AH° = -102.8 kJmoF 


From Eq. 3.91 the Gibbs energies of formation can be used to obtain A G° for each reaction. 
AG° = HA f G° (products) -Z A / G° (reactants) 


A G° = (-11 1.3 kJ mok 1 ) - -37.2 kJ mol 1 + -(0) 


AG° = -74.1 kJ mol 


-37.2 

-111.3 
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The relationship between A G°, A H° and AS° is given by Eq. 3.90, 
AG = AH - TAS, hence, A G° = A H° - TAS° 


Rearranging and solving for AS 0 gives, 

AtT^AGl. 

T 

-102.8 xlO 3 Jmor‘-(-74.1xl0 3 J mol 1 

A5°= ^ 

298.15 K 

AS 0 = -96.260 27 J mol 1 K 1 
AS 0 = -96.26 J K” 1 moE 1 


Back to Problem 4.36 Back to Top 
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4.37. When the reaction: 


glucose- l-phosphate(aq) ^ glucose-6-phosphate(aq) 
is at equilibrium at 25 °C, the amount of glucose-6-phosphate present is 95% of the total. 

a. Calculate A G° at 25 °C. 

b. Calculate AG for reaction in the presence of 1 0 2 M glucose- 1 -phosphate and 10 4 M glucose-6-phosphate. In which direction 
does reaction occur under these conditions? 

Solution: 

Given: T = 25°C = 298. 15 K , x glucose „ 6 _ phosphate 0.95 


Required: 

a. To calculate A G°, we first find the equilibrium constant for the reaction. 


[glucose -6 -phosphate] 
[glucose - 1 - phosphate] 


K = 


v glucose-6-phosphate 


1 — X 

glucose-6-phosphate 

solving for K gives, 
r _ 0-95 
1-0.95 
K = 19 


The relationship between K and A G° is given by, A G° = - RT In K 
Solving for A G° gives, 
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AG°=-(8.3145 J mor 1 j(298.15 X)ln(l9) 

AG° = -7299.170 52 Jmor 1 
AG° = -7.3kJmor 1 

b. To calculate AG, we follow the same procedure as part a, and first find the equilibrium constant for the reaction. The AG will be the 
difference in standard Gibbs energy, A G° and the Gibbs energy for K =10''. 

K _ [glucose -6 -phosphate] _ 10 4 _ |q 2 
[glucose -1 -phosphate] 10 2 

Solving for AG gives, 

AG k=io - 2 =-(8-3145 J yS mor 1 )(298.15 X)ln(l0 2 ) 

A G r m2 =11416.070 33 Jmor 1 

K =10 

AG = AG° - AG K=m _ 2 

AG = -7299.170 52 J moG 1 -11 416.070 33 J mol 1 
AG = -18 715.245 35 J moG 1 
AG = -19 kJ mol 1 


Back to Problem 4.37 Back to Top 
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4.38. From the data in Appendix D, for the reaction 

C0 2 (g) + H 2 (g) — CO(g) + H 2 0(g) 

Calculate the following: 

a. A H°, A G°, and AS 0 (standard state: 1 bar and 25 °C). 

b. The equilibrium constant at 25 °C. 

c. From the heat capacity data in Table 2.1, obtain an expression for A H° as a function of temperature. 

d. Obtain an expression for In K P as a function of temperature. 

e. Calculate K P at 1000 K. 

Solution: 

Given: Appendix D, T = 25°C = 298.15 K 
Required: 

a. From Eq. 2.53 the enthalpies of formation can be used to obtain A H° for each reaction. 

A H° = Z A (products) -Z A^// 0 (reactants) 

AH° = (-1 10.53 kJ mol 1 + -241.826 kJ moF 1 ) - (-393.5 1 kJ mol 1 + (0)) 

AH° = 41.154 kJmoF 1 

From Eq. 3.91 the Gibbs energies of formation can be used to obtain A G° for each reaction. 

A G° = ZA / G° (products) -ZAy^G 0 (reactants) 

A G° = (-1 1 1.3 kJ mol 1 ) - ( kJ mol 1 + -228.6 kJ mol 1 ) 

A G°= kJ mol 1 

The relationship between A G°, A H° and AS° is given by Eq. 3.90, 
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AG = AH - TAS, hence, A G° = A H° - TAS° 


Rearranging and solving for AS° gives, 

AS° = AH °~ AG ° 

T 

-102.8 xlO 3 J mol 1 -(-74.1 xlO 3 J mol 1 

AS°= ^ 

298.15 K 

AS 0 = -96.26027 J mol ‘K 1 
AS 0 = -96.26 J K 1 moF 1 


b. The relationship between K and. . . 


c. Heat capacity is given by equation 2.52 as, 


AH , n ( T i ) = AH ,„ ( T i ) + Ad(T 2 ) + ^ Ae(T{ -T;)- Af 


\T 2 


From the values in Table 2.1 we can obtain d, e and / 

Ad = d (products) - d (reactants) 

Ad = (28.41 + 30.54) -(44.22 + 27.28) 

Ad =-12.55 J K 1 mol 1 


n 

*i. 


Ae = e(products) - e(reactants) 

Ac=(4.10 + 10.29)xl0 3 -(8.79 + 3.26)xl0 3 
Ae =2.34x10 3 J K -2 moF 1 
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A f = / ( products) - / (reactants) 

A f =(-4.6 + 0)xl0 4 -(-86.2 + 5.0)xl0 4 
A/ =76.6xl0 4 J Kmor 1 


Solving for an expression for A H° as a function of temperature gives, 


AH°(T 2 ) = 41 154 J moF 1 


-76.6xl0 4 JKmor 1 


u 

l T 2 


-12.55 J K 1 mol 1 (T 2 ) + ^-(2.34x10 3 J K 2 mol 1 

1 ^ 

298.15 K y 


)(7; 2 -(298.15 K) 2 ) 


Simplifying we obtain, 

AH°(T 2 ) = 41 154 -12.55/, +(l. 17x10 3 )|r 2 2 -(298.15) 2 j-76.6xl0 
AH°(T 2 ) = 4l 154 -12.557; +1.17x10 3 r 2 2 -(1.17x10 3 )(298. 15) 

^2 

AH°(T 2 ) = 4\ 154 -12.55r 2 +1.17xlQ- 3 r 2 2 -104.005- 76-6x10 +2569.177 


f i 1 A 


v T 2 298.15 


2 76.6xl0 4 76.6xl0 4 

+ - 


298.15 


A7/°(r 2 ) = 43 619.172 -12.55r 3 +1.17xl0- 3 r 2 2 - 76-6x10 

^2 

A/7°(r) = 43 619 J mol 1 +1.17x10 3 J K 2 mol'T 2 -12.55 JK 1 mol^T- 76 6x10 ^ Kmo1 

d. To obtain an expression for In K P , we use Eq. 4.72, 

dh\K° P _ AH° 
dT ~ RT 2 

Rearranging for In Kp gives, 
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d In K p 



A H° 
RT 2 
AH° 
RT 2 


■dT 

dT 


Substituting the expression obtained in part c., we obtain, 


AH°(T)=43 619 +1.17xl(T 3 r 2 -12.557- 


76.6x10 


To obtain I, we use the result from part b. 


' J T?T 2 


RT 2 


, r 43 619 1.17x10 3 7^ 12.55/ 76.6xl0 4 1 ^ 

In K p = 1 ^ — l t ^ -dT 


1 


RT- 


R J* 


In K p = . , 

P 8.3145 JK 1 mol 1 


RT / 


RT- 


1.17x10' ^Jr 1 mo 
43 619 J mol 1 


- + 


, r 43 619 1.17xl0 -3 12.55 76.6xl0 4 Jrr 

In K p = 1 ^ — l ^ — dT 


RT- 


R 


RT RT 


In K p = —Jl. 17x10" 


In K p = 


3 12.55 43 619 76.6xl0 4 


R 


1.17xl0~ 3 r -12.551nT - 


43 619 76.6xl0 4 


- + ■ 


2 T 2 


+ 


, , , . . . .. r , e. To calculate K P at 1000 K, we use the 

/, where / is an integration factor . , . , . , 

expression obtained in part d. 


In K n = 


1 


In K d = 


8.3145 JK 1 moF 1 
1 


1.17xl0~ 3 ^(1000 X)-12.551n(l000K)-^^y+ 38 ' 3xl ° ^ 


8.3145 J K 1 moF 1 

Back to Problem 4.38 Back to Top 


(iooo X) 

1.17xl0‘ 3 X^flOOO X)-12.551n(l000K)~ 43 619 + 383x10 > 

1 ; v ; (1000 K) (joooX) 
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4 . 39 . Irving Langmuir [/. Amer. Chem. Soc., 28, 1357 (1906)] studied the dissociation of CO 2 into CO and O 2 by bringing the gas at 1 
atm pressure into contact with a heated platinum wire. He obtained the following results: 


77 K 

Percent Dissociation 

1395 

0.0140 

1443 

0.0250 

1498 

0.0471 


Calculate K P for 2C02(g) = 2CO(g) + 02 (g) at each temperature, and estimate A H°, A G°, and A S° at 1395 K. 

Solution: 

Given: P = latm, percent dissociation 

Required. 7=1395 ? ~^Patr=1443’ ^/ ) at^=1498 , AT/ 7'=1395, A G T= 1395, AS r=1395 

To determine Kp we find an expression in terms of the amounts of CO 2 , CO and O 2 . 


2C0 2 



Solving for K P at each temperature gives, 


2CO + 02_ 

x x!2 
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K 


P at T=1395 


1 (0.0140x10 2 )' 

2 (1-0.0140x10 2 ) 2 
= 1.372 38x10 12 atm 


Kp at r=1395 

where 1 atm = 1.01325 bar 

= 1.390 57x10 12 bar 


K 


P at r=1395 


K p at t =] 395 = 1.39x10 12 bar 


K 


P at T = 1443 


1 (0.0250x10 2 ) 3 

2 (1-0.0250x10 2 ) 2 
= 7.816 41xl0~ 12 atm 


F 

at T = 1443 

where 1 atm = 1.01325 bar 

= 7.919 98x10 12 bar 


K 


P at T = 1443 


at 7=1443 =1.39xl0” 12 bar 


K 


P at T = 1498 


1 (0.0471x10 2 ) 3 

2 (1-0.0471x10 2 ) 2 
= 5.229 28x10 11 atm 


Kp at r=1498 

where 1 atm = 1.01325 bar 

= 5.298 57x10 11 bar 


K 


P at T = 1498 


Kp at 7 ’ = i 498 =5.30x10 " bar 


Back to Problem 4.39 Back to Top 
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4 . 40 . G. Stark and M. Bodenstein [Z. Electrochem.,16, 961(1910)] carried out experiments in which they sealed iodine in a glass bulb and 
measured the vapor pressure. The following are some of the results they obtained: 

volume of bulb = 249.8 cm 3 
amount of iodine = 1.958 mmol 


Temperature/°C 

800 

1000 

1200 


Pressure/Torr 

558.0 

748.0 
1019.2 


a. Calculate the degree of dissociation at each temperature. 

b. Calculate K c at each temperature, for the process h ^ 21. 

c. Calculate K P at each temperature. 

d. Obtain values for A H° and A U° at 1000 °C. 

e. Calculate A G° and A S° at 1000 °C. 

Solution: 

Given: n =1.958x10 3 mol, V = 249.8x10 3 dm 3 
Required: 

a. The reaction in this problem is given by 

h ^ 21 

v y/ 2 mol 

The degree of dissociation, a, can be obtained by first determining the number of moles of b and I present. 
The total number of moles present at equilibrium is given by, 
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.t + - = 1.958x10 3 mol 
2 


( 1 ) 


To obtain a second expression involving x and y, we rearrange the ideal gas law, and solve for x and y. 


Now we have two equations and two unknowns, and subtracting (1) from (2), we can obtain y. 

— = 1.2467 xlO* 4 mol 
2 

y = 2.4934 xlO^ 4 mol 

x = 2.082 67xl0 -3 mol -2.4934x10 4 mol 
jc = 1.8333x10 3 mol 

Solving for the degree of dissociation, 


PV = nRT 


PV 


RT 


PV 


x + y = 

' RT 



760.0 dofr 


(o.082 06 ^drti^ ^mol -1 ) (1073.15 X) 


x + y = 2.082 67 xlO 3 mol 


(2) 
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_ 1 x x 

a T= 1073.15 K — ^ — 1 / 


total 


* + - 


1.8333x10 3 mol 
1.958xlO J mo l 
a T= 1073 is K = 0.063 874 

a r=1073.15 K — 6.39 x 10 


Repeating this procedure, we can determine a at 1273.15 K, 
PV 


x + y ■ 


RT 


748.0 > 


x + y = ■ 


1 ^trrf 
760.0 


249.8x10 3 ykX 


|o.082 06 ykX Junior 1 ) (1273.15 X) 


x + y -2.353 25x10 3 mol (3) 

Now we have two equations and two unknowns, and subtracting (1) from (3), we can obtain y. 


— = 3.9525x10^ mol 
2 

y = 7.905x10^ mol 

x = 2.353 25x10 3 mol -7.905x10 4 mol 
x = 1.562 75x10 3 mol 

Solving for the degree of dissociation, 
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1.562 75x10 3 mol 
1.958x10 3 mol 


a T= 1273.15 K 


= 0.201 86 


^7=1273.15 K 


= 0.202 


Repeating this procedure, we can determine a at 1473.15, 


760.0 40 fr ' 

(o.082 06 ^thT 4e^mor')(l473.15 X) 


Now we have two equations and two unknowns, and subtracting (1) from (3), we can obtain y. 


— = 8.1315xl0~ 4 mol 
2 

4 = 1.6263x10 3 mol 
x = 2.771 15x10 3 mol -7.905x10 4 mol 
jc = 1.144 85x10 3 mol 

Solving for the degree of dissociation, 


PV 


x + v = 

' RT 


f 


1019.2 40tf x 1 ^ 


(249.8x10 3 


x+ y = 2.771 15x10 3 mol 


(4) 
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^=1473.15 K 1 


a T=lAli.\5 K 1 


total 


= 1 - 


x + - 


1.144 85x10 3 mol 
1.958x10 3 mol 


=1473.15 K 0.415 30 



b. To determine the value of K c at each temperature, we use the number of moles of I 2 and I, i.e. the values of x and y obtained in part a. 
The expression for the equilibrium constant is given by, 


K = j^L 5 where C = — 


ftf 


K = 


2 1 

K=^ 


f \ 2 

f Z 

[vj_ 

""-1 

,VJ 

Vll 

x V 


V 


At T= 1073.15 K, 

(2.4934x10 4 mol) 2 1 

c_ (1.8333x10 3 mol) (249.8x10 3 dm 3 ) 
K c =1.357 56x10^ mol dm 3 
K c = 1.358x10^ mol dm 3 


At T= 1273.15 K, 
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(7.905 xl(T 4 mol) 2 i 

c ~ (1.562 75x10 3 mol) (249.8x10 3 dm 3 ) 
K c =1.600 74x10 3 mol dm 3 


^ =1.601x10 3 mol dm 3 


At T= 1473.15 K, 

(1.6263x10 3 mol) 2 

1 

c (1.144 85x10 3 mol) | 

249.8x10 3 dm 3 ) 

K c = 9.248 27 x 10 3 mol dm 3 

K c = 9.248x10 3 mol dm 3 



c. The relationship between K c and Kp is given by Eq. 4.26, 

K P = K c (RTf‘ v , where Ev is the difference between the moles of products to the moles of products. 
Since there are two moles of I produced from one mole of I 2 , 

Ev = +1 mol. 

Solving for K P at T= 1073.15 K gives, 

K p =(l.357 56x10^ jadf jinr^j|o.083 145 bar ^^of^xl073.15X) ( '' 

K p =0.012 113 bar 
K p =0.0121 bar 

At T= 1273.15 K, 
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K p =^1.60 074x10 3 jabf ykrf^(o.083 145 bar ^\213A5 ^ + ° 

K p =0.169 448 bar 
K p =0.1694 bar 

At T= 1473.15 K, 

K P =(9.248 27x10 3 jHbf ykif^(o.083 145 bar ^ X^4t«5f r xl473.15X) < '' 
K p =1.132 77 bar 
K p =1.133 bar 

d. 

e. The relationship between K P and A G° is given by Eq. 4.20, AG° = - RT In K° 
Solving for A G° gives, 

AG° = -(8.3145 J X^mor 1 )(l273.15 X)ln(0.169 448 bar) 

AG° = 18 791.664 JmoE 1 
AG° = 18.79 kJ mol 1 

The relationship between A G°, A H° and A S° is given by Eq. 3.90, 

AG = AH - TAS, hence, A G° = A H° - TAS 0 
Rearranging and solving for AS° gives, 

Ag°-AG° 

T 

Jmol '-(l8 791.664 J mol 1 ) 

A5°= ^ 

1273.15 K 
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A S°= J mol 1 K 
AS 0 - J mol 1 K 


Back to Problem 4.40 


Back to Top 
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4 . 41 . The following diagram shows the variation with temperature of the equilibrium constant K c for a reaction. Calculate A G°, A H°, and 
AS° at 300 K. 



Solution: 

Given: Graph 

Required: A G°, A H°, and A S° at 300 K 

The relationship between K c and A G° is given by Eq. 4.27, AG° = - RT\n K° 
Solving for AG° gives, 

AG° = -(8.3145 J X^mor'j^OO X)ln(5.7xl0 3 ) 

AG° = 12 889.028 J moE 1 
AG° = 12.9kJmol 1 

The temperature dependence of equilibrium constants is given by Eq. 4.83 as 
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d In K" AU c 


d(l/T) 


R 


d In K° AH° 

This can be written as, — = since A U° and A H° are very close in solution. 

d(l/T) R 

Rearranging and solving for AH° gives, 


A H°=-R 


A H° = -R 


r dlnK oA 


d(l/T) 


K 


c 2 


f r 

In 

v 


1 1 


AA 


V^2 ^1 JJ 


AH° = -(8.3145 J X^mol 1 ' 


f 

f 5.7x10" 3 3 


In 


-j- 

V 

[7.8xl0" 4 ; 

V 


f 


In 


A//° = -(8.3145 J mol ') 

V V 

AH° = -42 169.192 J mol 1 


5.7x10 

7.8x10" 


,-3 


300 X 340 X 
*(3.921 57xl0" 4 ) 


J) 


A H° = -42.2 kJ mol" 1 


The relationship between A G°, A H° and AS° is given by Eq. 3.90, 
AG = AH - TAS, hence, AG° = A H° - TAS° 

Rearranging and solving for AS° gives, 

AS0 = A tf °-AG° 


AS 0 = ■ 


-42 169.192 J mol" 1 -(l2 889.028 J mol" 1 ) 


300 K 
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AS 0 = -183.5274 J mol 1 
AS 0 = -184 J mol 1 K 


Back to Problem 4.41 


Back to Top 
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4 . 42 . The following values apply to a chemical reaction A ^ Z: 

AH° = - 85.2 kJ moT 1 
AS° = - 170.2 JK mor 1 

Assuming these values to be temperature independent, calculate the equilibrium constant for the reaction at 300 K. At what temperature is 
the equilibrium constant equal to unity? 

Solution: 

Given: A//° = -85.2 kJ moE 1 , AS° = - 170.2 J K 1 mol -1 , T = 300 K 
Required: K c , T where K = 1 

The relationship between A G°, A H° and AS 10 is given by Eq. 3.90, 

AG = AH- TAS, hence, A G° = A H° - TAS° 

Solving for A G° gives, 

AG° = -85.2xl0 3 J mol -1 -(300 X) (-170.2 J yt* mol' 1 ) 

AG° = -341 40 J mol" 1 

The relationship between K c and A G° is given by Eq. 4.27, A G° = - RT In K° . Rearranging and solving for K c gives, 


In K c = 


-A G° 
RT 


-A G° 

K c =e RT 

—1—34 140 

^8.3145 /yS jHOf ;r J(300 X) 


K c =879 344.891 2 
K c =8.79xl0 5 
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The equilibrium constant is equal to unity when A G° is equal to zero. 

AG° = -/?rin(l) 

AG° = -RT(0) 

AG° = 0 


Rearranging Eq. 3.90 we can obtain the temperature at which this occurs. 


A G° = A H°- T AS° 


T = 
T = 


AH°-AG° 
A S° 

A H° 

AS° 


where A G° = 0 


T _ -85.2xlQ 3 / jnof^ 
-170.2 / K 1 jnof^ 
T = 500.587 54 K 
T = 501 K 


Back to Problem 4.42 Back to Top 
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4 . 43 . The equilibrium constant K c for the hydrolysis of adenosine triphosphate (ATP) to adenosine diphosphate (ADP) and phosphate is 
1.66 x 10 5 mol dm” 3 at 37 °C, and A H° is -20.1 kJ mol” 1 . Calculate A S° for the hydrolysis at 37 °C. On the assumption that A H° and 
AS 0 are temperature independent, calculate K, at 25 °C. 

Solution: 

Given: K c = 1.66 x 10 5 mol dm” 3 , AH° =-20.1 kJ mol” 1 T = 37°C = 303.15 K 
Required: A5° where T = 37°C = 303.15 K , K c where T = 25°C = 298.15 K 
The equilibrium in this problem is given by 


ATP ^ ADP + phosphate 

The relationship between A G°, A H° and A S° is given by Eq. 3.90, 

AG=AH- TAS, hence, A G° = A H° - TAS° 

Rearranging gives, 

Ag°-AC° 

T 

To obtain A G°, we use the relationship between K c and A G°, given by Eq. 4.27, A G° = - RT In K° 
Solving for A G° gives, 

AG° = -(8.3145 J mol” 1 ) (3 10. 15 X)ln(l.66xl0 5 mol” 1 dm 3 ) 

AG°=-30 995.818 38 J mol” 1 


Solving for AS 0 gives, 


-20.1xl0 3 J mol” 1 -(-30 995.818 38 J mol” 1 

A S° = ^ 

303.15 K 

AS° = 35.130 802 J K” 1 mol” 1 
A5° = 35.1 J K” 1 mol” 1 
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Assuming AH° and AS° are temperature independent, we can calculate K, from Eq. 4.27 by first obtaining A G° from Eq. 3.90 at 25 °C 
AG° = AH°-TAS° 

AG° = -20. lx 10 3 JmoE 1 -(298.15 X)(35.130 802 J X^moE 1 ) 

AG° = -30 574.248 62 J moE 1 
AG° = -RT\nK° 

-A G° 

K,=e«r 

-(-30 574.248 62 / jjkjA j 
(8.3145 / JS!* 298.15 X) 

K c = 227 170.8135 mol dm 3 
K c = 2.27 x 10 5 mol dm 3 


Back to Problem 4.43 Back to Top 
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4 . 44 . A dissociation A 2 ^ 2A has an equilibrium constant of 7.2 x 1CT 5 mol dnT 3 at 300 K, and a A H° value of 40.0 kJ mol -1 . Calculate 
the standard entropy change for the reaction at 300 K. (What is its standard state?) If the A H° and AS 0 values for this reaction are 
temperature independent, at what temperature is the equilibrium constant equal to unity? 

Solution: 

Given: K c = 7.2 x 10 5 mol dm 3 T =300 K, AH°= 40.0 kJ mol 1 
Required: AS°, T where K = 1 

The relationship between A G°, A H° and A S° is given by Eq. 3.90, 

AG = AH- TAS, hence, A G° = A H° - TAS° 

Rearranging gives, 

A5°= AW °- AG ° 

T 

To obtain A G°, we use the relationship between K c and A G°, given by Eq. 4.27, AG° = - RT\n K° 

Solving for A G° gives, 

AG° = -(8.3145 J ^ mol ^(300 x lO^moldm 3 ) 

AG° = 23 793.216 63 J moE 1 


Solving for AS° gives, 

40.0 xlO 3 J moE 1 -( 23 793.216 63 J moE 1 ) 

A S° = ^ 

300 K 

A5° = 54.022 61 1 J K _1 mol" 1 


AA° = 54J K 1 mol 1 


The equilibrium constant is equal to unity when A G° is equal to zero. 
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AG° = -i?rin(l) 
AG° = -RT(0 ) 


AG° = 0 


Rearranging Eq. 3.90 we can obtain the temperature at which this occurs. 
A G° = A H°- TAS° 


T = 
T = 


AH° - AG° 
A S° 

A H° 

A S° 


where A G° = 0 


40.0 xlQ 3 / jnoT" 1 " 
54.022 611 / K ' 

T = 740.430 706 K 
T = 740 K 


Back to Problem 4.44 Back to Top 
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4 . 45 . A reaction A + B ^ Z has an equilibrium constant of 4.5 x 10 4 dm 3 moE 1 at 300 K, and a A H° value of -40.2 kJ mol -1 . Calculate 
the entropy change for the reaction at 300 K. If the A H° and AS° values are temperature independent, at what temperature is the 
equilibrium constant equal to unity? 

Solution: 

Given: K c = 4.5 x 10 4 dn^moE 1 T =300 K, AH° = -40.2 kJmol 1 
Required: AS°, T where K = 1 

The relationship between A G°, A H° and A S° is given by Eq. 3.90, 

AG = AH- TAS, hence, A G° = A H° - TAS° 

Rearranging gives, 

A5°= AW °- AG ° 

T 

To obtain A G°, we use the relationship between K c and A G°, given by Eq. 4.27, AG° = - RT\n K° 

Solving for A G° gives, 

AG° = -(8.3145 J X^mor'^OO X)ln(4.5 x 10 4 dm 3 moE‘) 

AG° = -26 725.507 96 J mol 1 


Solving for AS° gives, 


AS° 
A S° 


-40.2 xlO 3 J moE 1 - ( -26 725.507 96 J mol 1 ) 
300 K 

-44.914 973 J KA 1 moE 1 


A5° = -44.9 JK 1 mol 1 


The equilibrium constant is equal to unity when A G° is equal to zero. 
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AG° = -i?rin(l) 
AG° = -RT(0 ) 


AG° = 0 


Rearranging Eq. 3.90 we can obtain the temperature at which this occurs. 
A G° = A H°- TAS° 


T = 
T = 


AH° - AG° 
A S° 

A H° 

A S° 


where A G° = 0 


T _ -40.2 xlQ 3 / 

-44.914 973 / k 1 jnof 1 ' 
T = 895.024 472 K 
T = 895 K 


Back to Problem 4.45 Back to Top 
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4.46. At 1 bar pressure liquid bromine boils at 58.2 °C, and at 9.3 °C its vapor pressure is 0.1334 bar. Assuming A H° and AS° to be 
temperature independent, calculate their values, and calculate the vapor pressure and A G° at 25 °C. 

Solution: 

Given: T b = 58.2 °C, P T=93 , C = 0.1334 bar, T = 25 °C 
Required: A H°, A 5°, A G° 

First of all, the equilibrium represented in this problem is given by 

Br 2 (l) — Br 2 (g) 

To solve for A G° we can use Eq. 4.20 
AG° = -RTlnK° p 

We use the vapour pressure as a measure of the equilibrium constant and under the equilibrium conditions, (T h = 58.2 °C = 331.35 K) we 
obtain, 

AG°(r = 331.35 K) = -(8.3145 J JZ* mor‘)(331.35 X)ln(lbar) 

AG°(331.35 K) = 0 J moF 1 

Where T = 9.3 °C = 282.45 K , we obtain 

AG°(282.45 K) = -(8.3145 JX r mol 1 )(282.45 X) In (0.1334 bar) 

AG°(282.45K)= 4 730.685 837 J moF 1 
AG°(282.45K)= 4 731JmoF 1 

To solve for A H° and AS 0 we use Eq. 3.90, A G° = AH° - T AS ° . This method is applicable because the problem states that enthalpy and 
entropy are temperature independent. 
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AG° = AH°-TAS° 

4 731 J mol -1 =AH°- (282.45 K)AS° (1) 

OJmol 1 =A//°-(331.35K)A5° (2) 

Subtracting (2) from (1) and then solving gives, 

4 730.685 837 J mor 1 = (48.9 K) AS° 

A co _ 4 730.685 837 J mor 1 

ZAtJ — 

48.9 K 

AS° = 96.742 042 J K 1 mol" 1 
AS° = 96.74 J K 1 mol 1 


AG° = AH° -T AS° = 0 
AH° = TAS° 

AH° = (331.35 X)(96.742 042 J J^mol" 1 ) 

A H°= - 32 055.475 5 J mor 1 
AH° = 32 055 J mor 1 

To solve for the vapour pressure at T = 25°C- 298.15 K , first we find the value for AG°, and solve for vapour pressure using Eq. 4.20. 
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AG° = AH°-TAS° 

AG o = 32 055Jmor'-(298.15 X) (96.74 J ^ mol 1 

A G°= 3 211.969 J mol 1 
AG° = -RTlnP 

P = e [ RT > 

( 3 211.969 /jhoC 1 ' ) 

p _ ( 8.3145/jr 1 "jHoC rx 298.15X.J 

P = 0.273 709 522 bar 
P = 0.273 7 bar 


Back to Problem 4.46 Back to Top 
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4 . 47 . The standard Gibbs energy of formation of gaseous ozone at 25 °C, AG" , is 162.3 kJ mol for a standard state of 1 bar. Calculate 


the equilibrium constants K P , K c , and K x for the process: 

302(g) ^ 20 3 (g) 

What is the mole fraction of O3 present at 25 °C at 2 bar pressure? 

Solution: 

Given: T = 25 °C = 298.15 K, A G° = 162.3 kJ mol 1 , P = 2 bar 
Required: K P , K c , and K x 

First of all, the A G° for the reaction can be calculated from the standard Gibbs energy of formation for gaseous ozone as, 

AG° = 2xAG° =2x162.3 kJ moF 1 
A G° = 324.6 kJ moF 1 

Rearranging Eq. 4.20, as shown in Problem 4.46, gives an expression for the K P 
AG° = -RT In K p 



P 



324600/ 


K p =1.357 68x10 57 bar 1 


K p =1.36x10 57 bar 1 


The unit of bar' 1 appears because the standard state is 1 bar. 

The relationship between K c and K P is given by Eq. 4.26, 

K P = K r (RT)~' , where Xv is the difference between the moles of products to the moles of products. Rearranging for K, gives, 
K c = K P (RTf v 
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Since there are two moles of ozone produced from three moles of oxygen, Ev = - 1 mol. 

Solving for K c gives, 

K.= K P {RT )“* 

K c =(l.357 68 xlO^ 57 bar 1 ) (8.3 145 J yt* mol -1 x 298.15 X) ' " 

K c = 3.365 63 x 10 54 J mol 1 bar 1 
where 1 bar = 10 5 Pa 

_ 3.365 63 x 10~ 54 JmoT 1 >aX 
10 5 Pa >0^ 

K c = 3.365 63 x 10 59 J mol 1 Pa 1 

where 1 J Pa 1 = 1 m 3 and therefore 10 3 J Pa -1 = 1 dm 3 

^ =3.37 x10 56 dm 3 mol -1 

The relationship between K x and Kp is given by Eq. 4.32, 

K P = K x r v , where Ev is the difference between the moles of products to the moles of products. 
Rearranging for K x gives, 

K x =K p P - Sv 

Since there are two moles of ozone produced from three moles of oxygen, Ev = -1 mol. 

Solving for K x at P = 2 bar gives, 

K x = K P r-» 

K x =(l.357 68xl0~ 57 >X)(2>af" r ) ‘ ° 
i^ t =2.715 35x10 57 
/f= 2.72x10 57 

Back to Problem 4.47 Back to Top 
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4.48. For the equilibrium: 

H 2 (g) + I 2 (g) ^ 2HI(g) 

The following data apply: 

AH ° (300 K) = -9.6 kJ mol -1 
AS°(300K) = 22.18 J K 1 moF 1 
A C p (500 K) = -7.11 J K 1 moF 1 

The latter value can be taken to be the average value between 300 K and 500 K. 

Calculate the equilibrium constants K P , K c , and K x at 500 K. What would be the mole fraction of HI present at equilibrium if HI is 
introduced into a vessel at 10 atm pressure; how would the mole fraction change with pressure? 

Solution: 

Given: AH°(300 K) = -9.6kJ mol \ A5°(300 K) = 22.18 J K 1 mol 
AC P (500K) =-7.11 J K 1 mol \P = 10atm 
Required: K P ,K C , and K x at 500 K, x 

The relationship between enthalpy and heat capacity for changes in temperature is given by Eq. 2.46. 

A ( AH ) = AH 2 - AH l = AC P (T 2 - T x ) 

Therefore at T = 500 K, the enthalpy for the equilibrium becomes, 

AH 2 =AH 1 +AC p (T 2 -T 1 ) 

AH 500K = -9 600 J mol 1 -7.11 J K 1 mol 1 (500 K-300 K) 

AH 500K = -9 600 J mol 1 -7.11 J mol '(200 X) 

A^sook =-H022 J mol 1 
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To determine the entropy change at T - 500 K, we derive an equation for the temperature dependence of entropy and heat capacity from the 
relationship between entropy and enthalpy at equilibrium. 

at equilibrium, A H° - TAS° = 0 
AH° = TAS° 


Using Eq. 2.46 and integrating we then obtain, 


AH 2 - AH l = AC P (T 2 - 7j ) 
AH° = TAS° 


AS °{T 2 ) = AS °(T 1 ) + j^ 2 
AS °(T 2 ) = AS °(7j ) + A C p In ^ 


AS°(T 500 k ) = 22.18 ir 1 mol 1 -7.11 JK 1 mol 1 In 
AS°(T 500 k ) = 18.548 029 82 JT 1 moE 1 


r 500 yC ^ 

v 300 Xy 


The Gibbs free energy at T = 500 K is, 

A G° (500 K) = AH° -T AS° 

AG°(500 K) = (-11022 J mol ')-(500X)(l8.548 029 82 J X^mol 1 ) 
AG°(500 K) = -20296.014 91 J mol 1 


The relationship between Gibbs free energy and K P is given by Eq. 4.20. Rearranging as shown in Problem 4.46, gives an expression for the 
K P 
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AG° = -RT\nK p 



-20296.01491/ jndf* 
8.3145 / yt* jboTX<500 X 


K P =e 
K p =131.904 354 4 



The relationship between K c and K P is given by Eq. 4.26, 

K P = K c (RTf\ 

The relationship between K x and Kp is given by Eq. 4.32, 

K P = K X P Zv , where Iv is the difference between the moles of products to the moles of products. Since there is no change in the number of 
moles of products and reactants, K c and K x have the same value as Kp and therefore, 

K P =K C = K x = 132 


To find the mole fraction, we determine the expression for K x based on the equilibrium. 
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H 2 (g) + 

I 2 (g) 

^ 2HI (g) 

^initial 

1 

1 

0 

^equilibrium 

-* 

-* 

+2* 

^final 

1-* 

1-* 

2* 


K. = 


(2,) 2 


4* 


solving for * *, we obtain 
4r 

——-r = 132 

( 1-4 


2x 


1 -* 


Vl32 


lx = (11.489 125 29) (l — jc) 
_ 11.489125 29 

13.489 125 29 
* = 0.851732 417 


* = 0.852 


Pressure has no effect on the mole fraction. 


Back to Problem 4.48 
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* 4 . 49 . Protein denaturations are usually irreversible but may be reversible under a narrow range of conditions. At pH 2.0, at temperatures 
ranging from about 40 °C to 50 °C, there is an equilibrium between the active form P and the deactivated form D of the enzyme 
trypsin: 


P^D 

Thermodynamic values are A H° = 283 kJ moF 1 and A S° = 891 J K 1 mol -1 . Assume these values to be temperature independent over 
this narrow range, and calculate A G° and K, values at 40.0 °C, 42.0 °C, 44.0 °C, 46.0 °C, 48.0 °C, and 50.0 °C. At what temperature 
will there be equal concentrations of P and D? 

**Note that the high thermodynamic values lead to a considerable change in K over this 10 °C range. 

Solution: 

Given: pH = 2.0, A H° = 283 kJ moF 1 and AS° = 891 J KT 1 moF 1 , T = 40.0 °C, 42.0 °C, 44.0 °C, 46.0 °C, 48.0 °C, and 50.0 °C 

Required: A G° and K, at T given, 7F |Ull]hn um 

To solve for AG° we use Eq. 3.90, AG° = A H° - TAS° 

For T = 40.0 °C, 

A G° = 283 000 J moF 1 - (313.15 X)(891 J ^KmoF 1 ) 

A G° = 3 983.35 J moF 1 
A G° = 398 kJ moF 1 


The relationship between Gibbs free energy and K c is given by Eq. 4.27. Rearranging gives an expression for the K, 
AG° = -RT In K c 



For T = 40.0 °C, 
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3983.35/ 


£ _ { 8.3145/X r ^01^x313.5 X 

K =0.216 56 


K =0.217 


Applying the same method to each temperature, we then obtain, 


Temperature 

A G° kJ mol" 1 

K 

313.15 

3.98 

0.217 

315.15 

2.20 

0.432 

317.15 

0.419 

0.853 

319.15 

-1.362 

1.67 

321.15 

-3.14 

3.25 

323.15 

-4.93 

6.26 


The T equilibrium occurs when 


Solutions 
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AG° = AH°-TAS° = 0 


1 equilibrium 


1 equilibrium 


1 equilibrium 


_ A H° 

~ A S° 

_ 283000 
891 / K _1 jnof 1 ' 
-317.620 651 K 


1 equilibrium 


= 317.6 K = 44.47 °C 


Back to Problem 4.49 Back to Top 
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* 4 . 50 . Suppose that a large molecule, such as a protein, contains n sites to which a molecule A (a ligand) can become attached. Assume 

that the sites are equivalent and independent, so that the reactions M +A = MA, MA + A = MA 2 , etc., all have the same equilibrium 
constant K s . Show that the average number of occupied sites per molecule is: 


Solution: 

Given: above 
Required: proof 

If the concentration of M is [M], then the total number of sites occupied and unoccupied is n[MJ. The association of reactions may be 
formulated in terms of S, the number of sites. 


_ nKX A] 
v = 

1 + K S [A] 


S + A 


SA 


The equilibrium constant becomes 


[S][A] 



Rearranging the equilibrium constant in terms of [S] gives, 



The total concentration of sites, n[M], upon rearrangement, becomes, 


n[ M ] = [S] + [SA] 
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The average number of sites occupied per molecule is the total concentration of occupied sites divided by the total concentration of M. 

- I SA 1 

v = = 

[M] 


v = ■ 


K,[A] 


+ 1 



Back to Problem 4.50 Back to Top 
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* 4 . 51 . Modify the derivation in Problem 4.50 so as to deal with sites that are not all equivalent; the equilibrium constants for the 
attachments of successive ligands are each different: 


m+a^ma 


K _ [MA] 

1 [M][A] 


ma+a^ma 2 


K [MA 2 ] 

2 [MA][A] 


MA„_j+A^MA„ 


K = 


[MAJ 

[MA„_J[A] 


Show that the average number of molecules of A bound per molecule M is: 

_ K { [A] + 2K x K 2 [hf +-- +n(K l K 2 K 3 ---K n ) [A]" 

V “ 1 + K, [A] + K x K 2 [A] 2 + • • • + (K,K 2 K 3 -K n ) [A]" 

This equation is important in biology and biochemistry and is often called the Adair equation, after the British biophysical chemist 
G. S. Adair. 

Solution: 

Given: above 
Required: proof 

The total concentration of the molecule M is 


[M] o = [M] + [MA] + [MA 2 ] + ... + [MA„ ] 

The total concentration of the occupied sites is the total concentration of the bound A molecules, 
[aJ 6 = [MA] + 2[MA 2 ] + ... + h[MA„] 

The first few equilibrium constants are given above as, 
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K [MA] [MAj] [MA,] 

■'[m][a]’ 2_ [ma][a]' ! ~[ma,][a] 

Rearranging the equilibrium constants in terms of [A] gives, 
[MA] = K x [M][A] 

[MA,] = K, [MA][A] = K,K 7 [M][A] j 
[MA,] = K, [MA,][A] = K t K 2 K, [M][A] 2 


Expressing every term in terms of [A] gives, 

[A] 4 =[MA] + 2[MA 2 ] + ... + «[MA„] 

[ A L =[ M ]{^i [A] + 2X i^2 [a] 2 ,)[A]"} 
similarly, 

[M]„ = [M] + [MA] + [MA,] + ... + [MA„] 

[ M lo = [ M ]{‘+ at, [A.]+ A-,X 2 [Ap +...+(JC,A- 2 ...jr n )[ A ]"} 

The average number of molecules of A bound per molecule M is then given by 



H{A,[A] + 2ii:^ 2 [A] 2 +... + n(ii: i ^..X,)[A]’} 

v — — 

Hjl + K, [A]+ K t K 2 [A] 2 + ...+ (K,K 2 ...K„ )[A]"} 

_ y,[A]+2y,A:, [a] 2 +...+»(£, ^..jgp]' 1 

i+A:,[A] + A:,y 2 [A] 2 +...+(y,A:,...y.)[A] J 

Back to Problem 4.51 Back to Top 
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*4.52. Now show that the Adair equation, derived in Problem 4.51, reduces to the equation obtained in Problem 4.50 when the sites are 
equivalent and independent. [It is not correct simply to put K\ - Ki = K$ ■■■ = K n ; certain statistical factors must be introduced. 
Thus, if K s is the equilibrium constant for the binding at a given site, K \ = nK s , since there are n ways for A to become attached to a 
given molecule and one way for it to come off. Similarly = (n - 1 )K s /2; n - 1 ways on and 2 ways off. Continue this argument 
and develop an expression for v that will factorize into n7G[A]/(l + AT V [ A ] ) . Suggest a method of testing the equilibrium obtained 
and arriving at a value of n from experimental data.] 

Solution: 

Given: Problems 4.50 and 4.51, information above 

Required: prove that the Adair equation reduces to the equation in Problem 4.50 

Using the above argument, 

K x =nK, 

*==(»- l)y- 

K,=(n- 2)^ 

and therefore, K n = — - 
n 

Substituting this into the Adair equation we get, 

_ wi[ A ] +2 ^. y 4 A ] 2 - | -- + "( y '^- y „)[ A r 

1+a ' i [ a ]+^ i x 2[ a ] ! +...+(a: i a’ 2 ...a:, ( )[a]" 

^ nC,[A] + «(n-l)A-, 2 [Af+...+ ny, , [A]" 

V “ 1 + nK, [ A] + ,, (« - 1) K; [ A] 5 + ... + k; [A]' 

The coefficients are the binomial coefficients and therefore the expression reduces to, 
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"y,[A](i+("-i)y,[A]+... + y,-'[A]'~ l ) 
V “ 1 + nK, [ A] + n (n - 1) K, 2 [ A] 2 + ... + K / [ A]" 
_ ^.[A](l+y,[A]f‘ 

(1 + ^[A])" 

nK s 

(l + K,[A])(U^f 


w »*, [A] 

l + tf,[A] 


which is the expression obtained in Problem 4.50. 


A method to test the equilibrium would be to plot — against - — - Rearranging the above equation gives, 

v [A] 

-r "K, [A] 

1+*,[A] 

1 1 + if, [A] 

v nK, [A] 

1 1 , XH 

v nK, [a] nf lJk] 

1 _ 1 | 1 
v n nK s [A] 


One of the intercepts will be — . 
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Alternatively, v can be plotted against j— j 


r " g .[ A l 

l + Jf,[A] 

v + vk,[a] = «a:,[a] 
v=«K,[A]-T«,[A] 

V _ 


K.I A 1 


n-v 


v = n- 


«,[A] 


Back to Problem 4.52 
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* 4 . 53 . Another special case of the equation derived in Problem 4.5 1 is if the binding on one site affects that on another. An extreme case is 
highly cooperative binding, in which the binding of A on one site influences the other sites so that they fill up immediately. This 
means that K n is much greater than K i, K 2 , etc. Show that now: 

-__nK[ Af_ 

V- l + £[A] n 

Where K is the product of K\, K 2 , ■■■ K n . The British physiologist A. V. Hill suggested that binding problems can be treated by 
plotting: 


In 


0 


\-e 


against ln[A] 


Where 6 is the fraction of sites that are occupied. Consider the significance of such Hill plots, especially their shapes and slopes, 
with reference to the equations obtained in Problems 4.50 to 4.53. 

Solution: 

Given: above 
Required: proof 

If K„ is much greater than K \ , Ki, and so on, then the equation obtained in Problem 4.51 reduces to the following 

- K\ A] + 2*,K, [A]% ... + «(*, y,...*,)[A]” 

1 + K, [A] + K,K 2 [Af + ... + (K,K 2 ...K„ )[A]" 

_ «(y,^...y„)[ A]" 

l + (tf,K,-A:„)[A]" 

nK\KX 
v = — - — 

i+^[a]' ! 


Where K = K 1 K 2 ...K n is the overall equilibrium constant for the binding of n molecules, we then obtain 
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nA 


M 


MA, 


The fraction of sites occupied, 6 
K[A]' 0 


e 


or, 


l + K[A] n 1-0 


= k [a] 


The slope of the plot of In against [A] is therefore n. If the sites are identical and independent (Problem 4.50), then the slope is 1. 

1 — 0 

Intermediate behaviour can give nonlinear plots; the maximum slope of a Hill plot cannot be greater than n. 


Back to Problem 4.53 Back to Top 
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Chapters Phases and Solutions 


Thermodynamics of Vapor Pressure 


Chapter 5 

*problems with an asterisk are slightly more demanding 

Thermodynamics of Vapor Pressure 

5.1. Diamonds have successfully been prepared by submitting graphite to high pressure. Calculate the approximate minimum pressure 

T 1 

needed using A/G = 0 for graphite and A jG = 2.90 x 10' J mol for diamond. The densities of the two forms may be taken as 
independent of pressure and are 2.25 and 3.51 g cm -3 , respectively. 

Solution 

5.2. The molar entropy of vaporization of water is 108.72 J K 1 at 760 Torr. The corresponding densities of liquid water and water vapor 
are 0.958 kg dm 3 and 5.98 x 10 4 kg dnT 3 , respectively. Calculate the change of pressure for a one-degree change in temperature. 

Solution 

5.3. Calculate the heat of vaporization of water at 373.15 K and 101.325 kPa using the Clausius-Clapeyron equation. The vapor pressure 
of water is 3.17 kPa at 298.15 K. Compare your answer to the CRC Handbook 1 value. 

Solution 

5.4. Liquid water and vapor are in equilibrium at the triple point of water (0.00603 atm and 273.16 K). Assuming that the enthalpy of 
vaporization of water does not change over the temperature range considered, calculate the equilibrium vapor pressure of water at 
373.15 K. Comment on the assumption made here. (A vap H° = 40 656 J moL 1 at 1 atm.) 

Solution 

5.5. Estimate the vapor pressure of iodine under an external pressure of 101.3 x 10 6 Pa at 313.15 K. The density of iodine is 4.93 g cm 3 . 
The vapor pressure at 101.3 kPa is 133 Pa. 

Solution 

5.6. The cubic expansion coefficient is given by a = l/V (8V/dT)p. According to Ehrenfest’s or Tisza’s theory, find the order of the 
transition. Suggest what a plot of a against T would look like near the transition point. 


Solution 


1 Handbook of Chemistry and Physics, 82nd ed., D. R. Lide, Ed., Boca Raton, FL: CRC Press, 2001. 
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5 . 7 . The vapor pressure of /z-propanol is 1.94 kPa at 293 K and 31.86 kPa at 343 K. What is the enthalpy of vaporization? 

Solution 

5 . 8 . The compound 2-hydroxybiphenyl (o-phenylphenol) boils at 286 °C under 101.325 kPa and at 145 °C under a reduced pressure of 
14 Torr. Calculate the value of the molar enthalpy of vaporization. Compare this value to that given in the CRC Handbook. 

Solution 

5 . 9 . Using Trouton’s rule, estimate the molar enthalpy of vaporization of n-hexane, the normal boiling point of which is 342.10 K. 
Compare the value obtained to the value 31.912 kJ mol -1 obtained in vapor pressure studies. 

Solution 

5 . 10 . The normal boiling point of toluene is 110.62 °C. Estimate its vapor pressure at 80.00 °C assuming that toluene obeys Trouton’s 
rule. 


5 . 11 . 2-Propanone (acetone) boils at 329.35 K at 1 atm of pressure. Estimate its boiling point at 98.5 kPa using Crafts’ rule. 


Solution 


Solution 


5 . 12 . The variation of the equilibrium vapor pressure with temperature for liquid and solid chlorine in the vicinity of the triple point is 
given by 

, „ -2661 

In P = 1-22.76, 

i T 

-3755 

InP = +26.88. 

5 T 

Use P/pascal in the equations. Calculate the triple point pressure and temperature. 

Solution 

5 . 13 . The boiling point of water at 102.7 kPa is 373.52 K. Calculate the value at 101.325 kPa (1 atm) using Crafts’ rule. 


Solution 
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5 . 14 . The vapor pressure of water at 27.5 °C, a calibration temperature for glassware used in warmer climates, is 27.536 Torr under its 
own vapor pressure. Calculate the vapor pressure of water under an air pressure of 1.00 atm. Assume that air is inert. The density of 
water at 27.5 °C is 996.374 g dm 3 . 

Solution 

5 . 15 . Following the derivation of the expression for AS in terms of AG in Eq. 3.161, derive an expression for AV, the volume change 
accompanying a transition from one state to another, in terms of AG starting with the definition given in Eq. 3.115. 

Solution 

5 . 16 . Derive an equation for the temperature dependence of the vapor pressure of a liquid (analogous to the integrated form of the 
Clausius-Clapeyron equation) assuming that the vapor has the equation of state PV = RT + M where M is a constant. 

Solution 

5 . 17 . Calculate the vapor pressure above liquid ethanol at 35.0 °C when Ar is added until the total pressure is 100 bar. The density of 
liquid ethanol at this temperature is 0.7767 kg dm -3 and the true vapor pressure is 100.0 Torr. 

Solution 

5 . 18 . A solid exists in two forms, A and B, whose densities are 3.5155 g cm and 2.2670g cm , respectively. If the standard Gibbs 
energy change for the reaction A ^ B is 240 kJ kg -1 , find the pressure at which the two forms of the solid are in equilibrium at 25 
°C. Assume that the volume change in going from A to B is independent of the pressure. 

Solution 

5 . 19 . What are the partial pressures of toluene (0.60 mole fraction) and benzene (mole fraction) in a solution at 60 °C? What is the total 
pressure in the vapor? The vapor pressures of the pure substances at 60 °C are as follows: toluene, 0.185 bar; benzene, 0.513 bar. 

Solution 

5 . 20 . The normal boiling point of ethylene glycol (C 2 H 6 O 2 ) is 197 °C; its enthalpy of vaporization is 801 J mol. Estimate the 
temperature at which ethylene glycol will boil in a vacuum distillation if the system were maintained at 50 Torr. 


Solution 
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Raoult’s Law, Equivalence of Units, and Partial Molar Quantities 

5 . 21 . Benzene and toluene form nearly ideal solutions. If, at 300 K, P* (toluene) = 3.572 kPa and P* (benzene) = 9.657 kPa, compute the 
vapor pressure of a solution containing 0.60 mol fraction of toluene. What is the mole fraction of toluene in the vapor over this 
liquid? 

Solution 

5 . 22 . Often it is important to express one unit of concentration in terms of another. Derive a general expression to find the mole fraction 
X 2 in a two-component system where the molality is given as m 2 . 

Solution 

5 . 23 . Assuming that commercially available automotive antifreeze is pure ethylene glycol (it actually also contains relatively small 
amounts of added rust inhibitors and a fluorescent dye that helps to differentiate a radiator leak from condensation from the air 
conditioner), in what ratio by volume will antifreeze and water have to be mixed in order to have a solution that freezes at -20.0 °C? 

1 o 

What will be the boiling point of this solution at 1 atm pressure? (MW = 62.02 g mol , density = 1.1088 g cm .) 


Solution 

*5.24. The familiar term molarity is now discouraged by IUPAC because of the danger of confusion with molality. In its place, 
concentration is defined as the amount of substance 2, n 2 , dissolved in unit volume of solution. Derive a general relation to find X 2 
from the concentration C 2 ■ Let the solution density be p. 


Solution 

5.25. Show that if a solute follows Henry’s law in the form of P 2 = k'x 2 , then the solvent must follow Raoult’s law. {Hint: The use of the 
Gibbs-Duhem equation might prove useful.) 


Solution 


5 . 26 . 


A 1.0 m solution of NaCl in water produces a freezing point depression of approximately 3.7 K. How can we account for this 
observation? 


Solution 


5 . 27 . Derive a general expression to relate the molality m to concentration C 2 - 


Solution 
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5.28. An amalgam of 1.152 g of a metal dissolved in 100.0 g of mercury is heated to boiling. The partial pressure of mercury vapor over 
the boiling mixture is 754.1 Torr and the total pressure is 768.8 Torr. Find the atomic weight of the metal and, therefore, its identity. 

Solution 

*5.29. The volume of a solution of NaCl in water is given by the expression 

Wcm 3 = 1002.874 + 17.8213 m + 0.873 91 m 2 - 0.047 225 in 

* T 

where m is the molality. Assume that m oc n NaC i and that n HO = 55.508 mol, where V H 0 = 18.068 cm . Derive an analytical 
expression for the partial molar volume of LFO in the solution. 

Solution 

*5.30. The partial molar volume of component 2 in a solution may be written as 


^2 = 


( dV\ 

UnJ ?ii 

P P 


l dnj 


where n\ and M\ are amount and molar mass of component 1 and n 2 and M 2 represent the same quantities for component 2. The 
density is p. Rewrite the expression in terms of the mole fractions x\ and xi. 


Solution 

o 

*5.31. Mikhail and Kimel, J. Chem. Eng. Data, 6, 533(1961), give the density of a water-methanol solution in g cm at 298 K related to 
the mole fraction X 2 of the methanol through the equation 

pig cnT 3 = 0.997 1 - 0.289 30* 2 + 0.299 07 x 2 2 

- 0.608 16xl + 0.594 38x 2 - 0.205 8 Lc 2 

Using the equation developed in Problem 5.30, calculate V 2 at 298 K when X 2 = 0.100. 


Solution 
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Raoult's Law, Equivalence of Units, and Partial Molar Quantities 


5 . 32 . Beckmann and Faust [Z. Physik. Chemie, 89, 235(1915)] found that a solution of chloroform in acetone in which the mole fraction 
of the latter is 0.713 has a total vapor pressure of 220.5 Torr at 28.15 °C. The mole fraction of acetone in the vapor is 0.818. The 
vapor pressure of pure chloroform at this temperature is 221.8 Torr. Assuming that the vapor behaves ideally, calculate the activity 
and the activity coefficient of chloroform. 

Solution 


5 . 33 . When 12.5 g of A, a nonvolatile compound, is dissolved in 520.8 g of ethanol, the vapor pressure of the pure solvent, 56.18 Torr, is 
reduced to 55.24 Torr. Calculate the molar mass of compound A. 

Solution 


5 . 34 . The following data are for mixtures of isopropanol (I) in benzene (B) at 25 °C. 


Xi 

0 

0.059 

0.146 

0.362 



Pi (Torr) 

0 

12.9 

22.4 

27.6 



P tot 

94.4 

104.5 

109.0 

108.4 





0.521 

0.700 

0.836 

0.924 

1.0 



30.5 

36.4 

39.5 

42.2 

44.0 



105.8 

99.8 

84.0 

66.4 

44.0 


Does this solution exhibit positive or negative deviation from Raoult’s law? From a pressure-composition plot, estimate the activities ai 
and an and activity coefficients /] and / B at x\ = 0.20, 0.50, and 0.80. [Data from Olsen and Washburn, ./. Phys. Chem., 41, 457(1937).] 



Solution 
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Thermodynamics of Solutions 


5 . 35 . The vapor pressure of pure ethylene dibromide is 172 Torr and that of pure propylene dibromide is 128 Torr both at 358 K and 1 
atm pressure. If these two components follow Raoult’s law, estimate the total vapor pressure in kPa and the vapor composition in 
equilibrium with a solution that is 0.600 mol fraction propylene dibromide. 

Solution 

5 . 36 . Calculate Henry’s law constant and the vapor pressure of pure liquid A (molar mass = 89.5 g mol ') and that of 75.0 g of liquid A in 
solution with 1000 g of liquid B. Liquid B (molar mass = 185 g moL 1 ) has a pressure in this solution of 430 Torr and the total 
solution pressure is 520 Torr. 

Solution 

* 5 . 37 . Henry’s law constants k' for N 2 and CL in water at 20.0 °C and 1 atm pressure are 7.58 x 10 4 atm and 3.88 x 10 4 atm, respectively. 
If the density of water at 20.0 °C is 0.9982 g cm 3 , calculate (a) the equilibrium mole fraction and (b) the concentration of N 2 and CL 
in water exposed to air at 20.0 °C and 1 atm total pressure. Assume in this case that air is 80.0 mol % N 2 and 20.0 mol % 0 2 . 

Solution 

5 . 38 . Methane dissolves in benzene with a Henry’s law constant of 4.27 x 10 5 Torr. Calculate methane’s molal solubility in benzene at 25 
°C if the pressure above benzene is 750 Torr. The vapor pressure of benzene is 94.6 Torr at 25 °C. 


Solution 


Thermodynamics of Solutions 

5 . 39 . In a molar mass determination, 18.04 g of the sugar mannitol was dissolved in 100.0 g of water. The vapor pressure of the solution 
at 298 K was 2.291 kPa, having been lowered by 0.0410 kPa from the value for pure water. Calculate the molar mass of mannitol. 

Solution 

5 . 40 . A liquid has a vapor pressure of 40.00 kPa at 298.15 K. When 0.080 kg of an involatile solute is dissolved in 1 mol of the liquid, the 
new vapor pressure is 26.66 kPa. What is the molar mass of the solute? Assume that the solution is ideal. 

Solution 

* 5 . 41 . Components 1 and 2 form an ideal solution. The pressure of pure component 1 is 13.3 kPa at 298 K, and the corresponding vapor 
pressure of component 2 is approximately zero. If the addition of 1.00 g of component 2 to 10.00 g of component 1 reduces the total 
vapor pressure to 12.6 kPa, find the ratio of the molar mass of component 2 to that of component 1. 


Solution 
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Thermodynamics of Solutions 


5 . 42 . Pure naphthalene has a melting point of 353.35 K. Estimate the purity of a sample of naphthalene in mol %, if its freezing point is 
35 1 .85 K (Kf = 7.0 K kg mol -1 ). 

Solution 

5 . 43 . Calculate the activity and activity coefficients for 0.330 mol fraction toluene in benzene. The vapor pressure of pure benzene is 
9.657 kPa at 298 K. P* = 3.572 kPa for toluene. The vapor pressure for benzene above the solution is Pi = 6.677 kPa and for 
toluene P 2 = 1.214 kPa. 

Solution 

5 . 44 . Calculate the mole fraction, activity, and activity coefficients for water when 1 1.5 g NaCl are dissolved in 100 g water at 298 K. The 
vapor pressure is 95.325 kPa. 

Solution 

5 . 45 . Determine the range for the Gibbs energy of mixing for an ideal 50/50 mixture at 300 K. How does this value limit A m j X Z7? 

Solution 

5 . 46 . The mole fraction of a nonvolatile solute dissolved in water is 0.010. If the vapor pressure of pure water at 293 K is 2.339 kPa and 
that of the solution is 2.269 kPa, calculate the activity and activity coefficient of water. 

Solution 

* 5 . 47 . A nonideal solution contains n A of substance A and n B of substance B and the mole fractions of A and B are r A and x B . The Gibbs 
energy of the solution is given by the equation 

G = n Aj u° A + n Bj u° + RT ( n A In ;c A + n B In x B ) 

+ Cn A nJ(n A + n B ) 

where C is a constant and describes the pair interaction. 

a. Derive an equation for /u A in the solution in terms of the quantities on the right-hand side. {Hint: 
( d In x A ldn A )„ b = (l/n A ) - [1 /(n A + n B )] . } 

b. Derive a similar expression for the activity coefficient of A. Specify the conditions when the activity coefficient equals unity. 

Solution 
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Colligative Properties 


Colligative Properties 


5 . 48 . Calculate the mole fraction solubility of naphthalene at 25 °C in a liquid with which it forms an ideal solution. The A (us 7/ = 19.0 kJ 
mol -1 for naphthalene at 25 °C. Its normal melting point is 80.2 °C. 

Solution 

5 . 49 . Using Henry’s law, determine the difference between the freezing point of pure water and water saturated with air at 1 atm. For N 2 
at 298.15 K, 

(k'T 1 = 2.17 x 10 8 mol dm^Pa^ 1 

For0 2 at 298.15 K, 

(k ,r )~ ] = 1.02 x 10 8 mol dnF 3 Pa 1 

Solution 

5 . 50 . Using van’t Hoffs equation, calculate the osmotic pressure developed if 6.00 g of urea, (hffiFhCO, is dissolved in 1.00 dm 3 of 
solution at 27 °C. 

Solution 

5 . 51 . The apparent value of Kf in 1.50-molal aqueous sucrose (C 12 H 22 O 11 ) solution is 2.17 K kg mof 1 . The solution does not behave 
ideally; calculate its activity and activity coefficient (Af US H° = 6009.5 J mof 1 ). 


Solution 


5 . 52 . A 0.85-g sample is dissolved in 0.150 kg of bromobenzene. Determine the molar mass of the solute if the solution boils at 429.0 K at 
1 atm pressure. The normal boiling point of bromobenzene is 428.1 K and the boiling point elevation constant is 6.26 K kg mol -1 . 

Solution 

* 5 . 53 . If in a colligative properties experiment a solute dissociates, a term i known as van’t Hoff’s factor, which is the total concentration 
of ions divided by the nominal concentration, must be included as a factor. Thus, for the lowering of the freezing point, A r us T = 
imKf. Derive an expression that relates to the degree of dissociation a and to v, the number of particles that would be produced if the 
solute were completely dissociated. Then calculate van’t Hoff’s i factor and a for a 0.010-m solution of HC1 that freezes at 273.114 
K. 


Solution 
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Essay Questions 


5 . 54 . In an osmotic pressure experiment to determine the molar mass of a sugar, the following data were taken at 20 °C: 

7r/atm 2.59 5.06 7.61 12.75 18.13 23.72 

m 2 \r 1 / gdnr 3 33.5 65.7 96.5 155 209 259 

Estimate the molar mass of the sugar. If the sugar is sucrose, what is the percentage error and why? 

Solution 

5 . 55 . When 3.78 g of a nonvolatile solute is dissolved in 300.0 g of water, the freezing point depression is 0.646 °C. Calculate the molar 
mass of the compound. Kf = 1.856 K kg mol -1 . 

Solution 

5 . 56 . Calculate the elevation in the boiling point of water if 6.09 g of a nonvolatile compound with molar mass of 187.4 g mol -1 is 
dissolved in 250.0 g of water. Compare the values obtained using Eq. 5.125 and Eq. 5.126. The value of Kb = 0.541 K kg mol, 
A vap H = 40.66 kJ mol' 1 . 

Solution 

o 1 

5 . 57 . Suppose that you find in the older literature the vapor pressure P of a liquid with molar mass of 63.9 x 10 kg mol listed with P in 
mmHg as 

log P = 5.4672 - 1427.3 T l - 3169.3 T~ 2 

A 

The densities of the liquid and vapor phases are 0.819 kg dm and 3.15 x 10 kg dm , respectively. Calculate the A vap H at the 
normal boiling point, 398.4 K. How do you handle the fact that P is listed in mmHg? 

Solution 

5 . 58 . Calculate the osmotic pressure of seawater using the data of Table 5.5. Assume a temperature of 298 K and that the concentration of 
the additional salts not listed does not substantially contribute to the osmotic pressure. 


Solution 


Essay Questions 

5 . 59 . Describe the form of a typical P6 diagram and how the Gibbs-energy diagram may be generated for a one-component system. What 
is the requirement of stability for each region in the P0 diagram? 
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Essay Questions 


5.60. Detail the steps in going from the Clapeyron equation to the Clausius-Clapeyron equation. What specific assumptions are made? 

5.61. Explain why Trouton’s rule, according to which the entropy of vaporization is 88 J K 1 mol 1 , holds fairly closely for normal liquids. 

5.62. Describe three colligative properties and comment on their relative merits for the determination of molar masses of proteins. 

5.63. Show mathematically how the chemical potential is the driving force of diffusion for component A between two phases a and [i. 

5.64. Why do positive and negative deviations from Raoult’s law occur? 
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Solutions 


Solutions 

5 . 1 . Diamonds have successfully been prepared by submitting graphite to high pressure. Calculate the approximate minimum pressure 

T 1 

needed using A/G = 0 for graphite and A/G = 2.90 x 10 J mol for diamond. The densities of the two forms may be taken as 
independent of pressure and are 2.25 and 3.51 g cm -3 , respectively. 

Solution: 

Given: A f G = 0, A f G = 2.90 xlO 3 J moC 1 , p graphltc = 2.25 g cm 3 , p diamond = 3.51 g cm 3 


Required: /Ti, amend 

The equilibrium presented in this problem is given by, 


C 


graphite 


C 


diamond 


Using equation 3.119 we can obtain AV and further solve to obtain P. 


f dG > 


\dP j T 


=V, hence 


SAG 

SAP 


= AV 


Jt 


AV can be obtained using the densities given in the problem. 


P = 


V= — 


V 

n 

P 


To convert from molar volume, we multiply by the molar mass of carbon. 
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Solutions 


A V =M 


n 


, let n = I mol 


A p 


AV - Mn 



Ay = 1.916 285 prfv xlO 6 -^— 7 

pm 

Ay = 1.916 285xl0~ 6 m 3 
Using equation 3.119 we obtain, 

(Ml =AV 
y dAP J T 

j 2 dAG = j i 2 AVdAP 
AG 2 -AG l =AV(P 2 -P 1 ) 


AG 1 = 0 at equilibrium 
_ 0- 2.90 x IQ 3 J mol 1 
2 ~ 1.916 285x10 6 m 3 + 1 

Under standard conditions, we use P 1 as 10 5 Pa. 


AG 2 -AG, 

Ay 


y-p.) 
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_ 0-2.90xlQ 3 J mol ' 
2 _ 1.916 285x10 6 m 3 
P 2 =1 513 444 831 Pa 


+ 10 5 Pa 


P 2 =1.51xl0 9 Pa =1.51xl0 4 bar 


Back to Problem 5.1 


Back to Top 


Solutions 


5-15 


Chapters Phases and Solutions 


Solutions 


5 . 2 . The molar entropy of vaporization of water is 108.72 J K 1 at 760 Torr. The corresponding densities of liquid water and water vapor 

—3 —4 —3 

are 0.958 kg dm and 5.98 x 10 kg dm , respectively. Calculate the change of pressure for a one-degree change in temperature. 

Solution: 

Given: AS = 108.72 J K ', P = 760 Torr, p liquid = 0.958 kg dnT 3 , p vapor = 5.98x10^ kg dm 3 , 

AT = 1 °C = 1 K 
Required: A P 

To solve this problem we can use Eq. 5.8 which defines the change in pressure over time. 

dP S„,(v)-S„,( 1) AS,,, 
dT V m (y)-V m Q) AV m 

This can also be rewritten as, 

dP A P ^^vaporization 

dT~ AT ~ V v -V l 

To solve for A P, we first need to obtain the values of V v and V/ . These can be determined by using the densities given in the problem. 
n 

P = V 

V = — 

p 

To convert from molar volume, we multiply by the molar mass of water. 
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Solutions 


n 

V = M — , let n = 1 mol 
P 



y, =18.805x10 2 dm 3 



V v =30.126 dm 3 

Rearranging Eq. 5.8 we can solve for A P which yields: 


30.126 dm -io.uvij/mu uni 


A P= 3.6111x 10 3 J m 3 

where 1 J = 1 kg m 2 s 2 and 1 Pa = 1 kg m _1 s -2 
A P= 3.6111xl0 3 (kg m 2 s 2 ) m 3 
A P= 3.611 lx 10 3 kg m _1 s 2 
A P= 3.61xl0 3 Pa 


Back to Problem 5.2 Back to Top 



V-V, 


A P = 
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Solutions 


5.3. Calculate the heat of vaporization of water at 373.15 K and 101.325 kPa using the Clausius-Clapeyron equation. The vapor pressure 


2 

of water is 3.17 kPa at 298.15 K. Compare your answer to the CRC Handbook - value. 

Solution: 

Given: T = 373.15 K, P = 101.325 kPa, P mp = 3.17 kPa at T = 298.15 K 
Required: A vap H m 

The Clausius-Clapeyron equation is given by Eq. 5.16, 


2 Handbook of Chemistry and Physics, 82nd ed., D. R. Lide, Ed., Boca Raton, FL: CRC Press, 2001. 



Rearranging and solving for A H m gives, 



(8.3145 J mol 1 ) In 


V 


f 


101.325 JJa' V (373-15 X)(298.15 X) 

3.17 >Pa I 373.15 X-298.15 X 

y V 


\ ap H m = 42 731.332 J mol 


\a p H m = 42.7 kJ mol 


The CRC Handbook value is 40.57 kJ mol 1 . 


Back to Problem 5.3 Back to Top 
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Solutions 


5.4. Liquid water and vapor are in equilibrium at the triple point of water (0.00603 atm and 273.16 K). Assuming that the enthalpy of 
vaporization of water does not change over the temperature range considered, calculate the equilibrium vapor pressure of water at 
373.15 K. Comment on the assumption made here. (A vap H° = 40 656 J moL 1 at 1 atm.) 


Solution: 

Given: P lnplc = 0.00603 atm, 77 ple = 273.16 K, A mp H° = 40 656 J moL 1 at 1 atm 
Required: P mp at T = 373.15 K 

The equilibrium presented in this problem is given by, 

H 2 0(1) ^H 2 0(g) 


The Clausius-Clapeyron equation is given by Eq. 5.16, 


j n ^2 _ ^vap 


R 


v^i T 2 j 


Rearranging and solving for P vap gives, 


In — = ^ vap ^"‘ 


R 


T T 

VA 1 2j 


-=e 


P =P e 

vap triple 


T, r. 


P v ap = ( 0.00603 atm) e 
P vap = ( 0.00603 atm) e 


P vap =0.730 309 767 atm 


40 656 / jjKf^ ('l l 

8.3145 / X 373.15 X 


4.796 721 772 


^vap =0.730 atm 


Back to Problem 5.4 


Back to Top 
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Solutions 


5.5. Estimate the vapor pressure of iodine under an external pressure of 101.3 x 10 6 Pa at 313.15 K. The density of iodine is 4.93 g cm 3 . 
The vapor pressure at 101.3 kPa is 133 Pa. 

Solution: 

Given: T = 313.15 K,/? = 4.93 g cm \P exl = 101.3 kPa, P vap = 133 Pa 
Required: P vap at P xt = 101.3 x 10 6 Pa 

Since the vapor pressure varies with external pressure, we use Eq. 5.23 to solve this problem. 

In ^ = P) 

P v RT 

This can be rewritten as, 

P g V (l) 

In— !— = — !iL — (P - P 0 ) 

P 2 g RT 

To obtain V m we use the density given in the problem. 


P 


V 


V= — 
P 


To convert from molar volume, we need to multiply by the molar mass of water. 
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Solutions 


V = M — , let n = 1 mol 
P 

V m =(2(l26.904 47 /jBCjf 1 ')) 
V m =51.482 543 61 xlO^ 5 


1 jadf 
4.93 £ cm 3 



V m =5.148 254 361 xlO 5 m 3 


A 


7 


From Eq. 5.23 we can solve for P vap 


ln qi 5.148 254 361 x10 ^ , X) 

P,‘ (8.3145 /jXmol-')(313.15X) V ' 


pg 

r \ 2.000 996 716 

— 1 — =e 

pg 

1 2 

^—=1 .396 424 563 

pg 
1 2 

At 101.3 kPa, the pressure is 133 Pa. Therefore at 101.3xl0 3 kPa the vapor pressure is 7.396 424 563x133 Pa 

P vap =7.396 424 563x133 Pa 
P vap =983.724 467 Pa 


P vap =984Pa 


Back to Problem 5.5 Back to Top 
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Solutions 


5.6. The cubic expansion coefficient is given by a = l/V ( dV/dT)p . According to Ehrenfest’s or Tisza’s theory, find the order of the 
transition. Suggest what a plot of a against T would look like near the transition point. 

Solution: 


The cubic expansion coefficient is a second order transition since it can be expressed as a = - 


_ 8 _ 

dT 


' dG 

y dP 


\ 

Jt 


-Ip 



Back to Problem 5.6 


Back to Top 
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Solutions 


5.7. The vapor pressure of /z-propanol is 1.94 kPa at 293 K and 31.86 kPa at 343 K. What is the enthalpy of vaporization? 

Solution: 

Given: P { = 1.94 kPa, 7j - 293 K, P 2 =31.86 kPa, T 2 = 343 K 


Required: A m? H m 

To obtain the enthalpy of vaporization, we must use the Clausius-Clapeyron equation, in the form of Eq. 5.16: 
p A H ( 1 1 ^ 

1 2 va P m i ± 


R 


T T 

VT 1 U 


Rearranging, we can solve for A mp H m , 


| n ^2 _ ^vap H>n 


r T 2 -T t A 

V ^1^2 J 


A vap ^ m 


TT 

1 \ 1 2 

T -T 
1 2 1 \ 


P 

Rln — 

P, 


A vapP^ m 


< 293 K )< 343 K )](8.3 1 45 JK- mol-Mlnf 31 ' 86 ^ 
343 K-293 K J v ’ 1 1.94 >Pa 


A vap tf ffl = 4 6 771.202 01 J moE 


A V a P ^„=46.8kJmor 


Back to Problem 5.7 Back to Top 
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Solutions 


5.8. The compound 2-hydroxybiphenyl (o-phenylphenol) boils at 286 °C under 101.325 kPa and at 145 °C under a reduced pressure of 
14 Torr. Calculate the value of the molar enthalpy of vaporization. Compare this value to that given in the CRC Handbook. 

Solution: 

Given: 7j = 286°C = 559.15 K, /> =101.325 kPa, T 2 = 145°C - 418.15 K,P 2 =14 Ton- 
Required: A mp H m 

To obtain the enthalpy of vaporization, we must use the Clausius-Clapeyron equation, in the form of Eq. 5.16: 


In — = 


A H_ ( 1 1 A 


vap m 


R 


T T 

vG -Gy 


Rearranging, we can solve for A mp H m , 


In — = 


A H_( T -T ^ 


vap m 


TT 

v EG y 


A vap ^ m 


A vap // ,„ = 


TT 
1 \ 1 2 

T -T 
vG G y 


jRln — 


(559.15 K)(418.15 K) 
v 418.15 K-559.15 K y 


(8.3145 JK 1 mol 1 ) 


xln 


14 Jotf 


760 JFefr” 


yi 




A vap H m = 55 069.851 64 J moE 1 


A V aptf,„=55kJmor 


The value for A H m in the CRC Handbook is 71.02 kJ mol 1 . The error is large, but considering the relative molecular mass of the 
compound, its high boiling point, and the wide range of T and P involved in the calculation, it is not surprising that the error is so large. 

Back to Problem 5.8 Back to Top 
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Solutions 


5.9. Using Trouton’s rule, estimate the molar enthalpy of vaporization of n-hexane, the normal boiling point of which is 342.10 K. 
Compare the value obtained to the value 31.912 kJ mol -1 obtained in vapor pressure studies. 

Solution: 

Given: T = 342.10 K, A mp H m =31.912 kJ mol 1 

Required: A mp H m 

Trouton’s rule is given by Eq. 5.18: 

A^=A„ p S„»88JK-'mor‘ 


Rearranging, we can solve for A mp H m , 
r = 110.62°C = 383.77 K, A vap // m =31.912 kJ moE 1 

We can compare this value with the value obtained in vapor pressure studies by calculating the percent error. 

„ 31.912xl0 3 JmoE 1 -30104.8 JmoE 1 

% error = , x 100% 

31.912xl0 3 J mol 1 

% error = 5.663 073% 

% error = 5.6631% 


Back to Problem 5.9 Back to Top 
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Solutions 


5 . 10 . The normal boiling point of toluene is 110.62 °C. Estimate its vapor pressure at 80.00 °C assuming that toluene obeys Trouton’s 


rule. 

Solution: 

Given: T B =110.62°C = 383.77 K,T = 80.00°C = 353.15 K 
Required: P vap 

Trouton’s rule is given by Eq. 5.18: 


Rearranging, we can solve for A mp H m at T B = 110.62 °C, 
A.. p H„=(88JK- | mor')7' s 


Using this value for A mp H m , we can obtain P vap from Eq. 5.16 the Clausius-Clapeyron equation. This can then be rearranged to obtain, 


vap m 


= A vap S ffl *88JK- 1 mol 


vap m 


(88 JX^mor 1 ) (383.77 X) 


=33 771.761 mol 



Where P i= 1 atm under standard conditions. 


5-26 


Chapters Phases and Solutions 


33771.76 / jbO 7 1 1 

. . (8.3145/ K-' ^ K r 1 ')l383.77 K“353.15 K 

P 2 =(l atm)e' 1 

P 2 =0.399 444 atm 


P 2 =0.3994 atm 


Back to Problem 5.10 


Back to Top 


Solutions 
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Solutions 


5.11. 2-Propanone (acetone) boils at 329.35 K at 1 atm of pressure. Estimate its boiling point at 98.5 kPa using Crafts’ rule. 


Solution: 

Given: T B = 329.35 K, P = 1 atm = 101 .325 kPa, P = 98.5 kPa 
Required: T 

Crafts’ rule is given by Eq. 5.19, 


First we can solve for A T then we will be able to obtain T. 


AT =-0.892 469 K 
T is given by, 

T = 329.35 K -0.892 469 K 
T = 328.457 531 K 
T = 328 K 


Back to Problem 5.11 Back to Top 


AP A H p 

Z - X1 van m 1 

= X 


AT T b RT b 



98.5 xlO 3 X 


v 88 / K 1 


(98 500 X-101 325 X) 
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Solutions 


5 . 12 . The variation of the equilibrium vapor pressure with temperature for liquid and solid chlorine in the vicinity of the triple point is 
given by 


In P,= 

In P s = 


-2661 

T 

-3755 

T 


+ 22.76, 
-+26.88. 


Use PI pascal in the equations. Calculate the triple point pressure and temperature. 

Solution: 

Given: 


Required. P triple > Tit ipie 

At the triple point, the two vapor pressures must be equal since the liquid, solid, and vapor are all in equilibrium with each other. Therefore 
we can say that, 


-2661 

T 

triple 


+ 22.76 


-3755 


+ 26.88 


Solving the above expression for 7" triple we obtain; 


2661 -+22.76 __^Z^.+26.88 


T 

triple 


T 

triple 


-2661 3755 . 

+ =4.12 


1 triple 


1 triple 


-2661 + 3775 =4.1271 


triple 


-^triple = 270.388 349 5 K 


^triple = 270.4 K 


To obtain TVpie, we use the value for T trip ie and one of the equations given in the problem. Both will give the same answer. 
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ln/5 ,„ P ie = 


-2661 
270.388 349 5 K 

-2661 


-+22.76 


n 270.388 349 5 K 

triple — e 

triple =407 827.529 Pa 


Similarly, 


ln/5 ,n P ie = 


-3755 


270.388 349 5 K 


P triplc =407 827.529 Pa 
^n P .e =407.8 kPa 


+ 22.76 


+ 26.88 


Back to Problem 5.12 
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Solutions 


5.13. The boiling point of water at 102.7 kPa is 373.52 K. Calculate the value at 101.325 kPa (1 atm) using Crafts’ rule. 

Solution: 

Given: P = 102.7 kPa, T B = 373.52 K, , P = 101.325 kPa 
Required: T 

Crafts’ rule is given by Eq. 5.19: 


First we can solve for A T which will then enable us to determine the value of T. 


AT =-0.472 498 K 
T is given by, 

T = 373.52 K- 0.472 498 K 
T = 373.047 502 K 
T = 373.05 K 


Back to Problem 5.13 Back to Top 


AP A H p 

L - XI vap m 1 

= X 


AT T b RT b 



102.7 xlO 3 X 


v 88 / K 1 



5-31 


Chapters Phases and Solutions 


Solutions 


5.14. The vapor pressure of water at 27.5 °C, a calibration temperature for glassware used in wanner climates, is 27.536 Torr under its 
own vapor pressure. Calculate the vapor pressure of water under an air pressure of 1.00 atm. Assume that air is inert. The density of 
water at 27.5 °C is 996.374 g dnT 3 . 

Solution: 

Given: T = 27.5 °C = 300.65 K, P = 27.536 Torr, P = 1.00 atm, p = 996.374 g dm 3 
Required: P vap 

To calculate P vap we may use Eq. 5.23 which states that: 

P V (1) 

in — = - !n ——(P -P) 

P v RT 

Rearranging this expression to isolate for the vapour pressure gives, 


V„(l) 


P =Pe RT 

vap v 


<P,~P V ) 


where V„, = 


M_ 

P 


V, = 


(2(1.007 94 / moE 1 ) + (15.9994 £ moE 1 )) 


996.374 £ dm 
V =0.018 080 841 1 dm 3 mol 1 


P vap =(27.536 Torr)e 
P vap =(27.536 Torr)e 


P vap =27.555 455 97 Torr 


0.018 080841 1 joaT^ 

f 0.082 06 .sniff jhtt 3 ' ^01^x760 Jxiff' ^tnf^(300.65 X) 


(760 JEofr-27.536 JToff) 


7.063152 747 xHP 


R vap =27.555 Torr 


This is a small correction, but may be necessary for accurate work. 

Back to Problem 5.14 Back to Top 
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Solutions 


5.15. Following the derivation of the expression for AS in terms of AG in Eq. 3.161, derive an expression for AV, the volume change 
accompanying a transition from one state to another, in terms of AG starting with the definition given in Eq. 3.115. 

Solution: 

Given: Eq. 3.161, Eq. 3.115 

Required: an expression for AV 

Eq. 3.115 is given by the following expression: 


Recognize that a change of state occurs at constant temperature. Therefore, differentiating Eq. 3.115 with respect to P at constant 
temperature, we obtain the following from Eq. 3.119. 




Now for a change of state, where G f - G, = AG , there will be a corresponding change in volume, 



Back to Problem 5.15 Back to Top 
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Solutions 


5.16. Derive an equation for the temperature dependence of the vapor pressure of a liquid (analogous to the integrated form of the 
Clausius-Clapeyron equation) assuming that the vapor has the equation of state PV = RT + M where M is a constant. 

Solution: 

Given: PV = RT + M where M is a constant 

Required: expression for temperature dependence of the vapor pressure of a liquid 

The general Clausius-Clapeyron equation, is given by Eq. 5.9 which states that: 

dP A H m 

clT T AV, 

Rearranging the equation of state for vapor and substituting gives, 

PV = RT + M 
_ RT + M 


dP _ A va p H m 
dT~ ( RT + M 


dP _ A mp H m P 
dT T(RT + M ) 
dP _ A mp H m dT 
P T(RT + M ) 


Expanding the denominator yields, 

1 1 R 

T(RT + M)~ MT M(RT + M ) 

Therefore we obtain, 
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Solutions 


dP_ 

P 

dP_ 

P 


= A H dT 

vap m 

A H clT 

_ vap m 


1 _ R 
MT M(RT + M ) 

R K, p H m dT 


\ 


MT M(RT + M ) 


Integrating the above expression, and cancelling terms as necessary, gives, 

l n ZL = | n T 2 X ^va P | n RT 2 + M 

P, M 7j M / RT { +M 


p A H T 

r 2 _ vap m , 

f rt x +m] 

jra 

i 

y RT 2 +M j 


Back to Problem 5,16 Back to Top 
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5.17. Calculate the vapor pressure above liquid ethanol at 35.0 °C when Ar is added until the total pressure is 100 bar. The density of 

_o 

liquid ethanol at this temperature is 0.7767 kg dm and the true vapor pressure is 100.0 Torr. 


Solution: 


Given: Ethanol, C2H5OH, P total = 100 bar, p = 0.7767 kg dm 3 . P l:uc = 100.0 Torr 

Required: P vap at T ext = 35 °C = 308.15 K 

To calculate P vap we must use Eq. 5.23 which states that: 


Rearranging the above to isolate for the vapor pressure yields; 


where V m = — 
P 




(2(12.011/ mor 1 ) + 6(l.007 94 / mor 1 ) + (l5.9994 / moE 1 )) 


776.7 / dm 


V m =0.059 313 814 9 ^bh^mor'xlO 3 


V =5.931 381 49x10 5 m 3 moE 1 

m 


P v a P =( 100 Torr)e 

P vap =(100 Torr )e om 1948469 

R vap =126.010 474 3 Torr 



101 325 Pa 
760 JPertT 


0.231 194 846 9 


Py ap =126 Torr 


Back to Problem 5.17 Back to Top 
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5 . 18 . A solid exists in two forms, A and B, whose densities are 3.5155 g cm 3 and 2.2670 g cm 3 , respectively. If the standard Gibbs 
energy change for the reaction A ^ B is 240 kJ kg -1 , find the pressure at which the two forms of the solid are in equilibrium at 25 
°C. Assume that the volume change in going from A to B is independent of the pressure. 

Solution: 

Given: p A = 3.5155 g cm" 3 , p B = 2.2670 g cm" 3 , AG = 240 kJ kg" 1 , T = 25°C = 298.15 K 


Required: P at equilibrium 

We can use the result obtained in problem 5.15 to solve this problem. 


( BAG} 


= AV 


V dP J T 

The change in volume can be calculated from the densities given above. 


AV 

AV 

AV 

AV 


1 


A P 

r i i ^ 

v 3.5155gcm" 3 2.2670 gcm" 3 y 

-0.156 657 042 9 prf^xlO 3 

-0.156 657 042 9xl0" 3 m 3 kg" 1 


m 3 kg" 1 


Solving for P we obtain; 

^dAG=^AVdP 

AG 2 -AG X =AV(P 2 -P,) 

Let state 1 be the standard state, and state 2 be the equilibrium state. At equilibrium, AG=0, therefore the expression becomes, 
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J±d'-AG°=AV(P-P°) 

=^-lP-r) 

AV V ’ 
p=^ 1 +p * 


av 


- 240xl0 3 J 


P=- 


>y) 


1-0.156 657 042 9x10 3 m 3 


}<P) 


+ 10 5 Pa 


P =1532009002 J m 3 +10 5 Pa 


where 1 J = kg m 2 
1 J _ kg m 2 s- 2 

1 m 3 ~~ m 3 


s 2 and 1 Pa = kg m *s 2 
= kg m 's 2 = 1 Pa 


P =1532009002 Pa + 10 5 Pa 
P =1532109002 Pa 


P= 1.53xl0 9 Pa 


Back to Problem 5.18 


Back to Top 


Solutions 


5-38 


Chapters Phases and Solutions 
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5.19. What are the partial pressures of toluene (0.60 mole fraction) and benzene (mole fraction) in a solution at 60 °C? What is the total 
pressure in the vapor? The vapor pressures of the pure substances at 60 °C are as follows: toluene, 0.185 bar; benzene, 0.513 bar. 

Solution: 

Given: * toluene = 0.60, * benzene = 0.40, T = 60°C = 333.15 K, E t * luene =0.185 bar, =0.513 bar 


Required: P total 

The total pressure is given by the sum of partial pressures of each of the components in a mixture: 


p = p +p 

total toluene benzene 


Raoult’s Law is given by Eq. 5.26, and can be used to solve for P tolal . 

Pl=*lPl\ P 2= X 2 P 2 
toluene =0.60(0.185 bar) 

toluene =0.1 11 bar 

n_= 0.40(0.513 bar) 

benzene =0-2052 bar 

P total =0.111 bar + 0.2052 bar 
R total = 0.3162 bar 


^totai = 0*316 bar 


Back to Problem 5.19 Back to Top 
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Solutions 


5.20. The normal boiling point of ethylene glycol (C 2 H 6 O 2 ) is 197 °C; its enthalpy of vaporization is 801 J mol Estimate the 
temperature at which ethylene glycol will boil in a vacuum distillation if the system were maintained at 50 Torr. 

Solution: 

Given: ethylene glycol (C 2 H 6 O 2 ), T B = 197 °C = 470 K, A mp H = 801 J moE 1 


Required: T B at P = 50 Torr 


To obtain the temperature, we must use the Clausius-Clapeyron equation, in the form of Eq. 5.16 which states that: 


In — = ^ vap ^ m 


R 


1 1 

T T 

VT 1 2J 


First, we can determine the molar enthalpy of vaporization by multiplying the enthalpy of vaporization by the molar mass of ethylene 
glycol. 


A H = A HxM 

vap m vap 

A mp H m = (801 J^ / ) x (( 2 ( 12 .° 11 / mol ') + 6(l.007 94 £ mor 1 ) + 2(l5.9994 £ mor 1 ))) 
A vap H m = 49 716.820 44 J mol 1 


By making the appropriate substitutions into Eq. 5.16 we obtain, 
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|n 760Jog; (49 716.820 44 /^ 
50 Jofr' (8.3145 / K 1 




In 


1 


760 


50 


(8.3145 BT 1 ) 
(49 716.820 44 ) 


+ - 


1 


1 


470 K T 


— = 0.002 582 761 3 K 1 


T { =387.182 508 7 K 


T, =387 K 


Back to Problem 5.20 Back to Top 


470 K , 


Solutions 
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Solutions 


5 . 21 . Benzene and toluene form nearly ideal solutions. If, at 300 K, P* (toluene) = 3.572 kPa and P* (benzene) = 9.657 kPa, compute the 
vapor pressure of a solution containing 0.60 mol fraction of toluene. What is the mole fraction of toluene in the vapor over this 
liquid? 

Solution: 


Given: 


toluene 


= 0.60, 


■^benzene ~ 0.4-0, 


T = 300 K, P* = 3.572 kPa, P* = 9.657 kPa 


Required: P total 


vapor 

^toluene 


The total pressure is given by the sum of partial pressures of each of the components in a mixture: 
p = p +p 

total toluene benzene 


Raoult’s Law is given by Eq. 5.26, and can be used to solve for P lotal . 
p - x P ■ P = x P 

i j , i 2 2 


^ue„e= 0.60(3.572 kPa) 
^uene= 2.1432 kPa 
benzene = 0.40(9.657 kPa) 

^benzene ~ 3.8628 kPa 

P total =2.1432 kPa + 3.8628 kPa 


P,o,ai = 6.006 kPa 


The mole fraction of toluene in the vapor over the liquid is given by the partial pressure of toluene divided by the total pressure of the 
vapor. 
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vapor 

■^"toluene 


vapor 

■^toluene 


vapor 

■^toluene 


1 toluene 

P 

total 

_ 2.1432 >Pa 
~ 6.006 >Pa 
= 0.356 843 


vapor 

'^toluene 


0.3568 


Back to Problem 5.21 


Back to Top 


Solutions 
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Solutions 


5.22. Often it is important to express one unit of concentration in terms of another. Derive a general expression to find the mole fraction 
X 2 in a two-component system where the molality is given as m 2 . 

Solution: 

The molality, m 2 , is the amount of solute divided by the mass of solvent. If W\ is the mass of solvent, the solution contains m 2 W [ moles of 
1¥ 

solute and — L moles of solvent. The mole fraction is thus: 

Mi 


X 2 = 


m 2 W l 


K 

M, 


+ m 2 W i 


m 


x 2 = 


X 


Aii. 


+ m, 


m, 


X 2 f 


\M X 


4 m, 


Multiplying through by — - gives, 

Mi 


m 2 M x 
(1 + M x m 2 ) 

Dividing each term by its SI unit yields; 


f ml ){ 

Mi ^ 

^molkg -1 J 1 

kg mok 1 J 

f 

If Ml ) 

1 , 
v mol kg 

kg mol 1 J 


However, the customary unit for molar mass Mi, is g mol 1 , therefore we obtain, 
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Solutions 


*2 = - 


m 2 

f Ml 1 

^ mol kg 1 J 

v 1000 g mol 1 y 


1 + 


( \ 

m 2 

f Ml 1 

^ mol kg -1 J 

v 1000 g mol 1 . 


. . . 1000 . 
Multiplying through by j^^gives, 


f m 2 

X 

f M ' 1 

v mol kg- 

J 

U mol-' J 


1000 + 


m 0 

f Ml 1 

^mol kg-‘ J 

V g moF 1 J 


For sufficiently dilute solutions, the expression approximates to the following: 


f \ 

m 0 

f M ' 1 

^ mol kg -1 J 

v g mol 1 J 


z 1000 

Therefore the general expression for mole fraction, * 2 , in a two-component system is: 


m 2 

f Ml 1 

^ mol kg 1 J 

V g moF 1 J 


1000 


Back to Problem 5.22 
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Solutions 


5.23. Assuming that commercially available automotive antifreeze is pure ethylene glycol (it actually also contains relatively small 
amounts of added rust inhibitors and a fluorescent dye that helps to differentiate a radiator leak from condensation from the air 
conditioner), in what ratio by volume will antifreeze and water have to be mixed in order to have a solution that freezes at -20.0 °C? 

—1 —3 

What will be the boiling point of this solution at 1 atm pressure? (MW = 62.02 g mol , density = 1.1088 g cm .) 

Solution: 


Given: A fus T = 20.0 °C = 20.0 K, M 2 = 62.02 g mol 1 , p = 1.1088 g cm 3 , P = 1 atm 
Required: V ratio, T 

To solve for the volume ratio, we must first determine the mass of antifreeze present by using Eq. 5.122: 

KfW 2 


M, = 

A TW 

^ fus 1 VV l 

Rearranging for VIA gives, 
MA fus TW t 


W 2 = 


K, 


Where W\ is 1.00 kg since we are solving for the ratio and Kj is the freezing point depression constant for water given in Table 5.2. Given 
that. 


A fu J = 20.0 °C = , M 2 =, p = 1.1088 g cm 3 , P = 1 atm 
(0.06202 ^T r )(20.0 X)(l-00kg) 


W 2 = 


1.86 X 


W 2 = 0.666 881 720 4 kg 

Using the definition of density, we can convert the mass of antifreeze into the volume of antifreeze. 
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Solutions 


p = 1. 1088 g cm 3 = 1. 1088 kg dm 3 
W n 

p = 

V 

w 

\ — —2l. 

P 

0.666 881 720 4 k^ 

V= t p- 

1.1088 dm 3 

y= 0.601 444 553 ldm 3 
V = 0.601 dm 3 

o a 

Therefore the volume ratio is 0.601 dm antifreeze to 1.0 dm of water. (Or approximately 3:5) 
The elevation of boiling point for this solution is given by Eq. 5.126 which states that: 


Where A T = T -T* and K b is the boiling point depression constant given in Table 5.4. Solving for T, we obtain, 


m 


M 



T-T* =5.483 870 968 K 
T = 5.483 870 968 K+T* 


T b = 373.15 K note that this is typically the boiling point of water! 
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T = 5.483 870 968 K + 373. 15 K 
T = 378.633 870 968 K 
T = 378.6 K 


This means the solution will boil at 378.6 K. 


Back to Problem 5.23 


Back to Top 


Solutions 
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Solutions 


5.24. The familiar term molarity is now discouraged by IUPAC because of the danger of confusion with molality. In its place, 
concentration is defined as the amount of substance 2, m, dissolved in unit volume of solution. Derive a general relation to find xi 
from the concentration ci - Let the solution density be p. 

Solution: 

Let component 1 be the solvent and component 2 be the solute in the solution. The concentration, C 2 , is the number of moles of solute 
divided by the volume of the solution. 



From this expression, the amount in moles of solute is, 
n 2 = ^ C 2 

The mass of the solute is given by m = nM , hence, 
m 2 = Vc 2 M 2 

TYl 

Density is given by p = — , therefore the total mass of the solution is given by: 


m = Vp 


The mass of the solvent is then given by the difference in mass of solution and solute, 
ra, =V p-Vc 2 M 2 

The amount in moles of solvent can then be found according to the following expression. 

_ m, _Vp-Vc 2 M 2 

ll\ 

M l M l 

The mole fraction of the solute is the number of moles of the solute divided by the total number of moles present in the solution. 
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Solutions 


x, = 


Vc , 


2 V p - Vc 2 M 2 


M, 


+ Vc, 


/c 


r p-c 2 M A 


/ 


M, 


+ C-, 


X 2 f 


p C 2 M 2 + c 2 M x 

M, 


M 

Multiplying through by — L yields the following; 


x 2 = 


c^M i 


P + c 2 (Mj A/ 2 ) 

Dividing each term by its SI unit gives: 


f 


mol m 


X 2 = 


Mi 

kg mol 1 


r P ) 

+ 

( c \ 

c 2 

( M 1 M 2 \ 

ykg m 3 J 

v mol nk 3 j 

v kg mok 1 kg mok 1 y 


-5 

However, the customary units are, for concentration c 2 , is mol dm' , for molar mass M 1 , is 
g mol" 1 , for density p , is kg dm' 3 = g cm' 3 therefore we obtain, 


*2 = 


f 1000 c 2 ) 

f M| 1 

v mol dm -3 j 

v 1000 g mok' J 


f 1000 p^ 


f 1000 c 2 


f M i 

M 2 ^ 

l g cm" 3 J 


v mol dm -3 

J 

v 1000 g mok' 

1000 g mok 1 y 
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Solutions 


Further simplification gives, 


/ 

c ) 

c 2 

r Afj ^ 


mol dnT 3 J 

v gmoF 1 J 

f 1000 p ' 

+ 

( c 

l 2 

\f M, M 2 ^ 

l g cm 3 J 

v mol dm 3 , 

j^gmoF 1 gmor‘ y 


For sufficiently dilute solutions, the density of the solution is approximately that of the pure solvent, pi, and the expression approximates to: 


( c \ 

c 2 

( M x \ 

v mol dm 3 j 

U moF 1 J 


v § Cm ~ 3 y 


Therefore the general expression for mole fraction, X 2 , in solution is: 



( r \ 

c 2 

f M ‘ 1 

v mol dm -3 y 

vg moF 1 J 



f 1000 / 7, 3 

l g cm 3 J 



Back to Problem 5.24 Back to Top 
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Solutions 


5.25. Show that if a solute follows Henry’s law in the form of P 2 = k'x 2 , then the solvent must follow Raoult’s law. (Hint: The use of the 
Gibbs-Duhem equation might prove useful.) 

Solution: 

Henry’s law is given by Eq. 5.27 as P { =k'x 2 , or P 2 =k"c 2 and Raoult’s law is given by, 

Eq. 5.26 as P x = x l P*\ P 2 = x 2 P 2 . 

It is found that in the limit of infinite dilution most liquid solvents obey Raoult’s law but that under the same conditions the solute obeys 
Henry’s law. 


Eq. 5 . 1 0 1 , jU iM = jUj + RT In x t 

Back to Problem 5.25 Back to Top 
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Solutions 


5.26. A 1.0 m solution of NaCl in water produces a freezing point depression of approximately 3.7 K. How can we account for this 
observation? 

Solution: 

Given: c = 1.0 M, A fus T = 3.7 K 
Required: account for the observation. 

The freezing point depression is given by Eq. 5.121, where Kf is the freezing point depression constant for water provided by Table 5.2. 
AfuJ = K f m 2 

A fus r = (l.86Kj^ jBcjf r )(l.O M 
A fus r = 1.86K 

However, this is not what is observed. 

Colligative properties are, to a large extent, determined by the number of particles in solution, rather than the actual identity of the species. 
Since NaCl completely ionizes in solution, the resulting solution contains 2.0 moles of particles. Therefore we can calculate the temperature 
change using; 

A fus r = (l.86 K jBflf r )(2.0 jndf >g^) 

A fus T = 3.72 K* 3.7 K 

The ionization of NaCl accounts for the observed temperature change. 


Back to Problem 5.26 Back to Top 
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Solutions 


5.27. Derive a general expression to relate the molality m to concentration re- 
solution: 

Let component 1 be the solvent and component 2 be the solute in the solution. The molality, mi, is the amount of solute divided by the mass 
of solvent. Using what we have done in problem 5.24, we can say that; 

"solute = Vc 2 and m solvcnl =Vp-Vc 2 M 2 

Therefore, molality can be expressed as, 

Vc, 


m 2 = 


V p-Vc 2 M 2 

C 2 

m 2 = 

p-c 2 M 2 

Rearranging the above, we can write concentration in terms of molality. 

m 2 (p~c 2 M 2 ) = c 2 
pm 2 —c 2 m 2 M 2 = c 2 
pm 2 = c 2 + Cr,m n M 2 
pm 2 = c 2 (l + m 2 M 2 j 

^ _ P m 2 
(l + m,M 2 ) 

Dividing each term by its SI unit yields the following: 



r p ] 

nir, 

( c \ 

c 2 ^ 


^molkg -1 J 


mol m 


f ( 

1 + 

V V 


nu 


mol kg 


Mr, 


kg mol 1 


J) 


-5 

However, the customary units are, for concentration a_, is mol dm' , for molar mass M\, is 
g mol" 1 , for density p , is kg dm' 3 = g cm 3 therefore we obtain, 
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Solutions 




J jQOCT c 2 
y mol dm 3 j 


P 


g cnT 


m. 


mol kg 1 


f ( 

1 + 

V V 




mol kg 1 


M, 


AA 


1000 g mol 


-i 


J ) 


, , , 1000 . 
Multiplying through by gives, 


1000 


f 


1000 


mol dm 


-3 


r P \ 

m 2 

v g cm 3 J 

^molkg 1 J 


1000 + 


m 0 

f m 2 'j 

v mol kg -1 J 

v g mol -1 . 


For sufficiently dilute solutions, the expression approximates to: 

/ 

06 


r P ] 

f A 

m 2 

V g cm 3 J 

v mol kg 1 J 


mol dm 3 JjQOtT 

Therefore the general expression for concentration in terms of molality is given by; 


C 2 

p 1 

r \ 

m 2 

mol dm -3 

v g cm 3 J 

v mol kg -1 J 


Where p\ is the density of the solvent. For aqueous solutions p\ ~ 1 g cm' , and therefore the numerical values of concentration and the 
molality, in the above units, are very similar. 


Back to Problem 5.27 Back to Top 
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5.28. An amalgam of 1.152 g of a metal dissolved in 100.0 g of mercury is heated to boiling. The partial pressure of mercury vapor over 
the boiling mixture is 754.1 Torr and the total pressure is 768.8 Torr. Find the atomic weight of the metal and, therefore, its identity. 

Solution: 

Given: ra metal =1.152 g, m Hg = 100.0 g, P Hg = 754.1 Torr, P Ug = 768.8 Ton- 
Required: M meta i 

Raoult’s Law is given by Eq. 5.26. It can be rearranged so that we can solve for x Hg and hence Jt meta i since x metal + x Hg = 1 . 


p x =x x p; 


x i 


A 

p; 


Hg p 
Gig 

■^metal = ^ _ *Hg 

754.1 J^fr 
* metal ~ 768.8 JTefr 

''metal = 0.019 120 707 6 

The mole fraction is given by, 

V\ 

y _ ' Gnetal 

A metal — 

^metal ^Hg 

Rearranging the above in order to isolate for the number of moles for the metal gives, 
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Solutions 


'''metal 

77 

^metal 

77 

^metal 

^metal 

77 

1 metal 

77 

^metal 




(^metal tt Hg j ^metal 
'''metal ^Hg'Tnetal ^ metal 
''’metal ^ metal ^Hg'Tnetal 

(''-metal ~l) = _ ^Hg'Tnetal 
_ _ ^Hg'Tnetal 


(^metal- 1 ) 
^Hg *^metal 
0 'hnctal ) 


, where n = 


m 

M 


Once we have determined this value, we can easily find the molar mass for the metal. 


_ ''’metal m Hg 

metal i\-x ) M 

V 1 A metal/ iKZ Hg 

0.019120 707 6 f 100.0 / 
nmetal ~ (1-0.019120 707 6) [ 200.59 / mol 1 y 

^ metai = 0.009 7 1 8 049 7 mol 


m metal 


M 


metal 


= 0.009 718 049 7 mol 


M 


metal 


U52 g 

0.009 718 049 7 mol 


^meta, =118-5423039 g mor 1 
M mettd =118.54 g mor 1 


The molar mass is 1 18.54 g mol 1 which is approximately the same at the molar mass of tin, 1 18.710 g mol’ 1 , therefore we can assume that 
the identity of the metal is tin. 


Back to Problem 5.28 Back to Top 
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5 . 29 . The volume of a solution of NaCl in water is given by the expression 

Wcm 3 = 1002.874 + 17.8213 m + 0.873 91 m 2 - 0.047 225 in 


j|> o 

where m is the molality. Assume that m oc n Na ci and that n H O = 55.508 mol, where V ll () = 18.068 cm . Derive an analytical 
expression for the partial molar volume of HiO in the solution. 

Solution: 

The partial derivative for the molar volume of a solution is given by Eq. 5.31 which states that; 


— ^ = i .747 82-0.28335 m 
dm 

dV HO =-^1(1.747 82-0.283 35 m) 

n n 2 o 

We are working under the assumption that ; m oc n Na a and since n H 0 = 55.508 mol. It is now possible to integrate the above expression in 
order to solve for V H 0 , the partial molar volume of EDO. 



When can applying this general equation to the expression given in the problem which gives; 



V 5 n NacJ „ H20 VdmJ 


8V ) f dV^ 


y Nad /cm3 =17.8213 + 1.747 82 m- 0.141 675 m 2 


We can now use Eq. 5.37, the Gibbs-Duhem equation, to obtain an expression for dV H O . 


dV=-'^dV 1 


n. 


dV„ 
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^^H,0 


^^H,0 


m 


55.508 mol 


(1.747 82-0.283 35 m ) 


(1.747 82 m- 0.283 35 m 2 ) 

ne V / 


55.508 mol 

f dV u n = f (1.747 82m -0.283 35 m 2 )dm 

J Hz0 J 55.508 mol 1 ’ 


V -V =- 
k h 2 o k h 2 o 


f ( 1 .747 82 m - 0.283 35 m 2 ) dm 

18 mnl J V ' 


55.508 mol 


^h 2 o-^h 2 o=- 


(0.873 91m 2 -0.094 45 m 3 ) 

le v > 


55.508 mol 


Vh 2 o=- 


(0.873 91 m 2 - 0.094 45 m 3 ) + V* 0 

is V / h 2° 


55.508 mol 


V H 0 /cm 3 mol 1 =18.068 cm 3 (0.873 91 m 2 -0.094 45 m 3 ) 

H2 ° 55.508 mol v ’ 
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5.30. The partial molar volume of component 2 in a solution may be written as 


^2 = 


( 

IdnJ 
Z «1 

M i , 1 ( Sp\ 

■ — --(MjWj +M 1 n 1 )—r\ 

P ~ P 


l dnj 


where n i and M\ are amount and molar mass of component 1 and no and Mi represent the same quantities for component 2. The 
density is p. Rewrite the expression in terms of the mole fractions x\ and Ab- 
solution: 

Recall that the mole fraction for a species is given by ; 


*2 =- 


n, +n 2 


x l =■ 


n, +n 2 


Therefore we must first develop an expression for 
n l +n 2 -\(n 2 ) 


^ dp ^ 

V dn 2 J, h 


using this definition. 


r dx^ 

\ dn 2j 

r dx 2 ^ 

\ dn 2 j 


(n x +n 2 ) 2 


( n l +n 2 y 


By using Euler’s Chain Rule outlined in Appendix C we can formulate the appropriate expression. 


^ dp ^ 

\dn 2 j 

r dp^ 

, dn i J, 


dp 


^ dxr ^ 


dx. 


\dn 2 j 


(n l +n 2 f 


dp 

dx n 
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We can now substitute the above into the expression for Vo given in the problem to produce, 


M 1 

V 2 = — - — (M ,Hj + M -,n 2 ) — — 

P P~ 


( 


n { dp 


dx 1 


(n l +n 2 ) 


Yl Yl 

Since we know that x 2 = — , x l = — , it follows that the expression becomes, 


/ij + n 2 


n x + n 2 


M 1 

V 2 = 2 n 2 ) - 

P P 


n x dp 


(/ 7 , + n 2 ) (/z, + n 2 ) dx 




P 


Mji 


i“i _j__ M 2 n 2 


id +n 2 ) (d+n 2 ) 


P 


dp 

\ 1 dx 
V WA 2 J 




^ dp^ 
V dx 2 j 
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_o 

5 . 31 . Mikhail and Kimel, J. Chem. Eng. Data, 6, 533(1961), give the density of a water-methanol solution in g cm at 298 K related to 
the mole fraction * 2 of the methanol through the equation 

pig cnT 3 = 0.997 1 - 0.289 30* 2 + 0.299 07*“ 

- 0.608 76* 3 + 0.594 38* 2 4 - 0.205 8 lx l 

Using the equation developed in Problem 5.30, calculate V 2 at 298 K when * 2 = 0.100. 

Solution: 


Given: 7 = 298 K, * 2 =0.100 


Required: V 2 

We can make use of the equation developed for V 2 in the previous problem (5.30). 


V 2 =^-(M 1 * 1 +M 2 * 2 )^j 


p 


p~ 


dp 

< 7*2 ^ 


In this particular problem, M\ is the molar mass of water, Mi is the molar mass of methanol, and *i is the mole fraction of water. 

* : = 1 - * 2 

*! = 1 - 0.100 
*j = 0.900 

Af, = 2(1.007 94 g mol 1 ) + 15.9994 g moU 1 
M 1 =18.015 28 gmof 

M 2 =12.011 g mol 1 +4(1.007 94 g mol 1 ) + 15.9994 g mol 1 
M 2 =32.04216 gmoU 1 
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Solving for p , where x 2 = 0. 100 gives, 

p =0.997 1-0.289 30(0. 100) +0.299 07 (0.100) 2 -0.608 76 (0.100) 3 +0.59438 (0.100) 4 -0.205 8 1(0. 100) 5 

p =0.970 609 319 9 g cm -3 We can now take the derivative of 

p 2 =0.942 082 451 9 g 2 cnT 6 
p with respect to x 2 , 

-^- = -0.289 30+0.598 14 x 2 -1.826 28 x 2 +2.377 52 x 3 -1.029 05 x 2 4 
dx 2 

^ = -0.289 30+0.598 14(0.100)-1.826 28(0.100) 2 +2.377 52(0.100) 3 -1.029 05(0.100) 4 

= -0.245 474 185 gem 3 

dx 2 

Now that we have found all of the required values, we can make the appropriate substitutions into the expression we found for V 2 to obtain, 


0.970 609 319 9/ cm 3 



V 2 =37.566 10468 prff mol'xlO 3 — 


V, = 0.037 566 104 68 dm 3 mol 1 


V, =3.76x10 2 dm 3 mol 1 
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5 . 32 . Beckmann and Faust [Z. Physik. Chemie, 89, 235(1915)] found that a solution of chloroform in acetone in which the mole fraction 
of the latter is 0.713 has a total vapor pressure of 220.5 Torr at 28.15 °C. The mole fraction of acetone in the vapor is 0.818. The 
vapor pressure of pure chloroform at this temperature is 221.8 Torr. Assuming that the vapor behaves ideally, calculate the activity 
and the activity coefficient of chloroform. 

Solution: 

Given: in solution, x acetone = 0.713, P lolal = 220.5 Torr, T = 28.15 °C = 301.3 K, 
in vapor phase, x acetone = 0.818, P; hloroform = 221.8 Ton- 


Required. ^chloroform ; ./chloroform 


This problem makes use of Raoult’s Law which defines the chemical potential for a pure component i in terms of a dimensionless activity, 
a. The activity is given by Eq. 5.75: 



A 

P* 


Therefore the activity of chloroform is given by, a C hioroform 


chloroform 


chloroform 


To solve for P chk)roro rm we may use Dalton’s Law of Partial Pressures with the mole fraction of pure chloroform in the vapor phase. This will 
yield the following: 


X • = I — X 

chloroform acetone 

=(1-0.818)220.5 Torr 


[ chloroform 


= 40.131 Torr 


^chloroform 

^chloroform 


_ 40.131 Joif 
~ 221.8 (Totf 
= 0.180 933 273 2 


^chloroform 0.181 
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The usual procedure in dealing with solvent species (as we have already seen) is to use the mole fraction. In chapter 4 (specifically section 
4.3) we defined the Gibbs Free Energy by Eq. 4.48 which states that: 

G = G° +RT\n(x l f l ) 

Since we know that when using Raoult’s Law ju = — which subsequently allows us to write; 

n i 

Mi = Mi + RT ln = M* + RT ln M 

With this, we can say that the activity coefficient is given by/,- = a/xi . 


fc 


chloroform 


a 


chloroform 


l — x 


acetone 


f 

J chloroform 
•/chloroform 


_ 0.180 933 273 2 
1-0.713 

= 0.630 429 523 4 


/chloroform - 0.630 
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5.33. When 12.5 g of A, a nonvolatile compound, is dissolved in 520.8 g of ethanol, the vapor pressure of the pure solvent, 56.18 Torr, is 
reduced to 55.24 Torr. Calculate the molar mass of compound A. 

Solution: 

Given: m A = 12.5 g, m ethanol = 520.8 g, ^ hanol = 56.18 Torr, P ethanol = 55.24 Ton- 
Required: M A 

This problem again refers to Raoult’s Law (for ideal solutions). The following form of Raoult’s Law (Eq. 5.78) is especially useful for 
solutions of relatively involatile solutes in a volatile solvent. 


\ P i J 


— 1 = jCj — 1 or rather 


< p*-p ^ 

v p i j 


= X, 


Eq. 5.78 may be written so that the molar mass of the solute 2 may be determined. For a dilute solution, n .2 may be neglected in the 
denominator (Eq. 5.79) and we obtain Eq. 5.80; 

P\ ~P\ _ n 2 _ W 2 My 

Pi «, M 2 Wj 

Rearranging the above in order to isolate for M 2 gives, 

M 2 =W 2 ^-^ — 

2 2 W1 P[ -P x 

M, =2(l2.011gmol 1 ) + 6(l.007 94 g mol” 1 ) + (15.9994 g moL 1 ) 

Afj = 46.069 04 g mol 1 

46.069 04 g mol" 1 


M a =(l2.5 /)- 


56.18 ^ofr 


520.8 / 56.18 J^sfr -55.24 J^iff 


M a = 66.084 876 25 g mol" 1 


M A = 66.1 g mol 1 


Back to Problem 5.33 
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5.34. The following data are for mixtures of isopropanol (I) in benzene (B) at 25 °C. 


Xi 

0 

0.059 

0.146 

0.362 



Pi (Torr) 

0 

12.9 

22.4 

27.6 



P tot 

94.4 

104.5 

109.0 

108.4 





0.521 

0.700 

0.836 

0.924 

1.0 



30.5 

36.4 

39.5 

42.2 

44.0 



105.8 

99.8 

84.0 

66.4 

44.0 


Does this solution exhibit positive or negative deviation from Raoult’s law? From a pressure-composition plot, estimate the 
activities ci\ and a B and activity coefficients /i and f B at x\ = 0.20, 0.50, and 0.80. [Data from Olsen and Washburn, ./. Phys. Chem., 
41, 457(1937).] 

Solution: 

Given: 

Required: 
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5 . 35 . The vapor pressure of pure ethylene dibromide is 172 Torr and that of pure propylene dibromide is 128 Torr both at 358 K and 1 
atm pressure. If these two components follow Raoult’s law, estimate the total vapor pressure in kPa and the vapor composition in 
equilibrium with a solution that is 0.600 mol fraction propylene dibromide. 

Solution: 

Given: P* = 172 Torr, P* = 128 Torr, T = 358 K, P = 1 atm, x n = 0.600 

c P p 


Required: P total , x e , x p in vapor 

The total pressure is given by the sum of partial pressures for each of the components in a mixture. 

p = p +p 

1 total 'e TJ p 


Raoult’s Law is given by Eq. 5.26, therefore we can use it solve for P total . 


P =x P ' P = x P 

1 1 A l r ! 5 1 2 K 2 L 2 


P e =0.400(172 Torr) 

P e = 68.8 Torr 
P p =0.600(128 Torr) 

P p =76.8 Torr 

P tota i = 68.8 Torr + 76.8 Torr 


^total = 145 - 6 : 


total 


101325 Pa 
760 J+hf 
= 19 411.736 84 Pa 


^to,ai =19.4 kPa 


The vapor composition is given by the mole fractions in the vapor over the solution. The mole fraction for a species is given by the partial 
pressure divided by the total pressure of the vapor. 
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Solutions 



_ 68.8 JTeff 
* e ~~ 145.6 

x e = 0.472 527 472 5 
* e = 0.473 



_ 76.8 J44f 
* p _ 145.6 JJoff 
x p =0.527 472 527 5 

x p = 0.527 


Back to Problem 5.35 
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5.36. Calculate Henry’s law constant and the vapor pressure of pure liquid A (molar mass = 89.5 g mol -1 ) and that of 75.0 g of liquid A in 
solution with 1000 g of liquid B. Liquid B (molar mass = 185 g moL 1 ) has a pressure in this solution of 430 Torr and the total 
solution pressure is 520 Torr. 

Solution: 

Given: M A =89.5 g moL \m A =75.0 g , M B =185 g mol -1 , m B =1000 g, 

P B = 430 Torr, P total =520 Torr 
Required: k\ P a 

The total pressure is given by the sum of partial pressures for each of the components in a mixture. 

p = p +p 

1 total 'A Ti B 

Solving for P A gives, 

p = p _ P 

1 A 1 total 1 B 

P A = 520 Torr - 430 Torr 
P A = 90 Ton- 

Henry’s Law is given by Eq. 5.27 which states that: 

P x =k'x 2 

To solve for Henry’s Law constant, we first need to obtain the mole fraction of species A. 
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where n = — 

M 

75.0 l 
89.5 / 

* A ~ 75.0 / 1000 / 

89.5 / 185 / jacK 

* A =0.134 220 072 6 

We can now rearrange Henry’s Law (given above) to isolate for k’ which gives, 


, _ 90 Torr 

~ 0.134 220 072 6 
k' = 670.540 540 3 Torr 
k' = 671 Ton- 
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5 . 37 . Henry’s law constants k' for N 2 and O 2 in water at 20.0 °C and 1 atm pressure are 7.58 x 10 4 atm and 3.88 x 10 4 atm, respectively. 
If the density of water at 20.0 °C is 0.9982 g cm - ’, calculate (a) the equilibrium mole fraction and (b) the concentration of N 2 and O 2 
in water exposed to air at 20.0 °C and 1 atm total pressure. Assume in this case that air is 80.0 mol % N 2 and 20.0 mol % O 2 . 

Solution: 

Given: T = 20.0°C = 293.15 K, P = 1 atm, k^ = 7.58 xlO 4 atm, k' Q =3.88 x 10 4 atm, p- 0.9982 g cm 4 x No =0.800, jc 0i =0.200 
Required: 

a) x Ni , x Q at equilibrium 

b ) c n 2 > c o 2 

Recall that Hemy’s Law is given by Eq. 5.27 which states that: 

P l =k'x 2 

To solve for the mole fraction of a species at equilibrium, we first need to obtain P N and P Q . The partial pressures, P s and P f) , are given 
by the mole fraction multiplied by the total pressure. 

P =x P 

1 N, a N 2 1 total 

P N2 =(0.800)(latm) 

P s = 0.800 atm 
/>„_=( 0.200)(latm) 

P 0n =0.200 atm 

Now we can determine the values for x N and x 0 according to: 
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Solutions 



0.800 >trn 
%2 ~ 7.58 xlO 4 
x N „ =1.055 408 971x10 5 

x N =1.06x10 5 

_ 0.200 

X ° 2 ~ 3.88 xlO 4 jonti. 
x 0 ^ =5.154 639175x10 6 

x k . 2 =5.15x10 6 

We can use 1 mole of water as a reference, and therefore obtain: 
n N =1.055 408 971x10 5 mol and n 0 _ = 5.154 639 175x10 6 mol 
By using the density of water, we are able to solve for the concentration. 
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c 


n 


V 


m 




n u 2 oM 

P 


h 2 o 



np 

h 2 o^h 2 o 

= 2(1.007 94 g mol 1 ) + (15.9994 g mol 1 ) 


M 


h 2 o 


18.015 28 / mol 1 x 10 3 


kg 

i 


M h o = 1 .801 528 x 10 2 kg mol 1 

(1.055 408 971x10 5 mol)(0.9982 )4 dm' 3 ) 
l^«5f(l.801528xl0' 2 
c N 2 =5.847 864 895 x 10^ mol dnT 3 
c N =5.85x10 4 mol dm 3 

(5.154 639175x10^ mol)(0.9982 )4 dm 3 ) 

1 (l .801 528 x 10' ~ 2 )4 400 !^) 

c 0 =2.856109 272 xlO" 4 mol dm 3 

c Q = 2.86 x 10 4 mol dm 3 
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5 . 38 . Methane dissolves in benzene with a Henry’s law constant of 4.27 x 10 5 Torr. Calculate methane’s molal solubility in benzene at 25 
°C if the pressure above benzene is 750 Torr. The vapor pressure of benzene is 94.6 Torr at 25 °C. 

Solution: 

Given: T = 25.0°C = 298. 15 K, U = 4.27 x 10 5 Torr, P benzene = 750 Torr, P b * enzene = 94.6 Torr 
Required: methane’s molal solubility 

To solve this problem, we assume that the total vapor pressure of pure benzene is present in the total pressure of 750.0 Torr. 

The total pressure is given by the sum of partial pressures for each of the components in a mixture. 

p = p +p 

total methane benzene 

Solving for P methane gives, 

P =P ~P 

methane total benzene 

^methane = 750 TOIT-94.6 TOIT 
^methane = 655.4 TOIT 

Using Henry’s Law, we can obtain the mole fractions of methane and benzene. 


P 1 =k'x 2 


methane 


x methane 


x methane 


k' 


methane 


655.4 

4.27 xlO 5 jPeff 


Methane =0.001 534 894 6 

X — 1 — X 

benzene methane 

benzene =0.998 465 105 4 


The mole fraction is given by the expression, 
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methane 


x methane 


vi 4 - Vi 

methane benzene 


Where, n 


m, 


"benzene 


benzene 


M 


benzene 


In 1000 g of benzene, 


1000 


^benzene 


6(l.007 94 / mor 1 ) + 6(12.011 / moF 1 ) 

benzene =12.801 861 49 mol 

Solving for n me thane gives the molality of methane, 


X \ VI VI 

methane \ methane benzene 




‘'methane 


VI X —VI — VL X 

benzene methane methane methane methane 


— n ( 1 — x 1 

methane \ methane / 


*■ methane 


methane 


l-x. 


methane 


(12.801 861 49 mol) (0.001 534 894 6) 


0.998 465 105 4 


Methane =0.019 679 714 4 mol 


molality 


= 1.97x10 2 m 


methane 
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5 . 39 . In a molar mass determination, 18.04 g of the sugar mannitol was dissolved in 100.0 g of water. The vapor pressure of the solution 
at 298 K was 2.291 kPa, having been lowered by 0.0410 kPa from the value for pure water. Calculate the molar mass of mannitol. 

Solution: 

Given: m mannitol = 18.04 g, m H 0 = 100.0 g, T = 298 K, P x - 2.291 kPa, P i -P* = 0.0410 kPa 
Required: M manmtol 

We can use the expression for lowering the vapor pressure in solution, given by Eq. 5.79 to solve this problem. 

p;-p t n 2 WJM 2 

P* n x + n 2 (' W 1 /M l ) + ( WJM 2 ) 

The above expression can then be rearranged to isolate for Mi , 
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Solutions 


/f _(W ] /M l ) + (W 2 /M 2 ) 

p:-p~ wjm 2 


p -P 

1 1 M 


{w 2 im 2 )={wjm,)+(w 2 im 2 ) 


{w 2 /m 2 ) 


f p * 

— 1 

p* _ p 

v r i r i y 


= 0W) 


w, 


' p* 

— J 1 

p* -P 

\ r \ r \ y 


w, 


m 2 =- 


C p* 

—p 1 

p* _ p 

v r i m y 

(Wj/Mj) 


= m 2 {wjm x ) 

A 


M\W 2 


m 2 =- 


— 1 
p - p 

v r i m y 


w, 


M W 

H 2 0 "mannitol 


M 


y P * y 
5 1 

p* _ p 

v r i m y 


mannitol 


W, 


H,0 


where, /f =P* -P l +P l 

M^ Q = 2 (1.007 94 g mol 1 ) + (15.9994 g mol" 1 ) 
4^=18.015 28 g mol" 1 


(18.015 28 g mol" 1 )(l 8.04/) 


M 


0.0410 >Pa+ 2.291 >Pa 
0.0410 >Pa 


mannitol 


=181.601228 5 g mol" 1 


100.0 / 


^rnannitol^Sl^gmOr 1 


y 

1 

y 
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The molecular formula for mannitol is CeHgCOH^, therefore the actual molar mass is found to be: 

M =14(1.007 94 g mol 1 ) + 6(15.9994 g mol 1 ) + 6(l2.011 g mol 1 ) 

M =182.173 56 gmof 1 


Back to Problem 5.39 Back to Top 
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5 . 40 . A liquid has a vapor pressure of 40.00 kPa at 298.15 K. When 0.080 kg of an involatile solute is dissolved in 1 mol of the liquid, the 
new vapor pressure is 26.66 kPa. What is the molar mass of the solute? Assume that the solution is ideal. 

Solution: 

Given: P* = 40.00 kPa, T = 298.15 K,m solute = 0.080 g, n solvent = 1 mol, P l = 26.66 kPa 
Required :M solute 

This problem makes use of Raoult’s Law which is given by Eq. 5.26. We can use it solve for x solute . 

P =x P*- P = x P* 

i J ! 9 J- 2 ■ x 2 1 2 

p; 

_ 26.66 >Pa 
A ' ~ 40.00 >Pa 
x, = 0.6665 

Solvent = X l = °' 6665 

The mole fraction of the solute is given by: 


''solvent 


solvent 

^solute ^solvent 


in x Yl X — H 

solute solvent solvent solvent solvent 


^solvent ^solvent ) 


‘'solute 


‘'solute 


'"solvent 


lmol(l-0.6665) 


0.6665 


Solute = 0.500 375 093 8 mol 


Solving for the molar mass of the solute produces the following; 
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m. 


solute 


solute 


M 


solute 


YYl 

A/j solute 

lV1 solute — 

^solute 


M 


solute 


0.080 g 

0.500 375 093 8 mol 
M so iute =0.159 880 06 g mol 1 


Solute = 0-160 g mol 
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5 . 41 . Components 1 and 2 form an ideal solution. The pressure of pure component 1 is 13.3 kPa at 298 K, and the corresponding vapor 
pressure of component 2 is approximately zero. If the addition of 1.00 g of component 2 to 10.00 g of component 1 reduces the total 
vapor pressure to 12.6 kPa, find the ratio of the molar mass of component 2 to that of component 1. 

Solution: 

Given: P l = 13.3 kPa, P 2 = 0 kPa, T = 298 K, m l = 10.00 g, m 2 =1.00 g, P total = 12.6 kPa 
Required: ^ 


M, 


For a two-component system, we can use the second form of Eq. 5.78 to obtain xi. 


P -P 

M 1 1 


= X~ 


X 2=- 


13.3 >Pa -12.6 >Pa 
13.3 >Pa 


* 2 =0.052 631578 9 


We can now use the expression for lowering the vapor pressure in solution, given by Eq. 5.79, to solve this problem. 


p;-p x n 2 


wjm 2 


n x +n 2 {W x IM x ) + (W 2 IM 2 ) 


The above may be rearranged to isolate for — - which gives, 

M, 


X 2 = 


w 2 /m 2 


(wjm x )+(wjm 2 ) 

x 2 {WJM,) + x 2 {W 2 IM 2 )=W 2 IM 2 
x 2 (W 1 /M 1 ) = (W 2 /M 2 )( \-x 2 ) 


Multiplying through by M 2 we obtain the following: 
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f aO 


=w 2 { l-x 2 ) 


M 2 _W 2 ( l-x 2 ) 


M, 


W,x 2 


(l.00/)(l-0.052 631578 9) 
M x (10.00 /)(0.052 631578 9) 

^ 2 . = 1.8 
M 1 
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5 . 42 . Pure naphthalene has a melting point of 353.35 K. Estimate the purity of a sample of naphthalene in mol %, if its freezing point is 
35 1 .85 K (Kf = 7.0 K kg mol -1 ). 

Solution: 

Given: T m =353.35 K, 7} =351.85 K, K f = 7.0 K kg mol -1 
Required: purity of naphthalene 

To determine the purity of naphthalene, we first determine the mass of naphthalene present, m 2 from Eq. 5.121. 

Ks T = K f m 2 


_ 353.35 X-351.85 X 
~ 7.0 X kg moE 1 

m 2 = 0.214 285 714 3 mol kg" 1 

The molecular formula for naphthalene is Ci 0 Hg, therefore the molar mass found from the periodic table of the elements is: 

M =10(12.011 g mol 1 ) + 8(l. 007 94 g mol 1 ) 

M =128.173 52 g mol 1 

To determine the molar purity, we can use; 
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YYl 

molar impurity = — — x 100% 

'"total 

0.214 285 714 3 jardf 

molar impurity = — 

0.214 285 714 3 judf ^^ + (128.173 52/ ^Ktl^xlO 3 )4 f^) 

molar impurity = 2.673 155 205 % 
molar purity = 100 % - 2.673 155 205 % 
molar purity = 97.326 844 8 % 
molar purity = 91 % 


Back to Problem 5.42 Back to Top 


r xl00% 
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5 . 43 . Calculate the activity and activity coefficients for 0.330 mol fraction toluene in benzene. The vapor pressure of pure benzene is 
9.657 kPa at 298 K. P* = 3.572 kPa for toluene. The vapor pressure for benzene above the solution is Pi = 6.677 kPa and for 


toluene P 2 = 1.214 kPa. 


The activity is given by Eq. 5.75, 


_ 1.214 >Pa 

a '° !ucne ~ 3.572 >Pa 
^toluene = 0.339 865 6215 


6.677 >Pa 
9.657 >Pa 


The activity coefficient is determined from the definition/, = a, A, where/, is the activity coefficient (Recall that we can relate this to the 
expression for the Gibbs Free Energy given in Section 4.3.) . 


Solution: 


Given x 


toluene 


= 0-330, /> = 9.657 kPa, T = 298 K, P oluene = 3.572 kPa 


benzene 


’ ± toluene 


benzene 


= 6.677 kPa, P tol = 1.214 kPa. 


toluene 


Required: a, 


' CL T I 

toluene ’ benzene ’ J benzene ’ J toluene 



= 0.691415 553 5 


= 0.6914 
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/, 


toluene 


f :oluene 
f :oluene 


^toluene 

X 

toluene 

_ 0.339 865 6215 
0.330 

= 1.029 895 823 


f =1 03 

J toluene 


A 


benzene 


'‘'benzene 


v benzene 


A 


benzene 


0.691415 553 5 
1-0.330 


/benzene =1-031963513 


/benzene =1-03 


Back to Problem 5.43 


Back to Top 


Solutions 


5-88 


Chapters Phases and Solutions 


Solutions 


5.44. Calculate the mole fraction, activity, and activity coefficients for water when 11.5 g NaCl are dissolved in 100 g water at 298 K. The 
vapor pressure is 95.325 kPa. 

Solution: 

Given: m NaC1 = 1 1.5 g, m H O = 100 g, T = 298 K, P = 95.325 kPa 
Required. x H ^ 0 , ci^q, /h 2 o 

The mole fraction of water can be obtained from Eq. 5.79 which states that: 

\vjm 2 

X2 ~(w 1 /m 1 )+(w 2 /m 2 ) 

where 

M h o = 2(1.007 94 g moE 1 ) + (15.9994 g mol 1 ) 

M h o =18.015 28 gmoE 1 

M NaC1 = (22.989 768 g moE 1 ) + (35.4527 g moE 1 ) 

M NaC i = 58.442 468 g moE 1 

100 / 

18.015 28 / jnoi^ 

Xli2 ° _ 11.5/ 100/ 

58.442 468 / 18.015 28 / jndf 1 ' 

x Hi0 =0.965 7641291 

-Vo =0-966 

As we have previously seen, the activity is given by Eq. 5.75; 
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_ 95.325 >Pa 
aii2 °~ 101.325 >Pa 
a HO = 0.940 784 604 

a HO = 0.940 78 


The activity coefficient is determined from the definition/, = a, A, where/,- is the activity coefficient (Recall that we may relate this to the 
expression for Gibbs Free Energy from section 4.3.). 


f - 
7h,o 

%,o 

_ 0,940 784 604 
- ~ 0.965 7641291 
/ ho =0.974134 962 8 

/h 2 o =0-974 


Back to Problem 5.44 Back to Top 
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5.45. Determine the range for the Gibbs energy of mixing for an ideal 50/50 mixture at 300 K. How does this value limit A m ; X H1 

Solution: 


Figure 5.13 gives A mix 5 of 1 mol of an ideal solution from the pure components. For an ideal 50/50 mixture, x i = x 2 =0.5, therefore by 
observing the figure, the maximum A mix 5 is approximately 5.76 J K 1 mol 1 . The maximum Gibbs energy would then be then be given by 
Eq. 5.97 which states that: 


-A mix G ld =(300 X)(5.76 J 
A . G id = -1728 J mol -1 


The range of Gibbs energy in an ideal 50/50 mixture would then be from 


0 to -1.73 kJ mol 


-i 


This limits A mix /7 since the Gibbs Energy is a rather small driving force. In a non-ideal solution where A mix //=0, the value of A mix /7 must be 
negative or only slightly positive for mixing to occur. 


Back to Problem 5.45 Back to Top 
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5.46. The mole fraction of a nonvolatile solute dissolved in water is 0.010. If the vapor pressure of pure water at 293 K is 2.339 kPa and 
that of the solution is 2.269 kPa, calculate the activity and activity coefficient of water. 

Solution: 

Given: x solute = 0.010, T = 293 K, P* M = 2.339 kPa, P H O = 2.269 kPa 


Required: a Hi0 , f Hp 

Recall that the activity is given by Eq. 5.75: 


_ 2.269 >Pa 
afl2 ° ~~ 2.339 >Pa 
a HQ =0.970 072 680 6 

a HO = 0.9701 


The activity coefficient is determined from the definition f) = a/xj where /', is the activity coefficient (In chapter 4, we were given an 
expression for the Gibbs Free Energy which can be related back to the activity). Therefore, 

f _ ^h 2 o 
/h,o ~ 

^,0 

_ 0.970 072 680 6 
1 - 0.010 

/ ho =0.979 871394 6 
/h 2 o =0.980 


Back to Problem 5.46 Back to Top 
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5.47. A nonideal solution contains «a of substance A and n b of substance B and the mole fractions of A and B are xa and xb- The Gibbs 
energy of the solution is given by the equation 

G = n AK + « B Ab + RT ( n A ln *A + «B ln *B ) 

+ Cn A nJ{n A + n B ) 

where C is a constant and describes the pair interaction. 

a. Derive an equation for jua in the solution in terms of the quantities on the right-hand side. {Hint: 
( d In x A /dn A )„ b - (1 ln A ) - [l/(n A + n B )] . } 

b. Derive a similar expression for the activity coefficient of A. Specify the conditions when the activity coefficient equals unity. 

Solution: 

Find the value of jua such that /u A + ju B = G is equal to the expression given in the problem. First we can start by outlining the partial 
derivative for // A ; 


Aa = 


( SG^ 


V drl A J n t p 


Aa = A. + R T 


ln x A + n A 


^ d\nx A '' 

V dtl A J 


+ n D 


^ G In x B '' 
v d n A J 

V a y„ B j 


+ c 


(n A +n B )-n A n E 

{n A +n B f 


Using the hint given in the problem, we recognize that the derivative of lru A is: 
Sin 


( ( W 

n. 


^ d ln x A ^ 

V dn A A, 


V n A+ n B j 
dn. 


\dn A 


(lnn A -ln(n A +n B )) 


/h b 


^Slnx A A 
dn . 


1 


1 


n A n . +n B 


V ^"A 7 „ b “A “A T,t B 

Therefore, the expression for Iiucb is: 
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^oln x H '' 
V dn A j 


^ d In v B ^ 

V dn A j 


( ( 

d In 


v«a+«b ; 
dn A 


\ Sn A 


(in n B -ln(« A +n B )) 


J n„ 


1 


n A + n B 


In x A + n A 


r i 

i ] 

+ n B 

f 

i Y 

\ 

+ C 

( 

n B 

[n A +n B )-n A n B 


n A +n aJ 


n A +n B ) 



Ua 



/ 

V 

K+«b) J 


lnx A + 


n A + n B n A +n Bj 


+ C 


/vn B +n B 


Substituting the above into the initial equation and simplifying, we can obtain an equation for //a- 

f 

Ma=M* a +RT 
Ma=M a +RT 

Ma =M a + RT 
Ma =K + rt 


k 


{ n A +n vf 


1 , ft. - n R 

In x A + 1 — - 

n A +n Bj 


+ - 


C,n u 


{n A +n B ) 2 


In x A + 1 - 


A A 


+ - 


C/7,, 


J) 


(n A +n B ) 


Ma =M + R T In x A + Cx B 


To obtain an expression for the activity coefficient of A we can compare the expression in part a with Eq. 5.102 which states that: 
A,-A,, ld =^ln — 

X: 


From Eq. 5.103 we can see that, 

fi=— and 1 as *,.->1 

x, 


Solutions 
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Mi - MiM =RT\nfi 
Mi =Mi, ld +RTln fi 
Ma =Ml+RT\nf A 

By comparison, 
RT\nf A =Cx B 2 


Cx n 


fx=e RT 


/a = I as x B -> 0 

This corresponds to pure A. In a very dilute solution of A in B, we also expect f A — » 1 . In that case, 
Ma = Jim (m a -RT In x A ) 

Substitution of the expression above into the previous yields; 

Ma = lim , (m! + Cxl) = /u A +C 
Therefore, 

/u = ju A + RT In x A + C (xg - l) = /u A + RT In x A + RT In f A 



Back to Problem 5.47 Back to Top 


5-95 


Chapters Phases and Solutions 


Solutions 


5.48. Calculate the mole fraction solubility of naphthalene at 25 °C in a liquid with which it forms an ideal solution. The Af US H = 19.0 kJ 
mol -1 for naphthalene at 25 °C. Its normal melting point is 80.2 °C. 

Solution: 


Given: T = 298.15 K, A fus H = 19.0 kJ moP 1 , T m = 80.2 °C = 353.35 K 


Required: x n 

To solve this problem, we must use the expression for the mole fraction of a solvent in relation to the freezing point of an ideal solution and 
to the freezing point of the pure solvent. This is given by Eq. 5.115: 


In r = A,us// " 


R 


_L_I 

v f 7 


Solving for x n , we obtain, 


A fusH m 

1 

R 

l T f 


19.0xl0 3 / ,inof r ( 1 1 ] 

_^8.3145/^'j JK r f 1353.35 X 298.15 Xj 

x n -e 

-1.197 337 63 

X n ~ e 

x n =0.301 997 170 8 
jc„ =0.302 


Back to Problem 5.48 Back to Top 


5-96 


Chapters Phases and Solutions 


Solutions 


5 . 49 . Using Henry’s law, determine the difference between the freezing point of pure water and water saturated with air at 1 atm. For N 2 
at 298.15 K, 

(k"Y x = 2. 17 x 10 8 mol dm* 3 Pa* 1 

For O 2 at 298.15 K, 


(C")* 1 = 1.02 x 10* 8 mol dm* 3 Pa* 1 


Solution: 

Given: T = 298.15 K, P = 1 atm, 


= 2.17 x 10* 8 mol dm* 3 Pa* 1 , {k''\\ = 1.02xl0* 8 mol dm* 3 Pa* 1 


Required: A {u T 

We have previously seen that Henry’s Law is given by Eq. 5.27 stating that: 

P 2 = k"c 2 

We can use Henry’s Law to determine the concentrations of N 2 and CL in water. Rearranging, we obtain, 

The partial pressures for N 2 and O 2 are found under the assumption that N 2 gives rise to a 80% rise of the pressure and that O 2 gives rise to 
a 20% rise of the pressure. These are the fractions most commonly used for the composition of air. 

c N ^ =0.80(101 325 X)(2.17xl0* 8 mol dm* 3 
c N =1.759 002 xlO* 3 mol dm* 3 
c 0 =0.20(101325 ^)(l.02xl0* 8 mol dm* 3 
c 0 = 2.067 03x10^ mol dm* 3 

The total concentration of air in water will approach m 2 , the value for molality. 
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c = 1 .759 002 x 10 3 mol dnT 3 + 2.067 03 x 10" 4 mol dm 3 
c = 1.965 705x10 3 mol dm 3 

c « m, 

The freezing point depression is given by Eq. 5.121, where Kf is the freezing point depression constant for water provided by Table 5.2. 
AfuJ = K f m 2 

A &s r = (l.86K jndf r )(l.965 705xl0“ 3 jb& 

A fus T = 3.656 21 13xKT 3 K 
A fus T = -3.66x10 3 K 

The freezing point is decreased by 3.66x10 1 K. 

Back to Problem 5.49 Back to Top 
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5.50. Using van’t Hoffs equation, calculate the osmotic pressure developed if 6.00 g of urea, (bTUhCO, is dissolved in 1.00 dm 3 of 


solution at 27 °C. 

Solution: 

Given: m = 6.00 g, V = 1.00 dm 3 , T = 300.15 K 
Required: n 

The van’t Hoffs Equation for osmotic pressure is given by Eq. 5.134: 


where, n = — 

M 

mRT 

n = 

MV 

M = 2(14.006 74 g mol * 1 ) + 4(l.007 94 g mol -1 ) + (12.011 g mol *) + (15.9994 g mol 1 ) 
M = 60.055 64 g mol 1 


n= 249 203.9049 J m 3 

where 1 J = kg m 2 s~ 2 and 1 Pa = kg nf 1 s~ 2 

1 J nf 3 = 1 kg m 2 s -2 m 3 = 1 kg nf 1 s~ 2 = 1 Pa 

7i= 249 203.9049 Pa 

n = 249 kPa 


Back to Problem 5.50 Back to Top 


V 


m 


7t = 


(6.00 /)(8.3145J ^of r )(300.15 X) 
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5 . 51 . The apparent value of Kf in 1.50-molal aqueous sucrose (C 12 H 22 O 11 ) solution is 2.17 K kg mol The solution does not behave 
ideally; calculate its activity and activity coefficient (Af m H° = 6009.5 J mol -1 ). 

Solution: 

Given: K f =2.17 K kg mol -1 , m = 1.50 mol kg -1 , A fus i7° = 6009.5 J moE 1 
Required: a , / 

To solve for the activity and activity coefficient we start by obtaining A fus T . We know that the freezing point depression is given by Eq. 
5.121: 

AfuJ = K f m 2 

A fus r = (2.17K yi ^cT f )(l.50 jndf ^ 

A fus T = 3.255 K 

The freezing point depression is T' f -T = A ju T. Since Af us T is small in comparison to T*, we may set the product TT f . Substituting the 
value of A fus T into Eq. 5.115, and replacing a 1 for xi, we can solve for the activity. 
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lnx=^^ 
1 R 


tT t 

V f J 


In a, = AfusH ' n 

1 R 


T ~ T f 

T*T 

V 1 f 1 J 


In a ,=^ 

/? 


j,*2 

L f J 


^fas^m A fns r 

« t-; 2 

aj =e ' 

6009.5 / jbcI^ 3.255 X 
a 83145 / ^ jacK (273.15 Xf 

-0.0315 319 468 

a x =e 


a, =0.968 960 000 8 
=0.969 
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The activity coefficient is determined from the definition/, = a, A, where/- is the activity coefficient. (See Section 4.3) 


m l + m 2 


M _ =12(l2.011 g mol 1 ) + 22 (l .007 94 g mol 1 ) + 1 1 (15.9994 g mol 1 ) 

^sucrose =343.300 08 gmol 1 

M^ 0 =2(1.007 94 g mol 1 ) + (15.9994 gmoF 1 ) 


M ho =18.015 28 gmol 1 

18.015 28 / jnof 1 ' 
343.300 08 / jnof 1 ' 


x, = 


18.015 28 / . 

^ . + 1.50xl0 3 jHtif 

343.300 08 / jnoT v 

x = 0.987 455 334 4 


0.968 960 000 8 
~ 0.987 455 334 4 
/ = 0.981 269 7011 
/ = 0.981 


Back to Problem 5.51 Back to Top 
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5 . 52 . A 0.85-g sample is dissolved in 0.150 kg of bromobenzene. Determine the molar mass of the solute if the solution boils at 429.0 K at 
1 atm pressure. The normal boiling point of bromobenzene is 428.1 K and the boiling point elevation constant is 6.26 K kg mol -1 . 

Solution: 

Given: m = 0.85 g, m bromobenzene = 0.150 kg, T h somoa = 429.0 K, P = 1 atm, 

Wobenzene 428.1 K, K b = 6.26 K kg moE 1 

Required: A/ soklte 

To solve for the molar mass of the solute, we start by obtaining the molality, m 2 , from the expression for the boiling point elevation, given 
by Eq. 5.126: 

A va,7 = K b m 2 


_ 429.0 X- 428.1 X 
" h ~ 6.26 X kg mol 1 
m 2 =0.143 769 968 1 mol kg 1 

The mass of the solute per kilogram of solvent can be found using the following expression. 
_ 0.85x10 3 J X 

0.150 jX 

= 5.666 667x10 3 

the molar mass by using the ratio of solute to solvent, we obtain, 


m. 


solute 


m. 


bromobenzene 


in 


solute 


m, 


bromobenzene 


Solving for 
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5.666 667x10 3 
” 0.143 769 9681 mol kg 1 


M 


0.039 414 814 8 y4> mol 'xlO 3 


g 

y4> 


M =39.414 814 8 gmoF 1 


M = 39 g mol 1 


Back to Problem 5.52 


Back to Top 
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5.53. If in a colligative properties experiment a solute dissociates, a term i known as van’t Hoffs factor, which is the total concentration 
of ions divided by the nominal concentration, must be included as a factor. Thus, for the lowering of the freezing point, A f us T = 
imKf. Derive an expression that relates to the degree of dissociation a and to v, the number of particles that would be produced if the 
solute were completely dissociated. Then calculate van’t Hoff’s i factor and a for a 0.010-m solution of HC1 that freezes at 273.114 
K. 

Solution: 

Given: Af us T = imKf, m HC1 = 0.010m, T f = 273.114 K 

Required: expression that relates to the degree of dissociation a and to v, calculate i, a for HC1 

For this particular problem, we consider the dissociation of any general compound A B v to be given by: 

A v B v ^ xA z+ + )'B Z 

nr initial ~m 0 0 mol kg' * 1 

nr dissociation m-ocm xccni yam mol kg 1 

The total molality can therefore be expressed as, 

m tot ai = m - am + xam + yam 
m totai = m (l -cn + xa + ya) mol kg -1 

The term i known as van’t Hoff’s factor, is the total concentration of ions divided by the nominal concentration. Solving for i, we obtain, 

• _ ^total 
^initial 

- a + xa + y«) _pai5f 

/i jarbf 

i = 1 - a + xa + ya 

v is the total number of moles of reactants present, v = x + y , therefore we can obtain an expression of a in terms of v. 
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i = 1 - a + av 
i = l + or(v-l) 

i — 1 

a = 

v — 1 


In the case of HC1, we use Kf for water, provided by table 5.2. 
■ 

i = — — 

mK f 


i = 1.935 483 871 
i = 1.94 


The dissociation of HC1 is complete and gives v =2, 
1.935 483 871-1 


i = 


273.15 X-273.114 X 



a = 


2-1 

a =0.935 483 871 


a =0.935 


Back to Problem 5.53 Back to Top 
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5.54. In an osmotic pressure experiment to determine the molar mass of a sugar, the following data were taken at 20 °C: 

7r/atm 2.59 5.06 7.61 12.75 18.13 

m 2 \r 1 / gdnf 3 33.5 65.7 96.5 155 209 

Estimate the molar mass of the sugar. If the sugar is sucrose, what is the percentage error and why? 

Solution: 

Given: T = 293.15 K 
Required: M, percent error 


The van’t Hoffs equation for osmotic pressure is given by Eq. 5.134 which states that: 
n^RT 


n=- 


V 


or tv = cRT 


where, n = — 
M 


7V = 


m 2 RT 


We can rearrange the above expression to isolate for M 2 , 
nuRT 


M, =- 


TVV 


Plotting 


Back to Problem 5.54 Back to Top 


23.72 

259 
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5.55. When 3.78 g of a nonvolatile solute is dissolved in 300.0 g of water, the freezing point depression is 0.646 °C. Calculate the molar 
mass of the compound. Kf = 1.856 K kg mol -1 . 

Solution: 


Given: m = 3.78 g, m H O = 300.0 g, A fus T = 0.646 °C = 0.646 K, K f = 1.856 K kg moE 1 


Required: M 

To solve this problem, we must simply use Eq. 5.122: 


M 2 

m 2 


K fW 2 
A fus 7W, 


(1.856 X kg moE 1 ) 

(3.78 /) 

1 

(0.646 X) 

(300.0 /) 

1 


M 2 = 0.036 200 619 2 k^ mol^xlO 3 

>g 

M 2 = 36.200 619 2 g mol 1 
M 2 = 36.2 g moE 1 


Back to Problem 5.55 Back to Top 
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5 . 56 . Calculate the elevation in the boiling point of water if 6.09 g of a nonvolatile compound with molar mass of 187.4 g mol 1 is 
dissolved in 250.0 g of water. Compare the values obtained using Eq. 5.125 and Eq. 5.126. The value of Kb = 0.541 K kg mol, 
A vap H = 40.66 kJ mol" 1 . 

Solution: 

Given: m = 6.09 g, m H O = 250.0 g, M =187.4 g moE 1 , 

K b = 0.541 K kg mol' 1 , A mp H = 40.66 kJ mol' 1 
Required: A vap 7 


To obtain A T from Eq. 5.125, we first need to find the value for xi. 


In x, 


vap^m 


R 


1 

T 


n 

T* 

1 b 7 


The mole fraction of water can be determined by using, 

_ m l /M j 

(m 1 /M 1 ) + (m 2 /M 2 ) 
where 

M Hi0 = 2(1.007 94 g mol' 1 ) + (15.9994 g mol' 1 ) 

M Hi0 =18.015 28 g mol' 1 

250.0 / 

18.015 28 / ^wl^ 

Xli2 ° ~ 250.0 / 6.09/ 

18.015 28 /^01^ 187.4 /jnof 1 ' 
x n Q =0.997 664 026 4 


Solving for A v . ip 7 , we obtain, 
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1 R , 1 

T A mp H m T h 

1 8.3145 / K _1 mol -1 . 

- = -In (0.997 664 026 4) + 

T 40.66 x 10 3 Jmor 1 v ’ 

-=0.002 679 409 2 K 1 
T 

T = 373.216 602 2 K 


1 

373.15 K 


A vap r = 373.216 602 2 K -373.15 K 
A vap r = 0.066 602 2 K 

A vap r = 6.66xKT 2 K 


We can also obtain A. mp T from Eq. 5.126. However, we first need to find the value for mi, 
A va| 7 = K b m 2 

The molality can be obtained using, 

m 2 = — 
m 

6.09/ 

187.4 / moE 1 

171 — — 

2 250.0x10 3 kg 

m 2 = 0.129 989 327 6 mol kg 1 

Solving for A yap 7' , we obtain, 
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A vap r = (o.541 K y4 Jftdf f )(0.129 989 327 6 jurif 
A vap r = 0.070 324 226 3 K 
A vap r = 7.03K 


Back to Problem 5.56 
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o 1 

5 . 57 . Suppose that you find in the older literature the vapor pressure P of a liquid with molar mass of 63.9 x 10 kg mol listed with P in 
mmHg as 

log P = 5.4672 - 1427.3 T l - 3169.3 T~ 2 

The densities of the liquid and vapor phases are 0.819 kg dm 3 and 3.15 x 10 4 kg dm 3 , respectively. Calculate the A vap H at the 
normal boiling point, 398.4 K. How do you handle the fact that P is listed in mmHg? 

Solution: 

Given:M =63.9x10 3 kg mok 1 , p liquid = 0.819 kg dm 3 , /? vapor = 3.15x10^ kg dnT 3 , T b = 398.4 K 
Required: A vap H 

We can use the Clapeyron equation to solve this problem, given by Eq. 5.9: 
dP AH 

m 

dT ~ TAV m 

m 


Since the boiling point is given at 1 atm, it is appropriate for us to express pressure in terms of atmospheres. Since 1 mmHg = 1 Torr, then; 


log (P/ Torr) = log 


f 


P / atm x 


V 


1 atm 
760 Torr 


J 


log (P / Torr) = log (P / atm) + log 


r 


1 atm 


760 Torr 


x 

) 


The derivative of this expression shows that is does not matter how pressure is expressed as long as we are only considering the ultimate 
CHANGE in pressure. 
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Solutions 


dlogP , 1 clP 

— = log l0 e 

dT 10 P dT 


dP 


P d log P 


dT log 10 e dT 
dP P d 


dT log 10 e dT 
dP P 


(5.4672-1427.3 T 1 -3169.3 7^ 2 ) 


dT log 10 <? 
dP P 


(1427.3 T 2 + 2(3169.3) T 3 ) 


— = - -(1427.3 K T 2 +6338.6 K 2 T 3 ) 

dT (0.434 294 481 9) V ’ 

We can now use the Clapeyron equation at T h where P = 1 atm to solve. 
dP latm (l427.3 K(398.4 K) 2 +6338.6 K 2 (398.4 K) 3 


dT (0.434 294 4819) 
dP 

— = 0.020 936 621 5 atm K 1 
dT 


We can solve for AV, n using the densities given in the problem above to get; 
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P = 


M 

V, 


V 


M 


m liquid 


V 


m liquid 


/^liquid 

63.9 xKT 3 y£ mor 1 
0.819 y4> dm 3 


v m Uquid = 0-078 021978 dm 3 mol - 


V 


M 


m vapor 


V 


m vapor 


Pm vapor 

63.9x10 3 yi mol 
3.15 xKT J^dm 


-i 

T~ 

3 


K,vapor= 202.857 142 9 dm' mol 

av =v -v .. 

m m vapor m liquid 

-1 


AV = 202.857 142 9 dm J mor -0.078 021978 dm J mol 


i-i 


AV, = 202.779 120 9 dm 3 mor 1 


Rearranging Eq. 5.9, we can solve for A vap H which yields, 


Solutions 
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dP AH 

m 

dT ~ TAV m 

m 

dP 

*H m =TAV— 

dT 

AH m = (398.4 X^) (202.779 120 9 dm 3 mor')(o.020 936 621 5 atm yt* 

AH m = 1691 .41 1 065 atm dm 3 mol -1 
1 atm dm 3 = 101.325 J 

1 ai t 

AH m = 1691.411 065 x — — ^ ,drX mol 

^atm ^kn 

A/7, =171382.2262 Jmor 1 


1-1 


A/7 =171.4 kJ mol 1 


Back to Problem 5.57 


Back to Top 


Solutions 
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Solutions 


5.58. Calculate the osmotic pressure of seawater using the data of Table 5.5. Assume a temperature of 298 K and that the concentration of 
the additional salts not listed does not substantially contribute to the osmotic pressure. 

Solution: 

Given: Table 5.5, T = 298 K 
Required: n 

The van’t Hoffs Equation for osmotic pressure is given by Eq. 5.134 which states that: 
n.RT 

7T= — or n=cRT 

V 

To solve for the osmotic pressure of seawater, we must first begin by determining the total molar concentration using data given in Table 
5.5. 


C ~ C c 1 + C Na +C Mg +C S + C Ca + C K + C Br + C C 


c = (0.536 + 0.457 + 0.0555 + 0.0276 + 0.010 + 0.0097 + 0.000 8 1 + 0.0023) mol dnT 3 
c = 1.098 91 mol dm 3 


7T =(l .098 91 jndf dnf 3 )(8.3145 J ^«jf f )(298 X) 

-3 

n= 2722.792 384 J ^hiXxlO 3 


= kg m 

1 J m 3 = 1 kg m 2 s 2 m 3 = 1 kg m 1 s 2 = 1 Pa 


where 1 J = kg m 2 s and 1 Pa = kg m 1 s 2 


tt = 2 722 792.384 Pa 
n = 2122.192 384 kPa 


n= 2.72xl0 3 kPa 


Back to Problem 5.58 Back to Top 
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Number of Components and Degrees of Freedom 


Chapter 6 

*problems with an asterisk are slightly more demanding 

Number of Components and Degrees of Freedom 

6.1. In Figure 6.1, in the region marked orthorhombic, how many degrees of freedom exist? How many components are present? How 
many phases? How many phases exist in the region marked monoclinic? 

Solution 

6.2. What is the composition of the two-phase region in Figure 6.14? How many degrees of freedom exist in this region? 

Solution 

6.3. Determine the number of degrees of freedom for the following systems: 

a. A solution of potassium chloride in water at the equilibrium pressure. 

b. A solution of potassium chloride and sodium chloride at 298 K at 1 atm pressure. 

c. Ice in a solution of water and alcohol. 

Solution 

6.4. How many components are present in a water solution of sodium acetate? 

Solution 

6.5. How many components are present in the system CaC 03 -Ca 0 -CC> 2 ? 

Solution 

6.6. How many components are present in the following system? 

CO(g) + 3H 2 (g) ^ CH 4 (g) + H 2 0(g) 


Solution 
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Use ofthe LeverRule; Distillation 


6.7. A certain substance exists in two solid phases A and B and also in the liquid and gaseous states. Construct a P-T phase diagram 
indicating the regions of stable existence for each phase from the following triple-point data: 


T/K 

P/kPa 

Phase in Equilibrium 

200 

100 

A, B, gas 

300 

300 

A, B, liquid 

400 

400 

B, liquid, gas 

Use of the Lever Rule; Distillation 




6.8. Answer the following questions, using the accompanying figure. 


Solution 


a. A liquid mixture consists of 33 g of component A and 99 g of component B. At what temperature would the mixture begin to 
boil? 

b. Under the conditions in (a), what is the composition of the vapor when boiling first occurs? 

c. If the distillation is continued until the boiling point is raised by 5.0 °C, what would be the composition of the liquid left in the 
still? 



d. Under the conditions in (c), what are the composition and mass of the two components collected over the initial 5.0 °C interval? 

Solution 
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Use ofthe LeverRule; Distillation 


6.9. From the data of Figure 6.14, calculate the ratio of the mass of the water-rich layer to that of the nicotine-rich layer, for a 40 wt % 
water-nicotine mixture at 350 K. 

Solution 

6.10. The ratio of the mass of chlorobenzene to that of water collected in a steam distillation is 1.93 when the mixture was boiled at 
343.85 K and 56.434 kPa. If the vapor pressure of water at this temperature is 43.102 kPa, calculate the molar mass of 
chlorobenzene. 

Solution 

6.11. a. Do the actual derivation of Eq. 6.1 1 from Eq. 6.8. 

b. From Eq. 6.8 derive an expression that gives you the ratio of the mass of two volatile components, 1 and 2, in terms of their mole 
fractions in the vapor and their molar masses. 

Solution 

6.12. Obtain an expression for the ratio of masses of the materials distilled in a steam distillation in terms of the molar masses and the 
partial pressures of the two components. 

Solution 

6.13. Under atmospheric pressure 1 kg of pure naphthalene is to be prepared by steam distillation at 372.4 K. What mass of steam is 
required to perform this purification? The vapor pressure of pure water at 372.4 K is 98.805 kPa. 

Solution 

6.14. The vapor pressure of water at 343.85 K is 43.102 kPa. A certain mixture of chlorobenzene and water boils at 343.85 K under a 
reduced pressure of 56.434 kPa. What is the composition of the distillate? 

Solution 

6.15. Calculate the composition of the vapor in equilibrium at 323 K with a liquid solution of 0.600 mol fraction 2-methyl- 1 -propanol 
(isobutyl alcohol) and 0.400 mol fraction 3-methyl- 1 -butanol (isoamyl alcohol). The vapor pressure of pure isobutyl alcohol is 
7.46 kPa and that of pure isoamyl alcohol is 2.33 kPa both at 323 K. 


Solution 
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Construction of Phase Diagrams from Physical Data 


6 . 16 . The thermal expansion coefficient a = (MV) ( dV/dT) p is often used when predicting changes in vapor pressure induced by 
temperature changes. From the relation p = m/V, show that a = -{d in p/dT) p . 

Solution 

6 . 17 . At 293.15 K the density of water is 0.998 234 g cm J and at 294.15 K it is 0.998 022 g cm -3 under 1 atm of pressure. 

Estimate the value of a for water at 1 atm. 

Solution 

6 . 18 . How many theoretical plates are required to separate the mixture shown in Fig. 6.7? 

Solution 

* 6 . 19 . A sealed reaction vessel is completely filled with liquid water at 293.15 K and 1.00 atm. If the temperature is raised exactly 6 K and 
the walls of the vessel remain rigid, what is the pressure in the container if the average value of a = 2.85 x 10 4 K 1 and the 
compressibility coefficient K[=-(MV)(dVldP) r ] is 4.49 x 10 3 atm -1 ? 


Solution 


Construction of Phase Diagrams from Physical Data 

6 . 20 . In Figure 6.16, a solution having composition p is cooled to just above the eutectic temperature (point s is about 0.18 jcsi, and x e is 
0.31 xsi); calculate the composition of the solid that separates and that of the liquid that remains. 

Solution 


* 6 . 21 . The melting points and heats of fusion of gold and silicon are 


Au Si 

77K 1337 1683 

Af us HI J mol -1 12 677.5 39 622.5 


For the data, calculate the solid-liquid equilibrium lines and estimate the eutectic composition graphically. Compare the result with the 
values given by Figure 6.16. 
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Construction of Phase Diagrams from Physical Data 


Solution 

6 . 22 . Use the following data to construct a phase diagram of the phenol-water system and answer the following questions (the 


compositions are given in grams of phenol in 100 grams of solution): 




t/°C 

20 

25 

30 

35 

40 


Aqueous layer 

8.40 

8.71 

8.92 

9.34 

9.78 


Phenol layer 

72.24 

71.38 

69.95 

68.28 

66.81 



45 

50 

55 

60 

65 

68.8 


10.62 

12.08 

13.88 

17.10 

22.26 

35.90 


65.02 

62.83 

60.18 

56.10 

49.34 

35.90 


a. What will be the compositions of the layers formed from a solution of 30 g phenol and 70 g water maintained at 30 °C? 

b. A solution of 20 g phenol and 80 g water is prepared at 70 °C. How many phases will be present? 

c. At what temperature will two phases appear if the solution in part (b) is cooled gradually? What will be the compositions of the 
two phases? 

Solution 
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Construction of Phase Diagrams from Physical Data 


6 . 23 . The following information is obtained from cooling curve data on the partial system Fe 203 -Y 203 [J. W. Nielsen and E. F. 
Dearborn, Phys. Chem. Solids, 5, 203(1958)]: 


Composition of 
Melt/mol % Y 2 0 3 

Temperature of Break/°C 

Temperature of Halt/ C 

0 


1550 

5 

1540 

1440 

10 

1515 

1440 

15 

1450 

1440 

20 

1520 

1440 

25 

1560 

1440 

30 

1620 

1575/1440 

40 

1705 

1575 

50 


1720 


Sketch the simplest melting point diagram consistent with these data. Label the phase regions and give the composition of any 
compounds formed. 


Solution 

6 . 24 . The study of cooling curves for the thallium-gold system yields the following data. Construct the phase diagram and identify the 
eutectic composition and temperature. Pure gold melts at 1063 °C and pure thallium melts at 302 °C. In each region, identify the 
number of phases and the solid that separates out, if any. 


Wt % Au 

10 

20 

30 

40 

60 

80 

90 

First break (°C) 

272 

204 

200 

400 

686 

910 

998 

Eutectic halt (°C) 

128 

128 

128 

128 

128 

128 

128 


[Data adapted from A. C. K. Smith, Applied Physical Chemistry Problems, London: McGraw-Hill, 1968, p. 13.] 

Solution 
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Construction of Phase Diagrams from Physical Data 


6.25. a. From the following information, draw the binary phase diagram for the system FeO (mp. 1370 °C)-MnO (mp. 1785 °C). A 
peritectic reaction occurs at 1430 °C between a solid solution containing 30 mass % MnO and solid solution containing 60 mass % 
MnO. These are in equilibrium with melt that contains 15 mass % MnO. At 1200 °C the composition of a and /? solution is 28 mass 
% and 63 mass %, respectively. 

b. Describe what happens as a liquid containing 28 mass % MnO is cooled to 1200 °C. 

Solution 

6.26. The following data for the magnesium-copper system is the result of analyzing cooling curves. Pure copper melts at 1085 °C while 
pure magnesium melts at 659 °C. Two compounds are formed, one at 16.05 wt % Mg with a melting point of 800 °C, and the other 
at 43.44 wt % Mg with a melting point of 583 °C, respectively. Construct the phase diagram from this information and identify the 
compositions of the eutectics. [Data adapted from A. C. K. Smith, Applied Physical Chemistry Problems, London: McGraw-Hill, 
1968, p. 14.] 


Wt % Mg 


5 

10 

15 

20 

30 

35 


First break (°C) 


900 

702 

785 

765 

636 

565 


Eutectic halt (°C) 


680 

680 

680 

560 

560 

560 



40 


45 

50 

60 

70 

80 

90 


581 


575 

546 

448 

423 

525 

600 


560 


360 

360 

360 

360 

360 

360 









Solution 

6.27. What are 

the empirical formulae of the compounds represented by the vertical lines formed 

in the magnesium-copper system 


described in Problem 6.26? 


Solution 
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Construction of Phase Diagrams from Physical Data 


6 . 28 . A preliminary thermal analysis of the Fe-Au system showed two solid phases of composition 8.1 mol % Au and 25.5 mol % Au in 
equilibrium at 1168 °C with liquid of composition 43 mol % Au. Construct the simplest melting point diagram consistent with this 
information and label all the phase regions. Sketch the cooling curves for the composition 10 mol % Au, 30 mol % A, and 60 mol % 
Au, and make them consistent with the fact that there is an a-y phase transition in iron at 903 °C and that the y-phase field extends to 
45 mol % Au at this temperature. Iron melts at 1536 °C and gold at 1063 °C. 

Solution 

6 . 29 . The aluminum-selenium system was determined from thermal analysis. Al 2 Se 3 melts congruently at approximately 950 °C and 
forms a eutectic both with aluminum and with selenium at a very low concentration of the alloying element and at a temperature 
close to the melting point of the base elements. Draw a diagram from this information and give the composition of the phases. 
Aluminum melts at 659.7 °C and selenium melts at approximately 217 °C. 

Solution 

* 6 . 30 . The metals A1 and Ca form the compounds Al 4 Ca and AFCa. The solids Al, Ca, Al 4 Ca, and AFCa essentially are immiscible in 
each other but are completely miscible as liquids. Maximum Ca solubility in Al is about 2% and occurs at 616 °C. Al melts at 659.7 
°C and Ca melts at 848 °C. Compound AFCa melts congruently at 1079 °C and gives a simple eutectic with Ca at 545°C. 
Compound Al 4 Ca decomposes at 700 °C to give Al 2 Ca and a melt, the peritectic lying at 10 mol %. A monotectic exists at 616 °C. 
At approximately 450 °C a transition occurs between a-Ca and /?- Ca. 

a. Draw the simplest phase diagram consistent with this information and label all phase regions. 

b. Sketch cooling curves for melts of composition 15 mol % Ca and 80 mol % Ca. 


Solution 
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Construction of Phase Diagrams from Physical Data 


*6.31. The extent of dehydration of a salt such as CuS0 4 can often be followed by measuring the vapor pressure over the hydrated salt. The 
system H 2 O-CUSO 4 is shown in the accompanying figure as an example of such a system. Label the areas as to the phase(s) present. 
Then describe the sequence of phase changes if a dilute solution of copper sulfate is dehydrated at 275 K, ending with anhydrous 
copper sulfate. What would a vacuum gauge read starting with pure water during the dehydration process at 298.15 K? Sketch a plot 
of P/Torr against CuS0 4 /wt %. Relevant data are: 


The Vapor Pressure of CUSO 4 -H 2 O at 298.15 K PIT on 

Vapor + saturated solution + CuS0 4 • 5H 2 0 

Vapor CuS0 4 • 5H 2 0 + CuS0 4 ■ 3H 2 0 

Vapor + CuS0 4 • 3H 2 0 + CuS0 4 • H 2 0 

Vapor + CuS0 4 • ELO + CuS0 4 

Vapor pressure of water 



H 2 0 CuS0 4 

CuS0 4 / wt % 


16 

7.85 

4.32 

0.017 

23.8 


Solution 
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Construction of Phase Diagrams from Physical Data 


* 6 . 32 . The data in the accompanying table are approximate for the isobaric-isothermal system Sn02-Ca0-Mg0 at 298.15 K and 1 atm. 
Sketch a reasonable phase diagram in mol % with SnC >2 at the apex of the triangle. Label all phase regions; the results are known as 
composition triangles. 


Material 

Sn0 2 

(Mg0) 2 Sn0 2 

MgO 

CaO 

(Ca0) 2 Sn0 2 

CaOSn0 2 


In Equilibrium with Solid Phases 

(Mg0) 2 Sn0 2 , CaOSn0 2 

Sn0 2 , (CaO)Sn0 2 , MgO 

CaO, (Ca0) 2 Sn0 2 

MgO, (Ca0) 2 Sn0 2 

CaO, MgO, CaOSn0 2 

(CaO) 2 Sn0 2 , MgO, (Mg0) 2 Sn0 2 , Sn0 2 


Solution 

6 . 33 . Sketch the P against T diagram for phosphorous from the following information. White phosphorous melts at 311 K and 0.2 Torr; 
red phosphorous melts at 763 K and 43 atm. The white form is more dense than the liquid and the red form is less dense than the 
liquid. The vapor pressure of the white form is everywhere greater than that of the red form. Label each area on the plot, and explain 
which triple point(s) is (are) stable or metastable. 

Solution 

6 . 34 . Giguere and Turrell, J. Am. Chem. Soc., 102, 5476(1980), describe three ionic hydrates formed between HF and PLO. Sketch the 
H 2 O-HF phase diagram in mol % HF from the following information. HF • H 2 O melts at -35.2 °C, 2HF • H 2 O decomposes by a 
peritectic reaction at -75 °C, and 4HF • HtO melts at -98.2 °C. HF melts at -83.1 °C. Label the composition of all regions. The 
eutectic occurs at -111 °C with monotectics at -71 °C, -77 °C, and -102 °C. 

Solution 

6 . 35 . In the system A-B a line of three-phase equilibrium occurs at 900 K as determined by thermal analysis. A second three-phase 
equilibrium occurs at 500 K. Only one halt is observed for any one cooling curve. The compound AB 2 is known and melts at 600 K. 
If A melts at 1200 K and B at 700 K, sketch the simplest phase diagram consistent with the given data. Label each region. 


Solution 
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Data Derived from Phase Diagrams of Condensed Systems 

6.36. The following questions refer to Figure 6.28: 

a. If liquid C were added to the system, what changes would occur if the system originally contained 80% salt A and 20% salt B? 

b. What changes would occur if the system originally contained 50% salt A and 50% salt B upon the addition of liquid? 

c. If liquid is added to an unsaturated solution of salt A and salt B in solution of composition lying at e , what changes would occur? 

Solution 

6.37. In the accompanying diagram, due to B. S. R. Sastry and F. A. Hammel, J. Am. Ceramic Soc., 42; 218(1959), identify the 
composition of all the areas. Identify the phenomenon associated with each lettered position. 



B2O3 / Wt % 


[[Diagram for Problem 6.37. Reprinted with permission of The American Ceramic Society, Post Office Box 6136, Westerville, OH 43086- 
6136, Copyright © 1964 by the American Ceramic Society. All rights reserved.]] 
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Data Derived from Phase Dia grams of Condensed Systems 


Solution 

6.38. Describe what happens within the system Mn 203 -Al 203 in Fig. 6.21 when a liquid of x A10 = 0.2 is cooled from 2100 K to 1200 
K. 

Solution 

6.39. The isobaric solubility diagram for the system acetic acid-toluene-water is shown in Figure 6.27. What phase(s) and their 
composition(s) will be present if 0.2 mol of toluene is added to a system consisting of 0.5 mol of water and 0.3 mol of acetic acid? 
Give the relative amounts of each phase. 

Solution 


6.40. A fictitious ternary system composed of liquids A, B, and C was constructed by adding the component B to various binary A-C 
mixtures and noting the point at which complete miscibility occurred. The following are the mole-percents of A and B at which 
complete miscibility was observed. Construct the phase diagram on a triangular graph paper. 


*a(%) 

10.0 

20.0 

30.0 

40.0 

50.0 

60.0 

70.0 

80.0 

90.0 

JCb(%) 

20.0 

27.0 

30.0 

28.0 

26.0 

22.0 

17.0 

12.0 

7.0 


Comment on the variation of the mutual solubility of A and C as B is added. 


Solution 
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Data Derived from Phase Dia grams of Condensed Systems 


6 . 41 . In organic chemistry it is a common procedure to separate a mixture of an organic liquid in water by adding a salt to it. This is 
known as “salting out.” The ternary system K2CO3-H2O-CH3OH is typical. The system is distinguished by the appearance of the 
two-liquid region abc. 



a. Describe the phase(s) present in each region of the diagram. 

b. What would occur as solid K2CO3 is added to a solution of H2O and CH3OH of composition x? 

c. How can the organic -rich phase in (b) be separated? 

d. How can K2CO3 be precipitated from a solution having composition y? 

e. Describe in detail the sequence of events when a solution of composition F is evaporated. 

Solution 
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Essay Questions 

6.42. How is thermal analysis used to determine the liquid-solid equilibria and the eutectic temperature? 

6.43. Explain what is meant by a metastable system. 

6.44. Outline how isothermal distillation may be used to prepare a pure sample. 

6.45. Detail the process by which a pure sample is obtained using a fractionating column. 

6.46. What is the difference on a molecular level between a maximum and minimum boiling azeotrope? How do the plots of P against x 
and T against x differ? 

6.47. How would you distinguish between an azeotrope and a pure compound? 

6.48. A synthetic chemist has prepared several zwitterionic compounds in a homogeneous series. With each compound a reproducible 
melting point is determined using different samples from a fresh batch of material. If, however, the same sample is used in repeating 
the determination, a progressively lower melting-point temperature is obtained. Explain what is happening. 
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Solutions 

6.1. In Figure 6.1, in the region marked orthorhombic, how many degrees of freedom exist? How many components are present? How 
many phases? How many phases exist in the region marked monoclinic? 

Solution: 

The region marked orthorhombic is a single phase region. Since this is the phase diagram for pure sulfur, there is only one component. 
From the phase rule, given by Eq. 6.2, / = c - p + 2 , with c = 1 and p = 1 , / = l- l + 2 = 2. The two degrees of freedom are pressure and 
temperature. 

There is only one phase in the region marked monoclinic. 


Back to Problem 6.1 


Back to Top 
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Solutions 


6.2. What is the composition of the two-phase region in Figure 6.14? How many degrees of freedom exist in this region? 

Solution: 

The compositions of the two phases at a particular temperature are: 

i. Water saturated with nicotine 

ii. Nicotine saturated with water 

The number of degrees of freedom is given by Eq . 6.2, 


f=c-p + 2 
/ = 2 - 2+2 

7^2 


Back to Problem 6.2 Back to Top 
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Solutions 


6.3. Determine the number of degrees of freedom for the following systems: 

a. A solution of potassium chloride in water at the equilibrium pressure. 

b. A solution of potassium chloride and sodium chloride at 298 K at 1 atm pressure. 

c. Ice in a solution of water and alcohol. 

Solution: 

The number of degrees of freedom is given by Eq. 6.2, 
f=c-p+ 2 

a. For KC1 solution, c = 2 since it completely dissociates into two ions in water, and p = 1 since there is only one phase. 

/ = 2 - 1+2 
/ = 3 

However, since equilibrium pressure has been specified, the degrees of freedom drops by one, and 

ZEZ 

b. For KC1 and NaCl solution, c = 3 since there are three ions present, K + , Cl and Na + , and p = 1 since there is only one phase. 

/ = 3-1 + 2 
/ = 4 

However, since the restriction of constant pressure has been specified, the degrees of freedom drops by one, and 

7EI 

c. For ice, water and alcohol, c = 2 since water and ice are considered one component, p = 2 since there is a solid and a liquid phase. 
f = 2-2 + 2 

7^2 

Back to Problem 6.3 Back to Top 
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Solutions 


6.4. How many components are present in a water solution of sodium acetate? 

Solution: 

The system is given by 

Ac + H 2 0 ^ OH + HAc 

Aqueous sodium acetate is a two-component system even though the above hydrolysis takes place, since the equilibrium constant defines 
the concentration of OH and HAc if the concentration of sodium acetate is given. 

Back to Problem 6.4 Back to Top 
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Solutions 


6.5. How many components are present in the system CaC03-Ca0-CC>2? 

Solution: 


There are three components in the system CaCO i-CaO-CCT • However, since a chemical reaction can take place in the given system, the 


number of components is reduced by the number of equilibrium conditions, in this case 1. Therefore \c = 2 


Back to Problem 6.5 Back to Top 
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Solutions 


6.6. How many components are present in the following system? 

CO(g) + 3H 2 (g) — CH 4 (g) + H 2 0(g) 

Solution: 

There are four different gases, or components in the above system. However, since a chemical reaction can take place in the given system, 


the number of components is reduced by the number of equilibrium conditions, in this case 1. Therefore \c = 3 


Back to Problem 6.6 


Back to Top 
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Solutions 


6.7. A certain substance exists in two solid phases A and B and also in the liquid and gaseous states. Construct a P-T phase diagram 
indicating the regions of stable existence for each phase from the following triple-point data: 


T/K 

P/kPa 

Phase in Equilibrium 

200 

100 

A, B, gas 

300 

300 

A, B, liquid 

400 

400 

B, liquid, gas 


Solution: 


P/kPa 



Back to Problem 6.7 Back to Top 
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Solutions 


6.8. Answer the following questions, using the accompanying figure. 

a. A liquid mixture consists of 33 g of component A and 99 g of component B. At what temperature would the mixture begin to 
boil? 

b. Under the conditions in (a), what is the composition of the vapor when boiling first occurs? 

c. If the distillation is continued until the boiling point is raised by 5.0 °C, what would be the composition of the liquid left in the 
still? 



d. Under the conditions in (c), what are the composition and mass of the two components collected over the initial 5.0 °C interval? 

Solution: 

a. To calculate the temperature at which the mixture would begin to boil, we need to find the weight percent of the component B. 

ill 

weight % B = - — x 100% 

m A +rn B 

weight % B = — ^ x 100% 

33 g +99 g 

weight % B = 75% 

The temperature corresponding to 75% B is approximately 60 °C, where the mixture first begins to boil. 
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Solutions 


T * 60 °C 


b. The composition of the vapor is given by the intersection of the tie line at the vapor curve. In this case, the vapor has a composition of 
approximately 88% B 


weight % B « 88% 


c. The boiling temperature becomes 65.0 °C. The composition of the vapor is approximately 53% B 


weight % B « 53% 


d. using the average composition of the distillates as the value halfway between the initial and final composition of the distillates, we obtain, 

weight % B = i(88% + 70%) 
weight % B = 79% 

Let Wr = mass of residue and W\) = mass of distillate 
W^=W R +W D =l32g 

Then, applying the condition that B is distributed through the residue and distillate, we obtain 
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m B in residue + ,W B in distillate 99 g 

0.53W R +0.79W D =99g 
0.53(132 g -W d ) + 0.79 W d =99 g 
69.96 g - 0.53 W d + 0.79W D = 99 g 
69.96 g + 0.26W D =99 g 
w _ 99 g- 69.96 g 
D 0.26 
W D =111.692 307 7 g 

W R =132 g -11 1.692 307 7 g 
W R =20.307 692 31 g 


The distillate is therefore 79% of the value of Wo, 


^B in distillate 
^B in distillate 

/77 

' in distillate 


= 0.19W D 

= 0.79(111.692 307 7 g) 
= 88.236 923 08 g 


,W B in distillate 88.2 g 


m 


A in distillate 


= 111 .692 307 7 g - 88.236 923 08 g 


m A in distillate =23.455 384 62 g 


in distillate 23.5 g 


Back to Problem 6.8 


Back to Top 


Solutions 
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Solutions 


6.9. From the data of Figure 6.14, calculate the ratio of the mass of the water-rich layer to that of the nicotine-rich layer, for a 40 wt % 
water-nicotine mixture at 350 K. 

Solution: 

Given: Figure 6.14, 40wt % water - nicotine, T =350 K 

YYl 

Required: — 

171 

nicotine 

From Figure 6.14, the composition at 350 K at equilibrium between the single-phase water-rich layer and the two-phase region is 
approximately 10% nicotine. For the equilibrium value on the nicotine-rich side, the value is approximately 75% nicotine. 

Using the lever rule, given by Eq. 6.16, we can solve for the ratio, 

n x _ y, - x T _ pv 
n v x T - x x Ip 


m 


water 


m, 


nicotine 

m water 


m. 


nicotine 

m water 


m, 


nicotine 


75-40 

“40-10 

_35 

“30 

=1.166 666 667 


in 


= 1.2 


777 ,. 


Back to Problem 6.9 


Back to Top 
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Solutions 


6 . 10 . The ratio of the mass of chlorobenzene to that of water collected in a steam distillation is 1.93 when the mixture was boiled at 
343.85 K and 56.434 kPa. If the vapor pressure of water at this temperature is 43.102 kPa, calculate the molar mass of 
chlorobenzene. 

Solution: 

171 

Given: chlorobenzene = L93j T = 343 .85 K , P = 56.434 kPa, E water = 43.102 kPa 

OT water 

Required: M chlorobenzene 

Using Eq. 6.21, 



m 


Using, » - - we can rearrange and solve for , 


Tfl M H 

chlorobenzene water chlorobenzene 

171 Ad P 

water chlorobenzene water 

tfl AA p 

lyj chlorobenzene water water 

L chlorobenzene 

YYl r 

water chlorobenzene 

^water = 2(l.007 94 g mob 1 ) + (l 5 .9994 g moE 1 ) 

M water =18.015 28 g moE 1 

The vapor pressure of pure chlorobenzene is obtained using Dalton’s law of partial pressures, 
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Solutions 


p = P-P 

chlorobenzene water 

benzene =56.434 kPa- 43. 102 kPa 

Chlorobenzene = 13 ' 332 kPa 


M 


chlorobenzene 


= 1.93(18.015 28 g mol 1 ) 


M 


chlorobenzene 


= 112.408 834 gmol“ 


43.102 >Pa 
13.332 >Pa 


M 


chlorobenzene 


= 112.41 g mol 1 


The actual molar mass of chlorobenzene, C 6 H 5 CI is 

= 6(12.011 g mor') + 5(l.007 94 g mor‘) + (35.4527 g mol' 1 ) 
=112.5584 gmor [ 


Back to Problem 6.10 Back to Top 
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Solutions 


6.11. a. Do the actual derivation of Eq. 6.1 1 from Eq. 6.8. 

b. From Eq. 6.8 derive an expression that gives you the ratio of the mass of two volatile components, 1 and 2, in terms of their mole 
fractions in the vapor and their molar masses. 

Solution: 

a. Equation 6. 1 1 is given by 
P P* 

p = fj '2 

p; + ( P ;-p;) yi 

We can manipulate Eq. 6.8 to obtain the same result. 



The total pressure is given by the sum of partial pressures of each of the components in a mixture, hence, 
P = P l+ P 2 

Raoult’s Law is given by Eq. 5.26, therefore we can use it solve for P 
P = x P ■ P = x P* 

1 J J 9 1 2 ■A'! 1 2 

P=P l+ P 2 

P — x l Ej + x 2 P 2 
p=x 1 p;+{i-x 1 )p; 

P=x,P* + P*-x l P* 

p=(p;-p;)x, + p; 

b. Using Eq. 6.8, we can obtain an expression for xi , 
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Solutions 


yi = ■ 


yi = 




p:+x,(p;-p;) 


Solving for x 7 gives 

X A* = yAi + y^ (A - p i ) 
\p;- y \p;-p;)\=yA: 
yA: 


X , =■ 


' p ;- yi (p;-p;) 

This expression may now be substituted back into Eq. 6.9 with the elimination of x\ . The result is 

p=(p;-pi) , . y, \ — -+/•; 

y,p:\p: 

P = 


P = 


P= 


y t p;(p;-p;) 

\ + P 2 1 

(>•, 

(p;-p;) 


yA 

p;-K) 

-p; 


+ 


*'-*^f 2 )~p;p; 


y\p;-K)-p; 


~p p 

r \ r 2 


y>(p;-p;)-p; 
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Multiplying by — to remove the negative sign, we obtain, 



Which is the same equation as Eq. 6.11. 


Back to Problem 6.11 Back to Top 


Solutions 
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Solutions 


6.12. Obtain an expression for the ratio of masses of the materials distilled in a steam distillation in terms of the molar masses and the 
partial pressures of the two components. 

Solution: 

To solve this problem, we can use the expression for the composition of vapor, given by Eq. 6.21, 



Using, n = — we can rearrange and solve for the masses of the materials distilled 
M 

m A M B _Pl 
m B M A P B 

m A _ P a M a 

,ll B ^B^B 


Back to Problem 6.12 Back to Top 
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Solutions 


6 . 13 . Under atmospheric pressure 1 kg of pure naphthalene is to be prepared by steam distillation at 372.4 K. What mass of steam is 
required to perform this purification? The vapor pressure of pure water at 372.4 K is 98.805 kPa. 

Solution: 

Given: P = 101.325 kPa, m naphthalene = 1 kg ,T = 372.4 K, P w * ater = 98.805 kPa 
Required: m steam 

To solve this problem, we can use the expression for the composition of vapor, given by Eq. 6.21, 



Using, n = — we can rearrange and solve for the masses of the materials distilled 
M 

m A M B _ P A 
m B M A P B 

m A _ P A M A 
m B N^B 

P A/I ryi 

steam steam naphthalene 

171 — 

steam P* M 

naphthalene naphthalene 


The vapor pressure of pure naphthalene is obtained using Dalton’s law of partial pressures, 
P* = P - P* 

naphthalene water 

Naphthalene = 101.325 kPa -98.805 kPa 
Naphthalene = 2 '52 kPa 

M^ m =M ni0 = 2(1.007 94 g mol 1 ) + (15.9994 g mol 1 ) 

^ s tea m = 18.015 28 g mol 1 
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Solutions 


The formula for naphthalene is CioH 8 , therefore the molar mass is 

M n , pl , h ,,„ =10(12.011 g mol- 1 ) + 8(1 .007 94 g mor 1 ) 

128.173 52 g moP 1 


Solving for the mass of steam, we obtain 


(98.805 >Pa)( 

18.015 28 / jnof r )(lkg) 

1 

(2.52 JsPif 

)(l28.173 52 ^ jnoT^ 

') 


m st ea m =5.510 809 449 kg 
m steam = 5.5108 kg 


Back to Problem 6.13 Back to Top 
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6 . 14 . The vapor pressure of water at 343.85 K is 43.102 kPa. A certain mixture of chlorobenzene and water boils at 343.85 K under a 
reduced pressure of 56.434 kPa. What is the composition of the distillate? 

Solution: 

Given: T = 343.85 K, P* = 43. 102 kPa, P = 56.434 kPa 


Required: 


m 


chlorobenzene 


m 


water 


To solve this problem, we can use the expression for the composition of vapor, given by 



Eq. 6.21, 


Using, n = — we can rearrange and solve for the masses of the materials distilled 
M 


m A M B _ P A 
m B M A P B 

m A _ P A M A 
m B P B^B 

vyi P A/I 

chlorobenzene chlorobenzene chlorobenzene 

jfi p M 

water water water 


The vapor pressure of pure chlorobenzene is obtained using Dalton’s law of partial pressures, 


P* = P - P* 

chlorobenzene water 


chlorobenzene 


[ chlorobenzene 


= 56.434 kPa -43.102 kPa 
= 13.332 kPa 


The formula for chlorobenzene is C6H 5 C1 therefore the molar mass is 
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= 6(12-011 g mor 1 ) + 5(1. 007 94 g mor‘) + (35.4527 g mol 1 ) 

^chlorobenzene =112.5584 g HlOl 

Mwater =2(l.00 7 94 g mol 1 ) + (l 5 .9994 g mol 1 ) 

M water =18.015 28 g mol 1 


VYl 

chlorobenzene 

(13.332 >Pa) 

^1 12.5584 / 

'"water ( 

43.102 JsPif) 

(18.015 28 / jnof 1 ') 


m 


chlorobenzene 

m _ 


=1.932 567 968 


m 


chlorobenzene 


=1.9326 


The sample contains 1.9326 g of chlorobenzene for each 1.000 g of water. 


Back to Problem 6.14 Back to Top 
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6.15. Calculate the composition of the vapor in equilibrium at 323 K with a liquid solution of 0.600 mol fraction 2-methyl- 1 -propanol 
(isobutyl alcohol) and 0.400 mol fraction 3-methyl- 1 -butanol (isoamyl alcohol). The vapor pressure of pure isobutyl alcohol is 

7.46 kPa and that of pure isoamyl alcohol is 2.33 kPa both at 323 K. 

Solution: 

Given: T = 323 K, x isobutyl alcohol = 0.600, x lsoamyl alcohol = 0.400, P * Q butylalcohol = 7.46 kPa, P * oamyl ^ = 2.33 kPa 


Required: y isoamyl 

2 


alcohol ’ y isobutyl alcohol 


To determine the composition of the vapor in equilibrium, we can use Eq. 6.18, 


(0.600) (7.46 kPa) 

^ ~~ (0.600) (7.46 kPa)+(0.400)(2.33kPa) 
y a =0.827 662 7219 
y a =0.828 

y b = 1 ~y, 

y h =1-0.827 662 7219 
y b =0.172 337 2781 
=0.172 


Back to Problem 6.15 Back to Top 
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6.16. The thermal expansion coefficient a = (MV) ( dV/dT) p is often used when predicting changes in vapor pressure induced by 
temperature changes. From the relation p = m/V, show that a = - (din p/8T) p . 

Solution: 

To solve this problem, we first take the natural logarithm of the density expression to cast it into a more useful form. 


m 



in p = in 


^ m ^ 
\Yj 


= In m - in V 


Taking the partial derivative with respect to T gives, 




f pt/A 


V 


dV_ 

v5T Jp 


The thermal expansion coefficient is given by a = ( MV) (dVId T) p , hence, 


din p 
8T 


( 


Jp 


V 


\dT Jp 


= -a 


a = - 


3 in p 
dT 


A 

Jp 


Back to Problem 6.16 Back to Top 
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Solutions 


6.17. At 293.15 K the density of water is 0.998 234 g cm 3 and at 294.15 K it is 
Estimate the value of a for water at 1 atm. 

Solution: 


0.998 022 g cm ~ under 1 atm of pressure. 


Given: T = 293.15 K, p water = 0.998234 g cm , T = 294.15 K, p water = 0.998022 g cm 3 , P = 1 atm 
Required: a 

To solve this problem, we can use the expression for a obtained in problem 6.16 
1 AV 


1 ( dV ^ 
a = — — 
v{dT Jp 


V AT 


We make the approximation since we are considering small changes in T and V. 


m 


Density is given by, p = — , and can be rearranged to solve for V. Therefore we obtain the expression, 


1 fv 2 -v,i 



T -T 

V 2 1 l J 


/ m m 

a _A 

Pi P\ 

m 

T -T 
1 2 


V 7 

We can set m, the mass of water, equal to 1 gram and solve for a 
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0.998234 / 

0.998022 0.998234 £ 

CC ■ / 

H 

294.15 K- 293. 15 K 


v y 

a = 2.124 201 67x10 4 K 1 

a = 2.1242x10 4 K 1 


Back to Problem 6.17 


Back to Top 


Solutions 
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Solutions 


6.18. How many theoretical plates are required to separate the mixture shown in Fig. 6.7? 

Solution: 

There are six full horizontal steps and two fractional steps in Figure 6.7. There are therefore approximately six theoretical plates required to 
separate the mixture. 

Back to Problem 6.18 Back to Top 
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Solutions 


6.19. A sealed reaction vessel is completely filled with liquid water at 293.15 K and 1.00 atm. If the temperature is raised exactly 6 K and 
the walls of the vessel remain rigid, what is the pressure in the container if the average value of a = 2.85 x 10^ K 1 and the 


compressibility coefficient K\=-{\IV){dVldP) T ^\ is 4.49 x 10 5 atm 

Solution: 

Given: T = 293.15 K, P = 1 atm, AT = 6 K, a = 2.85x10^ K ', k= 4.49 x 10 5 atm 1 
Required: P 

From chapter 3, Eq. 3.139 defines the expansion coefficient as 


To solve for P we rearrange the two expressions for a and k in the following manner, 


1 ( 


a=— 


From 


From — = -1 


f dP^ f f 8V 3 


^dT ) v \dV ) P \dP ) T 
r . r lr x __ \ 



Therefore 



k 4.49x10 5 atm 
AP = 38.084 632 52 atm 


K 


A P = 38.1 atm 


Back to Problem 6.19 Back to Top 
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Solutions 


6.20. In Figure 6.16, a solution having composition p is cooled to just above the eutectic temperature (point 5 is about 0.18 xsi, and x e is 
0.31 jesi); calculate the composition of the solid that separates and that of the liquid that remains. 

Solution: 

Given: Figure 6.16, x s =0.18x Si , x e = 0.3b: Si 


Required: p 

Using the lever rule, given by Eq. 6.16, we can solve for the ratio, 

^solid layer 

P = 

^solid layer ^liquid layer 


0.18 

p = 

0.31 

p = 0.580 6451613 
p = 0.58 


This means that there is 58% solid and 42% liquid in the two-phase region. The overall composition of the liquid above the liquid line is vsi 
= 0.31. 


Back to Problem 6.20 Back to Top 
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Solutions 


6 . 21 . The melting points and heats of fusion of gold and silicon are 

Au Si 

77 K 1337 1683 

Af us HI J mol' 1 12 677.5 39 622.5 


For the data, calculate the solid-liquid equilibrium lines and estimate the eutectic composition graphically. Compare the result with the 
values given by Figure 6.16. 

Solution: 


The temperature at which solid solvent is in equilibrium with liquid solvent, with mole fraction x\ is given by Eq. 5.115, 


lnxj 


A fu s H„ f 1 

r [t; 


o 

t) 


Values of x\ and T determined from this equation for each component give the desired liquidus lines in the regions near large values of x i . 
Several values are: 


Xi 

T (K) 


T (K) 

0.945 

1650 

0.969 

1300 

0.863 

1600 

0.924 

1250 

0.784 

1550 

0.879 

1200 

0.708 

1500 

0.783 

1100 

0.564 

1400 

0.681 

1000 
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Solutions 



A plot is shown on which the points represent data points and the solid curves are experimental curves of Figure 6.16. The dotted lines 
intersect at about v,si = 0.28, compared to the actual about x S i = 0.31. However, the eutectic temperature is approximately 400 K too high. 

Back to Problem 6.21 Back to Top 
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Solutions 


6.22. Use the following data to construct a phase diagram of the phenol-water system and answer the following questions (the 


compositions are given in grams of phenol in 100 grams of solution): 




t/° C 

20 

25 

30 

35 

40 


Aqueous layer 

8.40 

8.71 

8.92 

9.34 

9.78 


Phenol layer 

72.24 

71.38 

69.95 

68.28 

66.81 



45 

50 

55 

60 

65 

68.8 


10.62 

12.08 

13.88 

17.10 

22.26 

35.90 


65.02 

62.83 

60.18 

56.10 

49.34 

35.90 


a. What will be the compositions of the layers formed from a solution of 30 g phenol and 70 g water maintained at 30 °C? 

b. A solution of 20 g phenol and 80 g water is prepared at 70 °C. How many phases will be present? 

c. At what temperature will two phases appear if the solution in part (b) is cooled gradually? What will be the compositions of the 
two phases? 

Solution: 
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Solutions 




Graphing the data, we generate a phase diagram of the phenol-water system. 


Phenol-Water 



a. The tie lines drawn through the point (a) indicate that the two layers will have compositions of approximately 8.92% phenol by mass 
in the aqueous layer, and 69.95% phenol by mass in the phenol layer at 30 °C. 

b. The point (b) lies in the region of the diagram where only one phase is present. 

c. Two phases appear at approximately 63.0 °C. The composition of the two layers will be 19.6% phenol by mass in the aqueous layer 
and 52.5% phenol by mass in the phenol layer. 


Back to Problem 6.22 Back to Top 
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Solutions 


6 . 23 . The following information is obtained from cooling curve data on the partial system Fe 203 -Y 2 C >3 [J. W. Nielsen and E. F. 
Dearborn, Phys. Chem. Solids, 5, 203(1958)]: 


Composition of 
Melt/mol % Y 2 0 3 

Temperature of Break/°C 

Temperature of Halt/ C 

0 


1550 

5 

1540 

1440 

10 

1515 

1440 

15 

1450 

1440 

20 

1520 

1440 

25 

1560 

1440 

30 

1620 

1575/1440 

40 

1705 

1575 

50 


1720 


Sketch the simplest melting point diagram consistent with these data. Label the phase regions and give the composition of any 
compounds formed. 

Solution: 

Each halt corresponds to a line of three-phase equilibrium and each break to a boundary between a one- and two-phase region. At 50% 
Y 2 O 3 , a compound is formed and may be written as FciOi* Y 2 O 3 or YFeC> 3 . 
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Solutions 



A compound unstable above 1575 °C is indicated between 30% and 40% Y2O3. This might be taken to be 2Fe203* Y2O3 at 33% Y2O3, but 
actually, the formula is Y 3 Fe 5 0i2, corresponding to 3 Y2O3 + 5 Fe2C>3 at 37% Y2O3. 

Back to Problem 6.23 Back to Top 
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Solutions 


6.24. The study of cooling curves for the thallium-gold system yields the following data. Construct the phase diagram and identify the 
eutectic composition and temperature. Pure gold melts at 1063 °C and pure thallium melts at 302 °C. In each region, identify the 
number of phases and the solid that separates out, if any. 


Wt % Au 

10 

20 

30 

40 

60 

80 

90 

First break (°C) 

272 

204 

200 

400 

686 

910 

998 

Eutectic halt (°C) 

128 

128 

128 

128 

128 

128 

128 


[Data adapted from A. C. K. Smith, Applied Physical Chemistry Problems, London: McGraw-Hill, 1968, p. 13.] 

Solution: 


Phase Diagram of Thallium-Gold 



By extending the smooth curves drawn through the given data points to the eutectic temperature, the composition of the eutectic is 
identified as 26 wt. % Au. 


Back to Problem 6.24 Back to Top 
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6.25. a. From the following information, draw the binary phase diagram for the system FeO (mp. 1370 °C)-MnO (mp. 1785 °C). A 
peritectic reaction occurs at 1430 °C between a solid solution containing 30 mass % MnO and solid solution containing 60 mass % 
MnO. These are in equilibrium with melt that contains 15 mass % MnO. At 1200 °C the composition of a and /? solution is 28 mass 
% and 63 mass %, respectively. 

b. Describe what happens as a liquid containing 28 mass % MnO is cooled to 1200 °C. 

Solution: 



b. As liquid of 28 mass % MnO cools, /? first forms along with liquid. At 1430 °C, /? converts to a and a + L remains only briefly at 
the temperature is lowered about 50 °C, at which point all the liquid is reconverted to the a phase. The compositions are given by 
the lever rule. As 1200 °C is approached, some ft may again make an appearance. 


Back to Problem 6.25 Back to Top 
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6 . 26 . The following data for the magnesium-copper system is the result of analyzing cooling curves. Pure copper melts at 1085 °C while 
pure magnesium melts at 659 °C. Two compounds are formed, one at 16.05 wt % Mg with a melting point of 800 °C, and the other 
at 43.44 wt % Mg with a melting point of 583 °C, respectively. Construct the phase diagram from this information and identify the 
compositions of the eutectics. [Data adapted from A. C. K. Smith, Applied Physical Chemistry Problems, London: McGraw-Hill, 
1968, p. 14.] 


Wt % Mg 


5 


10 

15 

20 

30 

35 


First break (°C) 


900 


702 

785 

765 

636 

565 


Eutectic halt (°C) 


680 


680 

680 

560 

560 

560 



40 


45 


50 

60 

70 

80 

90 


581 


575 


546 

448 

423 

525 

600 


560 


360 


360 

360 

360 

360 

360 
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Solution: 


Phase Diagram of Magnesium-Copper 



From the graph, the first eutectic temperature, 680 °C, has a composition of 10.5 wt. % Mg, the second eutectic temperature, 560 °C, has a 
composition of 35.0 wt. % Mg, while the third eutectic temperature, 360 °C has a composition of 65 wt. % Mg. 


Back to Problem 6.26 Back to Top 
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6 . 27 . What are the empirical formulae of the compounds represented by the vertical lines formed in the magnesium-copper system 
described in Problem 6.26? 

Solution: 

Assuming that there are 100 g of the first compound, we have 16.05 g of Mg and 100 g - 16.05 g = 83.95 g Cu. The mole ratios of Mg : Cu 
are, 


" M g _ m M g M Cu 


"cu m Cu ^ Mg 


«Mg _ 

(16.05 /) 

(63.546 

"cu ( 

83.95 /)| 

(24.3050 


^ = 0.499 858 324 7 

"cu 

^Mg ^ J_ 

"cu 2 


Therefore the empirical formula of the first compound is MgCu 2 . 

Assuming that there are 100 g of the second compound, we have 43.44 g of Mg and 100 g - 43.44 g = 56.56 g Cu. The mole ratios of Mg 


Cu are 

9 


"Mg _ 

"Tvig^Cu 


n Cu 

m Cu M Mg 


"Mg _ 

(43.44 y)(63.546 


"Cu 

(56.56 /)(24.305C 

) ^ JPQ6 

"Mg _ 

2.008 043 001 


"Cu 



"Mg „ 

2 


"Cu 
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Therefore the empirical formula of the second compound is Mg2Cu. 


Back to Problem 6.27 


Back to Top 


Solutions 
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6 . 28 . A preliminary thermal analysis of the Fe-Au system showed two solid phases of composition 8.1 mol % Au and 25.5 mol % Au in 
equilibrium at 1168 °C with liquid of composition 43 mol % Au. Construct the simplest melting point diagram consistent with this 
information and label all the phase regions. Sketch the cooling curves for the composition 10 mol % Au, 30 mol % A, and 60 mol % 
Au, and make them consistent with the fact that there is an a-y phase transition in iron at 903 °C and that the y-phase field extends to 
45 mol % Au at this temperature. Iron melts at 1536 °C and gold at 1063 °C. 

Solution: 

The coexistence of the three phases is a clear indication of a peritectic-type diagram. A note of caution is in order here: In the range 0- 
10mol% Au at 1430 °C to 1536 °C, still another phase, called 5 exists. This would not be detected using only the compositions listed. One 
must be careful to use enough composition to ensure that all phases are identified. Also, the equilibrium between liquid and y is not a simple 
curve and must be determined by careful experimentation. 
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Back to Problem 6.28 




Back to Top 
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6.29. The aluminum-selenium system was determined from thermal analysis. Al 2 Se 3 melts congruently at approximately 950 °C and 
forms a eutectic both with aluminum and with selenium at a very low concentration of the alloying element and at a temperature 
close to the melting point of the base elements. Draw a diagram from this information and give the composition of the phases. 
Aluminum melts at 659.7 °C and selenium melts at approximately 217 °C. 

Solution: 



Back to Problem 6.29 Back to Top 
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* 6 . 30 . The metals A1 and Ca form the compounds Al 4 Ca and Al 2 Ca. The solids Al, Ca, Al 4 Ca, and ADCa essentially are immiscible in 
each other but are completely miscible as liquids. Maximum Ca solubility in Al is about 2% and occurs at 616 °C. Al melts at 659.7 
°C and Ca melts at 848 °C. Compound Al 2 Ca melts congruently at 1079 °C and gives a simple eutectic with Ca at 545°C. 
Compound Al 4 Ca decomposes at 700 °C to give Al 2 Ca and a melt, the peritectic lying at 10 mol %. A monotectic exists at 616 °C. 
At approximately 450 °C a transition occurs between a-Ca and /?-Ca. 

a. Draw the simplest phase diagram consistent with this information and label all phase regions. 

b. Sketch cooling curves for melts of composition 15 mol % Ca and 80 mol % Ca. 

Solution: 

a. The lower phase field of the a-phase is less than 1% 
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b. 


Back to Problem 6.30 



Back to Top 


6-61 


Chapter6: Phase Equilibria 


Solutions 


6 . 31 . The extent of dehydration of a salt such as CuSCL can often be followed by measuring the vapor pressure over the hydrated salt. The 
system H 2 O-CUSO 4 is shown in the accompanying figure as an example of such a system. Label the areas as to the phase(s) present. 
Then describe the sequence of phase changes if a dilute solution of copper sulfate is dehydrated at 275 K, ending with anhydrous 
copper sulfate. What would a vacuum gauge read starting with pure water during the dehydration process at 298.15 K? Sketch a plot 
of P/Torr against CuSCL/wt %. Relevant data are: 


The Vapor Pressure of CuSCL-PLO at 298.15 K 
Vapor + saturated solution + CuSCL • 5 FLO 
Vapor CuS0 4 • 5H 2 0 + CuS0 4 • 3H 2 0 
Vapor + CuS0 4 • 3H 2 0 + CuS0 4 • H 2 0 
Vapor + CuSCL • H 2 0 + CuSC >4 
Vapor pressure of water 


P/Torr 

16 

7.85 

4.32 

0.017 

23.8 
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In the upper figure, CuSC >4 begins in a solution single-phase region. Pure CuSCU’SPbO precipitates out as the first phase boundary at a is 
crossed. Water continues to be removed as more CuSC^vihbO precipitates until only pure CuSO^SHtO is present at b. In the next two- 
phase region, CuSC>4*5H20 dehydrates, forming progressively more CuSCU’StPO, until all of the pentahydrate is gone at c. The process 
repeats, the trihydrate forming the monohydrate, until only monohydrate is present at d. The monohydrate dehydrates until at e only pure 
CuSC >4 is present. 
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In the lower figure, the vapor pressure of water drops as the amount of CUSO4 increases, (according to Raoult’s Law), until the solution is 
saturated with respect to the pentahydrate. The system is invariant since three phases, vapor, saturated solution and solid CuSC>4*5H 2 0, are 
present at the constant temperature of 298.15 K. As the concentration of CuSCL increases, (water is removed), the pressure remains 
constant until only CuS 04*5 FLO is present. Removal of additional water causes some trihydrate to form, and the pressure drops. Again the 
system is invariant; three phases are present, vapor CuS04*5H 2 0, and CuS04*3H 2 0. The process is continued as before at the other stages. 


Back to Problem 6.31 Back to Top 
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6.32. The data in the accompanying table are approximate for the isobaric-isothermal system Sn02-Ca0-Mg0 at 298.15 K and 1 atm. 
Sketch a reasonable phase diagram in mol % with SnC >2 at the apex of the triangle. Label all phase regions; the results are known as 
composition triangles. 


Material 

Sn0 2 

(Mg0) 2 Sn0 2 

MgO 

CaO 

(Ca0) 2 Sn0 2 

CaOSn0 2 


In Equilibrium with Solid Phases 

(Mg0) 2 Sn0 2 , CaOSn0 2 

Sn0 2 , (CaO)Sn0 2 , MgO 

CaO, (Ca0) 2 Sn0 2 

MgO, (Ca0) 2 Sn0 2 

CaO, MgO, CaOSn0 2 

(CaO) 2 Sn0 2 , MgO, (Mg0) 2 Sn0 2 , Sn0 2 


Solution: 

The system Sn02-Ca0-Mg0 is given by, 



Back to Problem 6.32 Back to Top 
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6.33. Sketch the P against T diagram for phosphorous from the following information. White phosphorous melts at 311 K and 0.2 Torr; 
red phosphorous melts at 763 K and 43 atm. The white form is more dense than the liquid and the red form is less dense than the 
liquid. The vapor pressure of the white form is everywhere greater than that of the red form. Label each area on the plot, and explain 
which triple point(s) is (are) stable or metastable. 

Solution: 



a. Stable triple point R (red phosphorus, solid), liquid (L), vapor (V). 

b. Metastable triple point W (white phosphorus, solid), L, V. The vapor pressure of white phosphorus is greater than that of the red. 

c. Stable triple point W, R, L. If we assumes that a solid cannot be superheated, the triple point W, R, L is totally unstable since it 
probably lies above the melting point of the liquid. 


Back to Problem 6.33 Back to Top 
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6.34. Giguere and Turrell, ./. Am. Chem. Soc., 102, 5476(1980), describe three ionic hydrates formed between HF and H 2 O. Sketch the 
H 2 O-HF phase diagram in mol % HF from the following information. HF • H 2 O melts at -35.2 °C, 2HF • H 2 O decomposes by a 
peritectic reaction at -75 °C, and 4HF • H 2 O melts at -98.2 °C. HF melts at -83.1 °C. Label the composition of all regions. The 
eutectic occurs at -1 1 1 °C with monotectics at -71 °C, -77 °C, and -102 °C. 

Solution: 



Back to Problem 6.34 Back to Top 
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6.35. In the system A-B a line of three-phase equilibrium occurs at 900 K as determined by thermal analysis. A second three-phase 
equilibrium occurs at 500 K. Only one halt is observed for any one cooling curve. The compound AB 2 is known and melts at 600 K. 
If A melts at 1200 K and B at 700 K, sketch the simplest phase diagram consistent with the given data. Label each region. 

Solution: 

The 500 K equilibrium line probably contains a eutectic since the temperature is below the melting points of both AB 2 and B. An unstable 
compound is rules out because such a reaction would require cooling halts of both 900 K and 500 K. Instead, a peritectic reaction shown is 
the simplest explanation. 



Back to Problem 6.35 Back to Top 
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6.36. The following questions refer to Figure 6.28: 

a. If liquid C were added to the system, what changes would occur if the system originally contained 80% salt A and 20% salt B? 

b. What changes would occur if the system originally contained 50% salt A and 50% salt B upon the addition of liquid? 

c. If liquid is added to an unsaturated solution of salt A and salt B in solution of composition lying at e , what changes would occur? 

Solution: 

a. As liquid C is added, the saturated liquid of composition b would be in equilibrium with the two solids A and B. At approximately 

20% C, when the composition crosses the line bB , the solid A disappears and only solid B will be present in equilibrium with liquid 
of composition b. 

b. The two solid phases would not disappear until b is passed at approximately 50% liquid C. 

c. Added liquid would cause dilution and the solid salt will no longer exist. 

Back to Problem 6.36 Back to Top 
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6.37. In the accompanying diagram, due to B. S. R. Sastry and F. A. Hammel, J. Am. Ceramic Soc., 42; 218(1959), identify the 
composition of all the areas. Identify the phenomenon associated with each lettered position. 



B2O3 / wt % 


[[Diagram for Problem 6.37. Reprinted with permission of The American Ceramic Society, Post Office Box 6136, Westerville, OH 43086- 
6136, Copyright © 1964 by the American Ceramic Society. All rights reserved.]] 
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Solution: 


L‘ 2 0 - 



a. Peritectic point 

b. Eutectic point 

c. Melting point 

d. Incongruent melting 

e. Phase transition 


Back to Problem 6.37 


Back to Top 
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6.38. Describe what happens within the system Mn 2 C> 3 -Al 203 in Fig. 6.21 when a liquid of * AUO = 0.2 is cooled from 2100 K to 1200 
K. 

Solution: 

At 2100 K, the mixture is in the liquid state. As the liquid is cooled, solid spinel first appears at about 1950 K in equilibrium with liquid. At 
approximately 1875 K, all of the liquid converts to solid spinel, the composition of which varies according to the lever rule. 

As the temperature falls to about 1400 K, a two-phase region appears that is Mn 3 C> 4 + spinel. Below about 1285 K, the spinel converts to 
corundum and Mn 3 C> 4 + corundum coexist. 


Back to Problem 6.38 Back to Top 
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6.39. The isobaric solubility diagram for the system acetic acid-toluene-water is shown in Figure 6.27. What phase(s) and their 

composition(s) will be present if 0.2 mol of toluene is added to a system consisting of 0.5 mol of water and 0.3 mol of acetic acid? 
Give the relative amounts of each phase. 

Solution: 

Given: Figure 6.27, n toluene = 0.2 mol, n water = 0.5 mol, n aceticacid = 0.3 mol 
Required: phases, composition, relative amounts 

Using the number of moles present, the composition of the system is 20% toluene, 50% water and 30% acetic acid. 

The system point is practically on the p"q" tie line, and there are therefore two liquids present. The ends of this line, and thus the 
concentrations of the two liquids are approximately, 

a. 95.5% toluene, 4% acetic acid, 0.5% water 

b. 1% toluene, 37% acetic acid, 62% water 

To calculate the relative amounts of the two liquids, we can use the lever rule, given by Eq. 6.16, 

n x _ y, - x T _ pv 
n v x T - Vj Ip 

15.4 5 „ 

or 4 B to 1A 

3.8 A 


Back to Problem 6.39 Back to Top 
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6.40. A fictitious ternary system composed of liquids A, B, and C was constructed by adding the component B to various binary A-C 
mixtures and noting the point at which complete miscibility occurred. The following are the mole-percents of A and B at which 
complete miscibility was observed. Construct the phase diagram on a triangular graph paper. 


X A (%) 

10.0 

20.0 

30.0 

40.0 

50.0 

60.0 

70.0 

80.0 

90.0 

Xb (%) 

20.0 

27.0 

30.0 

28.0 

26.0 

22.0 

17.0 

12.0 

7.0 


Comment on the variation of the mutual solubility of A and C as B is added. 

Solution: 


B 

20 — - 4 - 80 

_/ A 


40 • 60 



It is clear from the phase diagram that A and C are only slightly soluble in each other in the absence of B. As B is added, two layers are 
formed; one rich in A, and the other rich in C. As B is added, the mutual solubility of A and C increases until at 30 mole % in B, the three 
liquids become miscible in all proportions. 


Back to Problem 6.40 Back to Top 
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6 . 41 . In organic chemistry it is a common procedure to separate a mixture of an organic liquid in water by adding a salt to it. This is 
known as “salting out.” The ternary system K2CO3-H2O-CH3OH is typical. The system is distinguished by the appearance of the 
two-liquid region abc. 



a. Describe the phase(s) present in each region of the diagram. 

b. What would occur as solid K2CO3 is added to a solution of H2O and CH3OH of composition x? 

c. How can the organic -rich phase in (b) be separated? 

d. How can K2CO3 be precipitated from a solution having composition y? 

e. Describe in detail the sequence of events when a solution of composition F is evaporated. 


Solution: 
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h 2 o 


D 



Region System 

AEa K2CO3 in equilibrium with water-rich saturated solution 

Aac K2CO3 in equilibrium with conjugate liquids a and c 

abc Two conjugate liquids joined by tie lines 

AcB K2CO3 in equilibrium with alcohol-rich saturated solution 

b. The state of the system will move along a line joining x and A. Initially solution is formed; as more K2CO3 is added, two layers, a 
and c form, and once beyond point z, K2CO3 ceases to dissolve so that solid K2CO3 and the two liquids a and c coexist. 

c. As long as two liquids exist, liquid with composition in the region AcB is the alcohol-rich layer and may be separated from the 
water-rich later by separatory funnel. 

d. When water is added to an unsaturated solution of K2CO3 in alcohol, the state of the system moves along the line joining y and D. 
Some K2CO3 will precipitate as the state moves into the A Be region and then redissolves as it moves into the solution region again. 

e. On evaporation of F, the system composition follows a line drawn from the water comer through F to the Ac line. At the first 
composition line, two liquids form and the compositions of the solutions of the solutions move toward a and c. When the system 
composition reaches the ac line, K2CO3 begins to precipitate and is in equilibrium with the conjugate liquids a and c. Further 
reduction of water moves the ratio of liquid a to liquid c in favor of c until the line Ac is crossed, at which time solid K2CO3 is in 
equilibrium with a single solution. 

Back to Problem 6.41 Back to Top 
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Faraday's Laws, Molar Conductivity, and Weak Electrolytes 


Chapter 7 

*problems with an asterisk are slightly more demanding 

Faraday’s Laws, Molar Conductivity, and Weak Electrolytes 

7.1. A constant current was passed through a solution of cupric sulfate, CuSCL, for 1 h, and 0.040 g of copper was deposited. Calculate 
the current (atomic weight of Cu = 63.5). 

Solution 

7.2. After passage of a constant current for 45 min, 7.19 mg of silver (atomic weight = 107.9) was deposited from a solution of silver 
nitrate. Calculate the current. 

Solution 

7.3. Electrolysis of molten KBr generates bromine gas, which can be used in industrial bromination processes. How long will it take to 
convert a 500.00-kg batch of phenol (Cf,HsOH) to monobromophenol using a current of 20 000 A? 

Solution 

7.4. The following are the molar conductivities A of chloroacetic acid in aqueous solution at 25 °C and at various concentrations c: 


c 

10 4 M 


A 

Q 1 cm 2 moE 1 


625 

312.5 

156.3 

78.1 

39.1 

19.6 

9.8 

53.1 

72.4 

96.8 

127.7 

164.0 

205.8 

249.2 


i 2 _ i 

Plot A against c. If A° = 362 Q cm mol , are these values in accord with the Ostwald dilution law? What is the value of the 
dissociation constant? (See also Problem 7.1 1.) 


Solution 

7.5. The electrolytic conductivity of a saturated solution of silver chloride, AgCl, in pure water at 25 °C is 1.26 x 10 6 Q 1 cm -1 higher 
than that for the water used. Calculate the solubility of AgCl in water if the molar ionic conductivities are Ag + , 61.9 Q 1 cm 2 mol -1 ; 
Cl - , 76.4 D _1 cm 2 mol -1 . 


Solution 
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*7.6. The electrolytic conductivity of a 0.001 M solution of NaiSCC is 2.6 x 10 4 f2 1 cm \ If the solution is saturated with CaSC> 4 , the 
conductivity becomes 7.0 x 10" 4 Q 1 cm" 1 . Calculate the solubility product for CaSC >4 using the following molar conductivities at 

f | v 

these concentrations: 2(Na + ) = 50.1 f2 1 cm 2 mol -1 ; A — Ca 2+ = 59. 5Q" 1 cm 2 mol -1 . 



the conductance, G, of a 0.100 M KC1 solution is 0.01178 S at 25 °C. The equivalent conductance for 0.100 M KC1 at 25 °C is 
128.96 S cm' mol . If a 0.0500 M solution of an electrolyte has a measured conductance of 0.00824 S using this cell, what is the 
equivalent conductance of the electrolyte? 

Solution 

* 7 . 8 . A conductivity cell when standardized with 0.01 M KC1 was found to have a resistance of 189 Q. With 0.01 M ammonia solution the 
resistance was 2460 Q. Calculate the base dissociation constant of ammonia, given the following molar conductivities at these 
concentrations: 2(K + ) = 73.5 Q" 1 cm 2 mol -1 ; 2(C1") = 76.4 Q 1 cm 2 mol 1 ; T(NH^) = 73.4 D" 1 cm 2 mol -1 ; 2(OH ) = 198.6 D" 1 cm 2 


mol \ 


Solution 


7 . 9 . The conductivity of a 0.0312 M solution of a weak base is 1.53 x 10 4 S cm \ If the sum of the limiting ionic conductances for BH + 

— 2 —1 

and OH is 237.0 S cm mol , what is the value of the base constant Kb? 


Solution 


7 . 10 . The equivalent conductance of KBr solutions as a function of concentration at 25 °C is given in the following table. By a linear 
regression analysis of suitable variables, find the value of A° for KBr. 


c/10~ 3 M 0.25 

A/S cm 2 mol" 1 150.16 


0.36 


149.87 149.55 149.12 148.78 


0.50 


0.75 


1.00 


1.60 


148.02 


2.00 


147.64 145.47 


5.00 


10.00 


143.15 


Solution 
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7 . 11 . Equation 7.20 is one form of Ostwald’s dilution law. Show how it can be linearized (i.e., convert it into a form that will allow 
experimental values of A at various concentrations to be tested by means of a straight-line plot). Explain how A° and K can be 
obtained from the plot. 

Kraus and Callis, J. Amer. Chem. Soc., 45, 2624(1923), obtained the following electrolytic conductivities k for the dissociation of 
tetramethyl tin chloride, (CHa^SnCl, in ethyl alcohol solution at 25.0 °C and at various concentrations c : 

c/10 -4 mol dm~ 3 1.566 2.600 6.219 10.441 

k/ 1 0 -6 fT 1 cm -1 1.788 2.418 4.009 5.336 

By the use of the linear plot you have devised, determine A° and K. 

Solution 

7 . 12 . A certain chemical company wishes to dispose of its acetic acid waste into a local river by first diluting it with water to meet the 
regulation that the total acetic acid concentration cannot exceed 1500 ppm by weight. You are asked to design a system using 
conductance to continuously monitor the acid concentration in the water and trigger an alarm if the 1500 ppm limit is exceeded. 
What is the maximum conductance at which the system should trigger an alarm at a constant temperature of 25 °C? (Assume that the 
cell constant is 1.0 cnY 1 and that the density of 1500 ppm acetic acid solution is not appreciably different from that of pure water. 
The A° for acetic acid is 390.7 S cm 2 mol -1 and K a = 1.81 x 1 0” 5 mol dm 3 at 25 °C. Ignore the conductance of water.) 

Solution 

7 . 13 . How far can the conductivity of water at 25 °C be lowered in theory by removing impurities? The A° (in S cm' mol ) for KOH, 
HC1, and KC1 are, respectively, 274.4, 426.04, and 149.86. K w = 1.008 x 10 l4 . Compare your answer to the experimental value of 
5.8 x 10 s S cm 1 obtained by Kohlrausch and Heydweiller, Z. phys. Chem. 14, 317(1894). 


Solution 


Debye-Htickel Theory and Transport of Electrolytes 

7 . 14 . The radius of the ionic atmosphere (1/a:) for a univalent electrolyte is 0.964 nm at a concentration of 0.10 M in water at 25 °C 
(e = 78). Estimate the radius (a) in water at a concentration of 0.0001 M and (b) in a solvent of ^ = 38 at a concentration of 0.10 M. 

Solution 
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7.15. The molar conductivities of 0.001 M solutions of potassium chloride, sodium chloride, and potassium sulfate 


1 




-k 2 so 4 

v 1 


are 149.9, 


—1 2 —1 

126.5, and 153.3 f2 cm' mol , respectively. Calculate an approximate value for the molar conductivity of a solution of sodium 
sulfate of the same concentration. 


Solution 

7.16. The molar conductivity at 18 °C of a 0.0100 M aqueous solution of ammonia is 9.6 f2 1 cm 2 mol -1 . For NH 4 CI, A° = 129.8 Q 1 cm 2 
moF 1 and the molar ionic conductivities of OFT and CF are 174.0 and 65.6 Q 1 cm 2 mol -1 , respectively. Calculate A° for NH 3 and 
the degree of ionization in 0.01 M solution. 

Solution 

7.17. A solution of LiCl was electrolyzed in a Hittorf cell. After a current of 0.79 A had been passed for 2 h, the mass of LiCl in the anode 
compartment had decreased by 0.793 g. 

a. Calculate the transport numbers of the Li + and CF ions. 

b. If A° (LiCl) is I 1 5.0 Q cm mol , what are the molar ionic conductivities and the ionic mobilities? 

Solution 

7.18. A solution of cadmium iodide, CdF, having a molality of 7.545 x 10 mol kg , was electrolyzed in a Hittorf cell. The mass of 
cadmium deposited at the cathode was 0.03462 g. Solution weighing 152.64 g was withdrawn from the anode compartment and was 
found to contain 0.3718 g of cadmium iodide. Calculate the transport numbers of Cd 2+ and F. 

Solution 

7.19. The transport numbers for HC1 at infinite dilution are estimated to be t + = 0.821 and f = 0.179 and the molar conductivity is 426.16 
Q cm' mol . Calculate the mobilities of the hydrogen and chloride ions. 

Solution 

7.20. If a potential gradient of 100 V cnF 1 is applied to a 0.01 M solution of NaCl, what are the speeds of the Na + and CF ions? Take the 
ionic conductivities to be those listed in Table 7.3 on p. 291. 


Solution 
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2 

*7.21. A solution of LiCl at a concentration of 0.01 M is contained in a tube having a cross-sectional area of 5 cm'. Calculate the speeds of 
the Li + and Cl" ions if a current of 1 A is passed. Use the ion conductivities listed in Table 7.3. 

Solution 

7.22. What is the work required to separate in vacuum two particles, one with the charge of the proton, from another particle with the 
same charge of opposite sign? Carry out the calculations for an initial distance of (a) 1.0 nm to an infinite distance apart and (b) 
from 1.0 mm to an infinite distance apart, (c) In (a) how much work would be required if the charge is moved to a distance of 0.1 m? 
The charge on a proton is 1.6 x 10“ 19 C. 

Solution 

*7.23. According to Bjerrum’s theory of ion association, the number of ions of type i present in a spherical shell of thickness dr and 
distance r from a central ion is 


dN L =N t exp(-ZiZ c e 2 /47r e 0 e rk^T)4nr dr 

where n and z c are the charge numbers of the ion of type i and of the central ion and e, e 0 , e, and k B have their usual significance. 
Plot the exponential in this expression and also 47tr~ against r for a uni-univalent electrolyte in water at 25.0 °C (e = 78.3). Allow r 
to have values from 0 to 1 nm. Plot also the product of these functions, which is ( dN\/N\)dr and is the probability of finding an ion 
of type i at a distance between r and r + dr of the central ion. 

By differentiation, obtain a value r* for which the probability is a minimum, and calculate the value for water at 25.0 °C. The 
electrostatic potential is given to a good approximation by the first term in Eq. 7.47 on p. 280. Obtain an expression, in terms of k B T, 
for the electrostatic energy between the two univalent ions at this minimum distance, and evaluate this energy at 25 °C. 


Solution 
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Thermodynamics of Ions 

7 . 24 . The following are some conventional standard enthalpies of ions in aqueous solution at 25 °C: 


Ion A///7kJ mol 1 


H + 

0 

Na + 

-239.7 

Ca 2+ 

-543.1 

Zn 2+ 

-152.3 

Cl" 

-167.4 

Br 

-120.9 


Calculate the enthalpy of formation in aqueous solution of 1 mol of NaCl, CaCG, and ZnBi’ 2 , assuming complete dissociation. 

Solution 

7 . 25 . One estimate for the absolute Gibbs energy of hydration of the H + ion in aqueous solution is -1051.4 kJ mol -1 . On this basis, 
calculate the absolute Gibbs energies of hydration of the following ions, whose conventional standard Gibbs energies of hydration 
are as follows: 

Ion A h y d G ° k J mol 


H + 

0 

Na + 

679.1 

Mg 2+ 

274.1 

Al 3+ 

-1346.4 

cr 

-1407.1 

Br 

-1393.3 


Solution 
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7 . 26 . Calculate the ionic strengths of 0.1 M solutions of KNO 3 , K 2 SO 4 , ZnSCU, ZnCH, and K 4 Fe(CN)g; assume complete dissociation 
and neglect hydrolysis. 

Solution 

7 . 27 . Calculate the mean activity coefficient y+ for the Ba 2+ and SO 4 ” ions in a saturated solution of BaSCE (K sp = 9.2 x 10 11 mol 2 dm -6 ) 
in 0.2 M K2SO4, assuming the Debye-Hiickel limiting law to apply. 

Solution 

_c o 

7 . 28 . The solubility of AgCl in water at 25 °C is 1.274 x 10 mol dm . On the assumption t hat the Debye-Hiickel limiting law applies, 

a. Calculate A G° for the process AgCl(s) — > Ag + (aq) + CE(aq). 

b. Calculate the solubility of AgCl in an 0.005 M solution of K2SO4. 

Solution 

I —1 3/2 

7 . 29 . Employ Eq. 7.114 to make plots of log y+ against v/ for a uni-univalent electrolyte in water at 25 °C, with B = 0.51 mol dm 

1 r\ 1 o /n 1 

and B' = 0.33 x 10 mol dm “m , and for the following values of the interionic distance a: 

a = 0, 0.1, 0.2, 0.4, and 0.8 nm 


Solution 


7 . 30 . Estimate the change in Gibbs energy AG when 1 mol of K + ions (radius 0.133 nm) is transported from aqueous solution (e = 78) to 
the lipid environment of a cell membrane (e = 4) at 25 °C. 

Solution 

7 . 31 . At 18 °C the electrolytic conductivity of a saturated solution of CaF 2 is 3.86 x 10 5 Q 1 cm ', and that of pure water is 1.5 x 10 6 Q 1 cnT 1 . 
The molar ionic conductivities of ~Ca 2+ and F“ are 5 1.1 Q 1 cm 2 moE 1 and 47.0 O 1 cm 2 mol -1 , respectively. Calculate the solubility of 
CaF 2 in pure water at 18 °C and the solubility product. 


Solution 
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7.32. What concentrations of the following have the same ionic strength as 0. 1 M NaCl? 

CuS0 4 , Ni(N0 3 ) 2 , A1 2 (S0 4 ) 3 , Na 3 P0 4 

Assume complete dissociation and neglect hydrolysis. 

Solution 

7.33. The solubility product of PbF 2 at 25.0 °C is 4.0 x 10 9 mol ' dm -9 . Assuming the Debye-Hiickel limiting law to apply, calculate the 
solubility of PbF 2 in (a) pure water and (b) 0.01 M NaF. 

Solution 

—3 2 

7.34. Calculate the solubility of silver acetate in water at 25 °C, assuming the DHLL to apply; the solubility product is 4.0 x 10 mol 
dnT 6 . 

Solution 

*7.35. Problem 7.30 was concerned with the Gibbs energy change when 1 mol of K + ions are transported from water to a lipid. Estimate 
the electrostatic contribution to the entropy change when this occurs, assuming the dielectric constant of the lipid to be temperature 
independent, and the following values for water at 25 °C: f? = 78; d In e IdT = -0.0046 K Suggest a qualitative explanation for the 
sign of the value you obtain. 

Solution 

*7.36. Assuming the Bom equation (Eq. 7.86) to apply, make an estimate of the reversible work of charging 1 mol of Na + CE in aqueous 
solution at 25 °C (e = 78), under the following conditions: 

a. The electrolyte is present at infinite dilution. 

b. The electrolyte is present at such a concentration that the mean activity coefficient is 0.70. 

The ionic radii are 95 pm for Na + and 181 pm for CF. 

Solution 

7.37. If the solubility product of barium sulfate is 9.2 x 10~ 1 1 mol 2 dnT 6 , calculate the solubility of BaS0 4 in a solution that is 0.10 M in 
NaN0 3 and 0.20 M in Zn(N0 3 ) 2 ; assume the DHLL to apply. 


Solution 
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7 . 38 . Silver chloride, AgCl, is found to have a solubility of 1.561 x 10 5 M in a solution that is 0.01 M in K 2 SO 4 . Assume the DHLL to 
apply and calculate the solubility in pure water. 

Solution 

7 . 39 . The enthalpy of neutralization of a strong acid by a strong base, corresponding to the process 

H + (aq) + OH (aq) — > H 2 O 

is -55.90 kJ mol -1 . The enthalpy of neutralization of HCN by NaOH is -12.13 kJ mol 1 . Make an estimate of the enthalpy of 
dissociation of HCN. 

Solution 

7 . 40 . Make use of the Debye-Hiickel limiting law to estimate the activity coefficients of the ions in an aqueous 0.004 M solution of 
sodium sulfate at 298 K. Estimate also the mean activity coefficient. 

Solution 


Ionic Equilibria 

7 . 41 . A 0.1 M solution of sodium palmitate, Ci 5 H 3 iCOONa, is separated from a 0.2 M solution of sodium chloride by a membrane that is 
permeable to Na + and CE ions but not to palmitate ions. Calculate the concentrations of Na + and Cl~ ions on the two sides of the 
membrane after equilibrium has become established. (For a calculation of the Nemst potential, see Problem 8.18.) 

Solution 


7 . 42 . Consider the ionizations 


H + + H 3 N + CH 2 COO ^ H 3 N + CH 2 COOH ^ H 2 NCH 2 COOH + H + 

Assume that the following acid dissociation constants apply to the ionizations: 

-NH; ^ - NH 2 + H + ; K a = 1 .5 x 1(E 10 M 
-COOH ^ - COO + H + ; K a = 4.0x 10 3 M 

Estimate a value for the equilibrium constant for the process 

H 3 N + CH 3 COO ^H 2 NCH 2 COOH 

Solution 
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7.43. The pK values for the successive ionizations of phosphoric acid are given on p. 308. Which of the four species is predominant at the 
following values of the hydrogen or hydroxide concentration? 

a. [H + ]=0.1M. 

b. [H + ] = 2 x 1(T 3 M. 

c. [H + ] = 5 x 1(T 5 M. 

d. [OH ] = 2 x 10~ 3 M. 

e. [OH ] = 1 M. 

Solution 

7.44. Two solutions of equal volume are separated by a membrane which is permeable to K + and Cl” ions but not to P ions. The initial 
concentrations are as shown below. 


[K + ] = 0.05 M 
[Cl“] = 0.05 M 


[K + ] = 0.15 M 
[PI = 0.15 Af 


Calculate the concentrations on each side of the membrane after equilibrium has become established. (See Problem 8.26 in Chapter 
8 for the calculation of the Nernst potential for this system.) 

Solution 

Essay Questions 

7.45. State Faraday’s two laws of electrolysis and discuss their significance in connection with the electrical nature of matter. 

7.46. Discuss the main ideas that lie behind the Debye-Hiickel theory, as applied to the conductivities of solutions of strong electrolytes. 

7.47. Outline two important methods for determining transport numbers of ions. 

7.48. Explain why Li + has a lower ionic conductivity than Na + and why the value for H + is so much higher than the values for both of 
these ions. 

7.49. Describe briefly the type of hydration found with the following ions in aqueous solution: Li + , BE, H + , OH . 

7.50. What modifications to the Debye-Hiickel limiting law are required to explain the influence of ionic strength on solubilities? 
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Solutions 

7 . 1 . A constant current was passed through a solution of cupric sulfate, CuS0 4 , for 1 h, and 0.040 g of copper was deposited. Calculate 
the current (atomic weight of Cu = 63.5 g mol' 1 ). 

Solution: 

Given: t = 1 h = 3600 s, m = 0.040 g, M = 63.5 g moE 1 
Required: I 

To solve this problem we must use Eq. 7.6 and apply Faraday’s Laws of Electrolysis. Eq. 7.6 is given by, 

Q = It 


Rearranging to solve for I we obtain, 



t 


where Q, is the quantity of electricity. 

Q is proportional to the mass of the element produced at the electrode. Faraday’s constant, given by the symbol F, relates the amount of 
substance deposited to the quantity of electricity, Q, passed through the solution. The charge carried by 1 mol of ions bearing z unit charges 
is zF, wherel F = 96 485 C mol" 1 . 

Hence, 


Q = zF 


C m 3 

k~Mj 


Using the expression above, we can solve for the current through the solution. 
1 = 


zF f m ^ 




The charge on copper in CuS0 4 is Cu 2+ , therefore z = 2 
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2x96 485 C 0-040/ 

3600 s [ 63.5/^01^^ 

/ = 0.033 765 529 3C s ' 
where 1 C s _1 = 1 A 
/ = 33.8 mA 


Back to Problem 7.1 


Back to Top 


Solutions 
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7.2. After passage of a constant current for 45 min, 7.19 mg of silver (atomic weight = 107.9 g mol * 1 ) was deposited from a solution of 
silver nitrate. Calculate the current. 

Solution: 

Given: t = 45 min = 2700 s, m = 7.19 mg = 0.00719 g, M = 107.9 g moC 1 
Required: / 


This problem can be solved in a similar manner as problem 7.1, using the expression for current as, / = 


zF f m ^ 
t \M j 


The charge on silver in AgNC >3 is Ag + , therefore z= 1 

_ 1x96 485C jnol^ f 0.00719 / 

2700 s [ 107.9 y ^ 

/ = 0.002 381 241 7 Cs^ 1 
where 1 C s _1 = 1 A 

1 = 2.4 mA 


Back to Problem 7.2 Back to Top 
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7.3. Electrolysis of molten KBr generates bromine gas, which can be used in industrial bromination processes. How long will it take to 
convert a 500.00-kg batch of phenol (C6H5OH) to monobromophenol using a current of 20 000 A? 

Solution: 

Given: m = 500.00 kg, I = 20 000 A 
Required: t 

To solve this problem, we must first outline the chemical reactions that are taking place. 

(1) 2Br — »Br,(g) + 2 A 

(2) 2K + + 2e~ — » 2K(s) 

(3) C 6 H 5 OH + Br 2 (g) 


C 6 H 4 (Br)OH + HBr 


Two moles of electrons are involved in the generation of each mole of bromine gas, which reacts with one mole of phenol, therefore z = 2. 

Each batch consists of 500.00 kg of phenol therefore converting to the number of moles and we can determine the time required to convert 
all 500.00 kg of phenol into monobromophenol. 


Using Eq. 7.6 and Q = zF 


( m 3 


from problem 6.1, we can solve for t, 
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t 

t 


Q 

I 

zF f m ^ 

T[m , 


M c 6 h,oh = 6 ( 12 - 011 g mol" 1 ) + 6(1.007 94 g mol ') + 15.9994 g mol 1 
^c 6 h 5 oh =94.1 1304 g mor 1 

_ 2x96485CjHof r ( 500.00xl0 3 / 

20 000 A ( 94. 113 04 

where 1 C s 1 = 1 A 


f = 51 260.165 44 s x 

3600 s 


t = 14.238 934 84 h 
t = 14.239 h 


Back to Problem 7.3 


Back to Top 


Solutions 
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7.4. The following are the molar conductivities A of chloroacetic acid in aqueous solution at 25 °C and at various concentrations c: 


1CT 4 M 

A 

Q 1 cm 2 mor 1 


625 

312.5 

156.3 

78.1 

39.1 

19.6 

9.8 

53.1 

72.4 

96.8 

127.7 

164.0 

205.8 

249.2 


i 2 | 

Plot A against c. If A° = 362 Q cm mol , are these values in accord with the Ostwald Dilution Law? What is the value of the 
dissociation constant? (See also Problem 7.11.) 

Solution: 

Given: c, A, A° = 362 Q 1 cm 2 moL 1 


Required: plot of A against c, are these values in accord with the Ostwald Dilution Law, K 
Using the data above, we can create the following plot of A against c. 


Plot of c vs A 
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The Ostwald dilution law is given by Eq. 7.20 as: 

K _ c(A/A°) 2 
1-(A/A°) 


To determine if the data given above follows the Ostwald Dilution Law, we see if we can calculate a fixed value for K, the dissociation 
constant of the solution. 

The results are plotted in the table below. 


c 

A 

K 

10 a M 

Q cm" mol 

M 

625 

53.1 

0.001575951 

312.5 

72.4 

0.0015625 

156.3 

96.8 

0.001525554 

78.1 

127.7 

0.001501592 

39.1 

164 

0.001467205 

19.6 

205.8 

0.001468105 

9.8 

249.2 

0.001490406 


Since the values of K are reasonably constant, we can say that data given above follows the Ostwald Dilution Law. 
The value of the dissociation constant, K, can be calculated from the average of the K values obtained above. 


K 


average 


= 0.001513045 M 


K 


average 


= 1.5x10 3 M 


Back to Problem 7.4 Back to Top 
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7.5. The electrolytic conductivity of a saturated solution of silver chloride, AgCl, in pure water at 25 °C is 1.26 x 10 6 Q 1 cm 1 higher 
than that for the water used. Calculate the solubility of AgCl in water if the molar ionic conductivities are Ag + , 61.9 Q 1 cm 2 mol -1 ; 
Cl", 76.4 fT 1 cm 2 mol" 1 . 

Solution: 

Given: Arc = 1.26xl0" 6 Q 1 cm -1 ,/l A + = 61.9 Q" 1 cm 2 mol" 1 , A a = 76.4 Q" 1 cm 2 mol" 1 
Required: solubility 

The expression for molar conductivity is given by Eq. 7.9. 


A = — 


In order to solve this problem we can use the concentration as a measure of solubility. 

, . ... Arc 
solubility = 


^AgCl 
^AgCl = / ^ Ag + + 


solubihty = 


Arc 


V ^in- 


solubility = ■ 


1.26 xlO" 6 P^ cm 


61.9 P^ cm 2 mol" 1 +76.4 P^ cm 2 mol" 
solubihty = 9.110 629 067 x 10 9 mol cm" 3 
solubility = 9.110 629 067 x 10" 6 mol dm" 3 


solubility = 9. 1 lx 10 6 mol dm 


Back to Problem 7.5 Back to Top 
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7.6. The electrolytic conductivity of a 0.001 M solution of Na 2 SC >4 is 2.6 x 10 4 Q 1 cm -1 . If the solution is saturated with CaSC> 4 , the 
conductivity becomes 7.0 x 10 4 £1, 1 cm Calculate the solubility product for CaS 04 using the following molar conductivities at 
these concentrations: 


X (Na + ) = 50.1 a 1 cm 2 mol -1 ; /l 


fica- 

u 


V 

J 


= 59.50 1 cm 2 mol *. 


Solution: 

GiVen: C Na 2 S0 4 = 0.001 M,K 
T(Na + ) = 50.1 Q 1 


= 2.6x10^0 


— Na ? S0 4 
2 “ 


cm 2 mol \ A 


1 


-Ca 

v2 


-i 


2 + 


cm V, =7.0 x10 _4 Q 1 

— CaS0 4 
2 

A 

=59.5 Q 1 cm 2 mol 1 


cm 


Required: K s for CaS0 4 

To determine the base dissociation constant for CaS 04 , we must first realize which chemical reactions are taking place. 

(1) Na 2 S0 4 ^ 2Na + + S0 4 2 

(2) CaS0 4 ^ Ca 2+ + S0 4 2 ~ 

The solubility product is therefore given by: 

K,=[Ca ! *][S0 4 J -], 

To determine the concentrations of the species in the solution, we will determine the electrolytic and molar conductivities. 

We are given that the initial electrolytic conductivity of the Na 2 SC >4 solution is 2.6 x 10 4 Q 1 cm -1 which is raised to 7.0 x 10 4 Q 1 cm 
upon saturation with CaS 04 .This means the increase in electrolytic conductivity is: 

Ak = 7.0x 10^ Q 1 cm '-2.6x10^ Q" 1 cm ' 

Ak = 4.4 xKE* Q 1 cm 1 

The molar conductivity of the ViCaSCU solution can be calculated using Eq. 7.9. 
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A = — 


A 


A K 

^CaS0 4 2 C 


where c is the concentration of CaS 04 and 2c is the concentration of Vi CaS 04 . 
The molar conductivity of the VfcNa 2 SC >4 solution is: 




A 


-Na 0 SO 4 


f Na 2 S0 4 2C 


-4 o 1 


A 


2.6x10 Q 1 cm 


— Na 2 so 4 2^0.001x10 3 molcm^ 3 j 


A, =130 Q 1 cm 2 mol 1 


Na 9 S0 4 


The molar conductivity of the VfcNa 2 SC >4 is the same as, 


A . — A + + A, 

fNa,S0 4 Na fs0 4 ; 
2 2 


Therefore we can solve for A, to calculate the molar conductivity of the ViCaSC^. 


7-21 


Chapter 7: Solutions of Electrolytes 


Solutions 


A x = A i — A + 

-S0 4 2 - fNa,S0 4 Na 

2 2 

A, =130 Q 1 cm 2 mol -1 -50.1 Q 1 cm 2 mol -1 


-SO, 


A, = 79.9 Q 1 cm 2 mol 1 

Iso/- 


A l ^Ca 1 * ^ ^1 

— CaS0 4 La -SO/ 

2 2 

-1 „ 2 „„i-l 


A, =59.5 Q ‘cm 2 mol ‘+79.9Q 1 cm 2 mol 1 


CaS0 4 


A, =139.4 O 1 cm 2 mor 1 

— CaS0 4 
2 


The concentration of ViCaSCH is therefore given by: 
A K 


c =- 


2A, 


-CaS0 4 


4.4 xKT 4 cm 1 

2(139.4 pr^cm 2 mor I ) 

c= 1.578 192 253x10^ molcnT 3 
c = 1.578 192 253x10 3 mol dm 3 

Solving for K s , 

[Ca 2+ ] = c 

[S0 4 2 ‘] =1.0x10 3 mol dm -3 + c 

2 

The concentration of SO4 ' is influenced by the contributions of YiCaSO^ and 
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K s = c^l.OxlO 3 mol dm 3 +c^ 

K s = 4.068 883 038 x 10^ 6 mol 2 dnT 6 
=4.07x10 6 mol 2 dm 6 


Back to Problem 7.6 


Back to Top 


Solutions 
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7.7. The quantity l/A of a conductance cell (see Eq. 7.8) is called the cell constant. Find the cell constant for a conductance cell in which 
the conductance, G, of a 0.100 M KC1 solution is 0.01178 S at 25 °C. The equivalent conductance for 0.100 M KC1 at 25 °C is 
128.96 S cm" mol . If a 0.0500 M solution of an electrolyte has a measured conductance of 0.00824 S using this cell, what is the 
equivalent conductance of the electrolyte? 

Solution: 

Given: G = 0.01 178 S,T = 25 °C, A = 128.96 S cm 2 mol 1 at c KC1 = 0. 100 M 
G = 0.00824 S, c electrolyte = 0.0500 M 

Required: l/A, A electrolyte 

In order to determine the cell constant, we must first calculate the value for the electrolytic conductance. As we know, this can be obtained 

using Eq. 7.9. 

A = — 
c 

k = cA 

k- = (0.100x 10~ 3 j»(Sf cm 3 )(l28.96 S cm 2 jnol^) 

k — 0.012896 S cm 1 

We can now use Eq. 7.8 to solve for the cell constant, l/A. 
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G(conductance) = k — 

l K 

A~G 

l _ 0.012896 / cm 1 
A" 0.01178 X 

— =1.094 736 842 cm 1 
A 

— =1.09 cm 
A 


The equivalent conductance of the electrolyte in this same cell can be found using the cell constant calculated above and solve for A from 
Eq. 7.9. 



c 


k = G 


A 


A 


electrolyte 


A 


electrolyte 


A 

r 

electrolyte 

(0.00824 S) (1.094 736 842 cm 7 ^ j 
0.0500x10 3 mol cm^ 


A electrolyt e =180.412 631 6 S cm 2 mol 1 

A electrolyte= 1 80Scm 2 mOr 1 


Back to Problem 7.7 Back to Top 
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7.8. A conductivity cell when standardized with 0.01 M KC1 was found to have a resistance of 189 Q. With 0.01 M ammonia solution the 
resistance was 2460 O. Calculate the base dissociation constant of ammonia, given the following molar conductivities at these 
concentrations: 2(K + ) = 73.5 f2 1 cm 2 mol -1 ; 2(CR) = 76.4 f2 1 cm 2 mol -1 ; T(NH 4 ) = 73.4 G 1 cm 2 mol -1 ; 2(OH ) = 198.6 G 1 cm 2 
mol -1 . 

Solution: 

Given: c KC1 = 0.01 M, R = 189 Q, c NH = 0.01M, R = 2460 Q 

/L(k + ) = 73.5G 1 cm 2 mol' 1 , A(cr) = 76.4Q 4 cm 2 mol -1 , /L(nH^) = 73.4 Q 1 cm 2 mol -1 , /l(OH-) = 198.6 Q 1 cm 2 mol 1 
Required: K b 

In order to determine the base dissociation constant for ammonia, we must first outline which chemical reactions are taking place. 

(1) NH 3 + H 2 0 - — ± NH 4 OH 

(2) NH 4 OH^^ NH 4 + + OH 

The base dissociation constant is therefore given by: 

[NH/][OH-] 

6 [nh 4 oh] 

To solve for the concentrations of each species, we may begin by calculating the value for the electrolytic conductance of the standard KC1 

A = — 
c 

k = cA 

■^■kci = + ^cr 

solution in the cell. A KC1 = 73.5 Q 1 cm 2 moR 1 +76.4 Q 1 cm 2 moR 1 
A KC i = 149.9 Q 1 cm 2 moR 1 
/c KG =^0.01x10 3 jndf cm“ 3 )|l49.9 Q 1 cm 2 
/c KC1 = 0.001 499 Q 1 cm -1 
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Recall that the resistance is inversely proportional to the conductance. The electrolytic conductivity of the ammonia solution is therefore, 

R* 


A MI ^KCl X 


l KCl 


R 


NH, 


= 0.001 499 Q 1 cnT 1 x 189 $ 
NH} 2460 0 

/c NH = 1.151 670 732 x 10 ” 4 Q 1 cm 1 


The molar conductivity of NH 4 + + OH is: 

A NH 4 OH = \ Hj + + ^OH 

A N h 4 oh =73.4 Q 1 cm 2 mol 1 +198.6 Q 1 cm 2 moE 1 
A N h 4 oh = 272 EE 1 cnrmoE 1 

Using Eq. 7.9, we can calculate the concentrations of NH 4 + and OH . 


c 

^NH, 

c = — 

■^nh 4 oh 

1.151670 732x10^ £0 cm 1 
c = -7 

272 $T cm 2 moE 1 
c - 4.234 083 572 x KT 7 mol cm 3 
c - 4.234 083 572 x 10 ” 4 mol dm 3 

Knowing that; c = [NH 4 + J = [OH~ J , we can solve for K h . 

NH 4 OH ^ NH 4 + + OH 

C initial 0.01 0 0 mol dm ' 

^equilibrium 0.01 C C C mol dm 
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K [nh/][oh-] 

b [NH 4 OH] 0.01 -c 

(4.234 083 572 xKT* mol dm 3 ) 2 
b 0.01-4.234 083 572x10^ mol 
K b = 1 .872 008 786 x 10 5 mol dm 3 

K b = 1.9x10 5 mol dm 3 

Back to Problem 7.8 


Back to Top 


Solutions 
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7.9. The conductivity of a 0.0312 M solution of a weak base is 1.53 x 10 4 S cm '. If the sum of the limiting ionic conductances for BH + 
and OH is 237.0 S cm mol , what is the value of the base constant K/,? 

Solution: 

Given: c = 0.0312 M,k = 1.53 x 10^ S cm -1 , A° = 237.0 S cm 2 moL 1 
Required: Kb 

In order to determine the base dissociation constant for the solution, we must write out the chemical reaction that is taking place. 

B + H 2 0 BH + + OH 

Since we are told we have a weak base, it is possible to apply Ostw aid’s Dilution Law and introduce the degree of dissociation, a, given by 
Eq. 7.11. 

A 

« = — 

A 


B + 

c(l-a) 


H 2 0 


BH + + OH 

ac ac 


The base dissociation constant is therefore given by Eq. 7.18. 


K u 


ca 


2 


1 -a 


And the degree of dissociation is determined by calculating the molar conductivity of B + H 2 0 using Eq. 7.9. 


A = 


K 


C 


1.53x10^ Scm X 
~ 0.0312xl(T 3 mol cm^ 

A = 4.903 846 154 S cm 2 moL 1 
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The degree of dissociation is therefore, 

_ 4.903 846154/ prfc 
237.0/ 

a = 0.020 691334 

Solving for Kb, we obtain the following: 

(0.0312 mol dm 3 ) (0.020 691 334) 2 
b ~ 1-0.020 691334 

K b =1.363992 486x10 5 mol dm 3 

K h =1.36x10 5 mol dnT 3 


Back to Problem 7.9 


Back to Top 


Solutions 
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is given in the following table. By a linear 

2.00 5.00 10.00 

147.64 145.47 143.15 

Solution: 

Given: T = 25 °C , data given above 
Required: A° KBr 

The relationship between A and c is given by the Debye-Hiickel-Onsager Equation, Eq. 7.53. 

A = A° - (P + QA° )yfc 

In order to solve for A° KBr , we can plot \fc against A, where yfc = V c x 1 0 ; 

£(Jm) A^Scnrmor 1 ) 


0.01581139 

150.16 

0.01897367 

149.87 

0.02236068 

149.55 

0.02738613 

149.12 

0.03162278 

148.78 

0.04 

148.02 

0.04472136 

147.64 

0.07071068 

145.47 


7.10. The equivalent conductance of KBr solutions as a function of concentration at 25 °C 
regression analysis of suitable variables, find the value of A° for KBr. 

c/10~ 3 M 0.25 0.36 0.50 0.75 1.00 1.60 

A/S cm 2 mol" 1 150.16 149.87 149.55 149.12 148.78 148.02 
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Solutions 




0.1 143.15 



M 


From the linear regression, the y- intercept will be the value of A° KBr 

A° KBr = 15 1.41268 S cm 2 moF 1 
A 0 ^ = 151.41 S cm 2 moF 1 


Back to Problem 7.10 Back to Top 
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Solutions 


7 . 11 . Equation 7.20 is one form of Ostwald’s dilution law. Show how it can be linearized (i.e., convert it into a form that will allow 
experimental values of A at various concentrations to be tested by means of a straight-line plot). Explain how A° and K can be 
obtained from the plot. 

Kraus and Callis, J. Amer. Chem. Soc., 45, 2624(1923), obtained the following electrolytic conductivities k for the dissociation of 
tetramethyl tin chloride, (CEG^SnCl, in ethyl alcohol solution at 25.0 °C and at various concentrations c : 

c/10 -4 mol dm~ 3 1.566 2.600 6.219 10.441 

k/ 1 0 -6 fT 1 cm -1 1.788 2.418 4.009 5.336 


By the use of the linear plot you have devised, determine A° and K. 


Solution: 

Given: T = 25 °C , data above 
Required: A°, K 

Ostwald’s dilution law, given by Eq. 7.20 can be linearized in the following manner: 
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Solutions 


K _ c(A/A°) 2 
1-(A/A°) 

^(i-(a/a°))=c(a/a°) 2 
k-k( a/a°) 

(A/A-) 3 

(a-a(a/a°))a° 2 

c = - 5 

A 2 

£A° 2 - £A°A 


cA = 


£A ° 2 

A 


K A° 


From here, we can plot cA against — and determine A° and K. 

A 


We can calculate A from Eq. 7.9 at each concentration given. A = — . This leads to a table of values with the following: 

c 


c 

r 4 mol dm” 3 

K 

10” 6 Q” 1 cm” 1 

A 

fl” 1 cm 2 mol" 1 

cA 

f2 1 cm" 1 

1/A 

-2 

Q cm mol 

1.566 

1.788 

11.417625 

1 .788x1 0" 6 

0.087584 

2.6 

2.418 

9.3 

2.418xl0" 6 

0.107527 

6.219 

4.009 

6.446374 

4.009xl0" 6 

0.155126 

10.441 

5.336 

5.1106216 

5.336xl0" 6 

0.195671 


Now we obtain the following graph: 


7-34 


Chapter 7: Solutions of Electrolytes 


Solutions 





From the linear regression, the y- intercept will be K A° and the slope will be K A ° 2 
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Solutions 


KA° = 0.001 1 1 Q 1 crrT 1 
KA° 2 = 0.03294 Q 2 cm mor 1 

KA° 

AO _ 0.03294Q 2 cm mol 1 
0.00111 Q 1 cm 1 
A 0 = 29.675 675 68 Q 1 cm 2 mol 1 
A° = 30 Q 1 cm 2 moF 1 

0.00111 Q 'em 1 

K = 

A° 

K _ 0.001 lip^cm 1 

29.675 675 68 ^ cm 2 mor 1 
K = 3.740 437158x10 5 mol cm 3 
K = 3.7 x 10 2 mol dm 3 


Back to Problem 7.11 Back to Top 
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Solutions 


7 . 12 . A certain chemical company wishes to dispose of its acetic acid waste into a local river by first diluting it with water to meet the 
regulation that the total acetic acid concentration cannot exceed 1500 ppm by weight. You are asked to design a system using 
conductance to continuously monitor the acid concentration in the water and trigger an alarm if the 1500 ppm limit is exceeded. 
What is the maximum conductance at which the system should trigger an alarm at a constant temperature of 25 °C? (Assume that the 
cell constant is 1.0 cnY 1 and that the density of 1500 ppm acetic acid solution is not appreciably different from that of pure water. 

o 1 c _o 

The A° for acetic acid is 390.7 S cm' mol and K a = 1.81 x 10 mol dm at 25 °C. Ignore the conductance of water.) 

Solution: 


GiVen: C max =1500 ppm, 


A 

7 


: 1 -0 cm' 1 , p M 


p water , A° = 390.7 s cmW, K a = 1.81xl0' 5 mol dm' 3 


T = 25 °C 


Required: G 

In order to solve this problem, we must first convert the concentration from parts per million to SI units. 
1500 g acid 

c = 1500 ppm = — 5 

10 g solution 

1.500 g acid 

c = 

1000 g solution 

M„ li ^, a =2(l2.011gmor‘) + 4(l.007 94gmor 1 ) + 2(l5.9994gmor‘) 

=60.052 56 g mor' 

1.500 d acid 1 

Q — L__ X 

60.052 56 ^ moR 1 1 kg solution 
c = 0.024 978 119 2 mol kg 1 


o 

Since the solution has the same density as water, 1.00 kg of solution has a volume of 1.0 dm . Therefore we can assume the solution has 
concentration, c = 0.0249781192 M. 


The conductance of a solution is given by Eq. 7.8. 
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Solutions 


G(conductance) =k — 

Since acetic acid is a weak acid, we may we use the Ostwald’s Dilution Law, Eq. 7.20, to solve for A . 

K _ c(A/A°) 2 
1-(A/A°) 

K- K ( A/A° ) =c ( a/A° ) 2 * 
^-^(a/a°)- c (a/a°) 2 =0 


To solve for A/A , we use the quadratic equation. 


x = — 
A/A° 
A/A° 


■ b±\lb 2 -4 ac 

2 a 

K ±^K 2 -A[—c)K 

= 

K±^K 2 +4cK 
~ ^2c 


1.81xl0- 5 M±J 1.81x10 5 m ) + 4(0.0249781 192 M)(l.81xKT 5 M 

A/A° = ^ — 

-2(0.0249781 192 M) 

A/A° = 0.026 939 569 1 and -0.026 903 369 1 


We will disregard the negative value and take A/A° = 0.026 939 569 1 to solve for A . 

A = (0.026 939 5691)(A°) 

A = (0.026 939 5691)(390.7 S cm 2 mol 1 ) 

A = 10.525 289 64 S cnrmoL 1 
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Solutions 


Using Eq. 7.9, we can substitute for the value of k and determine the conductance of the solution. 

A = — 
c 

k = cA 

G=k— 

l 

G = (0.024 978 1 1 9 2 jarif dm 3 ) (l0.525 289 64 S cn/jnof 3 ') (l .0 

G =0.262 901 938 9 dm 3 S cm 
G =0.262 901 938 9 x 10 3 cm 3 S cm 
G = 2.629 019 389x10 4 S cm" 

G = 2.63x10^ S cnT 2 


Back to Problem 7.12 Back to Top 
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Solutions 


2 —1 

7.13. How far can the conductivity of water at 25 °C be lowered in theory by removing impurities? The A° (in S cm" mol ) for KOH, 
HC1, and KC1 are, respectively, 274.4, 426.04, and 149.86. K w = 1.008 x 10“ 14 . Compare your answer to the experimental value of 
5.8 x 10 8 S cm* 1 obtained by Kohlrausch and Heydweiller, Z. phys. Chem. 14 , 317(1894). 

Solution: 

Given: A° K0H = 274.4 S cm 2 mol* 1 , A^ C1 = 426.04 S cm 2 mol* 1 , A° KC1 = 149.86 S cm 2 mol* 1 
T = 25 °C, K w = 1.008 x 10* 14 , /r exp = 5.8 x 10* 8 S cm* 1 
Required: k 

The dissociations of each salt in water are given by: 

(1) KOH ^ K + + OH 

(2) HC1^H + +C1* 

(3) KC1^K + +C1* 

By rearranging we find that, 

^H 2 0 = -^KOH ^HCl ~ -^KCl 

A° Hi0 =274.4 S cm 2 mol* 1 +426.04 S cm 2 mol* 1 -149.86 S cm 2 mol* 1 
A° H 0 = 550.58 S cm 2 mol* 1 

In pure water, the only species that conduct electricity are H + and OH* ions. According to K w = [fT][OH j , each have a concentration of 


^ = ^1.008 xlO* 14 mol dm* 3 = 1 .003 999 203 2 x 10 7 mol dm* 3 . 
Since this concentration is very low, we can assume that A H 0 « A^ 0 . 


7-40 


Chapter 7: Solutions of Electrolytes 


Solutions 


c 

k = (l .003 999 203 2 x 10 10 ;a*5f cm' 3 ) (550.58 S cm 2 
k = 5.527 779 329x10 8 S cm 1 
/c = 5.528xl0 8 Scm 1 

Compared to the experimental value of 5.8 x 10 8 S cm 1 , the conductivity determined through this process produces a very similar result. 

Back to Problem 7.13 Back to Top 
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Solutions 


7.14. The radius of the ionic atmosphere (1 Ik) for a univalent electrolyte is 0.964 nm at a concentration of 0.10 M in water at 25 °C 
(e = 78). Estimate the radius (a) in water at a concentration of 0.0001 M and (b) in a solvent of e = 38 at a concentration of 0.10 M. 

Solution: 


Given: — = 0.964 nm, c = 0.10 M, T = 25 °C, e = 78 

K 


Required: see above 


a) Eq. 7.50 indicates that the thickness of the ionic atmosphere is inversely proportional to the square root of the concentration. 

( V /2 

1 _ 

K 


£ o £ KT 

2 Y, c & L 


ro i 

00 r 
\k) Vc 

Therefore the radius in water, where the electrolyte has c = 0.0001 M, can be obtained from the ratio of proportions. 
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Solutions 


f ° 


rn 

Uj 

i _ 

w 


m 

(-] 

w 

(-] 

w 

(-) 


f i A 


\K ) 


f T A 




= ° A ^ (0.964 nm) 

V 0.0001 X 

= 30.484 356 64 nm 


rr 


= 30.5 nm 

\K) 

2 


b) Similarly, we see from Eq. 7.50 that the thickness of the ionic atmosphere is proportional to the square root of the permittivity 

f O r 
— oc Ve 

W 


The radius in water where e = 38 , can be obtained from the ratio of proportions. 
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1 Wi 


m 

UJ 2 

rn 



(0.964 nm) 


= 0.672 855 072 6 nm 


W 2 


rr 


= 0.673 nm 


2 


Back to Problem 7.14 


Back to Top 


Solutions 
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Solutions 


7.15. The molar conductivities of 0.001 M solutions of potassium chloride, sodium chloride, and potassium sulfate 


-K„SO 

2 2 ' 


are 149.9, 


i ^ i 

126.5, and 153.3 £2 cm mol , respectively. Calculate an approximate value for the molar conductivity of a solution of sodium 
sulfate of the same concentration. 


Solution: 

Given: c = 0.001 M 


A Kr , =149.9 0 1 cm 2 mol \ A N n =126.5Q 1 cm 2 mol *, A, =153.3 0 1 cm 2 mol 1 


— k 2 s 0 4 


Required: A , 


Na,S0 4 


The molar conductivity of-^Na 2 S0 4 is given by the combination of the molar conductivities of each salt. We must also subtract the molar 
conductivity of KC1 since we are considering the solution containing only sodium and sulfate ions. 

-A* 


A j — A N q + A | 

— Na 2 S0 4 L -K 2 SO. 


l KC1 


A, 


= 126.5 O 1 cm 2 moC 1 +153.3 O" 1 cm 2 mol" 1 -149.9 O' 1 cm 2 mol' 


— Na 9 SOa 
2 2 4 


A, 


= 129.9 O 1 cm 2 moC 1 


— Na 9 S0 4 
2 


Back to Problem 7.15 Back to Top 
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Solutions 


7 . 16 . The molar conductivity at 18 °C of a 0.0100 M aqueous solution of ammonia is 9.6 FT 1 cm 2 moF 1 . For NH 4 CI, A° = 129.8 FF 1 cm 2 
mol -1 and the molar ionic conductivities of OFT and Cl“ are 174.0 and 65.6 FI 1 cm 2 mol -1 , respectively. Calculate A° for NH 3 and 
the degree of ionization in 0.01 M solution. 

Solution: 

Given: T = 18°C, c NH ^ = 0.0100 M,A NH =9.6 FT 1 cm 2 moF 1 , = 129.8 FF'cm 2 mol -1 , 

2. = 174.0 FF'cm 2 moF 1 , l r = 65.6 FF'cm 2 mol -1 , c = 0.01 M 

OH Cl 

Required: A NHj , a 

In solution, ammonia reacts in following manner, 

NH 3 + H 2 0 ^ NH 4 OH 
NH 4 OH ^ NH 4 + + OH 

As a result, we can obtain A NH from the molar conductivity of NH 4 OH. 

^•nh 4 oh = ^ nh 4 c.i +/ W ~^cr 

A N h 4 oh = 129.8 FF'cm 2 moF 1 +174.0 FF'cm 2 moF 1 -65.6 FF'cm 2 moF 1 
A° N h 4 oh = 238.2 FF'cm 2 moF 1 
A° N h 4 oh =238 FF'cm 2 moF 1 

The degree of dissociation is defined by Eq. 7.1 1 which states, 
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A 

a - — r 

A 

9.6 ptfc jaof 1 ' 
cc — 

238.2 pS prfc jncf 1 ' 
a = 0.040 302 267 
4.0x10 2 


Back to Problem 7.16 


Back to Top 


Solutions 
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Solutions 


7 . 17 . A solution of LiCl was electrolyzed in a Hittorf cell. After a current of 0.79 A had been passed for 2 h, the mass of LiCl in the anode 
compartment had decreased by 0.793 g. 

a. Calculate the transport numbers of the Li + and Cl" ions. 

b. If A° (LiCl) is I 1 5.0 Q cm mol , what are the molar ionic conductivities and the ionic mobilities? 

Solution: 


Given: I = 0.79 A, t = 2 h, A m = 0.793 g, A° = 1 15.0 Cl 1 cnrmol 1 

G LiCl 

Required: see above 

a) To solve this problem, we can use the Hittorf method. This method gives the transport numbers according to Eq. 7.75 and Eq.7.76. 

amount lost from anode compartment amount lost from cathode compartment 

= t + And — t 

amount deposited amount deposited 

We will use the number of moles to measure the amounts of the Li + and CL ions. To determine the total amount deposited, we use Eq. 7.6. 
Q = It 

f 

Q = (0.79 A) 2 X x 3600 


s 

X 


Q = 5688 As 
2 = 5688 C 


In problem 7.1 we found that Q = zFn since the charge carried by 1 mol of ions bearing z unit charges is zF, where 1 F = 96 485 C mol' 1 . 
Solving for n, we can determine the total amount deposited. 


77 = - 


Q 


zF 

amount deposited = 


5688 X 


(l) (96 485 X mol" 1 ) 
amount deposited = 0.058 952 168 7 mol 


The amount lost of LiCl lost in the anode compartment is given by «ci- 
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Solutions 


M ua = 6.941 g mol 1 +35.4527 g mol 1 

M ucx = 42.3927 g mor 1 
0.793 / 

nLiC1 ” 42.3927 y mor 1 
n, iri = 0.018 705 609 6 mol 


The anode reaction that is occurring is Cl — » — Cl 2 + e , therefore 0.058 952 168 7 mol of Cl are removed by electrolysis. The amount lost 
from the anode compartment is given by, n nct = n total - n ua 

fi net —0.058 952168 7 mol — 0.018 705 609 6 mol 
« net = 0.040 246 559 2 mol 

Solving for t c f we obtain, 

_ 0.040 246 559 2 jndf 
+ _ cr ” 0.058 952168 7 jndf 
t o =0.682 698 534 



The second transport number is given byl- t + , 

f - = hr =1 - 

t,. + =1-0.682 698 534 

Li 

t. + =0.317 301466 

Li 

f Li+ = 0.32 
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Solutions 


b) In order to determine the molar ionic conductivities we will use Eq. 7.79 which states, 

K A x 

t. =—r and t =— 

+ A A 


To solve, we rearrange and use A = 115.0 Q 1 cm’mol 1 . 
\r = A t c\ 

X a = (115.0 Q 1 cm 2 moE 1 ) (0.682 698 534) 

X a =78.51033141 Q 1 cm 2 moE 1 
X Qr = 79 Q 1 cm 2 moE 1 


X u = (115.0 Q 1 cm 2 moE')(0.317 301466) 

X [r = 36.489 668 59 Q 1 cm 2 mol 1 
X n+ = 36 Q 1 cm 2 moE 1 

The ionic mobility is given in terms of molar ionic conductivity by Eq. 7.64. 
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X =—=Fu + 

c + 

K 

u + =— 

+ F 

_ 78.51033141 Q 1 cm 2 mol 1 
“ cr ~ 96 485 C 

u cr =8.137 050 465x10 4 Q 1 cm 2 mol -1 C 1 
where 1 Q 1 = 1 A V 1 and 1 A = 1 C s 1 
therefore, 1 Q 1 = 1 C s _1 V -1 

w cr =8.137 050 465x10 4 s 1 V 4 ) cm 2 mol 1 ^ 

u cr =8.137 050 465x10 4 cm 2 mol" 1 V 1 s 1 

u a =8.1x10 4 cm 2 mor 1 V 1 s” 1 

36.489 668 59 Q 1 cm 2 mol 1 

m,. + = 

Ll 96 485 C 

m l . + =3.781900 667x10 4 cm 2 mol -1 V 4 s 1 
u n+ =3.8x10 4 cm 2 moF 1 V 1 s _1 


Back to Problem 7.17 


Back to Top 


Solutions 
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Solutions 


—3 —1 

7 . 18 . A solution of cadmium iodide, Cdl 2 , having a molality of 7.545 x 10 mol kg , was electrolyzed in a Hittorf cell. The mass of 
cadmium deposited at the cathode was 0.03462 g. Solution weighing 152.64 g was withdrawn from the anode compartment and was 
found to contain 0.3718 g of cadmium iodide. Calculate the transport numbers of Cd 2+ and F. 

Solution: 

Given: molality = 7.545 x 10 3 mol kg 1 , m Cd2+ = 0.03462 g, m anodc = 152.64 g, 

™CdI 2 in anode =0-3718 g 
Required: t Cd2+ , t { 

When working with a Hittorf cell, we must use Eq. 7.75 and Eq. 7 .76 to solve for t Cc[2+ and t { . 

amount lost from anode compartment A A amount lost from cathode compartment 

= t + And = t 

amount deposited amount deposited 

The number of coulombs of charge will be used as a measure of each amount. 

The anode compartment initially contained the following number of moles: 

ft, = molality x m anode 

n t = (7.545 xl(T 3 mol Jjg^l52.64 £ xKF 3 

n t =0.001 151 669 mol 

The anode compartment finally contained, 
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m, 


n f = ' 


Cdl 9 in anode 


M 


Cdl, 


M r ,,, = 


1 Cdl 


1 12.41 1 g mol 1 + 2 (126.904 47 g mol 1 ) 


Af CdI = 366.219 94 g mol 


-i 


n f = 


0.3718 / 


366.219 94/ mol -1 
n f =0.001 015 236 9 mol 

The number of moles lost from the anode compartment is therefore, 
n = n i - n , 

n = 0.001 151669 mol -0.001 015 236 9 mol 
77 = 1.364 318 907x10 4 mol 

The total amount of Cd 2+ deposited is calculated by, 


777 


n cd 2+ M 


Cd 


Cd z 


M Cd2 + = 1 12.41 1 g mol 


-i 


n cd- = 


0.03462 / 
112.411/ mol“ 


n 2 + = 3.079 769 773x10 4 mol 

Cd" 


Now it is possible to determine the transport number at the anode. 
1.364 318 907x10 4 mol 


t = 


3.079 769 773x10 4 mol 
t =0.442 993 797 4 


t =0.4430 


Solutions 
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The second transport number is given byl- 

t + =1-0.442 993 797 4 
t + = 0.557 006 202 6 
t + =0.5570 


Back to Problem 7.18 


Back to Top 


Solutions 
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Solutions 


7 . 19 . The transport numbers for HC1 at infinite dilution are estimated to be f = 0.821 and t = 0.179 and the molar conductivity is 426.16 

—1 2 —1 

Q cm' mol . Calculate the mobilities of the hydrogen and chloride ions. 

Solution: 


Given: t. =0.821, t =0.179, A° = 426.16 Q' 1 cm 2 mol' 1 

+ HC1 


Required: u + ,u 


The ionic mobility is given in terms of molar ionic conductivity by Eq. 7.64. 


A° + =^ = Fu + 
c + 


The molar ionic conductivities are given by Eq. 7.79. 
K s ^ ° 

t. =— r and t = — 

+ A A 


By rearranging and substituting equations 7.64 and 7.79, we can obtain an expression for the ionic mobility. 

A° 

u = — 

F 

At 


F 


Now it is possible to solve forw + and u_ . 
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(426.16 Q 1 cm 2 mor 1 )(0.82l) 

“ + _ 96 485 C 

u + = 0.003 626 236 Q 1 cm 2 mol 1 C 1 

where 1 Q 1 = 1 A V 1 and 1 A = 1 C s' 1 

therefore, 1 Q 1 = 1 C s~‘ V 1 

u + = 0.003 626 236 ( ^ s ' V 1 ) cm 2 mol 1 


u + =3.63x10 3 V 1 cm’ mol 1 s 1 


(426.16 Q 'em 2 mol 1 ) 

(0.179) 

U ~ 96 485 C 

u_ =7.906165 725x10 4 V 

cm 2 

mol 1 s 

u =7.91x10^ V 1 cm 2 mol 1 s" 1 



Back to Problem 7.19 


Back to Top 


Solutions 
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Solutions 


7 . 20 . If a potential gradient of 100 V cm 1 is applied to a 0.01 M solution of NaCl, what are the speeds of the Na + and Cl ions? Take the 
ionic conductivities to be those listed in Table 7.3 on p. 291. 

Solution: 

Given: V = 100 V cm ', c NaC1 = 0.01 M, Table 7.3 
Required: v Na+ ,v cr 

The ionic mobility is given in terms of the molar ionic conductivity by Eq. 7.64. 

A° =—=Fu + 

G 

K 

u + = — 

F 

From Table 7.3 we are given that, 

/C a+ = 50.08 S cm 2 moE 1 and A° a _ = 76.31 S cm 2 moE 1 

_ 50.08 S cm 2 jnof^ 

Mn3+ 96 485 C 

u + =5.19044411xl0' 4 Scm 2 C~ 1 

where 1 S = 1 Q 1 and 1 Q 1 = 1 A V 1 and 1 A = 1 C s 1 

therefore, 1 S = 1 C s 1 V ' 

w Na+ =5.190 4441 lx 10 -4 s 1 V 'jcm 2 / 

u + =5.19044411xl0~ 4 V^cmV 

Na 

_ 76.31S cm 2 jnoE^ 
cr 96 485 C 

u o = 7.909 001 399 x lO^ 4 V” 1 cm 2 s 1 
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Solutions 


From section 7.5 we know that, speed = uV. The velocities in a gradient of 100 V cm 1 are thus, 

v Na+ =(5.190 44411x10 4 X^cm^ s ‘)(l00 / 
v + =5.19044411xl0~ 2 cms 1 

Na 

v + = 5.19x10 2 cm s _1 

Na 

v cr = (7.909 001399x10^ X^cn/ s _1 )(l00 / 

v cr =7.909 001399x10 2 cms 4 
v cr = 7.91xl0~ 2 cms 4 


Back to Problem 7.20 Back to Top 


7-58 


Chapter 7: Solutions of Electrolytes 


Solutions 


2 

7 . 21 . A solution of LiCl at a concentration of 0.01 M is contained in a tube having a cross-sectional area of 5 cm'. Calculate the speeds of 


the Li + and Cl ions if a current of 1 A is passed. Use the ion conductivities listed in Table 7.3. 

Solution: 

Given: c LiC1 = 0.01 M, A = 5 cm 2 , 1 = 1 A , Table 7.3 
Required: v u+ , v Q _ 

In order to determine the speeds of the ions, we must find the potential gradient. Once we have this information, we can proceed in a similar 
manner as was done in problem 7.20. 

The potential gradient can be calculated using Ohm’s Law (Eq.7.7) in conjunction with Eq. 7.9. 


R =— and A=— 
/ c 


The specific conductivity of a 0.01 M solution is calculated according to: 


k = cA 


We determine the molar conductivity of LiCl using the data for the ionic conductivities of Li + and Cl found in Table 7.3. 



A° ia = 38.66 S cm 2 mol 1 +76.3 IS cm 1 mol 
A° = 1 14.97 S cm 2 moL 1 


Hence, 



k = 1.1497 xl0~ 3 S cm 


2 

Let us consider the fact that the resistance is inversely proportional to k, and we must factor in the 5 cm' of surface area. 
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Solutions 


1.1497x10 3 Scm X x 5 
R = 173.958 423 9 Q cm 

The potential gradient required to produce a current of 1 A is therefore, 

V =(1 A)(l73.958 423 9Q cm 
where 1 Q = 1 V A -1 

V= 173.958 423 9 V cm 1 

The ionic mobilities can be calculated using Eq. 7.64. 

A° =—=Fu + 
c + 

K 

u + = — 

F 

From Table 7.3 we know that, 
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Solutions 


_ 38.66 S cm 2 jnol^ 

Li+ 96 485 C jncff 1 " 
m l . 4 = 4.006 840 442 x 10 4 S cm 2 C 1 
where 1 S = 1 Q" 1 and 1 Q 1 = 1 A V 1 and 1 A = 1 C s 1 


A° u+ = 38.66 S cm 2 mol 1 and A° cr 


= 76.3 IS cm 2 mol 1 


therefore, IS = 1C s 1 V 1 

n L . + = 4.006 840 442 x 10 4 ( ^ s 1 V" 1 ) cm 2 ^ 

n L . + = 4.006 840 442x10 4 V 1 cm 2 s ' 


_ 76.31 S cm 2 jnof^ 
cr 96 485 C 

u o =7.909 001399x10 4 V 1 cm 2 s 1 


From section 7.5 we are given that, speed = uV. 

v u+ =(4.006 840 442x10 4 V 4 cm 2 s 1 X^cm^ s ‘)(l73.958 4239 / 
v u+ =0.069 702 364 8 cm s _1 
v u+ = 7.0x10 2 cm s _I 


v cr =(7.909 001399x10^ X r cm / s ')(l73.958 423 9 / 
v cr =0.137 583 741 8 cm s ' 
v cr = 0.14 cm s _1 


Back to Problem 7.21 Back to Top 
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Solutions 


7.22. What is the work required to separate in vacuum two particles, one with the charge of the proton, from another particle with the 
same charge of opposite sign? Carry out the calculations for an initial distance of (a) 1.0 nm to an infinite distance apart and (b) 
from 1.0 mm to an infinite distance apart, (c) In (a) how much work would be required if the charge is moved to a distance of 0.1 m? 
The charge on a proton is 1.6 x 1CT 19 C. 


Solution: 

Given: vacuum: Q 1 = -Q 2 ,e = 1.6x 10~ 19 C 
Required: see above 

Recall that work is defined as the application of a force through a distance. This definition is given by Eq. 1.1, dw = F • dl. In this case, the 
force we are concerned with is an electrostatic force, and the distance in a vacuum we use as r. 

From Eq. 7.1, the electrostatic force is given by: 


F = 



m 


To determine the amount of work done, we will take the integral of F with respect to r. 




Since the particles have opposite charges, we will introduce a negative sign. 


r 2 



The permittivity of a vacuum has the value, e 0 = 8.854 x 10 12 C 2 J 1 m 1 . This will be used when solving parts a, b and c. 


7-62 


Chapter 7: Solutions of Electrolytes 


a) 


r x =1.0x10 9 m, =oo m 


w = - 


(i.6xio 19 




4^(8.854x10 12 J2^ J 1 1-0x10 9 ^ 


w = 2.300 862 lxKT 19 J 


w = 2.3xl0~ 19 J 


b) 


r x =1.0x10 m, r, =oo m 


w = — 


(l.6xl0“ 19 f£) A 


t- 


4^(8.854x10 12 J 1 1-0x10 3 


w = 2.300 862 lx 10 25 J 


w = 2.3x10 25 J 


c) 

r. =1.0x10 9 m, r, =0.10 m 


w = — 


(l.6xl0“ 19 


i 


4^(8.854x10 12 J 1 ^{OAOm 1.0x10 9 


w = 2.300 862 lx 10 19 J 


w = 2.3xKT 19 J 


Back to Problem 7.22 
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Solutions 


7.23. According to Bjerrum’s theory of ion association, the number of ions of type i present in a spherical shell of thickness dr and 
distance r from a central ion is 


dN j =N i exp(-z ; z c e 2 /4;r e 0 e rk B T)A7rr 2 dr 

where n and z c are the charge numbers of the ion of type i and of the central ion and e, e 0 , e, and k B have their usual significance. 
Plot the exponential in this expression and also 47tr 2 against r for a uni-univalent electrolyte in water at 25.0 °C (A = 78.3). Allow r 
to have values from 0 to 1 nm. Plot also the product of these functions, which is ( dNJN\)dr and is the probability of finding an ion 
of type i at a distance between r and r + dr of the central ion. 

By differentiation, obtain a value r* for which the probability is a minimum, and calculate the value for water at 25.0 °C. The electrostatic 
potential is given to a good approximation by the first term in Eq. 7.47 on p. 280. Obtain an expression, in terms of k^T, for the electrostatic 
energy between the two univalent ions at this minimum distance, and evaluate this energy at 25 °C. 

Solution: 
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Solutions 


7 . 24 . The following are some conventional standard enthalpies of ions in aqueous solution at 25 °C: 

Ion A// / 7k J moT 4 


H + 

0 

Na + 

-239.7 

Ca 2+ 

-543.1 

Zn 2+ 

-152.3 

cr 

-167.4 

Br 

-120.9 


Calculate the enthalpy of formation in aqueous solution of 1 mol of NaCl, CaCh, and ZnBr 2 , assuming complete dissociation. 

Solution: 

Given: standard enthalpies 
Required: enthalpies of formation 

In order to calculate the enthalpies of formation, we will simply sum up the standard enthalpies of the ions present in the solution. 
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A,H Nn =A r H +A f H 

f NaCl / Na fc\ 

A / H Naci = -239.7 kJ mol 1 -167.4 kJ mol ' 1 


A ; 7/^jaci =-407.1 kJ mol 1 


A f H C!lCh =A f Hl + 2AfH° a 

A j hi Caci , = -543.1 kJ mor 1 -2(167.4 kJ mol - 
A f H CaCli = -877.9 kJmor 1 
\H ZnBt2 =A f Hl + 2A f H° B[ 

AjH ZnBii = -152.3 kJ mol 1 -2(120.9 kJ mol 
^ f H ZnBr2 = -394.1 kJmok 1 


Back to Problem 7.24 


Back to Top 
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Solutions 


7 . 25 . One estimate for the absolute Gibbs energy of hydration of the H + ion in aqueous solution is -1051.4 kJ mol 1 . On this basis, 
calculate the absolute Gibbs energies of hydration of the following ions, whose conventional standard Gibbs energies of hydration 
are as follows: 

Ion A hyd G ° k J mol” 1 


H + 

0 

Na + 

679.1 

Mg 2+ 

274.1 

Al 3+ 

-1346.4 

cr 

-1407.1 

B r“ 

-1393.3 


Solution: 

Given: A hyd G° + (absolute) = -1051.4 kJ mok 1 
Required: A hyd G° (absolute) for each ion 

In order to find the absolute Gibbs energies of hydration, we can either lower the cation’s standard Gibbs energies of hydration, or raise the 
anion’s absolute Gibbs energies of hydration by 105 1.4 kJ mol 1 (per charge). 
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A hyd G° + (absolute) = 0-1051.4 kJ mol 1 


A hyd G° + (absolute) = -1051.4 kJ mol 1 


A hyd G° + (absolute) = 679.1 kJ mol 1 -1051.4 kJ mol 1 

A hyd G° + (absolute) = -372.3 kJ mok 1 


A hyd G° 2+ (absolute) = 274.1 kJ mok 1 - 

2(1051.4 kJ mol) 

A hyd G° 2+ (absolute) = -1828.7 kJ mok 

l 

Ahy d G° 3 + (absolute) = -1346.4 kJ mol 1 -3^1051.4 kJ mol 

A h ydG° 3+ (absolute) = -4500.6 kJ mol 


A hyd G _ (absolute) = -1407.1 kJ mol 1 +1051.4 kJ mol 1 

A hyd G°_ (absolute) = -355.7 kJ mol 1 


A hyd G° _ (absolute) = -1393.3 kJ mok 1 

+ 1051.4 kJ mok 1 

A hyd G° _ (absolute) = -341.9 kJ mok 1 



Back to Problem 7.25 


Back to Top 
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Solutions 


7.26. Calculate the ionic strengths of 0.1 M solutions of KNO 3 , K 2 SO 4 , ZnSC> 4 , ZnCh, and K 4 Fe(CN) 6 ; assume complete dissociation 
and neglect hydrolysis. 

Solution: 

Given: c = 0.1 M 
Required: I 

The ionic strength of a solution is given by Eq. 7.103: 
where Zi is the valency of each ion present. 
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Solutions 


KN0 3 -> K + + N0 3 

'kno, =i(0.1Mxl 2 +0.1Mxl 2 ) 

Acno, =01 M 
K 2 S0 4 -^2K + +S0 4 2 

7 k,so 4 = ^-(0.2 M X l 2 + 0. 1 M X 2 2 ) 

7 k 2 so 4 = 0-3 M 
ZnS0 4 — » Zn 2+ + S0 4 2 ~ 

u4( ftlMx2 ’ +ft| M x2 ') 

7 ZnS0 4 = M 

ZnCl 2 — » Zn 2+ + 2Cr 

^znci, =f(0.1Mx2 2 +0.2Mxl 2 ) 

7 ZnCl 2 = M 

K 4 Fe(CN) fi -> 4K + + Fe(CN) g 4 ~ 

V ( ™).=^( a4Mxl2+aiMx44 ) 


Back to Problem 7.26 Back to Top 
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Solutions 


7.27. Calculate the mean activity coefficient y± for the Ba 2+ and S0 4 ions in a saturated solution of BaSCE (K sp = 9.2 x 10 11 mol 2 dm 6 ) 
in 0.2 M K2SO4, assuming the Debye-Hiickel limiting law to apply. 

Solution: 

Given: BaS0 4 : K sp = 9.2x10 11 mol 2 dnT 6 , c K iS04 =0.2 M 
Required: y+ 

When determining the mean activity coefficient, we use the Debye-Hiickel limiting law given in Eq. 7.111: 
logio y ± = - 0.5 lz + \z_ | tJi/ mol dm 3 

We may then calculate the ionic strength from Eq. 7.103 in the following manner, 

K 2 S0 4 -^2K + +S0 4 " 

7 k SOj = ^-(0.4 Mxl 2 +0.2 Mx2 2 j 
^k 2 so 4 = 0-6 M 

Finally we can solve for the mean activity coefficient which produces; 

log 10 y ± =-0.5l(2x 2) V(k6 

y = iq-o-5K 2 * 2 )'!m 

r ± = 0.026 291949 8 
X ± = 2.6x10 2 


Back to Problem 7.27 Back to Top 
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Solutions 


7 . 28 . The solubility of AgCl in water at 25 °C is 1.274 x 10 mol dm . On the assumption t hat the Debye-Hiickel limiting law applies, 

a. Calculate A G° for the process AgCl(s) —*■ Ag + (aq) + CE(aq). 

b. Calculate the solubility of AgCl in an 0.005 M solution of K2SO4. 

Solution: 

Given: s = 1.274 xKT 5 mol dnT 3 , T = 25 °C 
Required: see above 

a. To calculate the Gibbs energy, we first need to determine the solubility product of AgCl in water. 

Eq. 7.121 shows that K s =[Ag + ][Cr]y+ , and since [Ag + ] = [CE] , we can write 

K=s 2 rl 

We solve for the mean activity coefficient from Eq. 7.111, using the solubility as a measure of ionic strength. 

logic Y± = ~ 0- 5 | z - 1 -\// /mol dm -3 
log 10 r± = - 0.5 1 (1 x 1) >/l .274 x 10 5 

_ jq-0.51(1x1)\/i.274x10" 5 

y ± = 0.995 817 261 4 

The solubility product is then, 

K s = (1.274x10 5 M ) 2 (0.995 817 261 4) 2 
K s = 1 .609 526 59 x HT 10 M 2 

Solving for Gibbs energy, using A G° = -RT In K s , we obtain 


7-72 


Chapter 7: Solutions of Electrolytes 


Solutions 


AG° = (-8.3145J X r mor I )(298.15 X)ln(l.609 526 59xlO‘ 10 M 2 ) 

AG° = 55 900.5 11 31 J mol 1 
AG° = 55.90 kJ mol 1 

b. To solve for the solubility in a solution ofc = 0.005 M K2SO4, we need to calculate the ionic strength since we have a common ion 
present. 

We can calculate the ionic strength from Eq. 7.103 in the following manner, 

/ = -(0.01 Mxl 2 +0.005 Mx2 2 ) 

7 = 0.015 M 

We solve for the mean activity coefficient from Eq. 7.111, using the solubility as a measure of ionic strength, 
logio Y± = -0.5 1 z + 1 z_ | y[l /mol dm 3 

logi 0 y± = -0.51(1x1) Vo.015 
logio r± = -0-062 461988 

_ jq-0.062 461988 

y ± =0.866 04012 

Solving for the solubility by rearranging Eq. 7.121, 
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k s = s 2 rl 



r± 


_ ^1 .609 526 59x10 10 M 2 
' _ 0.86604012 

^ = 1.464 91x10 5 M 


s = 1.46x10 5 M 


Back to Problem 7.28 


Back to Top 
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Solutions 


7.29. Employ Eq. 7.114 
and B' = 0.33 x 10 


Solution: 


lo &10?± 


Back to Problem 7.29 


i~~ i 3/2 

to make plots of log y+ against y/I for a uni-univalent electrolyte in water at 25 °C, with B = 0.51 mol dm 
mol dm ' m , and for the following values of the interionic distance a: 

a = 0, 0.1, 0.2, 0.4, and 0.8 nm 


4i 



Back to Top 
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Solutions 


7 . 30 . Estimate the change in Gibbs energy AG when 1 mol of K + ions (radius 0.133 nm) is transported from aqueous solution (e = 78) to 
the lipid environment of a cell membrane ( e = 4) at 25 °C. 

Solution: 

Given: n = 1 mol, r K+ =0.133 nm, e water = 78, e membrane = 4. T = 25 °C 
Required: AG 

Eq. 7.87 (given below) may be used to estimate the change in Gibbs energy. 

2 2 

G° s = — — 

8n e q e r 

Since we are given 1 mol of K + , we will multiply the expression above by L, Avogadro’s number. 
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8 7t e 0 e r 

(+l) * 2 * * 5 * * * (l. 602x10 19 6.022 xlO 23 mol 1 ) 

8^(8.854x10 12 m^)(0.133xl0 9 

,o 5 222 197.4616 Nmmor 1 


where 1 N m = 1 J 

5 222 197.4616 J mor 1 

(j M = 




5 222 197.4616 J mol 1 
78 

G° =6694.839 251Jmol I 


5 222197.4616 J mor 


"'membrane 


G membrane = 130 549.3654 Jmor 
AG = G . -G t 

es membrane water 


AG° = 130 549.3654 J mol 1 -6694.839 251 J mor 1 
AG.l =123 854.5261 J mor' 


AG =124 kJ mor 


Back to Problem 7.30 


Back to Top 
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Solutions 


7.31. At 18 °C the electrolytic conductivity of a saturated solution of CaF 2 is 3.86 x 1CT 5 Q 1 cm 1 , and that of pure water is 1.5 x 10 6 Q 1 
cm -1 . The molar ionic conductivities of — Ca 2+ and F are 51.1 Q 1 cm 2 mol -1 and 47.0 Q 1 cm 2 mol -1 , respectively. Calculate the 
solubility of CaF 2 in pure water at 18 °C and the solubility product. 

Solution: 

Given: T = 18°C, k C iiV = 3.86 x 10 5 Q 1 cm _1 ,/c HO = 1.5x10 6 Q 1 cm -1 , 


A. = 51.1 Q Am 2 mol l , A = 47.0 Q 'em 2 mol 1 

ica 2+ F 


Required: s, K s 

The expression for the molar conductivity is given by Eq. 7.9: 


A = — 


It is possible to use the concentration to determine the solubility. 


K 


c = 


A 


3caF 2 
2 2 


A , — A . + A 

icaF, 7ca 2+ F 
2 2 2 

A, =51.1 Q 1 cm 2 moF 1 +47.0 Q 1 cm 2 moF 

CaF 2 

2 

Aj = 98.1Q‘ cm 2 moF 1 


CaF ? 

2 


The observed /cduc to the salt is therefore, 
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Solutions 


/c = 3.86x10 5 Q 1 cm - 1 -1.5x10' 6 Q _1 cm 4 

/c = 3.71x10 5 rr 1 cm 4 

3.71x10 5 1 

c = -p 

98.1 cm 2 mol 1 
c = 3.781 855 25 x 10 “ 7 mol cm 3 
c = 3.781 855 25 xlO -4 mol dm 3 

— CaRhas the molar mass, 

2 2 

M, =-(40.078 gmor‘) + !8-998 403 2 g mol 1 

|CaF, 2 v ’ 

M Ca p 2 = 39.037 403 2 g moR 1 

The solubility can now be determined. 

s = (39.037 403 2 g jhoK) ( 3.78 1855 25 xKT 4 jndf dm 3 ) 
5 = 0.014 763 380 8 g dm 3 
5 = 1 .48 x 10 2 g dm -3 

The solubility product is given by, 


*.=[Ca 2 *][>] 



^ =2.70x10 11 mol dm 3 


Back to Problem 7.31 Back to Top 
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Solutions 


7.32. What concentrations of the following have the same ionic strength as 0. 1 M NaCl? 

CuS0 4 , Ni(N0 3 ) 2 , A1 2 (S0 4 ) 3 , Na 3 P0 4 

Assume complete dissociation and neglect hydrolysis. 

Solution: 

Given: c NaC1 =0.1 M 

Required. c CuSOi , c N . j(N0 _^ , c A1 ^ S0 ^^ , c Na POj 

As we have previously seen, the ionic strength of a compound may be determined using Eq. 7.103. 

^ i 

^NaCl = ^(0-l Mxl 2 + 0.1 Mxl 2 ) 

^NaCl = 0. 1 M 

For each salt, we set I = / NaC1 = 0. 1 M to solve fore . 
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0-1 M = — (c CuS04 x2 + c C uso 4 x2 ) 

0. 1 M = 4c C uSC , 4 
c cuso 4 = 2.5x10 M 

O’ 1 M - 2^( C Ni( N °3) 2 X 2 + ^ C Ni(N0 3 ) 2 ) 

0.1M = 3c N i(NO3)2 
c n i( no 3 ) 2 = 3.3x10 2 M 


0.1M 2 ( 2 ^( 504 ) 3 X 3 + 3c Al2 ( S04 ) 3 x 2 j 

0.1 M - 15c A1 ^ so ^ 2 
^ 2 (so 4 ) 3 =6.7 x 10 M 


0. ! M = ^(3c Na3P04 x l 2 + c Na3P04 x 3 2 ) 


0.1 M = 6c 


Na.PO, 


= 1.7x10 2 M 


'Na,PO 


Back to Problem 7.32 Back to Top 
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Solutions 


7.33. The solubility product of PbF 2 at 25.0 °C is 4.0 x 10 9 mol 1 dm 9 . Assuming the Debye-Hiickel limiting law to apply, calculate the 
solubility of PbF 2 in (a) pure water and (b) 0.01 M NaF. 

Solution: 

Given: K s = 4.0 x 10' 9 mol 3 dm' 9 , T = 25 °C 
Required: see above 

a) The dissolution of PbF 2 is written as: PbF 2 — » Pb 2+ + 2F , hence the solubility product is given by: 


K,=[pb 2 *][r] 2 . 


In order to solve for solubility, we must first neglect the effect of the activity coefficients and write, K s = [.s][2.s] = 4.v 3 . 

Solving for s, we obtain, 

4s 3 = 4.0xl0' 9 mol 3 dm' 9 
s = 1.0 x 10' 3 mol dm' 3 

We will determine the activity coefficients of Pb 2+ and F" by applying the Debye-Hiickel limiting law. To solve, we must first calculate the 
ionic strength of PbF 2 from Eq. 7.103. 

7 = ^-(^x2 2 + 2^x1 2 ) 

I = 3s 

I = 3.0x10 3 mol dm 3 

According to the Debye-Hiickel limiting law, Eq. 7.111, 
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Solutions 


logic Y± =-0.51z + |z_|^//moldm 

| /-v-0.5 lz + 1? v'7 /mol dm - " 1 

Y ± — itr 

_ IQ-0.5 l(2xl)V3.0xl0 -3 

r ± =0.879 290 334 3 


In order to find the true solubility, we must factor in the activity coefficients. 

K s =[y + s][2y_s]~ = 4s 3 * 5 * * * 


4y + y_ 2 


4.0x10 9 mol 3 dm 9 

1 4(0.879 290 334 3) 3 

s = 1. 137 280 8 x 10 3 mol dm 3 

5 = 1. 1 x 10 3 mol dm 3 

b) In 0.01 M NaF, the ionic strength is essentially 0.01 mol dm’ . Calculating the activity coefficients, we obtain, 

A -0.5 1 z, \z_\Jl /mol dm -3 

y ± =L\J 1 lv 

r ± =0.790 678 628 
If s is the solubility then, 
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K,=[ p b J *][F] 2 
[Pb 2+ ] = 5 

j^F” J = 0.01 mol drrT 3 

K s = [V + .s , ][V_0.01 mol dm 3 J 

K s =[ r+r _ 2 0.0001 mol 2 dm- 6 ) s 

s = £ 

[y+Y- 0.0001 mol 2 dm 6 ) 

4.0 xlO' 9 mol* dm^ 
s — 

(0.790 678 628) 3 0.0001 jad/ dm^ 
s = 8.092 076 715x10 5 mol dm" 3 
s = 8. 1 x 10 5 mol dm 3 


Back to Problem 7.33 


Back to Top 
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Solutions 


—3 2 

7.34. Calculate the solubility of silver acetate in water at 25 °C, assuming the DHLL to apply; the solubility product is 4.0 x 10 mol 
dm' 6 . 

Solution: 

Given: K s = 4.0 x 10 3 mol 2 dm' 6 , T = 25 °C 


Required: 5 

We will solve this problem in a similar manner as the previous question. We may start by neglecting the activity coefficients to find the first 
approximation of s. 

The dissolution of silver acetate is given by the following: 

AgC 2 H 3 0 2 Ag + +CH 3 COO 


s = J 4.0xl0 J mol 2 dm -6 
s = 0.063 245 553 2 mol dm ' 3 

The ionic strength is thus, 

I = ^-^xl 2 +sxl 2 ) 

I = s = 0.063 245 553 2 mol dm ' 3 

According to the Debye-Hiickel limiting law, Eq. 7.111, 

logm 7± = ~ 0-5 lz+ 1 1 yfT/mo ldnT 3 

_ . ^,-0.51(1x1)^0.063 245 553 2 

y ± - tu 

y ± =0.744 289 325 


The second approximation of the solubility is therefore, 
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Solutions 


K ,=[r + s][rs] = r + r-s 2 



U.OxKT 3 mol 2 dm -6 
]j (0.744 289 325) 2 

5 = 0.084 974 419 3 mol dm 3 
s = 8.5 x 10 2 mol dm -3 


We may continue to take third and fourth approximations by repeating the above steps. 


r ± = io 


-0.51(1x1)^0.084 974419 3 


Y ± =0.710 122 220 4 

VI 


s = 


K 


yj- 


4.0x10 mob dm 


-6 


S = 


(0.710122 220 4)“ 

5 = 0.089 062 912 5 mol dm -3 

The third approximation is then; 


s = 8.9x10 2 mol dm 


r ± = io 


-0.5 1( 1x1)^0.089 0629125 


r ± =0.704 366 363 8 


s = 


s = 


1A. 

r + Y- 


4.0x10 3 mol dm 




(0.704 366 363 8)" 

5 = 0.089 790 706 2 mol dnT 3 
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The fourth approximation is then; 


s = 9.0x10 2 mol dm 3 . 


Back to Problem 7.34 
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Solutions 


7 . 35 . Problem 7.30 was concerned with the Gibbs energy change when 1 mol of K + ions are transported from water to a lipid. Estimate 
the electrostatic contribution to the entropy change when this occurs, assuming the dielectric constant of the lipid to be temperature 
independent, and the following values for water at 25 °C: e = 78; 8 in e !8T = -0.0046 K Suggest a qualitative explanation for the 
sign of the value you obtain. 

Solution: 

Given: Problem 7.30: T = 25 °C, e= 78, = -0.0046 

8T 


Required: A S ° es , explain the sign 

From Problem 7.30, we found the expression for the estimated Gibbs energy, 
o 5 222 197.4616 J moE 1 

G es = 

e 

For the transfer from water to lipid we can say that, 


AG/J mol 1 = 5 222 197.4616 


y ^ lipid water y 


From Eq. 3.1 19: 

f-] 

\dT J P 

hence, A S° = - 


f 8G° A 


8T 


J P 


AS° / J K 1 moE 1 = -5 222 197.4616- 


8T 


^ lipid water y 


Since <? lipid is temperature independent, this leads to: 
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Solutions 


A S° a / J K 1 mol 1 = -5 222 197.4616- 
AS° / J K 1 mol 1 = -5 222 197.4616- 


since 


1 8 £ 1 8 In e 


e L 8T e wate r ST 


AS° es / J K7 1 mol 1 = -5 222 197.4616 

AS° es / J K 1 mol 1 = -5 222 197.4616 
AS° = 30.796 260 56 J K 1 mol 1 


8 

r i 

8T 

v ^ water 

1 

8 £ 

e 2 

water 

8T 

1 

5 In e 


^water ST 


( 1 3 


V78 j 


(-0.0046) 


= 31 J K 1 mol“ 


The entropy increases due to the release of bound water molecules when the K + ions pass into the lipid. 

Back to Problem 7.35 Back to Top 
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Solutions 


7 . 36 . Assuming the Bom equation (Eq. 7.86) to apply, make an estimate of the reversible work of charging 1 mol of Na + Cl in aqueous 
solution at 25 °C {e = 78), under the following conditions: 

a. The electrolyte is present at infinite dilution. 

b. The electrolyte is present at such a concentration that the mean activity coefficient is 0.70. 

The ionic radii are 95 pm for Na + and 181 pm for CE. 

Solution: 

Given: Eq. 7.86, n = 1 mol, T = 25 °C, e= 78 
Required: see above 

a) At infinite dilution, the work of charging an ion is given by Eq.7.86 which states, 

2 2 

z e 

w = 

rev 0 

o7Z r 

For one mole of Na + , we multiply by Avogadro’s number, L and use the ionic radius of r = 95 pm. 

2 2 t 

z e L 

w = 

Na+ 8 7re 0 er 

(+l) 2 (l. 602x10 19 (6.022 xlO 23 mol" 1 ) 

w — - 

Na+ 8^(8.854x10 ^ - 12 m^)(78)(95xl0- 12 

w + = 9372.774 952 N m mok 1 

Na 

w + = 9372.774 952 J moE 1 

Na 

For one mole of Cl", we will multiply by Avogadro’s number, L and use the ionic radius of r = 181 pm. 
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(-l) 2 (l.602xl0 19 jZf/ (6.022 xlO 23 moF 1 ) 

w = - 

C1 8^(8.854x10 12 m^J(78)(l81xl0 12 

w a =4919.412 267 J mol 1 

One mole of Na + Cl at infinite dilution is thus, 

W = W + w 

"rev "W T Cl* 

w rev = 9372.774 952 J moF 1 +4919.412 267 J mol 1 

w rev = 14 292.187 22 J moF 1 
w rev = 14 kJ moF 1 

b) These values are reduced when the electrolyte is at a higher concentration. The work of charging the ionic atmosphere is negative and 
equal to kTlny j . Thus for one mol of Na + ions, of activity y , the work of charging the atmosphere is RT\ny , . Similarly, for the chloride ion, 

the work per mole is RTlny . 

For one mole of Na + Cl 

w re v =RT(\ny + +\ny_) 
w r = RTin(y +r _) 

F-ev = 2 RTlny, 
where y ± = 0.70 

w rev = 2(8.3145 J X r moF‘)(298.15 X)ln0.70 
w rev =-1768.37167 JmoF 1 

The net work done is given by, 

w rev =14 292.187 22 J moF 1 -1768.371 67 J moF 1 
w rev =12 523.815 55 JmoF 1 
w KV = 13 kJ moF 1 
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Back to Problem 7.36 


Back to Top 


Solutions 
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Solutions 


7.37. If the solubility product of barium sulfate is 9.2 x 10 11 mol 2 dm 6 , calculate the solubility of BaS 04 in a solution that is 0.10 M in 
NaNC >3 and 0.20 M in Zn(NC> 3 ) 2 ; assume the DHLL to apply. 

Solution: 

Given: K s = 9.2x10"“ mol 2 dnT 6 ,c mNaN03 = 0.10 M, c inZn(N04 =0.20M 
Required: s 

The expression for the solubility product is given by, 

K,=[Ba 2 *][S0 4 2 -] 

K =[, y , ■'][;■' ■'■] 

2 2 

Ks = r± s 

The ionic strength of the solution is calculated according to Eq.7.103. 

^ / 

/ = i(l 2 X 0. 1 M + 1 2 X 0. 1 M + 2 2 X 0.2 M + 1 2 X 0.4 m) 

7 = 0.70 M 

To find the activity coefficient, we will use the Debye-Hiickel limiting law given by Eq. 7.111. 
logio Y± = - 0.5 lz + \z_ | ^// /mol dm 3 

y jq 0.5I"_4 |y / /nioUJrn ' 

y + =10 -°-5i(2x 2 )Vt77o 

y ± =0.019 643 2591 

If the solubility s is therefore, 
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1 9.2x10 11 mol 2 dm 6 
]j (0.019 643 259 1) 2 
5 = 4.882 928 531xl0~ 4 M 
5 = 4.9x10^ M 


Back to Problem 7.37 


Back to Top 


Solutions 
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Solutions 


7.38. Silver chloride, AgCl, is found to have a solubility of 1.561 x 10 5 M in a solution that is 0.01 M in K 2 SO 4 . Assume the DHLL to 
apply and calculate the solubility in pure water. 

Solution: 

Given: s=1.561x 10 5 M,c = 0.01M 
Required: s 

The expression for the solubility product is given by, 

*,=[V][cr] 

K s =[y + s][y_s\ 

k s = r ± V 

The ionic strength of the solution is calculated according to Eq.7.103. 

I = I(l 2 x 0.02 M + 2 2 x 0.01 M) 

I = 0.03 M 

To determine the activity coefficient, we will use the Debye-Hiickel limiting law, Eq. 7.111. 
logio Y±=- 0.5 \z. + \z _ | J7i moldm -3 

, ^>-0.5U + |j_|^///moldm -3 

Y± ~ tu 

y = ^-0.51(1x1)7003 

y ± =0.815 953 498 4 

If the solubility product is K s , 
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K s =(0.815 953 498 4) i 2 * * (l.561xl0 5 M) 2 
K s =1.622 320 38x10" ~ 10 M 2 

Finally, the solubility in pure water is given by; 

i = -^1.622 320 38 xlO -10 M ! 

^ = 1.273 703 411x10 5 M 

s = 1.3 xlO -5 M 


Back to Problem 7.38 


Back to Top 


Solutions 
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Solutions 


7.39. The enthalpy of neutralization of a strong acid by a strong base, corresponding to the process 

H + (aq) + OH (aq) -»■ H 2 0 

is -55.90 kJ mol 1 . The enthalpy of neutralization of HCN by NaOH is -12.13 kJ mol 1 . Make an estimate of the enthalpy of 
dissociation of HCN. 

Solution: 

Given: AH = -55.90 kJ mol -1 , A aeut H = -12.13 kJ mol 1 


Required: A diss H 

The enthalpy change for the neutralization of HCN by NaOH is less than the value of the 55.90 kJ mol 1 because the energy required for the 
dissociation of HCN, A diss H is given by: 


A „e Ut tf =AH-A d i SS //, hence, 

A diss tf = A//-A neut // 

A diss H = 55.90 kJ mol 1 -12.13 kJ mol 1 


A diss // = A3. 11 kJ mol 1 


Back to Problem 7.39 Back to Top 
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Solutions 


7 . 40 . Make use of the Debye-Hiickel limiting law to estimate the activity coefficients of the ions in an aqueous 0.004 M solution of 
sodium sulfate at 298 K. Estimate also the mean activity coefficient. 

Solution: 

Given: c NaiS04 = 0.004 M, T = 298 K 
Required: 7 Na+ , Y sot , Y ± 

From Eq. 7.104 we can calculate the activity coefficients for each ion. 

log w ri=-Z?ByfI 

As we know, the ionic strength of the solution is calculated using Eq.7.103. 

^ i 

I = !(l 2 x 0.008 M + 2 2 x 0.004 m) 

1 = 0.012 M 


The activity coefficients are therefore, 

1 rv-(+l) 2 0.5W0.012 

Xm ,-= 10 


r + =0.879 290 334 3 

1 Na 


? V = 0 - 879 


Y,-~ =10 


— ia-(' 2 ) 2 °' 5 W °- 012 


SO, 


y 2 _ = 0.597 763 229 5 

SEE 


W =°- 598 


The mean activity coefficient can be determined by using Eq. 7.111 which produces, 
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login Y±=~ 0- 5 lz+ |z_ | V / /mol dm 

i /~\ 0.5 1 z + \z-\Jl /mol dm -3 

y ± =10 1 ^ 


r±= io 


-0.51(1x2)70012 


r ± = 0.773 151 491 9 
/ ± = 0.773 


Back to Problem 7.40 


Back to Top 


Solutions 
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Solutions 


7 . 41 . A 0.1 M solution of sodium palmitate, C^FFiCOONa, is separated from a 0.2 M solution of sodium chloride by a membrane that is 
permeable to Na + and Cl - ions but not to palmitate ions. Calculate the concentrations of Na + and Cl ions on the two sides of the 
membrane after equilibrium has become established. (For a calculation of the Nemst potential, see Problem 8.18.) 

Solution: 

Given: c NaP = 0. 1 M, c NaC1 = 0.2 M 

Required: c Na+ , c on each side of the membrane at equilibrium 


Palmitate Side 

Other Side 

Initial concentrations |^Na + ] = 0 1M 

[Na + ] = 0.2M 

[P“] = 0.1M 

[C1“] = 0.2M 

Final concentrations |^Na + ] = (0 1 M + jc) 

[Na + ] = (0.2 M-jc) 

[P“] = 0.1M 

[cr] = (o.2M-*) 

[cr]=* 



At equilibrium, the final concentration of NaCl on each side of the membrane will be the same. This allows us to solve for x. 

(0.2M-*) 2 =(0.1 + jc)jc 

0.04 - 0.4.x + ^ = 0. lx + X*' 

0.04 = 0.5* 

* = 0.08 
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The final concentrations are thus, 


Palmitate Side 

Final concentrations [Na + ] = (o. 1 M + 0.08 

[Na + ] = 0.18M 

[cr] = 0.08M 


Back to Problem 7.41 


Back to Top 


Solutions 


Other Side 


>a\ 

[ Na+ ] 

- 

= 

1 1 

U U 

= (0.2 M - 
= (0.2 M - 

[Na +_ 

= 

~cr 

= 0.12 M 
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Solutions 


7.42. Consider the ionizations 

H + + H 3 N + CH 2 COO ^ H 3 N + CH 2 COOH ^ H 2 NCH 2 COOH + H + 

Assume that the following acid dissociation constants apply to the ionizations: 

-NH; ^-NH 2 +H + ;^ a =1.5x10 10 M 
-COOH^-COO +H + ;£ a =4.0x10 3 M 

Estimate a value for the equilibrium constant for the process 

H 3 N + CH 3 COO ^H 2 NCH 2 COOH 

Solution: 

Given: K =1.5x10 10 M, /C C00H =4.0x1 0~ 3 M 

H 3 

Required: A x[| . a[Coo 

The equilibrium constant K_ nh+ is given by, 

[h 2 nch 2 cooh][h + ] 
nh 3 ~ [h 3 n + ch 2 cooh] 

And K C00H is given by, 

[H t N + CH,COQ-][H + ] 
co °H [h 3 N + CH 2 COOH] 

We can rearrange the two expressions to obtain an expression for A nh+ch coo , and solve for its value. 
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^NH+CH 3 COO 

NH+CH 3 COO 

TS 

^NH+CH 3 COO 

^NH+CH 3 COO 


^ coon 

[H 2 NCH 2 COOH] 

[h 3 n + ch 2 coo ] 

1.5xlQ- 10 X 

4.0x10^ 3 X 

3.75x10 8 


K 


nh+ch,coo 


3.8xl0^ 8 


Back to Problem 7.42 


Back to Top 


Solutions 
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Solutions 


7 . 43 . The pK values for the successive ionizations of phosphoric acid are given on p. 308. Which of the four species is predominant at the 
following values of the hydrogen or hydroxide concentration? 

a. [H + ] =0.1 M. 

b. [H + ] = 2 x 10~ 3 M. 

c. [H + ] = 5 x 10~ 5 M. 

d. [OH ] = 2 x 10~ 3 M. 

e. [OH ] = 1 M. 

Solution: 

Given: p. 308 
Required: see above 

The successive ionizations of phosphoric acid are given by the following expression. 


pK^l.l pK 2 =7.2 pX 3 = 12.3 

H 3 P0 4 ^ H 2 P0 4 ^ HPO; ^ PO 3 


In order to determine the pH we will use, pH = -log I() [h + ^| and pH = 14-pOH . 


a. pH = -log 10 (O.l) 

pH = 1 

b- P H = -log 10 (2xlO- 3 ) 

pH = 2.698 

c- P H = -log 10 (5xlO- 5 ) 

pH = 4.301 

d- P OH = -log I0 (2xl0- 3 ) 

pOH = 2.698 
pH = 14 -2.698 
pH = 11.304 


H 3 P0 4 is predominant 
HP0 4 is predominant 

HP0 4 is predominant 
HP0 4 is predominant 
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e. pOH = -log 10 l PO^ 

pOH = 0 
pH = 14 


is predominant 


Back to Problem 7.43 


Back to Top 


Solutions 
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Solutions 


1 


7.44. Two solutions of equal volume are separated by a membrane which is permeable to K + and Cl ions but not to P ions. The initial 
concentrations are as shown below. 



[K + ] = 0.05 M 
[CP] = 0.05 M 


[K + ] =0.15 M 
[P ] = 0.15 M 


Calculate the concentrations on each side of the membrane after equilibrium has become established. (See Problem 8.26 in Chapter 
8 for the calculation of the Nernst potential for this system.) 

Solution: 

Given: see above 

Required: c K+ , c on each side of the membrane at equilibrium 
We can solve this problem in a similar manner as problem 7.41. 


Left-hand Side Right-hand Side 


Initial concentrations 

M 

= 0.05 M 

~K + ] = 0.15 M 


~cr~ 

] = 0.05 M 

"P ] = 0.15M 

Final concentrations 


= 0.05 M-* 

~K + ] = 0.15 M + * 


[cr" 

] = 0.05 M - * 

[cr] = * 


[p _ ] = 0.1 M 

At equilibrium, the final concentration of KC1 on each side of the membrane will be the same. This will allow us to solve for x. 

(0.05M-*) 2 = (0.15 + *)* 

0.0025-0.1* + ;/ = 0.15* + / 

0.0025 = 0.25* 

* = 0.01 
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The final concentrations are thus, 


Left-hand Side 


Final concentrations 

>*] 

=1 

C1-] 

= 0.05 M- 


~K + " 

= 

"cr" 

= 0.04 M 


Back to Problem 7.44 


Back to Top 


Solutions 


Right-hand Side 


M 

= 0.15 M + 0.01 M 

M 

[ci-; 

= 0.16 M 
] = 0.01 M 
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Electrode Reactions and Electrode Potentials 


Chapter 8 

*problems with an asterisk are slightly more demanding 

Electrode Reactions and Electrode Potentials 

8 . 1 . Write the electrode reactions, the overall reaction, and the expression for the emf for each of the following reversible cells. 

a. Pt, H 2 (l bar)IHCl(aq)IPt, Cl 2 (l bar) 

b. HglHg 2 Cl 2 (s)IHCl(aq)IPt, H 2 (l bar) 

c. AglAgCl(s)IKCl(aq)IHg 2 Cl 2 (s)IHg 

d. Pt, H 2 (l bar)IHI(aq)IAuI(s)IAu 

e. AglAgCl(s)IKCl(ci) KCl(c 2 )IAgCl(s)IAg 

Solution 

8 . 2 . At 25 °C and pH 7, a solution containing compound A and its reduced form AH 2 has a standard electrode potential of -0.60 V. A 
solution containing B and BH 2 has a standard potential of -0.16 V. If a cell were constructed with these systems as half-cells, 

a. Would AH 2 be oxidized by B or BH 2 oxidized by A under standard conditions? 

b. What would be the reversible emf of the cell? 

c. What would be the effect of pH on the equilibrium ratio [B][AH 2 ]/[A][BH 2 ]? 

Solution 

8 . 3 . Calculate the standard electrode potential for the reaction Cr 2+ + 2e — > Cr at 298 K. The necessary E° values are 

a. Cr 3+ + 3e~ -> Cr E° = -0.14 V 

b. Cr 3+ + e~ —+ Cr 2+ E° = -0.41V 

Solution 
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Thermodynamics of Electrochemical Cells 


8 . 4 . Write the individual electrode reactions and the overall cell reaction for the following cell: 

Pt, H 2 IH + (1 m ) ii F 2 ~, S 2 ~, H + (aq)IPt 
2 — 2 — 

where F" represents the fumarate ion and S the succinate ion. Write the expression for the emf of the cell. 

8 . 5 . Design electrochemical cells in which each of the following reactions occurs: 

a. Ce 4+ (aq) + Fe 2+ (aq) -> Ce 3+ (aq) + Fe 3+ (aq) 

b. Ag + (aq) + CF(aq) — > AgCl(s) 

c. HgO(s) + H 2 (g) — Hg(l) + H 2 0(1) 

In each case, write the representation of the cell and the reactions at the two electrodes. 

Thermodynamics of Electrochemical Cells 

8.6. Calculate the equilibrium constant at 25 °C for the reaction 

2Fe 3+ (aq) + 2F(aq) — ► 2Fe 2+ (aq) + I 2 (s) 
using the standard electrode potentials given in Table 8.1. 

8 . 7 . From data in Table 8.1, calculate the equilibrium constant at 25 °C for the reaction 

Sn + Fe 2+ — > Sn 2+ + Fe 


Solution 


Solution 


Solution 


Solution 
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Thermodynamics of Electrochemical Cells 


8 . 8 . 


8 . 9 . 


* 8 . 10 . 


8 . 11 . 


The standard electrode potential at 25 °C for 

cytochrome c (Fe 3+ ) + e~ — ► cytochrome c (Fe 2+ ) 
is 0.25 V. Calculate A G° for the process 


1 3 

— H 2 (g) + cytochrome c (Fe ) 


H + + cytochrome c (Fe 2+ ) 


Using the values given in Table 8.1, calculate the standard Gibbs energy change A G° for the reaction 


H 2 + -0 2 

2 


H 2 0 


Solution 


Solution 


From the data in Table 8.1, calculate the equilibrium constant at 25 °C for the reaction 

2Cu + — >■ Cu 2+ + Cu 

What will be produced if Cu 2 0 is dissolved in dilute H 2 S 04 ? 


Solution 

For the reaction 3H 2 (g, 1 atm) + Sb 2 0 2 (s, cubic) — > 2Sb(s) + 3H 2 0(1), A G° = -83.7 kJ [Roberts and Fenwick, J. Amer. Chem. Soc., 
50, 2146(1928)]. Calculate the potential developed by the cell 

PtlH 2 (g, 1 atm)IH + ISb 2 03 (s, cubic)ISb(s) 


Which electrode will be positive? 


Solution 
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Nemst Equation and Nemst Potentials 


Nernst Equation and Nernst Potentials 

8.12. Calculate the emf for the following cell at 25 °C: 

Pt, H 2 (l bar)IHCl(0.5 m) i HC1(1.0 m)IPt, H 2 (l bar) 

Solution 

8.13. The pyruvate-lactate system has an E°' value of -0.185 V at 25 °C and pH 7.0. What will be the potential of this system if the 
oxidation has gone to 90% completion? 

Solution 

8.14. a. From the data in Table 8.1, calculate the standard electrode potential for the half-reaction 

Fe 3+ + 3e~ — > Fe 

b. Calculate the emf at 25 °C of the cell 

PtlSn 2+ (0. 1 m), Sn 4+ (0.01 m) Fe 3+ (0.5 m)IFe 

Solution 

8.15. The cell PtlH 2 (l bar), H + KCl(saturated)IHg 2 Cl 2 IHg was used to measure the pH of a solution of 0.010 M acetic acid in 0.0358 M 
sodium acetate. Calculate the cell potential expected at 25 °C [K a = 1.81 x 10 3 for acetic acid]. 

Solution 

8.16. The voltage required to electrolyze certain solutions changes as the electrolysis proceeds because the concentrations in the solution 

a 

are changing. In an experiment, 500 dm of a 0.0500 M solution of copper (II) bromide was electrolyzed until 2.872 g Cu was 
deposited. Calculate the theoretical minimum voltage required to sustain the electrolysis reaction at the beginning and at the end of 
the experiment. 


Solution 


8-5 


Chapter 8: Electrochemical Cells 


Nemst Equation and Nemst Potentials 


8.17. Calculate the concentration of I 3 in a standard solution of iodine in 0.5 M KI, making use of the following standard electrode 
potentials: 

h + 2e~ — > 2T E° = 0.5355 V 

I- + 2e~ — 3r E° = 0.5365 V 

The molality of Fin the standard solution can be assumed to be 0.5 m. 

Solution 

8.18. Calculate the Nemst potential at 25 °C arising from the equilibrium established in Problem 7.41. 

Solution 

8.19. It might seem plausible to separate lead and gold by making use of the great difference between their standard electrode potentials 
(Table 8.1). In order to test this idea, one might electrolyze a solution containing 0.0100 M AuNCF and 0.0100 M Pb(NC> 3)2 in a 
well-stirred tank using platinum electrodes at low current density. As the potential difference is slowly increased from zero, which 
metal will be deposited first? What will be the concentration of this metal ion in solution when the second metal begins to be 
deposited? Do you think this is an acceptable method of separating the two metals? 

Solution 

8.20. Calculate the emf of the cell 


Pt, H 2 (l bar)IHCl(0.1 m) HC1(0.2 m)IPt, H 2 (10 bar) 

Solution 

*8.21. Suppose that the cell in Problem 8.20 is set up but that the two solutions are separated by a membrane that is permeable to H + ions 
but impermeable to Cl - ions. What will be the emf of the cell at 25 °C? 


Solution 
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Nemst Equation and Nemst Potentials 


* 8 . 22 . A typical biological cell has a volume of 10 J cm 3 , a surface area of 10 6 cm 2 , and a membrane thickness of 10 6 cm; the dielectric 
constant of the membrane may be taken as 3. Suppose that the concentration of K + ions inside the cell is 0.155 M and that the Nernst 
potential across the cell wall is 0.085 V. 

a. Calculate the net charge on either side of the wall, and 

b. Calculate the fraction of the K + ions in the cell that are required to produce this charge. 

Solution 

* 8 . 23 . Calculate the emf at 25 °C of the cell 

Pt, H 2 (l bar)IH 2 S0 4 (0.001 m)ICrS0 4 (s)ICr 
given the following standard electrode potential: 

CrS0 4 (s) + 2e -»• Cr + SO“ £° = -0.40 V 

a. First make the calculation neglecting activity coefficient corrections. 

b. Then make the calculation using activity coefficients estimated on the basis of the Debye-Hiickel limiting law. 

Solution 

* 8 . 24 . Write the individual electrode reactions and the overall reaction for 

CulCuCl 2 (aq)IAgCl(s)IAg 

If the emf of the cell is 0.191 V when the concentration of CuCl 2 is 1.0 x 1 0 4 M and is -0.074 V when the concentration is 0.20 M, 
make an estimate of the mean activity coefficient in the latter solution. 


Solution 
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Nemst Equation and Nemst Potentials 


*8.25. a. Write both electrode reactions and the overall reaction for the cell 

TllTlCl(s)ICdCl 2 (0.01 m)ICd 

b. Calculate E and E° for this cell at 25 °C from the following information: 

Tl + + T1 E° = -0.34 V 

Cd 2+ + 2e~ -»■ Cd E° = -0.40 V 


The solubility product for T1C1 is 1.6 x 10 3 mol 2 dm 6 at 25 °C. 


Solution 

8.26. Problem 7.44 involved calculating the concentrations on each side of a membrane after a Donnan equilibrium had become 
established. Which side of the membrane is positively charged? Calculate the Nernst potential across the membrane if the 
temperature is 37 °C. 


Solution 


8.27. 


The oxidation of lactate to pyruvate by the oxidized form of cytochrome c — represented as cytochrome c (Fe 3+ ) — is an important 
biological reaction. The following are the relevant E 0 ' values, relating to pH 7 and 25 °C: 


pyruvate + 2H + + 2e —> lactate 

cytochrome c (Fe 3+ ) + e~ — » cytochrome c (Fe 2+ ) 


E°'N 

-0.185 

0.254 


Calculate the equilibrium ratio 


[cytochrome c (Fe ?+ )f [pyruvate ] 
[cytochrome c (Fe 3+ )] 2 [lactate ] 

at pH 7 and 25 °C. Also calculate the ratio at pH 6. 


Solution 
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Nemst Equation and Nemst Potentials 


8.28. Suppose that the cell 

Agl AgCl(s) IHC1(0. 1 0 m) \ HC1(0.01 m)IAgCl(s)IAg 

is set up and that the membrane separating the two solutions is permeable only to H + ions. What is the emf of the cell at 25 °C? 

Solution 


8.29. a. Consider the cell 

Pt, H 2 (l bar)IHCl(mi) i HCl(m 2 )IPt, H 2 (l bar) 

in which the solutions are separated by a partition that is permeable to both H + and Cl". The ratio of the speeds with which these ions 
pass through the membrane is the ratio of their transport numbers t+ and f_. Derive an expression for the emf of this cell. 

b. If when ni\ = 0.01 m and m 2 = 0.01 m the emf is 0.0190 V, what are the transport numbers of the H + and CP ions? 

Solution 

8.30. The metal M forms a soluble nitrate and a very slightly soluble chloride. The cell 

MIM + (0.1 m ), HNO 3 (0.2 ot)IH 2 (1 bar), Pt 

has a measured E = -0.40 V at 298.15 K. When sufficient solid KC1 is added to make the solution of the cell 0.20 m in K + , the emf 
changes to -0.15 V at 298.15 K as MCI precipitates. Calculate the K sp of MCI, taking all activity coefficients to be unity. 


Solution 
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8.31. The substance nicotinamide adenine dinucleotide (NAD + ) plays an important role in biological systems; under the action of certain 
enzymes it can react with a reducing agent and release a proton to the solution to form its reduced form NADH. With pyruvate the 
reduced form NADH undergoes the reaction 

NADH + pyruvate” + H + ^ NAD + + lactate” 

The appropriate E°' values, relating to 25 °C and pH 7, are 

pyruvate” + 2H + +2e” — > lactate” E°' = -0. 19 V 

NAD + + H + + 2e~ -> NADH E°' = -0.34 V 


Use these values to calculate AG 0 ' for the reaction, and also the equilibrium ratio 

[lactate” ][NAD + ] 

[pyruvate” ] [NADH] 

(a) at pH 7, and (b) at pH 8. 

Solution 

Temperature Dependence of Cell emfs 

8.32. a. Calculate the standard emf E° for the reaction 

fumarate + lactate — > succinate' + pyruvate 
on the basis of the following information: 

fumarate 2 ” + 2H + + 2e” — ► succinate 2 ” E°'= 0.03 1 V 

pyruvate” + 2H + + 2e” — > lactate” E°' = -0. 1 85 V 

The E°' values relate to pH 7. The temperature coefficient dE/dT for this cell is 2.18 x 10” 5 V K” 1 . 
b. Calculate A G°, A H°, and AS 0 at 25 °C. 

Solution 
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Temperature Dependence of Cell emfs 


8 . 33 . The Weston standard cell (see Figure 8.2b) is 

Cd amalgamlCdSC >4 • ^-H 2 0(s)IHg 2 SC>4(s), Hg 
(saturated solution) 


a. Write the cell reaction. 

b. At 25 °C, the emf is 1.018 32 V and 8E°/8T = -5.00 x 10“ 5 V K ] . Calculate A G°, A H°, and AS 0 . 


8 . 34 . Salstrom and Hildebrand [/. Amer. Chem. Soc., 52, 4650(1930)] reported the following data for the cell 

Ag(s)IAgBr(s)IHBr(aq)IBr 2 (g, 1 atm)IPt 


t/° C 
E/V 


442.3 

0.8031 


456.0 

0.7989 


490.9 

0.7887 


521.4 

0.7803 


538.3 

0.7751 


Solution 


556.2 

0.7702 


Find the temperature coefficient for this cell assuming a linear dependence of the cell potential with temperature. What is the 
entropy change for the cell reaction? 


Solution 

8 . 35 . The reaction taking place in the cell Mg(s)IMg 2+ (aq), CF(aq)ICl 2 (g,l atm)IPt is found to have an entropy change of -337.3 J KT 1 
moF 1 under standard conditions. What is the temperature coefficient for the cell? 


Solution 
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Temperature Dependence of Cell emfs 


*8.36. a. Estimate the Gibbs energy of formation of the fumarate ion, using data in Problem 8.32 and the following values. 

A fG° (succinate, aq) = -690.44 kJ mol -1 
A fG° (acetaldehyde, aq) = 139.08 kJ moE 1 
A fG° (ethanol, aq) = -181.75 kJ mol* 1 
acetaldehyde + 2H + + 2 A — > ethanol E 0 ' = -0.197 V 


b. If the 8E°/8T value for the process 

2 — 2 — 

fumarate + ethanol — > succinate' + acetaldehyde 

is 1.45 x 10* 4 V K ', estimate the enthalpy of formation of the fumarate ion from the following values. 

A fH° (succinate, aq) = -908.68 kJ mol* 1 
A fH° (acetaldehyde, aq) = -210.66 kJ mol* 1 
A fH° (ethanol, aq) = -287.02 kJ mol* 1 


*8.37. a. Calculate the emf at 298.15 K for the cell 

TllTIBrIHBr (unit activity) IH2(1 bar), Pt 
b. Calculate AH for the cell reaction in the following cell. 

TllTl + (unit activity), H + (unit activity)IH 2 (l bar), Pt 

For the half-cell 


Tl + + e -> T1 E° = 0.34 V 
8E/8T = -0.003 V/K and 
/Gp(TlBr) = 10* 4 mol 2 dm* 6 


Solution 


Solution 
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Applications of emf Measurements 


Applications of emf Measurements 

8.38. Calculate the solubility product and the solubility of AgBr at 25 °C on the basis of the following standard electrode potentials: 


AgBr(s) + e — > Ag + Br 
Ag + + e -> Ag 

8.39. The emf of a cell 


E° = 0.0713 V 
E° = 0.7996 V 

Solution 


Pt, H 2 (l bar) IHCl(aq) I AgCl(s) I Ag 

was found to be 0.517 V at 25 °C. Calculate the pH of the HC1 solution. 


Solution 


8 . 40 . The emf of the cell 


AglAgI(s)I (aq) Ag + (ag)IAg 

is -0.9509 V at 25 °C. Calculate the solubility and the solubility product of Agl at that temperature. 


Solution 

8 . 41 . An electrochemical cell M(s)IMCl(aq, 1.0 m)IAgCl(s)IAg(s), where MCI is the chloride salt of the metal electrode M, yields a cell 
potential of 0.2053 V at 25 °C. What is the mean activity coefficient y± of the electrolyte MCI? E° for the M(s)IM + electrode is 
0.0254 V. 


Solution 


8 . 42 . The following thermodynamic data apply to the complete oxidation of butane at 25 °C. 

C 4 H 10 (g) + (13/2)0 2 (g) — 4C0 2 (g) + 5H 2 0(1) 

AH 0 = -2877 kJ mol 1 
A S° = -432.7 J K 1 moP 1 

Suppose that a completely efficient fuel cell could be set up utilizing this reaction. Calculate (a) the maximum electrical work and 
(b) the maximum total work that could be obtained at 25 °C. 


Chapter 8: Electrochemical Cells 


Essay Questions 


* 8 . 43 . At 298 K the emf of the cell 

Cd, HglCdCl 2 (aq, 0.01 m ), AgCl(s)IAg 
is 0.7585 V. The standard emf of the cell is 0.5732 V. 

a. Calculate the mean activity coefficient for the Cd 2+ and Cl ions. 

b. Compare the value with that estimated from the Debye-Hiickel limiting law, and comment on any difference. 


Solution 


Solution 


* 8 . 44 . The following emf values were obtained by H. S. Hamed and Copson [7. Amer. Chem. Soc., 55, 2206(1933)] at 25 °C for the cell 

Pt,H 2 (l bar)ILiOH(0.01 m ), LiCl(m)IAgCl(s)IAg 

at various molalities m of LiCl: 

m/mol kg -1 0.01 0.02 

E/V 1.0498 1.0318 

Obtain from these data the ionic product of water. 

Solution 

Essay Questions 

8 . 45 . Explain how emf measurements can be used to obtain A G°, A H°, and A S° for a reaction. 

8 . 46 . Suggest an additional example, giving details, for each of the electrochemical cells listed in Figure 8.8. 


0.05 0.10 0.20 

1.0076 1.9888 0.9696 
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Solutions 


Solutions 

8 . 1 . Write the electrode reactions, the overall reaction, and the expression for the emf for each of the following reversible cells. 


a. Pt, H 2 (l bar)IHCl(aq)IPt, Cl 2 (l bar) 

b. HglHg 2 Cl 2 (s)IHCl(aq)IPt, H 2 (l bar) 

c. AglAgCl(s)IKCl(aq)IHg 2 Cl 2 (s)IHg 

d. Pt, H 2 (l bar)IHI(aq)IAuI(s)IAu 

e. Agl AgCl(s) IKCl(c i ) i KCl(c 2 )IAgCl(s)IAg 
Solution: 

Given: see above 

Required: electrode reactions, the overall reaction, and the expression for the emf 
We calculate the emf, or electromotive force, from Eq. 8.13 


E °-— In 
zF 


f 


•m v [z] 

[A] fl [B] fc •• 


V 


where z is the number of electrons. 


Electrode reactions 

Overall reaction 

EMF 

H 2 -^2H + +2A 
Cl 2 + 1e -^2CE 

H 2 +C1 2 ^2H + + 2CE 
z = 2 

E = E°~— Inf 
IF l 

[h*] ! 

[erf 

r 

2Hg (1) + 2CE Hg 2 Cl 2 + 2e 
2H + + 2e H 2 

2Hg (1) + 2CE + 2H + -> Hg 2 Cl 2 + H 2 
z = 2 

RT 

r - J7° i n 


1 

Y 

IF 

RT 

E = E° + In 

IF \ 

[H*] ! [cr] 

[ir] 2 [cr] ! 

2 

J 

)’ 
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Solutions 


Ag(s) + Cr ->AgCl(s) + <T 
Hg 2 Cl 2 (s) + 2e -> 2Hg (s) + 2C1“ 

2Ag (s) + Hg 2 Cl 2 (s) -> 2AgCl(s) + 2Hg (s) 
z = 2 

No concentration dependence, 
therefore E = E° 

2 H 2(§)^ H++e 
Aul(s) + ->Au(s) + r 

Aul(s) + ^-H 2 (g) — >Au(s) + H + +1" 

z = 1 

£,=£, °-y" ln ([ H *][ I ])" 

Ag (s) + Cr (cj ) -> AgCl(s) + e 
AgCl(s) + e~ -> Ag (s) + Cr (c 2 ) 

cr (<-,)-> cr (c 2 ) 
z = l 

F V C 2 ) 


Back to Problem 8.1 Back to Top 
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Solutions 


8.2. At 25 °C and pH 7, a solution containing compound A and its reduced form AH 2 has a standard electrode potential of -0.60 V. A 
solution containing B and BHo has a standard potential of -0.16 V. If a cell were constructed with these systems as half-cells, 

a. Would AHo be oxidized by B or BHi oxidized by A under standard conditions? 

b. What would be the reversible emf of the cell? 

c. What would be the effect of pH on the equilibrium ratio [B][AH 2 ]/[A][BH 2 ]? 

Solution: 

Given: T = 25 °C, pH = 7 ,E° A = -0.60 V, E° = -0. 1 6 V 
Required: see above 

a. The reduction potential for each half reaction is: 

A + 2H + + 2e — » AH 2 E° = - 0.60 V 

B + 2H + + 2e — » BH 2 E° = -0.16 V 

We reverse the first reaction since we require a positive potential for the overall reaction to be spontaneous in the forward direction. 
Therefore AH 2 is oxidized. 

AH 2 +B^A + BH 2 


b. The reversible emf would be 
E = E b — E a 

E = -0.16 V -(-0.60 V) 

E = 0.44 V 


[bITahJ 

c. The equilibrium ratio is given by K = ± — y- . There is no dependence of [H 3 0 ] in the equilibrium expression, 

[A][BH 2 ] 

containing entities cancel in the numerator and denominator. As a result, there is no effect of pH on the equilibrium 


Back to Problem 8.2 


Back to Top 


and the hydrogen- 
ratio. 
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Solutions 


8.3. Calculate the standard electrode potential for the reaction Cr 2+ + 2e — > Cr at 298 K. The necessary E° values are 

a. Cr 3+ + 3e~ -*■ Cr E° = -0.74 V 

b. Cr 3+ + e -»• Cr 2+ E° = -0.41V 

Solution: 

Given: see above 
Required: E° for Cr 2+ 

To solve this problem, we follow Example 8.3. 

We first calculate the A G° values for these two reactions using Eq. 8.2 
A G°=-zFE° 

Cr 3+ + 3e~ — » Cr AG,° = -3x96 485 J mol 1 x(-0.74V) = 2.22 Vx 96 485 J mol 1 (1) 

Cr 3+ +e~ —> Cr 2+ AG 2 ° = -1x96 485 J moE 1 x (-0.41V) = 0.41 Vx 96 485 J moE 1 (2) The reaction Cr 2+ + 2e~ 

by subtracting reaction (2) from reaction (1), and the A G° for this reaction is obtained from by subtracting AG 2 from AG, . 
AG° = AG,°-AG° 

A G° = 2.22 V x 96 485 J mol 1 - 0.41 V x 96 485 J mol 1 1 
AG° = 1.81 Vx96 485 J mol -1 
AG° = 1.81 Y xF 

We solve for E° by rearranging Eq. 8.2 and setting z = 2 . 

E° 

-zF 

go 1.81V/ 

- 2 / 

E° = -0.905 V 
E° = - 0.91V 


Back to Problem 8.3 Back to Top 


Cr is obtained 
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Solutions 


8.4. Write the individual electrode reactions and the overall cell reaction for the following cell: 

Pt, H 2 IH + (1 m ) ii F 2 ~, S 2 ~, H + (aq)IPt 

2 — 9 _ 

where F represents the fumarate ion and S the succinate ion. Write the expression for the emf of the cell. 
Solution: 

Given: see above 


Required: E 


We first write down the half reactions that are occurring in this cell. 
LHS electrode H 2 — » 2H + (l m) + 2e 

RHS electrode 2e~ + 2H + (aq) + F 2 -> S 2 ~ 

The overall reaction is, 

2H + (aq) + F 2 ~ + H 2 ->2H + (lm) + S 2 “ 

The expression for the emf of the cell is determined from Eq. 8.13, 


£=£°_^ ln 

zF 


RT 


•m-w 

[A] a [B] 4 - 

[s 2 -][ h+ ] 


2 \ u 


2 F " 

V 


H : q 

rj 

E E° RT Inf 

's 2 -](lm) 2 "| 

IF 

\ 

F 2 " 

|[cf 

J 


Where [H + ]=C is the concentration of [H + ] on the LHS. 

We drop the superscript u since we have numerical values for the concentration. 


Back to Problem 8.4 Back to Top 
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Solutions 


8.5. Design electrochemical cells in which each of the following reactions occurs: 

a. Ce 4+ (aq) + Fe 2+ (aq) -► Ce 3+ (aq) + Fe 3+ (aq) 

b. Ag + (aq) + CF(aq) — ► AgCl(s) 

c. HgO(s) + H 2 (g) - Hg(l) + HoO(l) 

In each case, write the representation of the cell and the reactions at the two electrodes. 

Solution: 

Given: see above 

Required: design the electrochemical cells 

a. In writing the representation of the cell, the oxidation reaction always occurs at the anode, which is placed at the left-hand position of 
the cell. In this case, Fe 2+ is losing electrons, and therefore the oxidation process is: 

Fe 2+ — » Fe 3+ + A 

The cathode reaction is written on the right-hand side of the cell and is: 

Ce 4+ + e” — » Ce 3+ 

This is where reduction occurs. The overall reaction is the sum of these two reactions. The cell representation is: 

Fe 3+ (aq) I Fe 2+ (aq) Ce 4+ (aq)l Ce 3+ (aq) 

b. Upon examining the standard reduction potentials in Table 8. 1, we see that the following half reactions can be combined to give the 
cited reaction. 

Ag + (aq) + e~ —> Ag E° = 0.7996 V (1) 

AgCl(s) + e ^Ag + Cl - (aq) E° = 0.22233 V (2) 

Reversal of equation (2), and then addition to equation (1) gives the overall desired equation: 

Ag + (aq) + Cl" (aq) AgCl(s) 
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Solutions 


Equation (1) is the reduction reaction and is placed on the right-hand side of the cell. The anode reaction is placed on the left-hand side of 
the cell representation. 

Agl AgCl(s) ICl'(aq) iS Ag + (aq)IAg(s) 

The voltage of this cell is the right-hand reduction potential minus the left-hand reduction potential. 

e°=e;-e° 2 

E° = 0.7996 V -0.22233 V 
E° = 0.511 27 V 

c. HgO undergoes reduction to Hg and is the cathode. EE is oxidized 
8.1 and the SRP Table. 

2H 2 0 + 2e~ -> H 2 + 20H E° = -0.8277 V 

HgO + H 2 0 + 2e -> Hg + 20H E° = 0.0977 V 


and is the anode. The electrode potentials are obtained from Table 

( 3 ) 

( 4 ) 


Reversing the sense of equation (3) and adding to (4) gives, 
HgO(s) + H 2 (g) — » Hg(l) + H 2 0(1) 

The cell is represented by 

Pt, H 2 (g)IH 2 0(l),0H (aq) ii HgO (s),H 2 OIOH (aq) IHg(l) 
The cell potential is 
E° = E\-E , 3 ° 

E° = 0.0911 V- (-0.8277 V) 

E° = 0.9254 V 


Back to Problem 8.5 Back to Top 
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8.6. Calculate the equilibrium constant at 25 °C for the reaction 

2Fe 3+ (aq) + 2F(aq) 

using the standard electrode potentials given in Table 8.1. 
Solution: 

Given: Table 8.1 
Required: K 

We can calculate the equilibrium constant from Eq. 8.7 


E°/V = 0-0257 In K° 


K° = exp 


f z{E° IV)' 
v 0.0257 , 


The half cell reactions are 


Fe 3+ + e~ -> Fe 2+ 

I 2 + 2e~ -> 21 

And the overall emf is 


E° = 0.771 V 
E° =0.5355 V 


£’° = 0.771 V-0.5355 V 
E° = 0.2355 V 


We solve for K with z = 2 , 


Solutions 


2Fe 2+ (aq) + I 2 (s) 
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K° = exp 


2(0.2355)' 


v 0.0257 ) 
K° =exp(l8.32684825) 
K° =91 043 525.2 


K° =9.10xl0 7 


Back to Problem 8.6 


Back to Top 


Solutions 
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Solutions 


8.7. From data in Table 8.1, calculate the equilibrium constant at 25 °C for the reaction 

Sn + Fe 2+ — > Sn 2+ + Fe 

Solution: 

Given: Table 8.1 
Required: K 

We follow the same procedure as we did in problem 8.6 to solve for the equilibrium constant. 
The half cell reactions are 


Fe 2+ + 2e~ -> Fe E° = -0.447 V 

Sn 2+ + 2e~ — » Sn E° =-0.1375 V 


The overall emf is 

E° = -0.447 V- (-0.1375 V) 
E° = -0.3095 V 


Solving for K with z = 2 gives, 

( 2(-0. 3095^| 

K = exp 

{ 0.0257 ) 

K° = exp (-24.085603 11) 

K° =3.46 541 679x10 11 


K° =3.47x10^ 


Back to Problem 8.7 Back to Top 
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8.8. The standard electrode potential at 25 °C for 

cytochrome c (Fe 3+ ) + e 
is 0.25 V. Calculate A G° for the process 


1 3 

— H 2 (g) + cytochrome c (Fe ) 


Solution: 

Given: E° = 0.25 V 
Required: A G° 

We calculate A G° for this reaction using Eq. 8.2, 
AG° = -zFE ° , where z = 1 

A G° = -1x96 485 mol 1 x 0.25 J 
AG° =-24 121.25 J mol 1 
A G° = -24 kJ moF 1 


Back to Problem 8.8 


Back to Top 


Solutions 


cytochrome c (Fe ?+ ) 


H + + cytochrome c (Fe 2+ ) 
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Solutions 


8.9. Using the values given in Table 8.1, calculate the standard Gibbs energy change A G° for the reaction 

H, + -Oo ->HoO 
2 

Solution: 

Given: Table 8.1 
Required: A G° 

From Table 8.1, we write the following half reactions: 


0 2 + 4FI + + 4e — » 2H 2 0 

E, =1.229 V 

(1) 

2H + + 2e — >■ H 2 

e° 2 = o 

(2) 


Subtracting (2) from Vi of (1) gives the desired equation, 


FL + — O 
2 2 


2 


h 2 o 


The overall emf is 

E° = 1.229 V-0 
E° = 1.229 V 

We calculate A G° for this reaction using Eq. 8.2, 

A G° = -zFE, where z=2 
A G° = -2 x 96 485 moF 1 x 1 .229 J 
AG° =-237 160.13 J mol 1 
A G° = -237.2 kJ mol 1 


Back to Problem 8.9 Back to Top 
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Solutions 


*8.10. From the data in Table 8.1, calculate the equilibrium constant at 25 °C for the reaction 

2Cu + — > Cu 2+ + Cu 

What will be produced if Cu 2 0 is dissolved in dilute H2SO4? 

Solution: 

Given: Table 8.1 
Required: K 

We follow the same procedure as we did in problem 8.6 to solve for the equilibrium constant. 
From Table 8.1, we write the following half reactions: 

Cu 2+ + 2e~ -> Cu E°= 0.3419 V (1) 

Cu 2+ + e~ — » Cu + E° = 0.153 V (2) 


To get the desired overall reaction, we subtract 2x(2) from (1): 
2Cu + -> Cu 2+ + Cu 

e° = e[-e° 2 

E° = 0.3419V-0.153V 
£° = 0.1889 V 


We solve for K from Eq. 8.7, with z = 2 , 


K 0 = exp 


2(0.1889 


. 0.0257 
K° =2 422 690.131 


x 

J 


K° =2.42xl0 6 


If CU2O is dissolved in dilute H2SO4, then half will form Cu“ + and half will form Cu. 


Back to Problem 8.10 Back to Top 
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Solutions 


8.11. For the reaction 3Fl 2 (g, 1 atm) + Sb 2 03 (s, cubic) — > 2Sb(s) + 3Fl20(l), A G° = -83.7 kJ [Roberts and Fenwick, J. Amer. Chem. Soc., 
50, 2146(1928)]. Calculate the potential developed by the cell 

PtlH 2 (g, 1 atm)IH + ISb 2 03 (s, cubic)ISb(s) 


Which electrode will be positive? 

Solution: 

Given: reaction above, A G° = -83.7 kJ 
Required: E°, positive electrode 

Note that the A G° given is for the reaction of 3 moles of FI 2 to form 2 moles of Sb. The half cell reactions may be written as, 
3H 2 — » 6FF +6e 

Sb 2 0 3 + 6FI + + 6e -> 2Sb + 3H 2 0 


We can solve for E° using Eq. 8.2, 


A G° = -zFE 


A E 


A G° 

^zF 


A E° 
A E° 


_ -83.7 xlQ 3 J 
~ -6x96 485 
= 0.1 445 820 594 V 


AE° =0.145 V 


For this reaction to be spontaneous, the electron flow is from the hydrogen electrode (oxidation) to the antimony electrode (reduction). 


Back to Problem 8.11 Back to Top 
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Solutions 


8 . 12 . Calculate the emf for the following cell at 25 °C: 

Pt, H 2 (l bar)IHCl(0.5 m) i HC1(1.0 m)IPt, H 2 (l bar) 

Solution: 

Given: T = 25 °C , cell above 
Required: E 

We calculate the emf for the cell from Eq. 8.27 where z = 1 , 

E=SL i n 'Jh 

F m l 

E = 0.0257 In 

0.5 m 

E = 0.017 813 882 5 V 
E = 0.018 V 


Back to Problem 8.12 Back to Top 
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Solutions 


8.13. The pyruvate-lactate system has an E°' value of -0.185 V at 25 °C and pH 7.0. What will be the potential of this system if the 


oxidation has gone to 90% completion? 

Solution: 

Given: E°' = -0.185 V, pH = 7.0, 90% completion 
Required: E 
The process is, 

pyruvate - + 2H + + 2e - <=> lactate - 

And, the Nernst equation, given by Eq. 8.13 



zF q A nB]\..j 


For this process, this becomes 



2 F ^[pyruvate ], 


Solving for E we get, 


E = - 



— in — 

2 ^90j 

0.156 765 664 2 V 


E = 


E = -0.157 V 


Back to Problem 8.13 Back to Top 
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Solutions 


8.14. a. From the data in Table 8.1, calculate the standard electrode potential for the half-reaction 

Fe 3+ + 3e~ — > Fe 


b. Calculate the emf at 25 °C of the cell 

PtlSn 2+ (0. 1 m), Sn 4+ (0.01 m) Fe 3+ (0.5 m)IFe 

Solution: 

Given: Table 8.1 
Required: see above 

a. To calculate the standard potential we follow example 8.3. 

We first calculate the A G° values for these two reactions using Eq. 8.2 

A G° = -zFE 


Fe 3+ + — > Fe 2+ AG° = -1x96 485 J mol" 1 x (0.771 V)=-0.771 Vx96 485 JmoF 1 (1) 

Fe 2+ + 2e~ -> Fe 2+ AG° = -2x96 485 J mol 1 x (-0.447 V)=0.894 Vx96 485 J mol" 1 (2) 

Fe 3+ + 3e — » Fe 

The half-reaction given above is the sum of (1) and (2). The A G° value for the given reaction is 
AG° = AG° + AG° 

A G° = -0.771 Vx96 485 J mol -1 +0.894 Vx96 485 J moF 1 
AG° =0.123 Vx 96 485 J mol 1 
AG° =0.123 VxF 


We solve for E° by rearranging Eq. 8.2 and setting z = 3 . 
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Solutions 


AG 


-zF 

0.123 V X 
- 3 / 


E° = -0.041 V 


b. The half cell reactions are: 
Fe 3+ + 3e~ — > Fe 

Sn 2+ — » Sn 4+ + 2e~ 


E° = -0.041 V 


E° =-0.151 V 


(3) 

(4) 


The overall reaction is obtained from the sum of 2x(3) and 3x(4) 

2Fe 3+ + 3Sn 2+ — » 2Fe+ 3Sn 4+ 

The electrical potential would be, 

E° = El + E\ 

E° = -0.041V -0.151V 
E° = - 0.192 V 

From the Nernst equation, Eq. 8.13 we can calculate the emf using z = 6. 



zF 



6 l(0-l) 3 (0.5) 2 


E = -0.168 349 742 4 V 


E = -0.17 V 


Back to Problem 8.14 Back to Top 
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8 . 15 . The cell PtllHhQ bar), H + KCl(saturated)IHg 2 Cl 2 lHg was used to measure the pH of a solution of 0.010 M acetic acid in 0.0358 M 
sodium acetate. Calculate the cell potential expected at 25 °C [K a = 1.81 x 10 5 for acetic acid]. 

Solution: 

Given: c aceticacid = 0.010 At, c sodlumacetate = 0.0358 M, T = 25 °C, K a = 1.8 lx KT 5 
Required: E 

The equilibrium constant, K a is given by, 


K. 


[h + ][ch 3 coo 1 

[CH3COOH] 


Rearranging for [H + ], we obtain 


[H*] 

[H*] 

[h] 


_ K a [CH3COOH] 
[CH3COO ] 

(l.81xl0 _5 )(0.010 M) 
(0.0358 M) 

= 5.055 865 922x10^ 


From Table 8.1, the cell reactions are: 


H 2 — » 2H + + 2e E° = 0 

Hg 2 Cl 2 + 2e- 2Hg + 2CF E° = 0.2412 V 

However, since the cathode reaction (the reduction reaction), is contained in the standard calomel (Hg 2 Cl 2 ( S )) electrode, it is separated from 
the oxidation of H 2 , and its concentrations are constant throughout the measurement. This is a pH meter, so the only concentration 
that is relevant is [H + ] . 
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£=£“-— i„r H *T 

IF L J 
E° = 0 + 0.2412 V 

E = 0.2412 V- 0 ' 0257 


In (5.055 865 922x10^ 


E = 0.554 610 508 5 V 


E = 0.55 V 


Back to Problem 8.15 


Back to Top 


Solutions 
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8 . 16 . The voltage required to electrolyze certain solutions changes as the electrolysis proceeds because the concentrations in the solution 
are changing. In an experiment, 500 dm 3 of a 0.0500 M solution of copper (II) bromide was electrolyzed until 2.872 g Cu was 
deposited. Calculate the theoretical minimum voltage required to sustain the electrolysis reaction at the beginning and at the end of 
the experiment. 

Solution: 

Given: V = 500 dm3, [Cu 2+ ] = 0.0500 M, [Bi] = 0.100 M, m cu = 2.872 g 
Required: £), Ef 

The reactions taking place during the electrolysis are: 

Cu 2+ + 2e~ -> Cu E° = 0.34190 V 

2Br -> Br 2 + 2e~ E° = -1.80730 V 

The overall reaction is: 

Cu 2+ + 2Br -> Cu + Br 2 

The electrical potential would be the sum of the two potentials, 

E° = 0.34190 V - 1.08730 V 
E° = -0.74540 V 

If the reverse reaction were taking place in a galvanic cell, the initial cell voltage would be: 

E= E°~— lnTCu 2+ 

2 F L 

E° = 0.74540 V 

E.= 0.74540 V - Q ' 0 ^ 57 In (0.0500) (0.100) 2 

E t = 0.8 430 715 966 V 
£) - 0.84 307 V 


]M 
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Solutions 


Therefore a minimum voltage of 0.84 307 V would have to be applied at the beginning in order for the electrolysis reaction to occur. 
At the end of the electrolysis, the concentrations are: 


m Cu „ 1 
V^CU Vj 


2.872/ 


[Cu 2+ ] = 0.0500 M 

rCu 2+ l = 0.0500 M . . 

L J (63.456 /mol 1 ) (500 dm 3 ) 

[Cu 2+ ] = 0.0500 M - 9.05 1 941 503 x 10 5 M 

[Cu 2+ ] = 0.049 909 480 6 M 

[Br ] = 0.100 M -2x9.051941503x10^ M 

[Br ] = 0.099 818 9612 M 


Therefore the final voltage required would be 

E f = 0.74540 V - Q '°^ 57 ln(0.0 499 094 806M)(0.0 998 189 612) 2 
E f = 0.8 431 414 503 V 
E f = 0.84 314 V 

The Ei and Ef are close because a small amount of Cu 2+ is plated out. 

Back to Problem 8.16 Back to Top 
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8 . 17 . Calculate the concentration of I 3 in a standard solution of iodine in 0.5 M KI, making use of the following standard electrode 
potentials: 

h + 2e — > 2T E° = 0.5355 V 

I- + 2e~ — 3r E° = 0.5365 V 

The molality of F in the standard solution can be assumed to be 0.5 m. 

Solution: 

Given: c KI = 0.5 M 
Required: c 

The overall reaction of interest is obtained by reversing the second equation and adding it to the first. 

I 2 + I -» I 3 

In this case, z = 2, and the standard electrode potential is 

E°= 0.5355 V -0.5365 V 
E° = -0.0010 V 

We can solve for the concentration of I 3 using Eq. 8.7, where the equilibrium constant for this process is given by, 
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K = ^4 


E°/V= 0 ' 0251 \nK° 


K° = exp 

I 


r 


= exp 


c = c exp 

It I 


:(E°/V) 

0.0257 

v J 

(e°/v) 

0.0257 
z(E°/v) 


r 


v 


0.0257 


J 


c r = (0.5 mol dm 3 jcxp 


2 (- 0 . 0010 ) 


0.0257 


c _ = 0.4 625 649 996 mol dm 


c _ = 0.4 626 mol dm 


Back to Problem 8.17 Back to Top 
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8.18. Calculate the Nemst potential at 25 °C arising from the equilibrium established in Problem 7.41. 

Solution: 

Given: Problem 7.41, T = 25 °C 

Required: AO ( AO = A E° for concentration cells) 

The Nemst potential is given by Eq. 8.19 as, 

RT c. 

AO= In — 

zF c 2 

From problem 7.41, we have the equilibrium concentrations of sodium and chloride as, 


Palmitate side 


Other side 




To calculate the Nernst potential, we only consider the Na + equilibrium, therefore, 


AO =0.0257 In- — 

0.12X 

AO =0.010 420 453 3 V 


0.18 X 


AO = 10 mV 


Back to Problem 8.18 Back to Top 
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8 . 19 . It might seem plausible to separate lead and gold by making use of the great difference between their standard electrode potentials 
(Table 8.1). In order to test this idea, one might electrolyze a solution containing 0.0100 M AuNC >3 and 0.0100 M PbtNO.Oi in a 
well-stirred tank using platinum electrodes at low current density. As the potential difference is slowly increased from zero, which 
metal will be deposited first? What will be the concentration of this metal ion in solution when the second metal begins to be 
deposited? Do you think this is an acceptable method of separating the two metals? 

Solution: 

Given: Table 8.1, c AuN0 = 0.0100 M , c ph(N0) =0.01 00 M 

Required: see above 

From Table 8.1 the two standard reduction potentials are given by, 

Au + + A -> Au E° = 1.692 V 

Pb 2+ + 2e Pb E° = -0.1262 V 

We can see that Au + has a much higher reduction potential than Pb 2+ , therefore gold will be deposited first. 

As the Au + concentration falls, the lead begins to be deposited. Therefore we have, 

2Au(s) + Pb 2+ 2Au + + Pb(s) 

With z = 2. 

The potential for this reaction is given by, 

E° = -1.692 V- 0.1262 V 

E° = -1.8182 V 

Following the procedure used in problem 8.17, we can calculate the concentration of Au + . 
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Solutions 


K = 


KT 

[ pb2+ ] 


E°/V= 0-0257 In 


K° = exp 

m: 

[ pb2+ ] 


:(E°/V)' 

0.0257 


f 


= exp 


[E° !V) 


0.0257 

V 7 


c . = 0.0100 M exp 


2(— 1.8182)^ 
v 0.0257 , 


c + = 1.88 335 766x10 M 

Au 


c + = 1.88xl0 -32 M 

Au 


The conclusion is that only an infinitesimal amount of gold will be left in the solution by the time the lead starts to deposit at the electrode. 
This is shown by the negligible concentration of gold. Therefore, this is an acceptable way to separate the two metals. 


Back to Problem 8.19 Back to Top 
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8.20. Calculate the emf of the cell 

Pt, H 2 (l bar)IHCl(0.1 m ) HC1(0.2 m)IPt, H 2 (10 bar) 

Solution: 

Given: see above 
Required: E 

At the right-hand electrode we have the reaction: 

H + (0.2 m) + e~-> ^-H 2 (l0bar) 

And at the left-hand electrode we have, 

^-H, (10 bar) — » H + (0.1 m) + e 
The overall reaction, with z= 1, is: 

H + (0.2 m) + ^-H 2 (l bar) — » ^H 2 (l0 bar) + H + (0.1m) 


To calculate the cell emf, we use Eq. 8.7, 
0.0257 


E° = ■ 


-ln^f 0 , wherez = l 


E = 0.0257 In 


0.2x(l bar) 


0.1x(l0 bar) 
E = -0.01 1 11 A 335 9 V 


E = -11.8 mV 


Back to Problem 8.20 Back to Top 
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*8.21. Suppose that the cell in Problem 8.20 is set up but that the two solutions are separated by a membrane that is permeable to H + ions 
but impermeable to Cl - ions. What will be the emf of the cell at 25 °C? 

Solution: 

Given: Problem 8.20, a membrane that is only permeable to H + 

Required: E 

From problem 8.20, we have the half reactions at each electrode as: 

LHS: ^-FI 2 (10 bar) — » H + (0.1 m) + e~ 

RHS: H + (0.2 in) + e~ -> ^-H 2 (l0bar) 

Every H + ion produced in the LHS solution will have to pass through the membrane to preserve the electrical neutrality (ion gradient). 

H + (0.1 m) — » H + (0.2 m) 

The net reaction is therefore, 

^H 2 (l bar) -> ±11,(10 bar) 

The cell emf is calculated from Eq. 8.27, 

„ RT ,/ it, . 

E= In— S where z = 1 

F m l 

We take the ratio of pressures as a measure of the ratio of molalities. 
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(1 bar)z 

£ = 0.0257 In 

(10 bar)7 

E = -0.029 588 218 4 V 
E = -29.6 mV 


Back to Problem 8.21 


Back to Top 


Solutions 
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*8.22. A typical biological cell has a volume of 10 9 cm 3 , a surface area of 10 6 cm 2 , and a membrane thickness of 10 6 cm; the dielectric 
constant of the membrane may be taken as 3. Suppose that the concentration of K + ions inside the cell is 0.155 M and that the Nernst 
potential across the cell wall is 0.085 V. 

a. Calculate the net charge on either side of the wall, and 

b. Calculate the fraction of the K + ions in the cell that are required to produce this charge. 

Solution: 

Given: V = lO'W, A = KT 6 cm 2 , / = KT 6 cm, e= 3, c K+ = 0.155 M, AO = 0.085 V 


Required: see above 

a. The net charge on either side of the wall can be calculated using 
Q = CV . 


The capacitance is given by Eq. 8.20 as, 
l 


We solve for the net charge in the following expression, 




/ 


Q= 


(8.854x10 12 C 2 NT 1 X^)(3)(l0 10 


(KT 8 m) 

Q = 2.257 77 x 10~ 14 C 2 NT 1 nC 1 V 
Q = 2.257 77xl0~ 14 F V 
where 1 F = 1 C V 1 


(0.085 V) 


Q = 2.3xl0~ 14 C 


b. The fraction of K + ions required to produce this charge is given by 
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_ 2.25 111 xl(T 14 C 
1.602x10 19 C 

= 140 900 ions 
e 

The number of ions inside the cell is, 

0. 155 x 10 12 x 6.022 x 10 23 = 9.3341 x 10 10 


Therefore the fraction of ions at the surface 


140 934.4569 
9.3341xl0 10 


= 1.509 888 012x10 6 


1.51x10 6 


Back to Problem 8.22 


Back to Top 
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* 8 . 23 . Calculate the emf at 25 °C of the cell 

Pt, H 2 (l bar)IH 2 S0 4 (0.001 m)ICrS0 4 (s)ICr 
given the following standard electrode potential: 

CrS0 4 (s) + 2e -*■ Cr + SO 2 E° = -0.40 V 

a. First make the calculation neglecting activity coefficient corrections. 

b. Then make the calculation using activity coefficients estimated on the basis of the Debye-Hiickel limiting law. 
Solution: 

Given: see above 

Required: see above 

a. At the left-hand electrode we have, 

— H, — » H + + e~ 

2 2 

and the right-hand electrode, we have, 

CrS0 4 (s) + 2e -> Cr(s) + SO 2 
The overall reaction is given by, 

CrS0 4 (s) + H 2 — > 2H + +Cr(s) + SO 2 ^ 

With E°= -0.40 V and z = 2 

The emf, neglecting the activity coefficients, is given by Eq. 8.13 
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E = E °-— In 
zF 


A -.-mw A 

[ArtBf-- 


E= E°- 


RT 


2 F 

E = -0.40 V- 


ln([H + J[SOr] 

In ((0.002) 2 (0.001 


0.0257 
2 


E = -0.151 519 916 5 V 


E = -0.152 V 


b. To calculate the activity coefficients, we first calculate the ionic strength of the solution from Eq. 7.103, 
I = ~'TjC i zf 

2 i 

I = -(l 2 x 0.002 + 2 2 x O.OOl) 

/ = 0.003 M 

Now we rearrange the Debye-Hiickel limiting law given by Eq. 7.111, 
log 10 y ± = - 0.5 lz + \z _ | /mo ldm ’ 


r±= io 


0.51 |0/ Tmol <Jrn 


Y + =10 -°- 51 ( 2 x 1 )Vo7)03 

y ± =0.879 290 334 3 

Substituting back into the expression for the emf obtained above we can solve for the true emf of the solution. 


Solutions 
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E = £ °-§>(K] ! [ s °tK)" 

E = -0.40 V _ °-02 57 in |( 0 .002) 2 (0.00l)(0.879 290 334 3) 3 

E = -0.146 560 839 3 V 
E = -0.147 V 


Back to Problem 8.23 Back to Top 
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*8.24. Write the individual electrode reactions and the overall reaction for 


make an estimate of the mean activity coefficient in the latter solution. 

Solution: 

Given: E x = 0.191 V, q = 1.0 x 10^ M, E 2 = 0.074 V, c 2 = 0.20 M 
Required: y ± 

At the left-hand electrode we have, 

Cu Cu 2+ + 2e~ 

and the right-hand electrode, we have, 

AgCl(s) + e~ -> Ag + Cl” 

The overall reaction is given by, 

2AgCl(s) + Cu(s) 2Ag(s) + 2CE + Cu 2+ , where z = 2 

To a good approximation, it can be assumed that the activity coefficients at 10 
standard electrical potential is obtained by rearranging Eq. 8.13 


CulCuCl 2 (aq)IAgCl(s)IAg 

If the emf of the cell is 0.191 V when the concentration of CuCl 2 is 1.0 x 1 0 4 A7 and is -0.074 V when the concentration is 0.20 M, 



zF ^[Ar[B] fc ---J 




E° = - 0.146 244 738 8 V 
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Suppose that at 0.20 M the activity coefficients are y + and y , then we can solve for the mean activity coefficient from Eq. 8.40. 

RT / y< 

E= E° In (a -,m 2 ) 

2p V Cu ci / 

£=£ °-|F ln ( r *[ Cu2 *] J '- 2 [ cr ] ! )" 

£= £0 -f^ ln ([ Cu "][ cr T^) 

-0.074 V = -0. 146 244 738 8 V - In ((0.20) (0.40) 2 j_ °- Q757 ln 

0 0237 

0.028 014 789 9 = — : In yl 

2 r± 

In yl =-2.180139 285 
y ± = 0.483 495 585 2 
y ± = 0.48 


Back to Problem 8.24 Back to Top 
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*8.25. a. Write both electrode reactions and the overall reaction for the cell 

TllTlCl(s)ICdCl 2 (0.01 m)ICd 

b. Calculate E and E° for this cell at 25 °C from the following information: 

Tl + + e T1 E° = -0.34 V 

Cd 2+ + 2e~ -► Cd E° = -0.40 V 

The solubility product for T1C1 is 1.6 x 10 3 mol 2 dnT 6 at 25 °C. 

Solution: 

Given: cell above, K = 1.6 xlO 3 mol 2 dm -6 , T = 25 °C 

bp 

Required: see above 

a. The left-hand or anode reaction is: 

Tl(s) + Cr (0.02 m) TlCl(s) + 

The right-hand, or cathode reaction is: 

Cd 2+ (0.01 m) + 2e -> Cd(s) 

The overall reaction is: 

Cd 2+ (0.01 m) + 2Tl(s) + 2Cl“ (0.02 m) -> Cd(s) + 2TlCl(s) where z = 2 

b. To use the electrical potentials given above, we rewrite the overall equation as (CT is a spectator ion): 
Cd 2+ (0.01 m) + 2Tl(s) -> Cd(s) + 2T1 + (in 0.01 m CdCl 2 ) wherez-2 

The standard electrical potential is given by, 

E° = -0.40 V -(-0.34 V) 

E° = -0.06 V 
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To solve for the emf, we use Eq. 8.13, 


E= E°~— In 
IF 


V 


Ti + ] 


2 Y 


Cd 2+ ] 

where ^ sp =[Ti + ][cr] 
[Ti*]- K ” 


[cr] 




K 


[cr] [cd 2+ ] 


E = -0.06 V - °' 02 ^ 7 in 


2 Y 


(l.6xl(T 3 ) 

( 0 . 02) 2 ( 0 . 01 ) 


E = -0.054 265 210 7 V 


E = -0.054 V 


Back to Problem 8.25 


Back to Top 


Solutions 


8-53 


Chapter 8: Electrochemical Cells 


Solutions 


8.26. Problem 7.44 involved calculating the concentrations on each side of a membrane after a Donnan equilibrium had become 
established. Which side of the membrane is positively charged? Calculate the Nernst potential across the membrane if the 
temperature is 37 °C. 

Solution: 

Given: Problem 7.44, T = 37 °C 


Required: AO (used for concentration cells) 

We follow the same procedure as problem 8.18 to solve for the Nernst potential. 

From problem 7.44, we have the equilibrium concentrations of potassium and chloride as, 

right-hand side left-hand side 


M 

= 0.04 M 

M 

[a-; 

] = 0.04 M 

L cr ] 


The diffusible K + ions are at a higher potential on the right-hand side of the membrane; there is thus a tendency for few of them to cross to 
the left-hand side and create a positive potential there. The same conclusion can be made by considering the diffusible Cl" ions; they are at a 
higher potential on the left-hand side, and few tend to cross to the right-hand side and create a negative potential. 

The Nernst potential is given by Eq. 8.19 as, 


RT c, 
A® = In — 

zF c. 


. -j- 8.3145 31*51^x310.15 X, 0.16 X 

A® = — -p —in A. -r 

1x96 485 CjncT 0.04M 

A® =0.037 0513109 JC 1 
where 1 J = 1 C V 
A® = 37 mV 


Back to Problem 8.26 Back to Top 
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8 . 27 . The oxidation of lactate to pyruvate by the oxidized form of cytochrome c — represented as cytochrome c (Fe 3+ ) — is an important 
biological reaction. The following are the relevant E 0 ' values, relating to pH 7 and 25 °C: 

E7V 

pyruvate” + 2H + + 2e~ —> lactate” -0.185 

cytochrome c (Fe 3+ )+ e~ — > cytochrome c (Fe 2+ ) 0.254 

Calculate the equilibrium ratio 


[cytochrome c (Fe 2+ )^j [pyruvate J 

h*T 

[cytochrome c (Fe 3+ )[j 

[lactate 

] 


at pH 7 and 25 °C. Also calculate the ratio at pH 6. 

Solution: 

Given: pH = 7, T = 25 °C 

Required: equilibrium ratio at pH 7 and pH 6 

We begin by first writing the overall reaction as: 

lactate” +2cytochrome c (Fe 3+ j — > 2cytochrome c ( Fc 2+ j + pyruvate + 2H + 

Where z = 2 and 

E°' = 0.254 V + 0.185 V 
E°' = 0.439 V 


If K' is the equilibrium constant given at pH 7, then 

, [cytochrome c (Fe 2+ )] 2 [pyruvate” ][H + ] 2 

K = — — ^ 

[cytochrome c (Fe )] [lactate ] 

And the equilibrium ratio at pH 7 is just iC (unitless). 
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From Eq. 8.6 we can obtain K' , 
RT 

E°= In K° 

zF 

E °, = 0.0257 lng , 


K ' = exp 


( 


K ' = exp 


v 0.0257 

C 2 

0.0257 


A 

(0.439) 
K' = 6.870 472 098 xlO 14 


K' = 6.87 x 10 


14 


At pH 6, the equilibrium ratio is K" 

K - jrrH + i 2 - |cytochromc c ( pe2+ )] 2 [py ruvate ] 

[cytochrome c (Fe 3+ )] 2 [lactate~] 
K tme = r(l0 7 M) 2 = ^"(10 6 M) 2 

K" = 6.870 472 098 xl0 14 x 

(lO 6 

K" = 6.870 472 098 xlO 12 
£" = 6.87xl0 12 



Back to Problem 8.27 


Back to Top 
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8.28. Suppose that the cell 

Agl AgCl(s) IHC1(0. 1 0 m) ! HC1(0.01 m)IAgCl(s)IAg 

is set up and that the membrane separating the two solutions is permeable only to H + ions. What is the emf of the cell at 25 °C? 

Solution: 

Given: see above, a membrane that is only permeable to H + 

Required: E 

We can solve this problem in a similar manner as problem 8.21. 

The half reactions for each electrode are: 

LHS Ag + Cl“ -> AgCl(s) + e~ 

RHS Ag(s) + Cl" (0.01 m) -> AgCl(s) + e~ 

The electrical neutrality is maintained by the passage of H + ions from right to left: 

H + (0.01 in) — > H + (0. 10 m) 

The net reaction is therefore, 

H + (0.01 m) + Cr (0.01 m) -> H + (0.10 m) + C\~ (0.10 m) 

The cell emf is calculated from Eq. 8.13, 
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0 0257 

E = e°- In K° , where z = 1 and E° = 0 


K° = 


1 1 

T3 

O 

+ D- 

X 

1 1 

1 1 

n 

O- 

1 1 

H + 

n react 

Cl 

react 


E = -0.0257 In 


E = -0.118 352 873 8 V 


(o.io /) 

(o.io /) 

(o.oi /) 

(o.oi /) 


E = -0.12 V 


Back to Problem 8.28 


Back to Top 
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8.29. a. Consider the cell 

Pt, H 2 (l bar)IHCl(mi) i HCl(m 2 )IPt, H 2 (l bar) 

in which the solutions are separated by a partition that is permeable to both H + and Cl~. The ratio of the speeds with which these ions 
pass through the membrane is the ratio of their transport numbers t+ and t. . Derive an expression for the emf of this cell. 

b. If when ni\ = 0.01 m and m 2 = 0.01 m the emf is 0.0190 V, what are the transport numbers of the H + and Cl ions? 

Solution: 

Given: see above 

Required: see above 

a. The half reactions for each electrode are: 

LHS: ^-H 2 — » H + (mj) + e 

RHS : H + (m 2 ) + e -> ^-H 2 

To maintain electrical neutrality of the solutions, for every mole of H + produced in the LHS solution, t+ mol of H + will cross the membrane 
from the left to the right, and t. mol of Cl" ions will pass fromright to left. In the LHS solution, there is therefore a net gain of, 

(l - 1 + ) mol = t_ mol of H + and of t mol of CL . 

In the RHS solution, the net loss is 

(l - 1 + ) mol = t mol of H + and of t mol of CL 

The overall process is thus, 

t_H + («, ) + t CL (/n, ) — > l H + {m l ) + t CL (nij ) 

The emf is given by Eq. 8.13, 
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0 0257 

E = e°- In K° , where z = 1 and E° = 0 


E = -0.0257 In 


E = 0.0257 In 


m' 

/n' 

z' r A 2 

ra 2 


v m fy 


rrj 

E = 0.0257 x2f_ In 

m. 


b. To calculate the transport numbers we use the expression derived above with n\ = 0.01 m, m 2 = 0. 10 m 

171 

E = 0.0257 x2f_ in 

OTj 

0.0190 V , 0.10/ 

f = -5- In / 

0.0257x2 0.01/ 

r_ =0.160 536 870 7 
f_ =0.161 

t + =1-0.160 536 870 7 
r, =0.839 463129 3 
t + =0.839 


Back to Problem 8.29 Back to Top 
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8.30. The metal M forms a soluble nitrate and a very slightly soluble chloride. The cell 

MIM + (0.1 m), HNO 3 (0.2 m)IH 2 (l bar), Pt 

has a measured E = -0.40 V at 298.15 K. When sufficient solid KC1 is added to make the solution of the cell 0.20 m in K + , the emf 
changes to -0.15 V at 298.15 K as MCI precipitates. Calculate the K sp of MCI, taking all activity coefficients to be unity. 

Solution: 


Given: £, = -0.40 V, T = 298.15 K, c K+ = 0.20 m, E 2 = -0.15 V, y ± = 1 
Required: K sp 

The half reactions for each electrode are: 

LHS : M — » M + (0.1 m) + e 

RHS: H + (0.2 m) + e -> ^-H 2 (lbar) 

The overall reaction is given by, 

M + H + (0.2 m) — » M + (0.1 w) + ^-H 2 (lbar) 

with z = 1 and 


E°=E\ -E\ 

h + ih 2 m + im 

,E° = 0-E\ 

M + IM 


E°=-E° + 

M + IM 


Using Eq. 8.13, 
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RT 

E = E° In 

zF 


RT 

E° = E + In 

zF 


•■•[Y] 

V [Z] 

[Af[Bf •• 

[m +_ 


[H*] 

V 


Y 


, where z = 1 


O 0 1 rfl 

E + =-0.40 V+ 0.0257 In 
M IM 0.2 / 

E\ =-0.417 813 882 5 V 

M IM 


Upon addition of KC1, almost all of the M + precipitates, and 0.10 m Cl" is in excess. The value of M + in solution is found from the K sp , 

^=[ M *][cr] 

[m] 


K. 


[cr] 

Using the Nernst equation, we can solve for the solubility product, 

f „ \ 


E = E °~— In 
zF 


K 


sp 


[H*][cr] 


E-E° 

-0.0257 


f 


= In 


K 


sp 


MM 


X, p =[H*][cr]exp 


f F-E° A 


V / 

f 

K = (0.20 m)( 0.10 in) exp 


-0.0257 

-0.15 V-C-0.4 178 138 825 V) 


v 

~7 2 


— 0.0257 


K. =5.961 362 163x10 w m 


sp 


K = 6.0x10 7 m 2 

sp 


Back to Problem 8.30 


Back to Top 
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8 . 31 . The substance nicotinamide adenine dinucleotide (NAD + ) plays an important role in biological systems; under the action of certain 
enzymes it can react with a reducing agent and release a proton to the solution to form its reduced form NADH. With pyruvate the 
reduced form NADH undergoes the reaction 

NADH + pyruvate” + H + ^ NAD + + lactate” 

The appropriate E°' values, relating to 25 °C and pH 7, are 

pyruvate” + 2H + +2e” — > lactate” E°' = -0. 19 V 

NAD + + H + + 2e~ -> NADH E°' = -0.34 V 


Use these values to calculate AG 0 ' for the reaction, and also the equilibrium ratio 


1 

lactate 

][NAD” 

] 

[^pyruvate |[ 

nadh][ 

:«*] 


(a) at pH 7, and (b) at pH 8. 


Solution: 

Given: see above 

Required: AG 0 ', equilibrium ratio 

a. The overall reaction that is obtained by reversing the second half reaction and summing the two together: 
pyruvate” + H + + NADH — > lactate” + NAD + where z = 2 and, 

E°' = —0.19 V — (—0.34 V) 

E°’ = 0.15 V 


To find AG 0 ' we use Eq. 8.2, 
A G°=-zFE° 
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A G°' = -2 x 96 485 C mor 1 x 0. 1 5 V 
AG°' = -28 945.5 C V mol 1 
where 1 J = 1 C V 
AG°' = -28 945.5 J mol 1 
AG°' = -29 kJ moG 1 

To solve for the equilibrium ratio, we follow the thought process used in problem 8. 27. If K' is the equilibrium constant given at pH 7, then 

[lactate - ][NAD + ] 

~ [pyruvate ] [NADH][H + ] 

And the equilibrium ratio at pH 7 is just K' (unitless) 

From Eq. 8.5, we can solve foriG. 


AG°' = -RT In K 


= p(^) 

-RT 


K _ ( -28945.5 JmoE 1 

_eXP [(-8.3145 J K 1 mol ‘)(298.15 K) 

K = 117 763.1471 dm 3 mol 1 


) 


r = i.2xio 5 


b. At pH 8, the equilibrium ratio is K" 
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[^lactate jj^NAD j 


[^pyruvate J [NADH] 
K tme = K'( 10 7 M)= iT'(l(r s M) 

(l(T 7 M ) 


r'=117 763.1471x 


£" = 1177 631.471 


(10 8 M ) 


K" = 1.2 xlO 6 


Back to Problem 8.31 


Back to Top 


Solutions 
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8.32. a. Calculate the standard emf E° for the reaction 

fumarate + lactate — > succinate + pyruvate 
on the basis of the following information: 

fumarate 2 ' + 2H + + 2e~ — > succinate 2 ' E°' = 0.03 1 V 

pyruvate' + 2H + + 2e — > lactate' E°' = -0. 1 85 V 

The E°' values relate to pH 7. The temperature coefficient dE/dT for this cell is 2.18 x 10 5 V K' 1 . 
b. Calculate A G°, A H°, and A5° at 25 °C. 

Solution: 

Given: pH 7, dE/dT = 2.18x 10' 5 V K 1 
Required: see above 

a. To find the standard emf, we first determine that the overall reaction is: 
fumarate 2 ' + lactate' — > succinate 2 ' + pyruvate' where z = 2 

Therefore, 

E°' = 0.031 V- (-0.1 85 V) 

E°' = E° = 0.216 V 

(Note that this is also E° , the hydrogen ions having cancelled out.) 

b. To calculate AG°, we use E° from above and substitute into Eq. 8.2 
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A G°=-zFE° 

AG°= -2x96 485 C mol 1 x 0.216 V 
AG°= -41 681.52 CVmoE 1 
where 1 J = 1 C V 

AG°= -41.7 kJ moG 1 


The entropy change is obtained from Eq 8.23, 


f 


A S = zF 


dE_ 

dT 


J P 


AS = 2 x 96 485 C moE 1 x 2. 1 8 x 10 5 V K 
AS = 4.206 746 C V mol 1 K 1 


1 


where 1 J = 1 C V 
AS = 4.21 J moE 1 K 1 


To calculate enthalpy, we use the relationship between Gibbs energy and entropy we learned earlier as, 
AH=AG+TAS 

AH =-41 681.52 J moE 1 +(298.15 X)(4-206 746 J mol 1 X^) 

AH = - 40 427.278 68 J moE 1 
A//= -40.4 kJ mol 1 


Back to Problem 8.32 Back to Top 
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8 . 33 . The Weston standard cell (see Figure 8.2b) is 

Cd amalgamlCdSC >4 • ^-FEO^IHgoSO^s), Hg 
(saturated solution) 


a. Write the cell reaction. 

b. At 25 °C, the emf is 1.018 32 V and 8E°/8T = -5.00 x 10“ 5 V K \ Calculate A G°, A H°, and A5°. 

Solution: 

Given: T = 25 °C, E° = 1.018 32 V, 8E/8T = 5.00x 10 5 V K 1 
Required: see above 

a. The half reactions for each electrode are: 

LHS : Cd(Hg) Cd 2+ + 2e 

RHS : Hg 2+ + 2e~ 2Hg 

The overall reaction is given by, 

Cd(Hg) + Hg 2+ -> Cd 2+ + 2Hg with z = 2 

g 

Since the solution is saturated with Hg,S0 4 *— H 2 0 , the overall reaction can be written as, 

Cd(Hg) +Hg 2 S0 4 (s) +^-H 2 0(l) — > CdS0 4 *^-H 2 0(s) + 2Hg(l) 

b. We can calculate A G°, A H°, and AS 0 in a similar manner shown in problem 8.32. 

From Eq. 8.2, 
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A G°=-zFE° 

AG°= -2x96 845 C mol 1 x 1.018 32 V 
AG°= -196 505.210 4 C V mol 1 
where 1 J = 1 C V 


AG°= -196.5 kJ mol 1 


The entropy change is obtained from Eq 8.23, 

f dE^ 


A S = zF 


dT 


J P 


AS = 2x96 845 C mol 1 x 5.00 x 10 5 V K 1 
AS = 9.6485 C V moE 1 K 1 
where 1 J = 1 C V 


AS = 9.65 J mol 1 K 1 


AH=AG + TAS 

AH= -196 505.2104 J mol 1 +(298.15 X) (9.6485 J mol 1 
AH = -199 381.9107 J mol 1 


AH = -199 kJ mol 


Back to Problem 8.33 


Back to Top 


Solutions 
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8.34. Salstrom and Hildebrand [/. Amer. Chem. Soc., 52, 4650(1930)] reported the following data for the cell 

Ag(s)IAgBr(s)IHBr(aq)IBr 2 (g, 1 atm)IPt 


t/°C 

E/W 


442.3 

0.8031 


456.0 

0.7989 


490.9 

0.7887 


521.4 

0.7803 


538.3 

0.7751 


556.2 

0.7702 


Find the temperature coefficient for this cell assuming a linear dependence of the cell potential with temperature. What is the 
entropy change for the cell reaction? 

Solution: 

Given: data above 
Required: AS 

To solve for AS , we need to find the temperature coefficient, 


f 8E ^ 
\ST Jp 


from the data above. 


Since we are only interested in the slope of the line best fit, we do not need to convert the temperature data to Kelvin. 
We can perform a linear regression analysis, using t as the independent variable and E as the dependent variable. 

The result is: 

E = 0.930 463 55 - 2.883 37 x 10 
Differentiation with respect to t gives, 

( dE ^ 


\dT Jp 
r dE ^ 
ydT jp 


= -2.883 37 x 10~ 4 V °CT 1 


= -2.883 37 x 10 V K 


Substituting this value into Eq. 8.23 gives the entropy change, 
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A S = zF 


dE 

dT 


\ 

)p 


AS = 96 485 C mol 1 x -2.883 37 x 10^ V K 1 
AS = -27.820 195 45 C V K 1 mol 1 


where 1 J = 1 C V 
AS = -27.82 J K 1 mol 1 


Back to Problem 8.34 


Back to Top 


Solutions 
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8.35. The reaction taking place in the cell Mg(s)IMg 1+ (aq), Cl (aq)ICl2(g,l atm)IPt is found to have an entropy change of -337.3 J K 1 
moP 1 under standard conditions. What is the temperature coefficient for the cell? 

Solution: 

Given: AS° = -337.3J K 1 mol 1 


Required: 


f 8E\ 


\dT ) P 


The overall reaction we are concerned with is, 

Mg(s) + Cl 2 (g) — » Mg 2+ (aq) + 2CP(aq), with z=2 
Rearranging Eq. 8.23, we can solve for the temperature coefficient, 

f dE ' 


A S = zF 

r dE ' 
ydT ) p 


\dT j p 

AS 


' dE N 
ydT jp 

r dE^ 
K dT j P 


zF 

-337.3J K 1 ;ncl'" r 


2x96 485 C 

= -1.747 9401x10 3 JC 1 K 1 
where 1 J = 1 C V 


r dE^ 

\dT j P 


= -1.748x10 3 VK 1 


Back to Problem 8.35 Back to Top 
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*8.36. a. Estimate the Gibbs energy of formation of the fumarate ion, using data in Problem 8.32 and the following values. 

A fG° (succinate, aq) = -690.44 kJ mol -1 
A fG° (acetaldehyde, aq) = 139.08 kJ moE 1 
A fG° (ethanol, aq) = -181.75 kJ mol* 1 
acetaldehyde + 2H + + 2e~ — > ethanol E 0 ' = -0.197 V 

b. If the dE°/dT value for the process 

2 — 2 — 

fumarate + ethanol — > succinate' + acetaldehyde 

is 2.18 x 10 5 V K ', estimate the enthalpy of formation of the fumarate ion from the following values. 

A fH° (succinate, aq) = -908.68 kJ mol* 1 
A fH° (acetaldehyde, aq) = -210.66 kJ mol* 1 
A fH° (ethanol, aq) = -287.02 kJ mol* 1 


Solution: 


Given: problem 8.32, 


A f G°, 


dE_ 

dT 


\ 

Jp 


= 2.18xl0* 5 VK*', A f H° 


Required: see above 

a. The two reactions of interest are, 

fumarate 2 * + 2H + + 2e* — » succinate 2 * E°' = 0.031V 

acetaldehyde + 2H + + 2e* — > ethanol E°' = -0.197 V 

Subtracting (2) from (1) gives the desired reaction: 

fumarate 2 * + ethanol — > succinate 2 * + acetaldehyde with z = 2 

And a standard electrical potential of, 


( 1 ) 

( 2 ) 
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E°' = 0.031 V + 0.197 V 
E°' = 0.228 V 

The Gibbs energy for the reaction is calculated from Eq. 8.2 
A G°=-zFE° 

A G° =-2x96 845 C moE 1 x 0.228 V 
AG° = -43 997.16 C V moE' 
where 1 J = 1 C V 
AG° = -43 997. 16 J mol 1 


To find the Gibbs energy of formation of fumarate, we use Eq. 3.91 
A G° = ^A / G°(products)-^A / G°(reactants) 

A ^ = A y ^succinate + A y ^acetaldehyde “ ( A / ^ethanol A / ^fumarate ) 

A — A r° _i_ A C° — A C 0 — A C 10 

^fumarate ^ / ^succinate ^ ^/^acetaldehyde ^ f ^ethanol 

A / G fumarate = “690.44 kj mol 1 +139.08 kJ mol 1 -(-181.74 kJ mol 1 ) -(-43.99716 kJ mol 1 ) 
A / G f : mar ate= “325.61284 kJ moE 1 


A / G; marate =-326kJrnoE 1 


b. To find the enthalpy of formation of fumarate, we first need to find the enthalpy of the reaction. 
From Eq. 8.23, we calculate the entropy, and then use it to find the enthalpy. 


8-74 


Chapter 8: Electrochemical Cells 


Solutions 


A S = zF 


' GE 

GT 


\ 

) P 


AS = 2x96 485 C mol 1 x ( 2. 1 8 x 1 0 5 V K 1 ) 

AS = -4.222 442 C V mor 1 K 1 

where 1 J=1 C V 

AS = -4.222 442 J moE 1 K 1 


AH = AG + T AS 

AH =-43 997. 16 + (298. 15)(-4.222 442) 
AH = -45 256.08 J mol 1 
AH =-45.25 608 kJ mol 1 


To find the enthalpy of formation of fumarate, we use Eq. 2.53 
AH° = ’ZA f H° (products) -Z A f H° (reactants) 

^/^succinate ^/^acetaldehyde ( ^ / ^ethanol ^ / ^fumarate ) 


A T-f° = A f-f° -i- A —A 

^ f n fumarate ^ f 11 succinate ^ acetaldehyde ^ f 11 ethanol 

AfK m arate = “908.68 kJ moE 1 -210.66 kJ mol 1 - 
“787.06 392 kJ mol 1 


-AH" 

(-287.02 kJ moE 1 )- (-45.25 608 kJ mol 1 ) 


A f H 


O 

fumarate 


-787 kJ mol 1 


Back to Problem 8.36 Back to Top 
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*8.37. a. Calculate the emf at 298.15 K for the cell 

TllTIBrIHBr (unit activity) IH2(1 bar), Pt 
b. Calculate AH for the cell reaction in the following cell. 

T1IT1 + (unit activity), H + (unit activity)IH 2 (l bar), Pt 

For the half-cell 


Tl + + £>--> T1 E° = 0.34 V 
8E/8T = -0.003 V/K and 
K s p(TlBr) = 10 -4 mol 2 dm 6 

Solution: 


Given: T = 298.15 K, E° = 0.34 V, 8E/8T = -0.003 V K 1 , K sp (TIBr) = KP 4 mol 2 dm 6 
Required: see above, 

a. The half reactions for each electrode are: 

LHS : T1 TP (in HBr; a = l) + e~ 

RHS: H + (a = l) + e- ^ ^-H 2 (lbar) 

The overall reaction is given by, 

T1 + H + (a = l) — » M + (in HBr; a = l) + ^-H 2 (l bar) with z = land 


E°=E\ -E\ 

H + IH 2 T1+IT1 

E° =0-E\ 

Tl+ITl 


E°=-E\ = -0.34 V 

Ti+ixi 


The emf is given by Eq. 8.13, 
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f 


E = E°- 0.0257 In 


Tl + 

IF 


\u 



[ T r][Br-] 

"M 


f 


E = E°- 0.0257 In 


£ 


ip 


[ B f ][h + ] 


E = -0.34 -0.0257 In 


^10 4 mol 2 dm -6 Y 




£ = -0.103 294 252 V 


lxl 


£ = -0.10 V 




E = 0.0257 x2f In — - 


m, 


b. We can calculate the enthalpy using Eq. 8.25 and the data given for the half cell reaction. 


f 


AH = -zF 


dF 
E-T — 
dT 


AH =-1x96 485 C moE 1 (-0.34 V- (298.25 X) (-0.003 V 

AH =53 496.10825 C V mol 1 
where 1 J = 1 C V 
AH =53 496.10825 J mol 1 


AH = 535 kJ moE 1 


Back to Problem 8.37 


Back to Top 


8-77 


Chapter 8: Electrochemical Cells 


Solutions 


8.38. Calculate the solubility product and the solubility of AgBr at 25 °C on the basis of the following standard electrode potentials: 


AgBr(s) + e — > Ag + Br 


E° = 0.0713 V 


Ag + + e — > Ag 


E° = 0.7996 V 


Solution: 

Given: T = 25 °C 
Required: K sp , s 

The desired reaction is obtained by subtracting the second reaction from the first. 

AgBr(s) — > Ag + + Br - with z = 1 

E° = 0.0713 V -0.7996 V 
E° = -0.7283 V 

We can calculate the solubility product from Eq. 8.13, 

E° = 0.0257 In ([Ag + ] [Br~])" 


^=[Ag*][Br-] 


E° = 0.0257 In K 

sp 



( E° } 


K sp = 4.92 874 705x10 13 mol 2 kg 


K sp = 4.929x10 13 mol 2 kg" 2 


The solubility is therefore, 
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K, P =[Ag*][B.-] = 


= s 


s = JK 


sp 


j = ^4.928 747 05 x 10 13 mol 2 kg‘ 
5 = 7.020 503 58x10 7 mol kg 1 


5 = 7.021x10 7 mol kg 1 


Back to Problem 8.38 


Back to Top 
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8.39. The emf of a cell 


Pt, H 2 (l bar)IHCl(aq)IAgCl(s)IAg 


was found to be 0.517 V at 25 °C. Calculate the pH of the HC1 solution. 

Solution: 

Given: E = 0.517 V, T = 25 °C 
Required: pH 

From Table 8.1, the standard emf of the AgClIAg electrode is 0.222 33 V and the cell reaction is: 

AgCl(s) + ~ H 2 — > H + + CF + Ag(s) where z = 1 , 

To calculate the pH, we first need to find the concentration of H + ions. 

Using Eq. 8.13, 




([ H+ ][ cr ])" =95 392.83 548 mol 2 dm 


Since the concentrations of H + and CF are the same, 
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KHcr] 

[H + ] = ^95 392.835 48 mol 2 dm’ 6 
[H + ] = 308.857 306 mol dm 3 

The pH is given by the logarithm of the hydrogen ion concentration 
pH = log[H + ] 

pH = log (308.857 306 mol dm 3 j 
pH = 2.489 757 879 
pH = 2.48 

Back to Problem 8.39 Back to Top 
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8 . 40 . The emf of the cell 


AglAgI(s)I (aq) ! Ag + (aq)IAg 

is -0.9509 V at 25 °C. Calculate the solubility and the solubility product of Agl at that temperature. 

Solution: 

Given: E = -0.9509 V, T = 25 °C 
Required: s, K sp 

To solve this problem, we follow the example set in problem 8.38 
The half reactions for each electrode are: 

Ag(s) -> Ag + + e~ 

Agl(s) + A — > Ag(s) + r 

The reaction of interest is given by, 

Agl(s) — > Ag + + I - with z = 1 

We can calculate the solubility product from Eq. 8.13, 
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E° =0.02571n([Ag + ][r])" 

*.=[Ag*][r] 


E° =0.0257 In K , 


f 


K SP = eX P 


K s„ = eX P 


v 0.0257 J 
^-0.9509 


0.0257 


K= 8.53 304 763x10 17 mol 2 kg 2 


K sp = 8.533x10 17 mol 2 kg‘ 


The solubility is therefore, 

K , r =[Ag*][r] = s 2 



5 = ^8.533 047 63x10 17 mol 2 * kg 2 * 

s = 9.237 449 662 x 10' 9 mol kg 1 

j -9.237 xlO' 9 mol kg 1 


Back to Problem 8.40 Back to Top 
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8 . 41 . An electrochemical cell M(s)IMCl(aq, 1.0 m)IAgCl(s)IAg(s), where MCI is the chloride salt of the metal electrode M, yields a cell 
potential of 0.2053 V at 25 °C. What is the mean activity coefficient y± of the electrolyte MCI? E° for the M(s)IM + electrode is 
0.0254 V. 

Solution: 

Given: E = 0.2053 Y,T = 25 °C, E° = 0.0254 V 
Required: y± 

The half reactions for each electrode are: 

M — > M + + e 

AgCl(s) + e -> Ag(s) + Cl" 

And the overall reaction is given by, 

AgCl(s) + M^ Ag(s) + Cr+M + 

E° = 0.222 33 V -0.0254 V 
E° = 0.196 93 V 


To solve for the activity coefficient, we use Eq. 8.43 

^ 2RT , „ 2RT , 

E-\ ln/n = E In y, 

F F ' 

Since the molality of MCI is exactly 1, this expression simplifies to, 


^ 2RT X ^ 2RT , 

E + =E °-—lr, n 


Rearranging and solving for the mean activity coefficient, we obtain, 
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E =E°-2x 0.0257 In y ± 

E-E° 

y + = e -2x0-0257 

0 . 2053 - 0. 196 93 

r± =e " 2x00257 

r ± = 0.849 726 737 1 
r ± =0.850 


Back to Problem 8.41 
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8 . 42 . The following thermodynamic data apply to the complete oxidation of butane at 25 °C. 

C 4 H 10 (g) + (13/2)0 2 (g) - 4C0 2 (g) + 5H 2 0(1) 

AH 0 = -2877 kJ mol 1 
AS° = -432.7 J K 1 mol 1 

Suppose that a completely efficient fuel cell could be set up utilizing this reaction. Calculate (a) the maximum electrical work and 
(b) the maximum total work that could be obtained at 25 °C. 

Solution: 

Given: AH 0 = -2877 kJ mol -1 , AS° = -432.7 J K 1 mol 1 , T = 25 °C 
Required: see above 

a. The maximum electrical work for the fuel cell is -A G° . 

AG° = AH°-TAS° 

AG° = -2877xl0 3 Jmok 1 -(298.15 X)(~432.7 mok 1 ) 

AG° = -2 747 990.495 J mol 1 
AG°= -2748 kJ mol 1 
electrical work = -A G° 

electrical work = 2748 kJ mol 1 

b. The maximum total work that can be obtained is -A A 
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AG° = AA° - ^ vRT 
AA° =AG°+Y j vRT 

v’ . t 13 
> v = 4-1 

^ 2 

Zv = -3.5 

AA° =-2747 990.495 J moP 1 +(-3.5)(8.3145 J KT 1 mor‘)(298.15 K) 

AA° = -2756 666.884 J mol 1 

AA° = -2758 kJ moF 1 

total work = A A° 

total work = 2758 kJ mok 1 


Back to Problem 8.42 


Back to Top 
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* 8 . 43 . At 298 K the emf of the cell 

Cd, HglCdCl 2 (aq, 0.01 m), AgCl(s)IAg 
is 0.7585 V. The standard emf of the cell is 0.5732 V. 

a. Calculate the mean activity coefficient for the Cd 2+ and Cl ions. 

b. Compare the value with that estimated from the Debye-Hiickel limiting law, and comment on any difference. 

Solution: 

Given: E = 0.7585 V, E° = 0.5732 V 
Required: see above 

a. To calculate the mean activity coefficients, we follow a similar process as used in problem 8.24. 

The half reactions at each electrode are, 

Cd(s) -> Cd 2+ + 2e 
AgCl(s) + e~ —> Ag + Cl" 

The overall reaction is given by, 

2AgCl(s) + Cd(s) — > 2Ag(s) + 2CE + Cd 2+ , where z = 2 

Suppose that at 0. 01 m the activity coefficients are y + and y , then we can solve for the mean activity coefficient from Eq. 8.40. 
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£ = £ °-^ ln ( a cd» a crT 

£ = £ ° _ ff ln ( r *[ Cd "] r - 2 [ Cr ] 2 )' 
£ = £ °-§ ln ([ Cd, ‘][ Cr ] 2 ^)" 


0.7585 V =0.5732 V ° In | ( n.O I )| 0.02)~ ;/ 


0.1853 = - 0.01 2851n(4xl0 V±) 
ln(4xlO‘V±) = -14.42 023 346 

(4x10 6 )^ =5.462 257 621x10 7 
y ± =0.5 149 567 193 
Y± =0-51 

b. To calculate the activity coefficient according to the DHLL, we first calculate the ionic strength of the solution from Eq. 7.103, 



l 


/ = - fxi 
2 V 

I = 0.03 m 


(l 2 x0.02 + 2 2 xO.Ol) 


Now we rearrange the Debye-Hiickel limiting law given by Eq. 7.111, 



y ± =0.665 780 111 6 


7 ± =0.67 
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There is a considerable difference between the two methods. 


Back to Problem 8.43 


Back to Top 


Solutions 


8-90 


Chapter 8: Electrochemical Cells 


Solutions 


*8.44. The following emf values were obtained by H. S. Hamed and Copson [/. Amer. Chem. Soc., 55, 2206(1933)] at 25 °C for the cell 

Pt,H 2 (l bar)ILiOH(0.01 m ), LiCl(/n)IAgCl(s)IAg 


at various molalities m of LiCl: 

0.20 

0.9696 


m/mol kg 1 
EN 


0.01 

1.0498 


0.02 

1.0318 


0.05 

1.0076 


0.10 

1.9888 


Obtain from these data the ionic product of water. 

Solution: 

Given: emf values above 


Required: K w 

In this cell, we see that the LiOH is required for the hydrogen electrode, and the LiCl salt is used to complete the AgCl electrode. Both the 
Cl" ion and the H + ion will behave according to their activities in solution. We begin solving the problem by first determining the emf of the 
cell: 


^cell — ^AgCl E H 2 

p RT. RT 

E cdi = E A g a ” — ln « c , -^T ln V 

Since K w = a H+ a QH _ , we can substitute this into the above expression and develop a relationship involving K w . 


rp ^ RT RT K w 

E cd\ = E A,a -—^a cr - — In — 

r T7° RT RT RT 

E «* = E A g a In Act ~^T lnK ^ + ~jT lna oH 

p p- RT, a RT 
£ cdi = E A g a — —in — — lnk\ v 

^ F « 0H - F 


Rewriting this expression in terms of activity coefficients and molalities gives, 
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E = E In C1 ^ C1 

^cell ^AgCl r, 111 

m y 

OH - ' OH - 


RT 


^cell ^AgCl 


^cell ^AgCI = _| n 


F 

RT . m, 


In K„ 


-ln- 


cr 


m 


OH - 


— ln-^ 

f y t 


RT 


\aK 


OH - 


0.0257 


m _ y 
— — — In — C!_ _ in 


m. 


OH - 


OH - 


The molality of OH' is given as 0.01 m, and from Table 8.1, E° AgCl = 0.222 33 V . 


^ceii- 0-222 33 +ln m a 


0.0257 


0.01 


= -In 


-In K 

r 0 n- 


We plot the left-hand side of the equation against the ionic strength, which varies with concentration, and extrapolate to zero ionic strength. 
At zero ionic strength, the activity coefficients approach unity. Then the value of the curve is -lnk\ v . 


£ce„ -0-222 33 |ln m cr 
0.0257 0.01 


-In K v 


In the following data, I is based on m + 0.01 m OH , where 0.01m is constant. 


ml mol kg 1 

0.01 

0.02 

0.05 

0.10 

0.20 

1 / mol kg -1 

0.02 

0.03 

0.06 

0.11 

0.21 

£ceu -0.222 33 
0.0257 

32.3086 

31.5079 

30.566 

29.834 

29.087 

, m 

In 

0.01 

0.000 

0.693 

1.609 

2.303 

2.996 

E n -0.222 33 m 

0.0257 0.01 

32.209 

32.301 

32.175 

32.137 

32.083 
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From the indicated plot shown, the value of -lnA\ v is 1.010x10 14 . 



Back to Problem 8.44 Back to Top 
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Chapter 9: Chemical Kinetics I. "The Basic Ideas 


Rate Constantsand Orderof Reaction 


Chapter 9 

* problems with an asterisk are slightly more demanding 

Rate Constants and Order of Reaction 

9.1. The stoichiometric equation for the oxidation of bromide ions by hydrogen peroxide in acid solution is: 

2Br“ + H 2 0 2 + 2H + -> Br 2 + 2H 2 0 

Since the reaction does not occur in one stage, the rate equation does not correspond to this stoichiometric equation but is 

u = £[H 2 0 2 ][H + ][Br - ] 

a. If the concentration of H 2 0 2 is increased by a factor of 3, by what factor is the rate of consumption of Br ions increased? 

b. If the rate of consumption of Br'ions is 7.2 x 10 mol dm' 3 s' 1 , what is the rate of consumption of hydrogen peroxide? What is 
the rate of formation of bromine? 

c. What is the effect on the rate constant k of increasing the concentration of bromide ions? 

d. If by the addition of water to the reaction mixture the total volume were doubled, what would be the effect on the rate of change 
of the concentration of Br ? What would be the effect on the rate constant k ? 

Solution 

9.2. A reaction obeys the stoichiometric equation: 

A + 2B — *• 2Z 

Rates of formation of Z at various concentrations of A and B are as follows: 


[A]/mol dm' 3 

[B]/mol dm' 3 

Rate/mol dm 3 s 1 

3.5 x 1(T 2 

2.3 x 10' 2 

5.0 x 10' 7 

7.0 x 10“ 2 

4.6 x 10' 2 

2.0 x 10” 6 

7.0 x 10“ 2 

9.2 x 10' 2 

4.0 x 10” 6 
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What are a and /? in the rate equation and what is the rate constant kl 

u = fc[A]“[Bf 

Solution 

9 . 3 . Some results for the rate of a reaction between two substances A and B are shown in the following table. Deduce the order a with 
respect to A, the order [i with respect to B, and the rate constant. 

[A]/mol dm" 3 [B]/mol dm" 3 Rate/mol dm" 3 s" 1 

1.4xl0“ 2 2.3 x 10" 2 7.40 x 10~ 9 

2.8 x 10" 2 4.6 x 10" 2 5.92 x 10" 8 

2.8 x 10' 1 4.6 x 10" 2 5.92 x 10' 6 

Solution 

9 . 4 . A substance decomposes at 600 K with a rate constant of 3.72 xlO" 5 s" 1 . 

a. Calculate the half-life of the reaction. 

b. What fraction will remain undecomposed if the substance is heated for 3 h at 600 K? 

Solution 

9 . 5 . How does the time required for a first-order reaction to go to 99% completion relate to the half-life of the reaction? 

Solution 

9.6. The rate constant for the reaction H + + OH" — > HiO is 1 .3 x 10 1 1 dm 3 mol" 1 s" 1 . Calculate the half-life for the neutralization process if 
(a) [H] + = [OH"] = 10" 1 M and (b) [H + ] = [OH"] = 10 r*M. 

Solution 

9 . 7 . The isotope 90 Sr emits radiation by a first-order process (as is always the case with radioactive decay) and has a half-life of 28.1 
years. When ingested by mammals it becomes permanently incorporated in bone tissue. If 1 jig is absorbed at birth, how much of 
this isotope remains after (a) 25 years, (b) 50 years, (c) 70 years? 

Solution 
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9 . 8 . The first-order decomposition of nitramide in the presence of bases, NH 2 NO 2 — > N20(g) + H20(l), is conveniently analyzed by 
collecting the gas evolved during the reaction. During an experiment, 50.0 mg of nitramide was allowed to decompose at 15 °C. The 
volume of dry gas evolved after 70.0 min. was measured to be 6.59 cm 3 at 1 bar pressure. Find the rate constant and the half-life for 
nitramide decomposition. 

Solution 

9 . 9 . The reaction: 

2NO(g) + C 12(g) — 2NOCl(g) 

is second order in NO and first order in CI 2 . In a volume of 2 dm 3 , 5 mol of nitric oxide and 2 mol of CD were brought together, and 
the initial rate was 2.4 x 10 mol dm~ 3 s' 1 . What will be the rate when one-half of the chlorine has reacted? 

Solution 

9 . 10 . Measuring the total pressure is a convenient way to monitor the gas phase reaction: 

2NOCl(g) — > 2NO(g) + Cl 2 (g) 

However, the rate depends on the concentration of the reactant, which is proportional to the partial pressure of the reactant. Derive 
an expression relating the rate of this reaction to the initial pressure, P 0 , and the total pressure, P ,, at time t. Assume that the reaction 
follows second-order kinetics. 

Solution 

9 . 11 . The following results were obtained for the rate of decomposition of acetaldehyde: 

% decomposed: 

0 5 10 15 20 25 30 35 40 45 50 

Rate/Torr min -1 

8.53 7.49 6.74 5.90 5.14 4.69 4.31 3.75 3.11 2.67 2.29 

Employ van’t Hoff s differential method to obtain the order of reaction. 


Solution 
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9 . 12 . The isotope “P emits radiation and has a half-life of 14.3 days. Calculate the decay constant in s . What percentage of the initial 
activity remains after (a) 10 days, (b) 20 days, (c) 100 days? 

Solution 

9 . 13 . The following counts per minute were recorded on a counter for the isotope at various times: 

Time/d Counts/min 

0 4280 

1 4245 

2 4212 

3 4179 

4 4146 

5 4113 

10 3952 

15 3798 


Determine the half-life in days and the decay constant in s '. How many counts per minute would be expected after (a) 60 days and (b) 365 
days? 

Solution 


9 . 14 . The reaction: 


cis-C r( en) 2 (OH ) * trans-C r(en) 2 ( OH ) * 

is first order in both directions. At 25 °C the equilibrium constant is 0.16 and the rate constant k\ is 3.3 x 10" 4 s -1 . In an experiment 
starting with the pure cis form, how long would it take for half the equilibrium amount of the trans isomer to be formed? 


Solution 
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9 . 15 . Suppose that a gas phase reaction 2A(g) — » 2B(g) + C(g) follows second-order kinetics and goes to completion. If the reaction is 
allowed to proceed in a constant volume vessel at an initial pressure of 2 bar (only A is initially present), what will be the partial 
pressures of A, B, and C and the total pressure at t = t m, 2fi/i, 3? 1 / 2 , and infinity? 

Solution 

9 . 16 . Derive the following relationship for the half-life t\n of a reaction of order n, with all reactants having an initial concentration a o'. 

2 ”~‘ -1 

1/_ ka^ 1 (n-1) 

Solution 

9 . 17 . Vaughan [/. Am. Chem. Soc. 54, 3867(1932)] reported the following pressure measurements as a function of time for the 
dimerization of 1,3-butadiene (C 4 H 6 ) under constant volume conditions at 326 °C: 

f/min 3.25 12.18 24.55 42.50 68.05 

P/Torr 618.5 584.2 546.8 509.3 474.6 


The initial amount of butadiene taken would have exerted a pressure of 632.0 Torr. Find whether the reaction follows first- or second-order 
kinetics and evaluate the rate constant. 


Solution 

9 . 18 . A drug administered to a patient is usually consumed by a first-order process. Suppose that a drug is administered in equal amounts 
at regular intervals and that the interval between successive doses is equal to the (l/«)-life for the disappearance process (i.e., to the 
time that it takes for the fraction 1 In to disappear). Prove that the limiting concentration of the drug in the patient’s body is equal to n 
times the concentration produced by an individual dose. 

Solution 

9 . 19 . Equation 9.45 applies to a second-order reaction of stoichiometry A + B — > Z. Derive the corresponding equation for a second-order 
reaction of stoichiometry 2A + B — *Z. 


Solution 
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9.20. Derive the integrated rate equation for an irreversible reaction of stoichiometry 2A + B — * Z, the rate being proportional to [A] 2 [B] 
and the reactants present in stoichiometric proportions; take the initial concentration of A as 2a q and that of B as a t) . Obtain an 
expression for the half-life of the reaction. 


Solution 


9.21. Prove that for two simultaneous (parallel) reactions 


V 


^-^=— at all times. 
[Z] k 2 


*9.22. Prove that for two consecutive first-order reactions; A — > B — * C the rate of formation of C is given by: 

&,e~ i ‘ f - k,e~ 


[C] = [A] c 


1 +- 


k, —k 2 


Solution 


where [A]o is the initial concentration of A. 
(Hint: The solution of the differential equation): 


dx , 
— = abe 
dt 


-bt 


-cx 


where a, b, and c are constants, is 


ab 

x= 

c-b 


(e- 6 ' 


-e -c ') + / 


Solution 
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*9.23. a. Derive the integrated rate equation for a reversible reaction of stoichiometry: 

K 

AfiY + Z 

*Li 

The reaction is first order from left to right and second order from right to left. Take the initial concentration of A as ao and the 
concentration at time t as ao - x. 

b. Obtain the integrated equation in terms of k , and the equilibrium constant K = ki/k-i . 

c. A reaction to which this rate equation applies is the hydrolysis of methyl acetate. Newling and Hinshelwood, J. Chem. Soc., 1936, 
1357(1936), obtained the following results for the hydrolysis of 0.05 M ester at 80.2 °C in the presence of 0.05 M HC1, which 
catalyzes the reaction: 


Time, s 

Percent hydrolysis 


1350 2070 3060 

21.2 30.7 43.4 


5340 7740 oo 

59.5 73.45 90.0 


Obtain values for the rate constants k\ and k \ . 


Solution 


*9.24. The dissociation of a weak acid HA + H 2 O ^ HsO + + A can be represented as: 

Afi Y + Z 

The rate constants k\ and k \ cannot be measured by conventional methods but can be measured by the T-jump technique (Section 
9.5). Prove that the relaxation time is given by: 


k { + 2 k l x e 

where the concentration of the ions (Y and Z) is at equilibrium. 


Solution 
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Temperature Dependence 

9 . 25 . The rate constant for a reaction at 30 °C is found to be exactly twice the value at 20 °C. Calculate the activation energy. 

Solution 

9 . 26 . The rate constant for a reaction at 230 °C is found to be exactly twice the value at 220 °C. Calculate the activation energy. 

Solution 

9.27. The following data for a first-order decomposition reaction in aqueous medium was reported by E. O. Wiig [/. Phys. Chem. 34, 
596(1930)]. 

t/°C 0 

M0“ 5 muT 1 2.46 

Find the activation energy and the preexponential factor. 

Solution 

9 . 28 . Two second-order reactions have identical preexponential factors and activation energies differing by 20.0 kJ mol '. Calculate the 
ratio of their rate constants (a) at 0 °C and (b) at 1000 °C. 

Solution 

9.29. The gas-phase reaction between nitric oxide and oxygen is third order. The following rate constants have been measured: 

77K 80.0 143.0 228.0 300.0 413.0 564.0 

k x 10 9 /cm 6 moE 1 s _1 41.8 20.2 10.1 7.1 4.0 2.8 

The behavior is interpreted in terms of a temperature-dependent preexponential factor; the rate equation is of the form: 

1 rrfl —E/RT 

k = ciT e 

where a and n are constants. Assume the activation energy to be zero and determine n to the nearest half-integer. 

Solution 


20 

40 

60 

43.5 

575 

5480 
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9.30. The definition of activation energy E a is generally considered to be given by an extension of Eq. 9.91: 

r ,|Vlnt 

fl l, dT 

Problem 9.29 shows that for certain reactions, the temperature dependence of the reaction rate constant is better described by an 
expression of the type 

7 rrfl —E/RT 

k = al e 

Using the definition for E a given here, derive an expression for the activation energy from this expression. 

Solution 


9 . 31 . The water flea Daphnia performs a constant number of heartbeats and then dies. The flea lives twice as long at 15 °C as at 25 °C. 
Calculate the activation energy for the reaction that controls the rate of its heartbeat. 


Solution 

9 . 32 . A sample of milk kept at 25 °C is found to sour 40 times as rapidly as when it is kept at 4 °C. Estimate the activation energy for the 
souring process. 


Solution 

*9.33. Experimentally, the rate constant for the 0( 3 P) + HC1 reaction in the gas phase is found to have a temperature dependence given by: 

k (cm 3 molecule" 1 s" 1 ) = 5.6 x 10" 21 :T 2 - 8 V 1766K/7 ' 
in the range 350 - 1480 K [Mahmud, Kim, and Fontijn, J. Phys. Chem. 94, 2994(1990)]. 

a. Using the results of Problem 9.30, find the value of E a at 900 K, which is approximately the middle of this range. 

b. Using variational transition-state theory (an extension of the transition-state theory described in Section 9.9), the theoretical rate 
constant for this reaction is found to behave according to the equation: 

k (cm 3 molecule" 1 s" 1 ) = 6.9 x 1 0" 20 ^' 6 ^" 2454 K/7 ' 

in the same temperature range [T. C. Allison, B. Ramachandran, J. Senekowitsch, D. G. Truhlar, and R. E. Wyatt, J. Mol. Structure, 
Theochem, 454 , 307, 1998.] Compare the experimental and theoretical rate constants at 900 K. 


Solution 
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9.34. The activation energy for the reaction: 

H + CH 4 -» H 2 + CH 3 

has been measured to be 49.8 kJ mol -1 . Some estimates of enthalpies of formation, A fH°, are: 


H 

218.0 kJ moU 

ch 4 

-74.8 kJ moU 

ch 3 

139.5 kJ moU 


Estimate a value for the activation energy of the reverse reaction. 

Solution 

*9.35. By a treatment similar to that given for relaxation methods for the case A ^ Z, derive the rate equations for analyzing the reaction 
A + B ^ Z by carrying out the steps below. 

a. Show that at equilibrium, k\a e b e = k-iz e , where the subscript e indicates equilibrium concentrations. 

dx 

b. Show that —=k l {a e -x){b e —x)-k_ l (z e +x) , where x represents a change from equilibrium. 

dt 

dx 

c. Show that for small*, — = -[k l {a e +b e ) + k ,]* . [Hint: Use the result of part (a).] 

dt 

d. The displacement from equilibrium * always follows the first-order process x = xq exp(-f/f*), where t* is the relaxation time. 
Show that dx/dt = -x/t*. 


e. Comparing the results of parts (c) and (d), show that — = 2k } a c + k , if a, = b e . 

t* 


1 I k z 

f. For the case a e = b e , show that — =2 Jk l k_ l z e + k , . [Hint: Use the result of part (e) and the fact that — -= — — .] 

t* k j ab e 


Solution 
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9.36. A reaction of the type A + B ^ Z has been studied by relaxation methods. Some of the available data relating equilibrium 
concentrations of the product to the relaxation times are given below. 


Z e /M 

f*/ms 


0.001 

4.08 


0.002 

3.74 


0.005 

2.63 


0.010 

1.84 


0.025 

1.31 


0.05 0.10 

0.88 0.674 


Determine k\, k- 1 , and K = k\/k-\. 


Solution 

9.37. The equilibrium H 2 0 ^ H + OH has a relaxation time of about 40 us at 25 °C. Find the values of the forward and reverse rate 
constants. K k = |H + ||OH | = 10~ 14 . 


(Hint: For this case, using steps similar to those of Problem 9.25, it can be shown that — =k t +k _,([H + ] f +[OH ] c ) .) 

t* 


Solution 


Collision Theory and Transition-State Theory 

9.38. Two reactions of the same order have identical activation energies and their entropies of activation differ by 50 J K 1 mol -1 . 
Calculate the ratio of their rate constants at any temperature. 


Solution 


9.39. The gas-phase reaction: 


H 2 + I 2 -*• 2HI 

is second order. Its rate constant at 400 °C is 2.34 x 1 0 2 dm 3 moF 1 s -1 , and its activation energy is 150 kJ mol -1 . Calculate A 7/°, 
A*S°, and A + G° at 400 °C, and the preexponential factor. 


Solution 


Formatted: Heading 1, Left, Indent: 
Left: 0", First line: 0" 
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9 . 40 . A substance decomposes according to first-order kinetics; the rate constants at various temperatures are as follows: 

Temperature/°C Rate constant, k! s -1 


15.0 

4.18 x 10" 6 

20.0 

7.62 x 10" 6 

25.0 

1.37 x 10" 5 

30.0 

2.41 x 10' 5 

37.0 

5.15 x 10“ 5 


Calculate the activation energy. Calculate also, at 25 °C, the enthalpy of activation, the Gibbs energy of activation, the preexponential 
factor, and the entropy of activation. 

Solution 


9 . 41 . The following data have been obtained for the hydrolysis of adenosine triphosphate, catalyzed by hydrogen ions: 

Temperature/°C Rate constant, k! s' 1 


39.9 

4.67 x 10” 6 

43.8 

7.22 x 10~ 6 

47.1 

10.0 x 10~ 6 

50.2 

13.9 x 10~ 6 


Calculate, at 40 °C, the Gibbs energy of activation, the energy of activation, the enthalpy of activation, the preexponential factor, and the 
entropy of activation. 


Solution 

9 . 42 . The half-life of the thermal denaturation of hemoglobin, a first-order process, has been found to be 3460 s at 60 °C and 530 s at 65 
°C. Calculate the enthalpy of activation and entropy of activation at 60 °C, assuming the Arrhenius equation to apply. 


Solution 
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*9.43. a. Using Eq. 9.73, calculate the collision density for 6.022 xlO 23 molecules of hydrogen iodide present in a volume 1 m 3 at 300 K. 
Take cIaa = 0.35 nm. 

b. If the activation energy for the decomposition of HI is 184 kJ mol’ 1 , what rate constant does kinetic theory predict at 300 °C? To 
what entropy of activation does this result correspond? 

Solution 

9.44. The rate constant for a first-order reaction is 7.40 x 10 9 s 1 at 25 °C, and the activation energy is 1 12.0 kJ mol '. Calculate, at 25 °C, 
the preexponential factor A, the enthalpy of activation A 'H°, the Gibbs energy of activation A G°, and the entropy of activation A i S°. 

Solution 

9.45. The rate constant for a second-order reaction in solution is 3.95 x 1 0 1 dm 3 mol 1 s” 1 at 25 °C, and the activation energy is 120.0 kJ 
mol -1 . Calculate, at 25 °C, the preexponential factor A, the enthalpy of activation A// 0 , the Gibbs energy of activation A G°, and the 
entropy of activation A + A°. 


Ionic-Strength Effects 


9.46. The rate constant k for the reaction between persulfate ions and iodide ions varies with ionic strength 7 as follows: 


7/1 0" 3 mol dm -3 
k/dm 3 mok 1 s -1 


2.45 3.65 4.45 

1.05 1.12 1.16 


6.45 8.45 12.4 

1.18 1.26 1.39 


Solution 



Formatted: Heading 1 


Estimate the value of Ab- 


solution 
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9 . 47 . The following constants were obtained by Br0nsted and Livingstone [/. Amer. Chem. Soc., 49, 435(1927)] for the reaction: 

[CoBr(NH 3 ) 5 ] 2+ + OH' -*■ [Co(NH 3 ) 5 OH] 2+ + Br' 


under the following conditions: 


Concentration/mol dm 1 


[CoBr(NH 3 ) 5 ] 2+ 

NaOH 

NaCl 

dm 3 

5.0 x lO -4 

7.95 x lO -4 

0 

1.52 

5.96 x 10' 4 

1.004 x 10' 3 

0 

1.45 

6.00 x 10' 4 

0.696 x 10' 3 

0.005 

1.23 

6.00 x 10' 4 

0.696 x 10' 3 

0.020 

0.97 

6.00 x 10' 4 

0.691 x 10' 3 

0.030 

0.91 


Make an estimate of the rate constant of the reaction at zero ionic strength. Are the results consistent with zaZb = -2? 


Solution 

9 . 48 . Suppose that the rates of ionic reactions in solution were proportional to the activity rather than the concentration of activated 
complexes. Derive an equation relating the logarithm of the rate constant to the ionic strength and the charge numbers of the ions 
and contrast it with Eq. 9.124. Can the results in Figure 9.22 be reconciled with the equation you have derived? 


Solution 
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9 . 49 . When the subatomic species muonium (Mu) was first discovered in 1960, it was not known whether it bore an electric charge. The 
answer was provided by a kinetic study of the ionic strength effect on the reaction Mu + Cu 2+ in aqueous solution. The following 
rate constants were measured at two ionic strengths: 

7=0 k = 6.50 x 10 9 dm 3 moF 1 s" 1 

1=0.9 M k = 6.35 x 10 9 dm 3 moF 1 s" 1 


Suppose that muonium had a single negative charge; what would k be expected to be at an ionic strength of 0.9 M? What do you deduce 
about the actual charge on muonium? 


Solution 


9 . 50 . The rate constants of a second-order reaction in aqueous solution at 25 °C had the following values at two ionic strengths: 

7/mol dnF 3 k/dm 3 moF 1 s -1 

2.5 xl0“ 3 1.40 xl0“ 3 

2.5 x 10' 2 2.35 x 10“ 3 

•* j Formatted: Space After: 0 pt 

Make an estimate of the value of zaZb, the product of the charge numbers. 


Solution 


9 . 51 . A reaction of the type: 

A + + B 2 ~— > products 

was found at 25 °C to have a rate constant of 2.8 x 1 0 1 dm 3 moF 1 s 1 at an ionic strength of 1 .0 x 10 M. Assume the Debye-Hiickel 
limiting law to apply and estimate the rate constant at zero ionic strength. 


Solution 


Pressure Effects ■* Formatted: Heading 1, Left 

9 . 52 . The rate of a reaction at 300 K is doubled when the pressure is increased from 1 bar to 2000 bar. Calculate A + V°, assuming it to be 
independent of pressure. 
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Solution 


9.53. The following results were obtained for the solvolysis 

P/10 2 kPa 1.00 

k/10 -6 s" 1 7.18 


of benzyl chloride in an acetone-water solution at 25 °C: 

345 689 1033 

9.58 12.2 15.8 


Make an appropriate plot and estimate A*V°. 


Solution 


9 . 54 . The fading of bromphenol blue in alkaline solution is a second-order reaction between hydroxide ions and the quinoid form of the 
dye: 


quinoid form (blue) + OH — > carbinol form (colorless) 


The following results show the variation of the second-order rate constant k with the hydrostatic pressure P at 25 


P/10 4 kPa 
k/Uy 4 AT 1 s" 1 


101.3 2.76 5.51 8.27 

9.30 11.13 13.1 15.3 


°C: 

11.02 

17.9 


Estimate A*V°. 


Solution 


9 . 55 . Use Figure 9.23 to make approximate estimates of the volumes of activation for the alkaline hydrolyses of methyl acetate, ethyl 
acetate, and propionamide, at 25 °C. 


Solution 


9-17 


Chapter 9: Chemical Kinetics I. "The Basic Ideas 


Essay Questions 


Essay Questions 

9.56. Explain clearly the difference between the order and the molecularity of a reaction. 

9.57. Give an account of experimental methods that might be used to study the kinetics of (a) a reaction having a half-life of about 1 0 s 
and (b) a reaction having a half-life of about 1CT 7 s. 

9.58. Predict the effects of (a) increasing the dielectric constant of the solvent, (b) increasing the ionic strength, and (c) increasing the 
pressure on the reactions of the following types: 


Formatted: Heading 1, Indent: Left: 
0", First line: 0" 


A 2+ +Bh>X + 

A + +B 2+ h>X 3+ 

A + B — » A + B~ 

Give a clear explanation in each case. What can you say about the entropy of activation to be expected in each case? 

9.59. Van’t Hoffs differential method can be applied to kinetic data in two different ways: 

1 . Rates can be determined at various stages of a single reaction. 

2. Initial rates can be measured at a variety of initial concentrations, the reaction being run a number of times. In each case logio 
(rate) can be plotted against logio (concentration of a reactant). Can you suggest why a different order of reaction might be obtained 
when these two different procedures are used? 

<* — | Formatted: Heading 1 
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Solutions 

9 . 1 . The stoichiometric equation for the oxidation of bromide ions by hydrogen peroxide in acid solution is: 

2Br“ + H 2 0 2 + 2H + -> Br 2 + 2H 2 0 

Since the reaction does not occur in one stage, the rate equation does not correspond to this stoichiometric equation but is 

u = £[H 2 0 2 ][H + ][Br-] 

a. If the concentration of H 2 0 2 is increased by a factor of 3, by what factor is the rate of consumption of Br ions increased? 

b. If the rate of consumption of Br"ions is 7.2 x 10 mol dm~ 3 s _1 , what is the rate of consumption of hydrogen peroxide? What is 
the rate of formation of bromine? 

c. What is the effect on the rate constant k of increasing the concentration of bromide ions? 

d. If by the addition of water to the reaction mixture the total volume were doubled, what would be the effect on the rate of change 
of the concentration of Br ? What would be the effect on the rate constant kl 

Solution: 

It is important to note that rather than considering the species as themselves, we can make the rate equation more simple by introducing the 
following substitutions. 

H,0 2 = A 
H + = B 
Br =C 

a) We can start off by writing down the rate of reaction for each species involved. Recall from section 9.2 that the rate of reaction is 
independent of which reactant or product species is chosen. For the reaction: aA + bB — » yY + zZ occurring at constant volume, the 
rate of reaction is given as; 

1 <7 [A] _ \d[B]_\d[Y]_\d[Z] 
a dt b dt y dt z dt 

Let us now apply this to our particular case. This will yield; 
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</[Al ld\B] lr/ICl 

V. = — V R = v r = ~^ L 

dt 2 dt 2 dt 

If the concentration of H 2 O 2 is increased by a factor of 3, then we can say that v B will remain fixed and v c will also increase by a 
factor of three. 

v c will T by a factor of 3 

b) We are given that v c = 7.2 x 10 3 mol dm 3 s 1 (bromide ion). With this information, we are able to determine the rate of 

consumption of species A and B. It is possible to also write the rate of reaction in a manner that expresses the rates of consumption 
or formation for each species. 


b 

v, 


' Y 

y 


y 7 

z 


v = - 


C _ ' Br 2 

2 1 

7.2 xKT 3 mol dm - 


v A = 0.0036 mol dm 3 s 1 


v A = 3.6 x 10 ‘ mol dm s 


v Br = 3.6 x 10 3 mol dm 3 s 1 


c) Recall from section 9.3 that the rate constant k, is independent of concentration (as well as time). This means that there will be no 
change in its value if one increases the concentration of bromide ions. 

no change in k 

d) If we add enough water into the mixture to double the total volume, we will at the same time, be diluting all of the concentrations by 
one half. Recall that for the bromide ion, we originally we have; 
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Solutions 


1 rf[C] 

2 dt 


multiplied by one half will produce v c = - 


1W 

2 dt UJ 


1 rf[C] 
4 dt 


v c will have a rate of disappearance that is 4x slower 


no change in k 


Back to Problem 9.1 Back to Top 


9-21 


Chapters Chemical Kinetics I. "The Basic Ideas 


Solutions 


9.2. A reaction obeys the stoichiometric equation: 

A + 2B — > 2Z 

Rates of formation of Z at various concentrations of A and B are as follows: 


[A]/mol dm 3 

[B]/mol dm 3 

Rate/mol dm 3 

3.5 x 10" 2 

2.3 x 10 -2 

5.0 x 10^ 7 

7.0 x 10" 2 

4.6 x 10 -2 

2.0 x 10 -6 

7.0 x 10" 2 

9.2 x 10~ 2 

4.0 x 10 -6 

and /') in the rate equation and what is 

the rate constant kl 



u = fe[A]“[B/ 

Solution: 

Let us begin by determining the total order of the reaction by using the rate at a variety of concentrations. 

v(C 3 ) 4.0xlCT 6 moLdirT^s^ 

v = — ^ ^ 

V {C 2 ) 2.0xl0~ 6 jncd-drir 3 "1> 

v = 2 

This tells us that the overall order of the reaction will be 2 nd order. Since both A and B are included in the rate equation, we can assume 
that, 

« = 1 , /? = ! 
v = fe[A]‘[B] 1 

The rate constant may be determined by rearranging the above expression and simply substituting in experimental values given above at the 
same concentration (for each species). 
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k = — r — r 

v(C,) 5.0x10 7 jaadf s _1 

[A] [b] (3.5xKT 2 mol dnT 3 ^2.3 x KT 2 jadf 

£ = 6.2x10^ dm 3 moB 1 s _1 


Back to Problem 9.2 


Back to Top 


Solutions 
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Solutions 


9.3. Some results for the rate of a reaction between two substances A and B are shown in the following table. Deduce the order a with 
respect to A, the order f 3 with respect to B, and the rate constant. 



[A]/mol dm 3 

[B]/mol dm 3 

Rate/mol dm 3 

Vi 

1.4 x 10" 2 

2.3 x 10“ 2 

7.40 x 10" 9 

v 2 

2.8 x 10" 2 

4.6 x 10“ 2 

5.92 x 10" 8 

v 3 

2.8 x 10“' 

4.6 x 10" 2 

5.92 x 10" 6 


Solution: 

Given: see above 
Required: a, [i, k 

We will solve this problem in the same way that problem 9.2 was done. 

Let us begin by determining the total order of the reaction by examining the concentrations of each species in conjunction with the change 
in the rate (at each different concentration). 


2.8x10 

2.8xl0~ 


>-i A 


4.6x10 

4.6x10 


^5.92x 10' 6A 
5.92 xl0~ 


= 10 “ =100 


a = 2 


2 . 


V 2 _ 

f 2.8 xlO" 2 ^ 

2 

f 4.6 xlO^ 2 ^ 

l 'l 

[l.4xl0" 2 y 


[2.3x10' 2 J 


"5.92xlQ- 8 ^ 
. 7.4xl0“ 9 . 


= 8 = 4x2^ 


>9 = 1 
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3. 

v = &[A] 2 [B] 

7.4 xlO -9 = k t [l.4xl0” 2 ] 2 [2.3 xlO -2 ] 

k, =1.641 526 176 xlO' 3 

5.92 x 1(T 8 = k 2 [2.8 xlO' 2 ] 2 [4.6 x 10“ 2 ] 

k 2 = 1.641 526 176 xlO -3 

5.92xl0" 6 =/t 3 [2.8x10-' ] 2 [4.6 xlO -2 ] 

k 3 =1.641 526 176 xlO -3 

— k, + k 0 + 

k = — - 

3 

k = 1.642 xlO" 3 


Back to Problem 9.3 


Back to Top 


Solutions 
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Solutions 


9 . 4 . A substance decomposes at 600 K with a rate constant of 3.72 xl0~ 5 s -1 . 

a. Calculate the half-life of the reaction. 

b. What fraction will remain undecomposed if the substance is heated for 3 h at 600 K? 

Solution: 

Given: T = 600 K, k = 3.72 xl0~ 5 s 1 . f = 3hrs 


Required: f 1/2 , fraction undecomposed 


By looking at the units for the rate constant, it is often possible to determine the order of the reaction. This information will greatly 
facilitate the calculation of the half life as there are different equations that should be used depending on the order of the reaction. Since the 
units are in s -1 , we have seen in Table 9.1 that this corresponds to a 1 st order reaction. 


a) The half life will then be: 


t 


1/2 


In 2 
k 


In 2 

3.72 xl0“ 5 s _1 
0.693 147 
3.72 xKT 5 s _1 


t m =18 632.988 72 s 


t m =1.86x10 s 


t in =1.86xl0 4 /x 1 - tH *” x 


60 


t in =5.18 hrs 


1 hr 

60 jHirf 


b) The undecomposed fraction after three hours will be: 

If k = -In — — — then we can rearrange this expression in order to solve for the fraction of substance that is undecomposed. 
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Solutions 


kt = In - 


exp (At) = JrreT 


f \ 

a o 


exp (-At) = — - — — = fraction undecomposed=exp 

dr\ 


-3.72x10’ 5 X^x3 p(s . 


60 jairT 60 / 

: -p — x 

1 Jar 1 jam 


fraction undecomposed = 0.669 


Back to Problem 9.4 Back to Top 


= 0.669 
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Solutions 


9 . 5 . How does the time required for a first-order reaction to go to 99% completion relate to the half-life of the reaction? 

Solution: 

From Table 9.1 we are given the following information. 


1 st order reaction: 


k = -In 


1 . a n 


In 2 


. ^ 1/2 " , 
t a n —x k 


With this we know that after the half life, there is only 50 percent of the substance left. This means that the fraction undecomposed is equal 
to 0.5. 


At t ll2 , — — - = 0.5 and 0.5 = exp (~kt 1/2 ) 

«o 

If the reaction goes to 99 percent completion, this would mean that the fraction undecomposed will be equal to 0.01 and therefore. 

At t 99 , — — — = 0.01 and 0.01 = exp (-kf 99 ) 
a g 

Let us now rearrange these expressions in order to isolate for the time variable. 

^ = exp(fa ]/2 ) 

In 2 = 

_ In 2 

hi 2 — 

k 

( ^ = exp(fa 99 ) 

In 100 = JirtT (kf 99 ) 

In 100 
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Solutions 


Taking the ratio of these two expressions will show us how the time required for a first-order reaction to go to 99% completion relates to the 
half-life of the reaction. 

In 100 


k 

Back to Problem 9.5 Back to Top 


k _ In 100 / _ In 100 

In 2 ~ / X lm2 ~ In 2 


— = 6.64 
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Solutions 


9.6. The rate constant for the reaction H + + OH — > H 2 O is 1 .3 x 10 1 1 dm 1 mol 's'. Calculate the half-life for the neutralization process if 
(a) [H] + = [OH - ] = 10 -1 M and (b) [H + ] = [OH - ] = 10 -4 M. 

Solution: 

Given: k = 1.3x10“ dm 3 mol -1 s -1 ,[H] + =[OH - ] = 10 -1 M, [h + ] = [OH - ] = 10^ M 
Required: t m in each case 

We will again look at the rate constant in order to determine the overall order of the reaction. Since the units are dm 3 mol -1 s -1 , from Table 
9.1 we can see that the reaction is 2 nd order. 

a) The half life for the neutralization process [H] + = [OH - ] = 10 -1 M is therefore, 

1 

*1/2 ~ 7 
ka 0 

1 

t>n ~~ (l.3xl0“ dm 3 mol -1 s -1 )(l0 -1 m) 

1 M = 1 mol L -1 
1 L = 1 dm 3 


1 



t v 2 = 7.7 xlO 11 s 


b) The half life for the neutralization process [H] + = [OH ] = 10 4 M is therefore. 
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1 

hn ~ 7 
ka 0 

1 

t ' n ~~ (l.3xlO n dm 3 mol' 1 s'‘)(l0' 4 m) 

1 M = 1 mol L' 1 
1 L = 1 dm 3 

1 

|l.3xlO u jim^fioT^ s _1 j|l0' 4 jnoWm^j 

t U2 =7.7xl0' 8 s 

Back to Problem 9.6 


Back to Top 


Solutions 
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Solutions 


9 . 7 . The isotope 90 Sr emits radiation by a first-order process (as is always the case with radioactive decay) and has a half-life of 28.1 
years. When ingested by mammals it becomes permanently incorporated in bone tissue. If 1 «g is absorbed at birth, how much of 
this isotope remains after (a) 25 years, (b) 50 years, (c) 70 years? 

Solution: 

Given: 90 Sr: 1 1/2 = 28.1 years, m = 1 //g 
Required: fraction remaining in each case 

It is first important to determine the rate constant. Since we are told that the radioactive decay is a 1 st order process, we can use Table 9.1 in 
order to calculate its value. 

_ In 2 

*1 n 



f 1/2 = 28.1 yrs 
_ 0.693147 
28.1 yrs 

k = 0.024 667 yrs' 1 


Now we will use the integrated form in order to isolate for the fraction undecomposed after a certain period of time. 
k = -In — — — 


kt = In - 


a n -x 


exp (At) = yrtz 


r \ 
«o 


exp (~kt) = — — — = fraction undecomposed 


-'o 
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Solutions 


a) After 25 years, 

^ = expf-0.024 667 ^yrs^x25 ydj 

a o 

- = 0.540 fig 


0.540 /ug remain after 25 years 


b) After 50 years 

^ = exp f -0.024 667 _yrs^x50 y*C\ 
a o 

= 0.291 M g 


0.291 fig remain after 50 years 


c) After 70 years, 

— — — = exp|-0.024 667 ^yrs^x70 ^yrfTj 
a Q 

Or, — x 

= 0.178 fig 


0.178 fig remain after 70 years 
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Solutions 


Back to Problem 9.7 


Back to Top 
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Solutions 


9 . 8 . The first-order decomposition of nitramide in the presence of bases, NH 2 NO 2 — > N20(g) + FLOO), is conveniently analyzed by 
collecting the gas evolved during the reaction. During an experiment, 50.0 mg of nitramide was allowed to decompose at 15 °C. The 
volume of dry gas evolved after 70.0 min. was measured to be 6.59 cm 3 at 1 bar pressure. Find the rate constant and the half-life for 
nitramide decomposition. 

Solution: 

Given: Nitramide: m = 50.0 mg, T = 15 °C,V = 6.59 cm 3 ,/ 3 = 1 bar, t = 70.0 min 
Required: k,t ln 

When given this type of problem, it is essential that the number of moles of substance in found before the rate constant as well as the half 
life can be determined. Let us begin by using the Ideal Gas Law in order to do this. 


PV = nRT 



M 62.023 / moL 1 


n 0 = 8.06x10 4 mol 
PV 

"reacted ( 7 0 min) = — 


reacted 



(l >hr j(6.59 cm 3 ) 



"reacted ( 7 0 min ) = 2.75 xl0~ 4 mol 


VL 

reacted 


Now that we have the initial number of moles and the number of moles reacted after 70 minutes, we can use this bit of information in the 
integrated rate law as the fraction of undecomposed substance. 
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t a Q ~X t « 0 -H react ed 

_ 1 8.06 x IQ- 4 jat$f 

~ 70 min (8.06 x 10 -4 - 2.75 xlO' 4 ) jadf 

k = 5.96xl0~ 3 min' 1 


The half life for the reaction may now be determined using the above value. 
_ In 2 

0.693147 

1,2 ~ 5.96 xlO' 3 min' 1 
t ll2 =116 min 


Back to Problem 9.8 


Back to Top 


Solutions 
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Solutions 


9.9. The reaction: 


2NO(g) + Cl 2 (g) -> 2NOCl(g) 

is second order in NO and first order in CI 2 . In a volume of 2 dm 3 , 5 mol of nitric oxide and 2 mol of Cl 2 were brought together, and 
the initial rate was 2.4 x 10 mol dm~ 3 s _1 . What will be the rate when one-half of the chlorine has reacted? 

Solution: 

Given: [NO] 2 ,[C1 2 ]' ,V = 2 dm 3 ,n N0 =5 mol,7i cl2 =2 mol, k 0 = 2.4xl(T 3 mol dm^s -1 
Required: k when half of chlorine reacted 

Let us first write out the rate law for this reaction (given that the reaction is second order in NO and first order in CI 2 ). 
v = fc[NO] 2 [Cl 2 ]‘ 

The easiest way to solve this problem is to construct a table which will enable us to examine the initial amounts of each species in addition 
to the amount after half of the chlorine is reacted. 



2NO 

+ Cl 2 — ^ 

2NOC1 

initial 

5 

2 

0 mol 

reacted 


1 


final 

3 

1 

2 mol 

The rate of reaction is therefore equal to: 
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rate l = k t [NO] 2 [Cl 2 ]‘ 
2.4 xlO -3 = k { [5] 2 [2]‘ 


When one-half of the chlorine has reacted: 

rate 2 = k { [3]" [l]* 

rate n = 4.8xl(T 5 x9 

rate 2 = 4.32xlCT 4 mol dm -3 s” 1 


Back to Problem 9.9 


Back to Top 


Solutions 
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Solutions 


9.10. Measuring the total pressure is a convenient way to monitor the gas phase reaction: 

2NOCl(g)->2NO(g) + Cl 2 (g) 

However, the rate depends on the concentration of the reactant, which is proportional to the partial pressure of the reactant. Derive an 
expression relating the rate of this reaction to the initial pressure, P o, and the total pressure, P t , at time t. Assume that the reaction follows 
second-order kinetics. 

Solution: 

Let us begin by mentioning that we will making reference to all quantities in terms of the number of moles. Let no denote the initial amount 
of NOC1 and we will say that 2x is the number of moles reacted after a period of time, t. We can again construct a table to facilitate our 
problem solving process. 

2NOCl(g) -> 2NO(g) + CL (g) 
initial n 0 0 0 

reacted - 2x 2x x 

final n 0 - 2x 2x x 

We can see that the total amount of gas at any given time (f) is equal to: 

r\p£x jsZx, + x = « 0 + x 

With this information, we can now calculate the concentrations. We will make use of the Ideal Gas Law which states that, 

PV = nRT 

P n o RT 

0 V 

.... . n 

initial concentration — » — 

V 

»o _ P o 

V RT 
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Solutions 


Let us now derive the expression for the concentration at the time t. 

total number of moles 

P ,= ( n 0 +X ) R y- 

P , 

RT V V 
x _ P, h 0 
V RT V 

n P 

Substituting the original expression into the expression for the concentration at time t, we get. 


_ = t 0 _ I 0 

V RT V RT RT 


- = ^— ^ = fCll =2[NO] 
V RT t J 2 L J 


And 


n 0 - 2x 
V 


*o 

RT 


2P, - 2P„ 

RT 


3P o 2 5i = [NOCl] 


-</[NOCll r ,2 
rate = ± = k [NOCl] = 


RT 

*[3P„-2P,r 


R 2 T 2 


Back to Problem 9.10 Back to Top 
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9 . 11 . The following results were obtained for the rate of decomposition of acetaldehyde: 

% decomposed: 

0 5 10 15 20 25 30 35 40 45 50 

Rate/Torr min -1 

8.53 7.49 6.74 5.90 5.14 4.69 4.31 3.75 3.11 2.67 2.29 

Employ van’t Hoff s differential method to obtain the order of reaction. 

Solution: 

It is best to solve this type of problem using Microsoft Excel or any other math program that will enable you to plot this curve. Employing 
the Van’t Hoff method, we obtain the following values: 


% 

decomposed 

v Torr 
min -1 

log 10 1% 

remaining) 

log 10 (vTorr 

min’ 1 ) 

0 

8.53 

2.00 

0.931 

5 

7.49 

1.98 

0.874 

10 

6.74 

1.95 

0.829 

15 

5.9 

1.93 

0.771 

20 

5.14 

1.90 

0.711 

25 

4.69 

1.88 

0.671 

30 

4.31 

1.85 

0.634 

35 

3.75 

1.81 

0.574 

40 

3.11 

1.78 

0.493 

45 

2.67 

1.74 

0.427 

50 

2.29 

1.70 

0.360 


We can now plot logio(v/Torr min' ) versus logio(% remaining). The slope will then be the order of the reaction (with respect to time). 
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Solutions 



Using the slope function on Microsoft Excel we obtain, 

slope = 1.865272965 

slope = 2.0 to the nearest half integer 


Back to Problem 9.11 Back to Top 
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9 . 12 . The isotope “P emits radiation and has a half-life of 14.3 days. Calculate the decay constant in s . What percentage of the initial 
activity remains after (a) 10 days, (b) 20 days, (c) 100 days? 

Solution: 

Given: “ P :t U2 = 14.3 days 


Required: decay constant, percentage of initial activity 

Let us begin by determining the rate constant. According to Table 9.1, 


f n 


In 2 
k 


t m = 14.3 : 


24 Jots 60 jHirf 60 s 


1 1 1 jpei iff 


t m = 1 235 520 s 
h 0.693 147 
~ 1 235 520 s 


k =5.61xl0~ 7 s' 1 


or. 


0.693 147 
14.3 days 


k = 0.0485 days -1 


a) Percentage of initial activity remaining after 10 days 
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k = -111 — — 


kt = ill 9— 

a 0 —x 

exp(^f) = 
exp ( y -kt) = — 


- exp ^ 0.0485 ^J&yS^xlO jjayffj 


— — — = 0.615 697x100% 


62% active 


b) Percentage of initial activity remaining after 20 days 


Solutions 
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k = -In — — 


kt = ill 9— 

a 0 — x 

exp(^f) = JiilT 
exp(-fcr) = — 


f \ 

a n 


= exp 


(-0.0485 dayT f x20 ^ays') 


— — — = 0.379 083x100% 


38% active 


c) Percentage of initial activity remaining after 100 days 


Solutions 
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k = -111 — — 


kt = ill 9— 

a o ~ x 

exp(^f) = JhIT 
exp(-fcf) = — 


: exp|-0.0485 ^JayS^xlOO 


^9-^1 = 0.007 828x100% 


0.78% active 


Back to Problem 9.12 


Back to Top 


Solutions 
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9 . 13 . The following counts per minute were recorded on a counter for the isotope at various times: 



Required: t in , decay constant in each case 

In order to plot this graph, we will use roughly the same method as we did in problem 9.1 1. 


t (days) 

n (min) 

ln(n 0 /n) 

0 

4280 

0.00E+00 

1 

4245 

8.21E-03 

2 

4212 

1.60E-02 

3 

4179 

2.39E-02 

4 

4146 

3.18E-02 

5 

4113 

3.98E-02 

10 

3952 

7.97E-02 

15 

3798 

1.19E-01 
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Solutions 


We can plot ln(n 0 /n) against t in order to find the slope, k. It is equally possible to simply calculate the slope based on the rise over run principle. 


slope 


rise 

run 


^^- = 7.93xl0” 3 days” 1 
15 


k = 7.93 xlO” 3 days" 1 



This plot indicates that the reaction is first order. 

Now that we have determined the value of the decay constant, we can find the half life. 


0.693 147 

1/2 ~ 7.93 xlO” 3 days” 1 
t m = 87 days 


a) The number of counts per minute expected after 60 days, 
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In — °- = kt = 

n(t ) 


0.693 

87 


& 60 =(7.93xlO“ 3 dayT r )(60 pfs) 

kt 60 =0.4758 = In ^ 
n 

exp(0.4758) = JhIT— 


— = 1.609 301 
n 

n n 

n = - 


4280 


1.609 301 1.609 301 


= 2659.5 


n = 2660 counts 


b) The number of counts per minute expected after 365 days, 
kt m =(7.93xl0 -3 ^ay^ r )(365 ^ays') 


kt m =2.894 45 = In — 
n 


exp (2. 894 45) = >r^^- 


— = 18.073 558 
n 

n n 

n - - 


4280 


18.073 558 18.073 558 


= 236.8 


n = 237 counts 


Back to Problem 9.13 


Back to Top 


Solutions 
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9 . 14 . The reaction: 

c/,s-Cr(en),(OH)t > fra«s-Cr(en) 2 (OH)t 

is first order in both directions. At 25 °C the equilibrium constant is 0.16 and the rate constant k\ is 3.3 x 1 0 4 s _1 . In an experiment 
starting with the pure cis form, how long would it take for half the equilibrium amount of the trans isomer to be formed? 

Solution: 

Given: T = 25 °C, = 0.16, k x = 3.3x10^ s” 1 

Required: see above 

It is important to realize that these are two opposing reactions occurring at the same time. We are told that they are l sl order in both 

b 

directions therefore for the reaction A < ' > Z, if the experiment is starting with the pure cis form of the isomer of concentration a o and if 
after time t, the concentration of the trans form of the isomer has the concentration x, then that of the cis form will be equal to a (r x. 

If the forward reaction were to occur in isolation, it’s rate equation could be written as; 
v, = k t (a n -x) 

While the rate of the reverse reaction would be written as; 

v_j = k x x 

Since these reactions are in opposite directions, we can define the net rate of change of concentration of the trans isomer as: 

— = k. ( a 0 -x)-k .x 

If x e is the concentration of the trans isomer at equilibrium (this is when the net rate is zero), then we know that, 

kj (a 0 -x)-k_\X = 0 
(a 0 - a') = k_jX 

-^ = k e - 

k_ i Lq (a 0 -x e ) 
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It is possible to eliminate k_ x in order to obtain the following Eq. 9.47: 
dt x e 

Integration of this equation, subject to the boundary condition that.v = 0 when / = 0 gives the rate equation corresponding to Eq. 9.48: 


, „ x x e a 0 k,t , -s 

k,t = — In — - — - or =\nx e - In (x - x) 


(x,.-x) 


For half of the equilibrium amount of product to be formed, it would mean that x = -^-. Making this substitution into the above will yield. 


k ihi 


k A, 



k x t [/2 = — In 




k x t l/2 = — In 2 

An 


Having been given the equilibrium constant as well as the rate constant for the forward reaction, we can now do a few more calculations in 
order to determine how long it would take for half the equilibrium amount of the trans isomer to be formed. 
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Solutions 


^eq = 7 5 r-=0.16 

(«,) ~ X e) 

1 (a 0 -x r ) _ 1 

Kc X e 0.16 

K"**) a 0 | 1 


0.16 


^ = 1 + - 1 


0.16 


— = 7.25 


Khn = — In 2 


— In 2 

o n In 2 




fl, 




x e 

0.693147 


(7.25x3.3xl0“ 4 s' 1 ) 


t V2 = 289.7 s 
f 1/2 = 290 s 


Back to Problem 9.14 


Back to Top 
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9 . 15 . Suppose that a gas phase reaction 2A(g) — » 2B(g) + C(g) follows second-order kinetics and goes to completion. If the reaction is 
allowed to proceed in a constant volume vessel at an initial pressure of 2 bar (only A is initially present), what will be the partial 
pressures of A, B, and C and the total pressure at t = t m, 2fi/i, 3? 1 / 2 , and infinity? 

Solution: 

Given: 2A(g) — * 2B(g) + C(g) (second order), P 0 = 2 bar 


Required: P A , P B , P c ,P m at t = tm, 2tm, 7>tm and infinity 

Recall from section 9.4 that if we have a reaction of either of the following forms: 

2A — > Z or A + B — > Z 

We can write the rate equation in its differential form according to Eq. 9.31 and Eq. 9.32. 

dx , , 

— = k - x) 
dt V 0 ’ 


kdt = - 


dx 


(■ a 0 ~x y 


Eq. 9.32 can then be integrated in order to obtain the following: 

kt + 1 = — 

(a 0 — x 

I = constant of integration 
when x = 0, t = 0 



kf = — ^ kt = — - 

a Q (a 0 —x) a 0 —2x (fl 0 ) 

Let us assume that 2x moles of substance A are consumed in each step. For a 2 nd order reaction, we can check Table 9.1 or look at Eq. 9.40 
in order to find the expression for the half life. 
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1 

( a 0 )k 

Since all of the times asked for are written in multiples of the half life, we can write, 

, n 1 1 , _ _ 

kt = — = — - where n = 1, 2, 3, oo 

a 0 a 0 — 2x (a 0 ) 

Further simplification of this expression gives, 

n 1 1 

a 0 (a 0 ) a 0 — 2x 
n + 1 1 

a 0 a 0 — 2x 


X M^- 

2 U + l 

Using simple stoichiometry, we can see that, 

P A cc a 0 — 2x 
P B oc 2x 
P c cc X 


Solutions 
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Solutions 


a n 


Since ~ 0 =a 0 - 2x, then 




n + 1 

P„ 


n + 1 


Since 2 x = a 0 — then 

n + 1 


p - p 

1 n — 1 n 


H + l 

Since x = —l ” 


2 U + l 


then 


n 


2 U + l 


Using the above three expressions, we can construct a table which will give the partial pressures for each species in addition to the total 
pressure at each temperature. 


t 

Pa (bar) 

Pb (bar) 

P c (bar) 

P tot 
(bar) 

to 

2.000 

0.000 

0.000 

2.000 

1 1/2 

1.000 

1.000 

0.500 

2.500 

2t 1/2 

0.667 

1.333 

0.667 

2.667 

3t 1/2 

0.500 

1.500 

0.750 

2.750 

t infinity 

0.000 

2.000 

1.000 

3.000 
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Solutions 


Back to Problem 9.15 


Back to Top 
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Solutions 


9.16. Derive the following relationship for the half-life t\p_ of a reaction of order n, with all reactants having an initial concentration a {) \ 


2'- 1 -1 

1/2 kaT l (n — 1) 


Solution: 


From Table 9.1, we are given the general expression for a reaction of the n lh order. We can separate the variables and integrate this in order 
to generate the above equation for the half life of an n lh order reaction. 


— = k(a 0 -x)" 
dt V 0 ’ 


kdt = - 


dx 


\ kdt = \ 


(a 0 -x)' 
dx 


kt = 


k = 


K -■*■)" 

(fl-.r) 1 " 
(«-!) 


t(n — l) 


.(« o-^) 


i-l n - 1 

a 


Recall that at the half life, x = — and therefore, 

2 
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Solutions 


k = - 


fi /2 («-l) 


1 1 

\n - 1 n - 1 



1 1 


1 1 


Further simplification will yield. 



= a 1 -a —a 12 -1 

0 0 0 \ / 


Back to Problem 9.16 Back to Top 
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Solutions 


9 . 17 . Vaughan [/. Am. Chem. Soc. 54, 3867(1932)] reported the following pressure measurements as a function of time for the 
dimerization of 1,3-butadiene (C 4 H 6 ) under constant volume conditions at 326 °C: 


f/min 3.25 

P/Torr 618.5 


12.18 24.55 

584.2 546.8 


42.50 68.05 

509.3 474.6 


The initial amount of butadiene taken would have exerted a pressure of 632.0 Torr. Find whether the reaction follows first- or second-order 
kinetics and evaluate the rate constant. 

Solution: 

Given: see above 

Required: first or second order kinetics? k 

First we should write out the balanced reaction for this process. 

2C 4 H 6 -» C 8 H 12 
initial n 0 0 

time t n 0 - 2x x 

We are again assuming that 2x moles are being consumed in each step (problem 9. 15). From this, we can determine the number of moles at 
any given time, t. 

n 0 — 2x + x = n 0 — x 
n 0 - x at time t 

Using the Ideal Gas Law, we can derive expressions for the number of moles in both instances. 
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PV = nRT 
n n RT 


P 0 = 


P,= 


V 

(h 0 — x'jRT 


V 


p ~p - 
r 0 '/ 


p - p = 
1 0 1 1 


p -P = 
J 0 J < 


n 0 RT ( n 0 -x)RT 


V 

RT 

V 

xRT 

V 


V 


[r/ 0 -(r/ 0 -x)\ 


The partial pressure of butadiene at a time f, can therefore be expressed as, 
(n 0 —2 x)RT 


Pen, — 2 P, P 0 — 


V 


e.g. at time 3.25min, P ( =618.5 Torr 


P CiHt (3.25) = 2x618.5-632 = 605 etc. 

Re-tabulating the given data in terms of the partial pressure of butadiene will yield. 


r/ min 

3.25 

12.18 

24.55 

^c 4 h 6 /Torr= 2P t - P o 

605.0 

536.4 

461.6 

lnf^l 

-0.0437 

-0.1640 

-0.3142 


Solutions 


42.50 

68.05 

386.6 

317.2 

-0.4915 

-0.6894 
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Solutions 


In order to determine whether the reaction proceeds according to 1 st or 2 nd order kinetics, one should first plot P c H vs. t . This plot yields 
curved line. 



This means that the reaction does NOT proceed according to I s1 order kinetics and therefore, we must now try to plot the inverse of the 
pressure versus time. 
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Solutions 



This straight-line plot indicates that the reaction follows 2 nd order kinetics. It is also possible to perform a linear regression (using 
Microsoft Excel Linest Function) in order to reveal the integrated rate law. 

2 nd order kinetics 


linear regression statistics: 

2.31869E-05 0.001586 

2.66985E-07 1.01E-05 

0.999602407 1.38E-05 

7542.405387 3 

— = 2. 3 1 869 x 1 0“ 5 f + 0.00 1 5 86 

p 

Remember that the slope of this line will be equal to the rate constant, k. 


k = 2.31869 xl0~ 5 
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Solutions 


Back to Problem 9.17 


Back to Top 
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Solutions 


9.18. A drug administered to a patient is usually consumed by a first-order process. Suppose that a drug is administered in equal amounts 
at regular intervals and that the interval between successive doses is equal to the (l/n)-life for the disappearance process (i.e., to the 
time that it takes for the fraction 1 In to disappear). Prove that the limiting concentration of the drug in the patient’s body is equal to n 
times the concentration produced by an individual dose. 

Solution: 

When the concentration has reached nc, where c is the concentration produced by a single dose, the concentration will fall to [n -l)c during 
the interval between successive doses. The next dose restores the concentration to (« - 1) c + c which when simplified is equal to nc. This 
indicates that the steady state has been reached. 


Back to Problem 9.18 Back to Top 
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Solutions 


9.19. Equation 9.45 applies to a second-order reaction of stoichiometry A + B — * Z. Derive the corresponding equation for a second-order 
reaction of stoichiometry 2A + B — »Z. 

Solution: 


2A 

a o 

a 0 — 2x 


B -> Z 

K 0 

b 0 - X X 


^- = k(a 0 -2 x)(b a -x) 


kdt = 


kdt = 


dx 


\ kdt = \ 


(a 0 -2x)(b 0 -x) 

dx 

(cig-2x)(bg-x) 
1 


1 


1 


(a 0 -2x) 2 (b 0 -x) 

1 dx 


dx 

2b 0 -a 0 


(a 0 -2;r) 2 (bg-x) 


2b g - a 0 


kt = - 


1 


2bg a g 


4 ln ( a o -2x) + ^ln2(b 0 -x) 


when x = 0, t = 0 


/- 1 

-^l n («o-X) + |ln2 [b 0 -/] 

1 In fl 0 1 ln A 

2b 0 -a 0 
kt- 1 

2b 0 -a 0 

2 (a 0 - 2x) 2 

/(bg-x)_ 

kt- 1 i„ a o { b o ~ x ) 


2(2 b Q -ag) b 0 (a 0 -2x^ 


Back to Problem 9.19 Back to Top 
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Solutions 
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Solutions 


9 . 20 . Derive the integrated rate equation for an irreversible reaction of stoichiometry 2A + B — * Z, the rate being proportional to [A] 2 [B] 
and the reactants present in stoichiometric proportions; take the initial concentration of A as 2ao and that of B as a o. Obtain an 
expression for the half-life of the reaction. 

Solution: 

2A + B -> Z 

2 ci 0 b 0 0 

2 a 0 - 2x b 0 —x x 

v = *[ Af[B] 

[A] 0 = 2a 0 

[ B ] „=^o 

= k (2 a 0 - 2 x)~ (b 0 -x) 

For simplicity, we will say that ( b 0 - x) = (a 0 -x) . Making this substitution into the above yield. 
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( 2a 0 —2x ) = (2a 0 -2x)(2a 0 -2x) 

(2 a 0 — 2x)~ =4 a 2 - Aa 0 x - 4a 0 x + 4x 2 =4 (a 2 -2i 
(2fl 0 —2x) 2 -4 (a 0 -x) 3 

x f 


— = 4&( 
dt v 


4fo/r = - 


c/x 


4j kdt = J 


+ / — 


(«o-*) 

dx 


(a 0 -x) 

1 


2(a 0 -xV 
when x = 0, t = 0 



1 

2 o 2 


4£r = 

2(a 

at f 1/2 , x = 


J 1 

— hence, 

2 


2 

0 


Solutions 
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4 ^ 1/2 , 

M 1 1 

4 ^ 1/2 2 ~ 2 

a 2 a 

0 _ 0 

2 
3 

2a~ 

0 

3 

la 2 


2a 2 


4lct m = 


, = ^ = ^ X J_ 

1/2 4k la 2 4k 


1 

7m 2 


hn 


8 ka~ 


1 1 



4 1 


2 a 2 2 a 2 


Back to Problem 9.20 


Back to Top 


Solutions 
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Solutions 


9.21. Prove that for two simultaneous (parallel) reactions 


at all times. 

[Z] k 2 



Z 


Solution: 

Let us begin by writing out the rate equations for each individual reaction. 

c/fYl r , d\ Zl 

— - — - = k. \ Al and — - — ^ = k 7 
dt 11 dt 

Setting these expressions equal to one another it is possible to eliminate the concentration of A. 



k L= djy] 

k 2 d[z] 


Integrate both sides of the equation to obtain. 



i[z] + ;.[Y] 

Note that under the boundary condition t = 0, then [Y] = [Z] therefore, 7 = 0 hence; 
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i[Z] + /.[Y] 
1 = 0 

i[ Z ] + 0-[Y] 
k 2 [z] 


Back to Problem 9.21 


Back to Top 


Solutions 
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Solutions 


*9.22. Prove that for two consecutive first-order reactions; A — * 

[C] = [A] c 


• C the rate of formation of C is given by: 


k e, klt - 

i+3 e 


-£,e 


-kjt \ 


k t - k , 


where [A]o is the initial concentration of A. 
(Hint: The solution of the differential equation): 


where a, b, and c are constants, is 


—=abe bl -cx 
dt 


x= (e b ‘ -e c ‘)+I 

c-b 


Solution: 

A — B C 

a 0 0 0 

a 0 — x x 0 

b 0 —x x 

Writing out the rates of consumption and formation for each species, we will obtain. 


-"[A] 

dt 

c/[B] _ 
dt 

d[ C] _ 
dt 


- K [a] 
K [a] — 
*2[B] 


Let us integrate 


k 2 [ B] 


the first expression after separating the variables. 
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Solutions 


f 


, —d [A] 


| k t dt 


[A] 

H A ]|a‘ 

1° [a], - ln[A] 0 = k x t 

[A] 

>^{4r =ex p(“ /r , ? ) 

[A] 0 

[A] t =[A] o exp(-fy) 

This expression can be substituted into the rate of formation for substance B. This will yield, 
d[ B] 


off 


' = k \ [ A ] 0 exp(-fy)-* 2 [B] 


With the boundary condition t = 0, this means that [B]= 0 which allows us to further simplify the above. 

d [ b ] 


dt 


[ = K [ A] 0 exp (-kj ) - k 2 [B] = 0 


k i [ A ] 0 exp(-^f) = k 2 [B] 
r , k, [Al„ exp(-£,f) 

[B] = - - and integrate to obtain, 

k 2 
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Solutions 


[a ] 0 = [a] + [b] + [c] 

[c] = [a] 0 -[a]-[b] 

[C] = [A] 0 -[A] o exp(-V)-[A] o ^(e'-V'_ e ^)) 


Simplify by method of factoring the above to get the appropriate expression (that which is sought after). 


[C] = [A] c 


1 + 


fc,e k '‘ - k x t klt ^ 
k\ k-y 


Back to Problem 9.22 


Back to Top 
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Solutions 


*9.23. a. Derive the integrated rate equation for a reversible reaction of stoichiometry: 

K 

A^Y + Z 

*-i 

The reaction is first order from left to right and second order from right to left. Take the initial concentration of A as a o and the 
concentration at time t as ao - x. 

b. Obtain the integrated equation in terms of k, and the equilibrium constant K = k\lk_\. 

c. A reaction to which this rate equation applies is the hydrolysis of methyl acetate. Newling and Hinshelwood, J. Chem. Soc., 1936, 
1357(1936), obtained the following results for the hydrolysis of 0.05 M ester at 80.2 °C in the presence of 0.05 M HC1, which 
catalyzes the reaction: 


Time, s 

Percent hydrolysis 


1350 

21.2 


2070 3060 

30.7 43.4 


5340 7740 oo 

59.5 73.45 90.0 


Obtain values for the rate constants k\ and k-\. 


Solution: 

K 

A <=> Y + Z 

initial a 0 0 0 

time t a 0 —x x x 


a) We can write out the rate equation with respect to the rate of consumption of the concentration of A. 


d[ A] 
dt 


K [a]— [y][z] 


At a time f, this can then be written in the following form: 


- = k l ( y a 0 -x)~ k^x 2 


Recall that at equilibrium. 


— = 0 therefore, 
dt 
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Solutions 


k x (a 0 -x e )- k_ x x 2 = 0 
k x (a 0 -x e ) = k x x 2 

k i( a o~ x e) 

-1 “ .2 


(t) 


Insertion of this expression into the first equation yields. 


^ = k l (a 0 -x)~ 
dt 


x 2 dx 

dt 

x 2 dx 
dt 


K{ a O~ X e) 

/ , 

2 


= x 2 k t (a 0 - x ) - x 2 k x (a 0 - x e ) x 2 

= k x [x 2 (a 0 - x ) - x 2 (fl 0 - x e ) x 2 ] 
x 2 dx 

- = k x dt 


[^x 2 (a 0 -x)-x 2 (fl 0 -x e )x 2 J 

Integration of the LHS of this expression can be carried out after resolution into partial fractions. 


LHS =— £ — + - 


p = 5 and q = - 


2a 0 - x e 


2 a 0 - x e 


The integration is now straightforward although rather lengthy. We will use the boundary conditions 1 = 0, 
following result. 


x = 0 which gives the 
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Solutions 


, x„ , a 0 x +x(a 0 -x.) 

k i =- 5 — —In — - 

(2 a 0 —x e )t a Q (x e —xj 


Readers wishing further mathematical details/explanation are referred to C. Capellos and B.H.T Bielski, Kinetic Systems (New York: 
Wiley, Interscience, 1972) pp.41-43. 

b) Knowing that the equilibrium constant is K= k\Ik i, we may also write, from (f ) 
k x (o 0 - x e ) - k v x] = 0 

jrfx; 

k -i 



c) In order to deal with the numerical data which are in terms of percent hydrolysis, it is convenient to define. 


x , x„ 

r = — and r e = — 


Substituting this into the integrated rate law derived in part A, (*) 


K = 


r r +r(\ — r) 

£ In— e -L 

(2 ~r.)t (r e -r) 
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Solutions 


r ■ + r ( 1 — r ■ ) 

From the data given in the problem, we have r e = 0.90 . We may now construct a table which will allow us to plot In — 7 — 1 — - — - versus 


h~r) 


time. Remember that the slope of this line will enable us to find the forward and reverse rate constant values. 
In 


r, + r(1 - r ) 


( KV-O) 

(r,-r) 


{ r e J 


slope 


time (s) 

r 

r e + r(l-r e ) 

r e -r 

ln(r e +r( 1 -r e ))/(r e -r) 

1350 

0.212 

0.9212 

0.688 

0.2919 

2070 

0.307 

0.9307 

0.593 

0.4507 

3060 

0.434 

0.9434 

0.466 

0.7053 

5340 

0.595 

0.9595 

0.305 

1.1461 

7740 

0.7345 

0.97345 

0.1655 

1.7719 



+ 

QJ 


2.00 

1.80 

1.60 

1.40 

1.20 

1.00 

0.80 

0.60 

0.40 

0.20 

0.00 



0 2000 4000 6000 8000 10000 


time (s) 


, 1.64-0.35 , 0 . 0 in _ 4 

slope = = 1.843x10 4 s 1 

7000 s 


K ( 2 ~c) 

r e 
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Solutions 


Solving for k ] we obtain. 


*.( 2-0 ( 2 - 0 - 90 ) 

r 1 0.90 

k.(2-r) 

— = 1.222^! = 1.843 xlO" 4 s" 1 

r e 

, 1.843xl0" 4 s“‘ 

*i = = 

1.222 

k, = 1.51xl0~ 4 s _1 

This is done at constant catalyst concentration of 0.05 M HC1 and makes k] [0.05] 1 st order. The 2 nd order rate constant is therefore. 


k, =1.51xl0 -4 s _1 x 

0.05 mol dm" 


k^" 4 order) = 3.02x10 3 dm 3 mol 1 s 1 


At equilibrium. 


*1 





0.05(0.1) 0.05(0.9) 


Z 

0.05(0.9) 
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K K [Y][Z] (0.05(0.9))* 

k_ { [A] 0.05(0.1) 

K = 0.405 mol dm -3 
_k 1 _ l,51xlQ~ 4 s~‘ 

_1 K 0.405 mol dirf 3 

£_!=3.73xl0' 4 dm 3 mor 1 s _1 

k , f 2 nd order) = 3.73 xlO 4 dm 3 mor 1 s" 1 x - - 

v ’ 0.05 mol dm 3 

^_ 1 (2 nd order) = 7.46 xlO~ 3 dm 6 mor 2 s" 1 


Back to Problem 9.23 Back to Top 


Solutions 
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Solutions 


*9.24. The dissociation of a weak acid HA + H 2 O ^ H 30 + + A can be represented as: 

Afi Y + Z 

The rate constants k\ and k \ cannot be measured by conventional methods but can be measured by the T-jump technique (Section 
9.5). Prove that the relaxation time is given by: 


k, + 2k_ t x e 

where the concentration of the ions (Y and Z) is at equilibrium. 

Solution: 

If «o is the initial concentration of substance A and x is the concentration of ions at equilibrium, then the corresponding rate law is the same 
one as we have seen in the previous problem. 

— = k,(a n —x) — k ,x 2 
dt y ' 

dx 

At equilibrium, — = 0 
dt 

(a 0 - x e ) - k_ l x e 2 = 0 


The deviation from the equilibrium can be defined as: Aa = a - x e and we may also write, 

dAx dx , , , , , 

= — = k.\a n - x)- k ,x 

Subtraction of the second expression from the above yields 
~~~ = -k { Ax - k _ j (Aa)" - 2k_ l x e Ax 

Since Aa is very small, the term in the (Aa)“ may be ignored. This will omission will produce, 


dAx 

dt 

dAx 

dt 


—k { Ax - 2k_ l x e Ax 
(-kj - 2k_ t x e ) Ax 
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Integrate this expression to obtain, 

S^r = S(- k i~ 2k -i x e) dt 

In Ax = (-£j - 2 k_ 1 x e )t + I 


Using the boundary condition t = 0, Ax = Ajt 0 , 

( Ax ) 

In- - = (-k 1 — 2k_ l x)t 

Ax 


By definition, the relaxation time f* is the time that corresponds to. 


O')o 

Ax 


= e since 


ln(e) = 1 then. 


l = (-£j -2k_ l x e )t* 

~ I 

t = - - 

[k t + 2k_ l x e \ 


Back to Problem 9.24 


Back to Top 


Solutions 
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Solutions 


9.25. The rate constant for a reaction at 30 °C is found to be exactly twice the value at 20 °C. Calculate the activation energy. 


Solution: 

Given: k 30 , c = 2 k 0Q „ c 

Required: E a 

We are told that T i = 293.15 K and 73 = 303.15 K. Let us take the inverse of these two temperatures in order to plot in(k) versus 1 IT. If 
this plot yields a straight line, then we know that the slope of this line is equal to the activation energy divided by R. We know that this i; 
true according to the Arrhenius equation. 


k = A^ e -' rt 


In k = In A JiTe 
In k = In A - 


-EJRT 


RT 






-r- therefore, In k = In 2 
E„ 


'30 °C 
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— = = 3.41 1 x 10 -3 K" 1 

T t 293.15 K 

— = = 3.299 xlO' 3 K' 1 

T 2 303.15 K 

In 2 0.693147 

m = — — = -, r 

J__l (3.299xl0 -3 -3.411 x10" 3 )k _1 

T T 
l 2 

m = -6160 K = — 

R 

E a =-/?xm=~-8.3145 J ^ moY 1 x -6160 X 
E a =51 217.32 Jmor 1 
E a = 51.2 kJ mor 1 


Back to Problem 9.25 


Back to Top 


Solutions 
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Solutions 


9 . 26 . The rate constant for a reaction at 230 °C is found to be exactly twice the value at 220 °C. Calculate the activation energy. 

Solution: 

Given. k 2m „ c = 2 k 220 „ c 

Required: E a 

We are told that T i = 493.15 K and 73 = 503.15 K. Let us take the inverse of these two temperatures in order to plot in(k) versus 1 IT. If 
this plot yields a straight line, then we know that the slope of this line is equal to the activation energy divided by R. We know that this is 
true according to the Arrhenius equation, 

k = At EJRT 

* — E a /RT 

In k = In A Jtre 
In k = In A - 

RT 

k RT 

ill = — L therefore, In k = In 2 

fc 230 °C 

rt 2 
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— = = 2.028 xl0“ 3 K" 1 

T { 493.15 K 

— = = 1.987 xl0“ 3 K" 1 

T 2 503.15 K 


In 2 0.693147 

~ _ 1 ~ (l .987 x 10“ 3 - 2.028 x 10~ 3 ) K' 1 

T T 
l 2 l \ 

m = 17196 K = — 

R 

£,=17 196 X><8.3145J ^ mol 1 
E a =142 976.142 J mor 1 
E a = 143 kJ mor 1 


Back to Problem 9.26 


Back to Top 


Solutions 
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Solutions 


9.27. The following data for a first-order decomposition reaction in aqueous 
596(1930)]. 

t/° C 0 20 

k/\ 0“ 5 min -1 2.46 43.5 

Find the activation energy and the preexponential factor. 

Solution: 

Given: see above 
Required: E a , A 

Let us first change the temperature from Celsius to Kelvin, then proceed by taking the inverse value of each temperature and the in k for 
each value given above. We will then plot ink versus 1 IT. Since we have been told that this is a I s ' order decomposition, this straight line 
will give us a slope which will enable us to determine the activation energy and in turn the pre-exponential factor. 


T (K) 

1/T (K" 1 ) 

k(10“ 5 muT 1 ) 

ink 

273.15 

0.003661 

2.46 

-10.6128 

293.15 

0.003411 

43.5 

-7.74016 

313.15 

0.003193 

575 

-5.15856 

333.15 

0.003002 

5480 

-2.90407 


medium was reported by E. O. Wiig [/. Phys. Chem. 34, 

40 60 

575 5480 


It is either possible to perform a linear regression or simply add a trendline to the plot using Microsoft Excel in order to determine the 
equation of the line. Either method will produce the same results. 
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k = Ae~ E ° ,RT 

\nk = \nA^ EJRT 

E 

In k = In A — 

RT 

E 

When plotting In k versus 1/7, you will find that In A is the y-intercept and that — 1 Ms the slope. 


\nk = In A --^- = 32.217-^-^- 
RT T 

E a =11 703 X><8.3145J mol 

E = 97 304.59 J mor 1 


-1 


E a =97.3 kJ mol' 1 
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In A = 32.217 
JhIjA = e 32 ' 217 
A = 9.8 lx 10 13 min' 1 
A = 1.63 xlO 12 s' 1 


Back to Problem 9.27 


Back to Top 


Solutions 
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Solutions 


9.28. Two second-order reactions have identical preexponential factors and activation energies differing by 20.0 kJ mol ’. Calculate the 
ratio of their rate constants (a) at 0 °C and (b) at 1000 °C. 

Solution: 

Given: two second order reactions: = A, , E a2 = E al + 20.00 kJ mol 


k 

Required: — in each case 

K 


a) The ratio of their rate constants at 0 °C. 


k t = Az e °' rt ' and k 2 = Ae~ E ° ,RT > 

t M EJRT 

k 2 ~ M EJRr 


this is true since both pre-exponential factors are identical. 


K A£ 1ST ^0 000/ JJ»C r /(s.3145 / yS 273.15 X) 


—(273.15 K) = 6.68xl0 3 
k 2 


b) The ratio of their rate constants at 1000 °C 


fc, = Ae~ E ‘ ,KI ' and k 2 = Ae 
*, /e~ E ° ,RT 

ratl ° ~ k 2 ~ X e ~ E ° IRT 


-EJRT 


this is true since both pre-exponential factors are identical. 


20 000 / juaf 1 '/(g.3i45 / jnor' r J(l273.15 X) 


—(1273.15 K) = 6.62 
^2 
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Back to Problem 9.28 


Back to Top 
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9 . 29 . The gas-phase reaction between nitric oxide and oxygen is third order. The following rate constants have been measured: 
77K 80.0 143.0 228.0 300.0 413.0 564.0 

k x 10 9 /cm 6 mol' 1 s _1 41.8 20.2 10.1 7.1 4.0 2.8 

The behavior is interpreted in terms of a temperature-dependent preexponential factor; the rate equation is of the form: 

k = aT'e E/Rr 

where a and n are constants. Assume the activation energy to be zero and determine n to the nearest half-integer. 

Solution: 

Given: see above 

Required: n to the nearest half-integer 

We will begin by calculating the ln(7) as well as the in(k) for each value given above. 


T (K) 

ln(T) 

k (cm 6 mol 1 s ') 

ln(k) 

80 

4.382 

4.18E+10 

24.4562 

143 

4.963 

2.02E+10 

23.7289 

228 

5.429 

1.01E+10 

23.0358 

300 

5.704 

7.10E+09 

22.6834 

413 

6.023 

4.00E+09 

22.1096 

564 

6.335 

2.80E+09 

21.7529 
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Solutions 



, t -,/1 -E/RT 

k = aT e 

since a and n are constants and the activation energy is zero, 

\nk = \n a + n\nT - 
In k = In a + n In T 

This means that a plot of ln(A) versus ln(7) will create a line with a slope equal to n and the y-intercept is equal to lna. 



In A- = 30.68 -1.4 10* 
n = —1.4 


Back to Problem 9.29 Back to Top 
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Solutions 


9.30. The definition of activation energy E a is generally considered to be given by an extension of Eq. 9.91: 


E =RT 


,f dink 
l dT 


Problem 9.29 shows that for certain reactions, the temperature dependence of the reaction rate constant is better described by an* 
expression of the type 

k = aT'e~ E/Rr 

Using the definition for E a given here, derive an expression for the activation energy from this expression. 


Solution: 

Given that E = RT 2 


( dink 

{ dT 


, we can write; 


k = aT"e 


In k = In a + n In T - 


RT 


Take the derivative with respect to the temperature to obtain, 

E 


dink d li 


dT 



nd In T 
dT 


RT 


dT 


dink n E 
- = — + 


dT T RT 2 

f dink 


E =RT~ 


\ dT 


E =RT~\ - + 


, dink n E 

and = — I then, 

dT T RT 2 


E = 


T RT 2 
nRT X E fiT* 
/ + 


E„ = nRT + E 
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Back to Problem 9.30 


Back to Top 
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9 . 31 . The water flea Daphnia performs a constant number of heartbeats and then dies. The flea lives twice as long at 15 °C as at 25 °C. 
Calculate the activation energy for the reaction that controls the rate of its heartbeat. 

Solution: 

Given: Daphnia : lives twice as long at 15 °C as at 25 °C 
Required: E a 

We are told that T \ = 288.15 K and Ti = 298.15 K. Let us take the inverse of these two temperatures in order to plot \n(k) versus 1 IT. If 
this plot yields a straight line, then we know that the slope of this line is equal to the activation energy divided by R. We know that this is 
true according to the Arrhenius equation, 

k = Az E °' RT 

s — E a /RT 

In k = in A Jrre 

In k = In A - — — 

RT 

ln 2^c 

E a 
RT 2 
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— = = 3.470 xlO -3 K~‘ 

7j 288.15 K 

— = = 3.354xlO~ 3 K' 1 

T 2 298.15 K 

k 25 o C = 2 k l5 oc therefore. 

In 2 0.693147 

~ J__ 1 ~ (3.354xl0 -3 -3.470 x10' 3 )K"‘ 
T T 

i 2 

m = 5974 K = — 

R 

£,=5974 X><8.3145J X^moF 1 
E a = 49 670.823 J mor 1 
E a = 49.7 kJ mol 1 


Back to Problem 9.31 


Back to Top 


Solutions 
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9.32. A sample of milk kept at 25 °C is found to sour 40 times as rapidly as when it is kept at 4 °C. Estimate the activation energy for the 
souring process. 

Solution: 

Given: milk: see above 
Required: E a 

We are told that T i = 277.15 K and 77 = 298.15 K. Let us take the inverse of these two temperatures in order to plot \n(k) versus 1 IT. If 
this plot yields a straight line, then we know that the slope of this line is equal to the activation energy divided by R. We know that this is 
true according to the Arrhenius equation, 

k = Az E ° IRT 

. — E a /RT 

In k = in A Jrre 

In k = In A - — - 
RT 

k RT 

In 4 ° c = ~r~ therefore, In k = In 40 

k -^ °c j 

rt 2 
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1 


1 


T 277.15 K 


1 


1 


T 2 298.15 K 


m = 


In 40 

i r 


- = 3.608 xlO' J K" 1 
= 3.354xl0 -3 K" 1 
0.693147 


T T 
1 2 


(3.354xl0^-3.608xl0^)K“ 1 


m = 14 500 K = — 
R 


£,=14 500 X><8.3145J moV' 
E„ = 120 560.25 J mol" 1 


E, = 121 kJ mol 


Back to Problem 9.32 


Back to Top 
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Solutions 


*9.33. Experimentally, the rate constant for the 0( 3 P) + HC1 reaction in the gas phase is found to have a temperature dependence given by: 

k (cm 3 molecule" 1 s -1 ) = 5.6 x 10 -21 7’ 2 - 87 e -1766K/7 ' 
in the range 350 - 1480 K [Mahmud, Kim, and Fontijn, J. Phys. Chem. 94, 2994(1990)]. 

a. Using the results of Problem 9.30, find the value of E a at 900 K, which is approximately the middle of this range. 

b. Using variational transition-state theory (an extension of the transition-state theory described in Section 9.9), the theoretical rate 
constant for this reaction is found to behave according to the equation: 

k (cm 3 molecule -1 s -1 ) = 6.9 x io- 2 V' 60 e -2454K/r 

in the same temperature range [T. C. Allison, B. Ramachandran, J. Senekowitsch, D. G. Truhlar, and R. E. Wyatt, J. Mol. Structure, 
Theochem, 454, 307, 1998.] Compare the experimental and theoretical rate constants at 900 K. 

Solution: 

Given: see above, problem 9.30 

Required: E a (900 K), compare k theoretical with k cxperimental 

a) From the equation obtained by Mahmud, et al., 

E = 1766 X><8.3145J mol -1 
£ = 14 683.407 J mol -1 


Using the expression derived in problem 9.30, we can determine the activation energy for this process at 900 K. 
£ fl = nRT + E 

since k (cm 3 molecule -1 s -1 ) = 5.6 x 10 -21 T zsl e -1766 KIT and k = aT"& EIR1 
n = 2.87 

£„ =(2.87) (8.3 145 J ^ mol -1 ) (900 X) + 14 683.407 J mol -1 
£ = 36 159.7605 J mol -1 
E a = 36.2 kJ mol -1 
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b) Using variational transition-state theory in the same temperature range we find that, 

k (cm 3 molecule-' s' 1 ) = 5.6 x 1(T 21 T 2 * 7 e -' 766 K,T 
A: (cm 3 molecule-' s' 1 ) = 5.6xl0- 21 (900 2 87 ) e -‘ 766,90 ° 

k (cm 3 molecule-' s~' ) = 2.37 x 10 13 


k = 2.37 x 10 cm molecule s 


— > experimental 


k (cm’molecule 1 s ' ) = 6.9 x 10- 20 T 260 e- 2454 K,r 
k (cm 3 molecule' s') = 6.9 xlO" 20 ( 900 26O )e- 245 ' 
k (cm’molecule 1 s -1 ) = 2.17xl0 -13 


k = 2.17x10 13 cm 3 molecule ' s 1 


— > theoretical 


The theoretical value is slightly smaller than the experimental value. It is possible to perform a statistical analysis in order to determine 
the significance of this difference. 


Back to Problem 9.33 Back to Top 
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9 . 34 . The activation energy for the reaction: 

H + CH 4 -+ H 2 + CH 3 

has been measured to be 49.8 kJ mol -1 . Some estimates of enthalpies of formation, A fH°, are: 


H 

218.0 kJ mol 1 

ch 4 

-74.8 kJ moL 1 

ch 3 

139.5 kJ mol 1 

Estimate a value for the activation energy of the reverse reaction. 


Solution: 

Given: see above 

Required: E a (reverse reaction) 

H + CH 4 -> H 2 + CH 3 
A / fT°(kJmor I ) 218 -74.8 139.5 

Let us begin by determining the standard enthalpy for the reaction. 

A H° = ^A f //°(products)-^A / i/°(reactants) 

a^ 0 = a / //°(ch 3 )-[a / // 0 (ch 4 )+a / //°(h)] 

AH° = [139.5 -(-74.8 + 218)] kJmoL 1 
AH° = -3.7 kJmoL 1 

From Figure 9.1 1, we can see that E\ - E \ = A U (Eq. 9.70). In this particular instance it is possible to say that E A - E A = A H ° . Since we 
have been given the value for the activation energy for the forward reaction, we can use this expression to determine the activation energy 
for the reverse reaction. 

Rearrange the above to obtain. 
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e a -e_ a = *h° 

E_ a =E a -AH° 

E A = [49.8 -(-3.7)] kJmor 1 

E A = 53.5 kJ mor 1 


Back to Problem 9.34 


Back to Top 


Solutions 
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*9.35. By a treatment similar to that given for relaxation methods for the case A ^ Z, derive the rate equations for analyzing the reaction 
A + B ^ Z by carrying out the steps below. 

a. Show that at equilibrium, k\a e b e = k iz e , where the subscript e indicates equilibrium concentrations. 

(hr 

b. Show that — =/c, (a e - x)(b e - x) ~ k , (z e + x) , where .r represents a change from equilibrium. 

dt 

dx 

c. Show that for small x, — = -[k l {a e +b e ) + k t ]x . [Hint: Use the result of part (a).] 

dt 

d. The displacement from equilibrium x always follows the first-order process x = xo exp(-f/f*), where t* is the relaxation time. 
Show that dx/dt = -xJt*. 


e. Comparing the results of parts (c) and (d), show that 


— =2k l a e +k t if a e 
t* 


= b e . 


1 I k z 

f. For the case a e = b e , show that — =2Jk t k _ t z e +k , . [Hint: Use the result of part (e) and the fact that -^-= — ! — . 

' * a b 


Solution: 


A + 


K 

b 0 -x 


z 

0 

X 


a) First write out the rate law with respect to the rate of consumption of substances A and B . 
dx 

— = k x [A] [b] - k_ x [z] and at a time t, we obtain: 


dx 

dt 


k { (a 0 -x){b a — x) — k_^x however, at equilibrium. 
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^- = k 1 (a 0 -x)(b 0 -x') — k_ t x 

K [a 0 - y j (*, - y j - k -iZ e = 0 

k^ = k lZe 
1 2 2 f 


Let = a e and = b e to simplify this expression further — » k [ a e b e = k_ t z, e 


b) Since Z is formed as A and B are consumed, for a change in a e and b e by an amount -x, we obtain the following expression: 


(~ e ^ = — = (a e - x)(b e - x) - k_ x (z f + x) 


dt dt 


c) Show that for small x, — = -[k,(a,+b,) + k _,]x. 
dt 

We can multiply out the expression from part B to obtain, 

~~j- = k i ( a e -x)(b e -x)-k_ x (z e +x) 

— = k 1 (a e b e - a e x - b e x + x 2 ) - k_ t (z t , + x) 

~~K ( fl A - («, + & e ) x + x 2 ) - (z f + x) 

Since we are working under the assumption that x is small, we are able to drop a term from this equation. 
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small x — » ~^~ = K ( a A + b e ) x + (z e +x) 

^ ^ [a e b e - (a e + b e ) x) - k_ x ( + x) 

Using the results from part A we find that. 


— = k.ab, -kAa„ +b,)x-k,z „ -k_,x 
dt 

k l a e b e = k_ x z e therefore, 

^- = -k, ( a, + b e ) x^erf^ - k^x+js^er^ 


^■ = -[k l (a e +b,) + k_ l ]x 


d) Show that dx/dt = -x/t*. 


-t 


Since x = x 0 exp — we can differentiate both sides to obtain 


dx 


dt 


e) When comparing this result to that found in part C, we observe that, 

-\_k l (a e +b e ) + k_ l 'j / / = 4 
y=k l (a,+b,) + k_ l 

Let us assume for simplicity sake that b e = a e . 


Solutions 
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— = 2 k l a e + A_, 


f) Show that — =2 ~Jkji~^z e + A r 


k z. 

For the equilibrium constant, we are told that — = — — . We will use this fact in addition to the result obtained in part e) in order to 

k x a e b e 

prove the above statement. 


K = — =-^— but when b=a, 
A i ab e 

k ! a~ 


a ~ 2 z.k_ i z,A_i z e k 

— : - = — — »cr= — — »a e = — — - and k t = 2 
A , A:, ' Aj ‘ y k j 


Substituting this into the expression generated in the previous section. 


J_ = 2 iAL *£± + k 
r* A, - 1 

Ai 


— = 2A, p^- + A ! 

r W a, 


-^ r =2 > /A 1 A_ 1 z e +A_! 


Back to Problem 9.35 Back to Top 


9-107 


Chapter 9: Chemical Kinetics I. "The Basic Ideas 
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9.36. A reaction of the type A + B ^ Z has been studied by relaxation methods. Some of the available data relating equilibrium 


concentrations of the product to the relaxation times are given below. 


Determine k\, £_i, and K = k\lk_\. 

Solution: 

Given: z e /M and f*/ms given above 
Required: k\,k_\,K = k\/k_\ 

Recall from the previous problem. 


Z e /M 

t */ ms 


0.001 


4.08 


0.002 


3.74 


0.005 


2.63 


0.010 


1.84 


0.025 


1.31 


0.88 


0.05 


0.674 


0.10 


K = — =— — but when = a 


k.A-.s. 

k j a 
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From the above expression, we can see that the plot of vs. — will generate a straight line. 


Ze 

t* (s) 

1/t* (s 4 ) 

sqrt(z e ) 

0.001 

4.08E-03 

2.4510E+02 

0.03162 

0.002 

3.74E-03 

2.6738E+02 

0.04472 

0.005 

2.63E-03 

3.8023E+02 

0.07071 

0.010 

1.84E-03 

5.4348E+02 

0.10000 

0.025 

1.31E-03 

7.6336E+02 

0.15811 

0.050 

8.80E-04 

1.1364E+03 

0.22361 

0.100 

6.74E-04 

1.4837E+03 

0.31623 



sqrt(z e ) M 1/2 


It is possible to perform a linear regression on the data above in order to generate the equation for this line or one may use Microsoft 
Excel’s trendline option which will display the equation of the line on the chart. 
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From the line equation, it can be observed that the v-intercept is equal to the rate constant for the reverse reaction 


*_! = 81.3 s' 1 


Linear Regression Statistics 

m 

4497.93 

81.29022158 

b 

Sm 

122.255 

20.3000768 

Sb 

R 2 

0.99632 

31.27065583 

Sy 

F 

1353.59 

5 

DF 


From the linear regression statistics, we find the that the rate constant for the forward reaction is equal to the regression error (third box 
from the top in the second column). 


k t = 32.3 NT 1 s' 1 


Therefore, 

k, 32.3 M~‘ 3 / 
k . i 81.3 
K = 0.385 M" 1 


Back to Problem 9.36 Back to Top 
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9.37. The equilibrium H 2 O ^ H + OH has a relaxation time of about 40 its at 25 °C. Find the values of the forward and reverse rate 


constants. K w = [H + ][OHl = 10~ 14 . 

(Hint: For this case, using steps similar to those of Problem 9.25, it can be showi 

Solution: 

Given: see above 
Required: k v k t 

Let us begin by writing down the rate of consumption of water for this reaction. 



From the equilibrium condition we may write. 


K [H 2 o] e = [n + ] e [oh - ]^ 



*-1 [H 2 0] e 

K w = [H + ] [OH“] = 10~ 14 therefore. 



For 1 L of pure water. 



1000 / 


= 55.5087 mol 


M 18.0152 / mol -1 


[H 2 0] e 



1L 
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K=- 


K„, 10' 14 M X 


= 1.801 52x10 M 


[H 2 0] c 55.51 X' 

Since k { = Kk x , then the equation that relates the relaxation time to the concentration can be written in the following manner: 

+M[H + L+[OH-] e ) 

t* 

Factor to obtain, 

^=*_ 1 [tf + ([H + ].+[OH-].)] 

Using the fact that, = [h + ] = [^OTT J we can further simplify to get. 

This expression will enable us to solve for the rate constant belonging to the reverse reaction. 

X-,[* : + 2'/U] 

1 

k , =- 


*[k + 2VX] 


k. i=- 


40xl0“ 6 s 


1.801 52xl0~ 16 M + 2v/l0“ 14 M x 


k_i =1.25x10“ M' 1 s“‘ 


Solutions 


9-112 


Chapter 9: Chemical Kinetics I. "The Basic Ideas 


k t = Kk t =(l.80i 52xl0' 16 X)(l-25xl0“ 
k, =2.25xl0 -5 s“‘ 


Back to Problem 9.37 


Back to Top 


Solutions 
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9.38. Two reactions of the same order have identical activation energies and their entropies of activation differ by 50 J mol Calculate 
the ratio of their rate constants at any temperature. 

Solution: 

Given: E al = E al , S a2 = S al +50 J K 1 moF 1 


Formatted: Space After: 6 pt 


K 

Required: — at any temperature 

k 2 

Using the Arrhenius equation, k = At E “' RT we can formulate an expression which will enable us to determine the ratio of the rate constants 
at any temperature. For simplicity, we will allow the temperature to be 273.15 K. 


k = t 


*S a ' 


2 l KT I 
21 B — exp 

t J 

f At C" ^ 


V R J 


K =e 2 | ~Y~ | exp 


kj 

h 


k^ = e 2 1 —5— I exp 


AjSj° 

R 

( A .V ' ^ 

R 


exp 

exp 


exp 


-E a 

RT 

-E a 

RT 

-E a 

RT 



K 


= exp 


-50 JJC^-Tnof^ 
8.3145 JjC+Hfiof r 


— = 2.445x10 


,-3 
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Back to Problem 9.38 


Back to Top 
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9.39. The gas-phase reaction: 


H 2 + I 2 -*• 2HI 


is second order. Its rate constant at 400 °C is 2.34 x 10 2 dm 3 mol 1 s *, and its activation energy is 150 kJ mol '. Calculate A H°, 
A *5°, and A + G° at 400 °C, and the preexponential factor. 

Solution: 

Given: second order: T = 400 °C, k = 2.34 xlO -2 dm 3 mol 1 s~ l ,E a = 150 kJ moE 1 
Required: A t H°, A t S°, A t G°, A 

It is easiest to determine the pre-exponential factor by using the given information in conjunction with the Arrhenius equation. 

k = Ae E °' RT 

In k = In A - — — 

RT 

In A = In k + -^ L 
RT 


In A = In (2.34 x 10 2 dm 3 moC 1 s 1 ) + 


150 000 / jnof 1 ' 


(8.3145 / W* jaof 1 ')(673.15 X) 


In A = 23.045 504 [dm 3 moC 1 s^ 1 ] 

23.045 504 [dm 3 moP 1 s" 1 ] 

/\ — 6 


A = 1.02 xlO 10 dm 3 mol -1 s~‘ 


According to Eq. 9.100, 
E a =A t H° + 2RT 


Knowing the value for the activation energy, we can rearrange this expression in order to solve for A H° . 
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A*H° = E a -2 RT 

= 150 000 J mol -1 -(2x8.3145 J .Js^mol 1 x673.15 X) 
A*H° = 138 806.1887 J mol 1 
A*H° = 138.8 kJ mor 1 


From Eq. 9.100, it follows that the rate constant may be written as. 



(Eq. 9.101) 


This can be rearranged in order to solve for AS 0 . This procedure yields, 
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k = e 2 
k 


kj 


A *S°/R-E a /RT 

e e fl 


kj 


_ A*S°/R 


2.34x10 2 dm 3 mor 1 s' 1 


= e~ 


1.381xl0' 23 / (673.15 X) 


(-150 000 Jjm>CJ/( 8.3145 JJt J -l6or r )( 673.15 X) 

1.019 847 xlO 10 dm 3 mol' 1 s' 1 = (1.036 676 s' 1 ) 
A , S . 7R 1.019 847 xlO 10 dm 3 mol' 1 


6.626 xlO' 34 / s 


-l\ A*S°IR 


= In 


1.036 676 X" 

1.019 847 xlO 10 dm 3 mol' 1 


1.036 676 X" 


A f S° 

R 

a*c° 

— — = -9.226 707 
R 

A*S° = -9.226 707x8.3145 JK' 1 mol' 1 


A*S° = -76.72 J K' 1 mol' 1 


Recall from Chapter 3 that A 4 G° = A 7/° - T A .S’° therefore, 

A 4 G° = 139 000 J mol' 1 -(673.15 X) (-76.72 J X^mol' 1 ) 
A*G° = 190 641 J mol' 1 
A 4 G° = 190.6 kJ mol 


Back to Problem 9.39 Back to Top 
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Solutions 


9 . 40 . A substance decomposes according to first-order kinetics; the rate constants at various temperatures are as follows: 

Temperature/°C Rate constant, k! s -1 


15.0 

4.18 x 10" 6 

20.0 

7.62 x 10" 6 

25.0 

1.37 x 10" 5 

30.0 

2.41 x 10' 5 

37.0 

5.15 x 10“ 5 


Calculate the activation energy. Calculate also, at 25 °C, the enthalpy of activation, the Gibbs energy of activation, the preexponential 
factor, and the entropy of activation. 

Solution: 

Given: see above 

Required: E a ,A*H°, A *S°, A *G°, A at f = 25 °C 

Since we are dealing with a substance that decomposes according to 1 st order kinetics, we may use the method of plotting Ink versus 1 IT in 
order to generate a straight line curve. 


T (K) 

k (s' 1 ) 

10 3 /T (1C 1 ) 

ln(k) 

288.15 

4.18E-06 

3.470415 

-12.3852 

293.15 

7.62E-06 

3.411223 

-11.7847 

298.15 

1.37E-05 

3.354016 

-11.1981 

303.15 

2.41E-05 

3.298697 

-10.6333 

310.15 

5.15E-05 

3.224246 

-9.87393 
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Solutions 



A linear regression may be performed in order to generate the equation for the line. 


Linear Regression Statistics 

m 

-10.2071 

23.03635974 

b 

Sm 

0.008403 

0.028173779 

Sb 

R 2 

0.999998 

0.001609684 

Sy 

F 

1475487 

3 

DF 


The slope is therefore, m = -10.2071. Recall that from the Arrhenius equation, we are able to determine the activation energy once we 
know the slope. 
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Solutions 


k = Aexp 



E 

In k = In A — 

RT 


E 

m = - JL 

R 

E a =|m/?| = 10.2071xl0 3 Xx8.3145 J ^ mol' 1 
E a = 84 866.933 J mol' 1 
E a = 84.9 kJ mol' 1 


We will use the same methods employed in the previous problem to solve for the remaining variables. 
E a = A X H° + RT (Eq. 9.95) 

A t H° = E a - RT 

A i 7/° = 84 867 J mol" 1 - (8.3 145 J ^ mol' 1 x 298.15 X) 

A*//° = 82 388.03 J mol' 1 
A*H° = 82.4 kJ mol' 1 

From Eq. 9.87 we know that, 



Rearrange to obtain. 
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kj 


= exp 


-AG C 


exp 


exp 


o 

0 

< 

1 


1.37 xlO" 5 ^ 

l RT J 


1.381 xlO -23 / X 1 ") 

(298.15 X) 


(-A *G° 


RT 


6.626 xl0~ 34 / / 
= 2.204 670 xlO 18 


= In (2.204 670 xlO -18 ) 


-A *G C 
RT 

A*G° = -^8.3145 J X 1 " mol ‘)(298.15 X)ln (2.204 670xl0“ 18 ) 
A*G° = 100 785 JmoF 1 


A f G° = 100.8 kJmoF 


A ! G C = A f H°- T A l S c can be reaiTanged to obtain, 

T A*S° = A t H° - A t G° 

At A*//°- A*G° 82 388 JmoF 1 -100 785 JmoF 1 
T ~ 298.15 K 

A t S° = -61.7 J K' 1 moF 1 


For unimolecular gas reactions, the pre-exponential factor is given by Eq. 9.98. 


Solutions 
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A = e 


A = e 


kj 


exp 


( A *S C 


1.381xlO” 23 (313.15) 


6.626 xl(T 


exp 


-61.7 

8.3145 


A = e(6.526 715xl0 12 )(5.97 249xl0“ 4 ) 


A = l.OlxlO 10 s' 1 


Back to Problem 9.40 


Back to Top 
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Solutions 


9 . 41 . The following data have been obtained for the hydrolysis of adenosine triphosphate, catalyzed by hydrogen ions: 

Temperature/°C Rate constant, k! s -1 


39.9 

4.67 x 10" 6 

43.8 

7.22 x 10" 6 

47.1 

10.0 x 10" 6 

50.2 

13.9 x 10~ 6 


Calculate, at 40 °C, the Gibbs energy of activation, the energy of activation, the enthalpy of activation, the preexponential factor, and the 
entropy of activation. 

Solution: 

Given: see above 

Required: E a ,A f H°, A t S°, A *G°, A at T =40 °C 


T (K) 

k (s' 1 ) 

10 3 /T (K 1 ) 

ln(k) 

313.05 

4.67E-06 

3.194378 

12.2744 

316.95 

7.22E-06 

3.155072 

11.8387 

320.25 

1.00E-05 

3.12256 

11.5129 

323.35 

1.39E-05 

3.092624 

11.1836 
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Solutions 



Linear Regression Statistics 

m 

-10.6571 

21.77330432 

b 

Sm 

0.14652 

0.460276149 

Sb 

R 2 

0.999622 

0.011088537 

Sy 

F 

5290.36 

2 

DF 
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‘ =Aexp (X} 

E 

In k = In A — 

RT 

E 

m = — 

R 

E a =|m/?| = 10.6571xl0 3 Xx8.3145 J yS mol' 1 
E a =88 608.45 795 J mol 1 
E a = 88.6 kJ moF 1 

E a =A t H° + RT 
A *H° = E a -RT 

A*H 0 = 88 608 J mol 1 -(8.3145 J yS mol -1 x313.15 X) 


A*H° = 86 003 J mol 


A*//° = 86.0 kJ mol -1 
From Eq. 9.87 we know that, 

f-A 


k = 


kj 


exp 


RT 


Rearrange to obtain, 
k 


kj 


= exp 


^ -A % G°^ 
k ~RT , 


We will estimate the rate constant at 40 °C by the rate constant given at 313.05 K. 


Solutions 


(Eq. 9.95) 
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"-A^G 0 ^ 


4.67x1 O' 6 3 / 

l ^ j 


1.381xl0“ 23 / je 4 ') 

(313.15 X) 


6.626 xlO' 34 / / 


exp 


-A *G° 
RT 


= 7.155 207 xlO' 19 


— = In (7. 155 207 xlO' 16 ) 

RT v ’ 

A*G° = -(8.3145 J )£* mor‘)(313.15 X)ln(7.155 207xl0~ 16 ) 
A*G° = 108 785 Jmor 1 
A*G° = 108.8 kJmor 1 

A ? G° = A*// 0 - T A *5° can be rearranged to obtain, 

T A*5° = A*//° - A*G° 

At A t H° - A t G° 86 003 Jmor 1 -108 785 Jmor 1 
T 313.15 K 

A*5° = -72.751 J K' 1 mol ' 1 


For unimolecular gas reactions, the pre-exponential factor is given by Eq. 9.98. 


Solutions 
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A = e 


A = e 


kj 


exp 


( A *S C 


1.381xlO” 23 (313.15) 


6.626 xl(T 


exp 


-72.751 

8.3145 


A = e(6.526 715xl0 12 )(l.584 780 021X10" 4 ) 


A = 2.81xl0 9 s' 1 


Back to Problem 9.41 Back to Top 
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Solutions 


9 . 42 . The half-life of the thermal denaturation of hemoglobin, a first-order process, has been found to be 3460 s at 60 °C and 530 s at 65 
°C. Calculate the enthalpy of activation and entropy of activation at 60 °C, assuming the Arrhenius equation to apply. 

Solution: 

Given: first order: t m (60 °C) = 3460 s, t V2 (65 °C) = 530 s 
Required: A % H°, A *S° at T = 60 °C 


Since this is a 1 st order process, we know that t m 


— — . Let us determine the values of the rate constant at 60 °C and 65 °C. 
k 


In 2 


0.693 147 


k( 60°C) = - . 

v ’ t m (60 °C) 3460 s 

A: (60 °C) = 2.003 316xl0 -4 s’ 1 

A: (65 °C) = / n2 ^°- 693 147 

V ’ t V2 (65 °C) 530 s 

A- (65 °C) = 1.307 825 xl0“ 3 s' 1 


Taking the inverse of both temperatures will enable us to generate a straight line plot. As previously seen, the slope of this curve allows us 
to calculate the activation energy. 


T (K) 

1/T (K" 1 ) 

k, (s 1 ) 

k2 (s’ 1 ) 

ln(k ! ) 

ln(k 2 ) 

ln(k 2 /k,) 

333.15 

0.003002 

2.00E-04 

1.31E-03 

-8.51554 

-6.63939 

1.876147 

338.15 

0.002957 
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Solutions 


In k 2 - In k , 
\IT 2 -\IT, 



(2.957 xlO~ 3 - 3.002 xlO -3 ) K" 1 


m = -42 271 K = — — 

R 

£,=(-42 271 X)(-8-3145J ^moE 1 ) 

E a = 351 444 J mor 1 
E a =351.4 kJ mol' 1 

E a =A*H° + RT (Eq. 9.95) 


A *H° = E a -RT 

A^H 0 = 351 444 J moE 1 -(8.3145 J X 1 " mol 1 x 333.15 X) 
A *H° = 348 674 J moE 1 
A*H° = 348.7 Minor 1 
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Solutions 



exp 

RT 


2.003 316xl0~ 4 3/ 


(l.381xl0’ 23 / je r )(333.15 X) 


6.626 xlO" 34 / / 



= 2.885 143 xlO’ 17 


In (2.885 143 xlO’ 17 ) 


RT v ’ 

A 4 G° = -(8.3145 J X)ln(2.885 143xl0’ 17 ) 

A*G° = 105 493 Jmor 1 

A*G° = A 4 //°-7’A i S°can be rearranged to obtain, 

TA i S° = A t H°-A*G° 

t A^H 0 - A*G° _ 348 674 J mol’ 1 -105 493 J mol’ 1 

A J — — 


T 


333.15 K 


A % S° = 729.95 J K’ 1 mol’ 1 


Back to Problem 9.42 Back to Top 
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Solutions 


*9.43. a. Using Eq. 9.73, calculate the collision density for 6.022 xlO 23 molecules of hydrogen iodide present in a volume 1 m 3 at 300 K. 
Take ^aa = 0.35 nm. 

b. If the activation energy for the decomposition of HI is 184 kJ mol' 1 , what rate constant does kinetic theory predict at 300 °C? To 


what entropy of activation does this result correspond? 

Solution: 

Given: Eq. 73, 6.022 xlO 23 molecules of HI, V = 1 m 3 , T = 300 K, c/aa = 0.35 nm 
E u = 184 kJ mol' 1 , T= 300 °C 
Required: Z AA , A : .S’ C 
Eq. 9.73 defines the collision density. 


M 127.904 g mcf 1 ' 

ffl — = — 

N a 6.022 xlO 23 jnof 1 ' 
m = 2.123 946x1 O' 22 g 
m = 2.123 946x1 O' 25 kg 

Now we can simply substitute all appropriate values into Eq. 9.73 to obtain the collision density. 


Z AA =3.040xl0 31 m' 3 s' 1 

b) We can now use a version of Eq. 9.78 in order to determine the value of the rate constant. 



a) First we need to find the mass of hydrogen iodide. 
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v = (3.040 xlO 31 m- 3 s ^) e - 184 000/(8 - 3145><573 15 ) 
v = 5.179xl0 14 m~ 3 s' 1 

m 2.123 946x10 ~ 22 / 

U ~ M~ 127.904 £ mol’ 1 
n =1.660 578 mol 

t' = 5.179 xlO 14 m" 3 s’ 1 x 1.660 578 mol 
v = 8.600 135x1 0~ 10 mol m” 3 s' 1 

According to the rate equation, 
v = k[ HI] 2 

v 8.600 135 x IQ' 10 mol m~ 3 s' 1 
[Hi] (lmolm" 3 ) 

k = 8.600 135xl0~ 10 jx? mol -1 s~' x 1 000 

1 jx? 

k = 8.600 135x10 7 dm 3 mol 1 s' 1 

The collision frequency factor (ie. pre-exponential factor) is given by, 
k 8.600 135xl0~ 7 dm 3 mol -1 s _1 

A — — 

-EJRT -184 000/(8.3145x573.15) 

V C 

A = 5.048 238 xlO 10 dm 3 mol -1 s' 1 

In order to obtain the value for the entropy of activation we may use Eq. 9.98 but for a bimolecular molecule. 

A = e 2 ^je ,A5,R 

Rearranging, 


Solutions 
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e , M/R 5.048 238 xlQ 10 dm 3 mol" 1 jX 

f(l.381xlO" 23 / X^)573.15 X" 
6.626 xlO" 34 / / 

V / 

e* M/R =5.719 266 xlO" 4 dm 3 mol" 1 
A*S° = (8.3145 J K" 1 mol ‘)ln(5.719 266x10"' 

A*S° = -62.1 J K" 1 mol" 1 ! 


Back to Problem 9.43 


Back to Top 
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Solutions 


9.44. The rate constant for a first-order reaction is 7.40 x 10 9 s 1 at 25 °C, and the activation energy is 1 12.0 kJ mol '. Calculate, at 25 °C, 


the preexponential factor A, the enthalpy of activation A + //°, the Gibbs energy of activation A : G°, and the entropy of activation A "S°. 

Solution: 


Given: first order: k = 7.40x10 9 s T = 25 °C, E a =112.0 kJ mol 1 
Required: A *H°, A *S°, A *G°, A at T = 25 °C 

Given the rate constant, we may first solve for the Gibbs energy of activation using Eq. 9.87. 


e -A*G°/Rr 7.40x10 

(l. 38 lx 10’ 23 / (298. 15 X) 

6.626 xlO" 34 / / 
e -A* G °/«r =U90 843 xlO -21 

~ A G = In (l. 190 843xl0~ 21 ) 

RT v ’ 

A*G° = -(8.3145 J mor‘j(298.15 X)ln(l.l90 843xl0" 21 ) 

A*G° = 119 436 J moE 1 
A*G° = 1 19.4 kJ moE 1 

Given the activation energy, we may first solve for the enthalpy of activation using Eq. 9.95. 
E a =A t H° + RT (Eq. 9.95) 
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A*H° = E a -RT 

A*H° = 112 000 J mol 1 -(8.3145 J X 1 " mol 1 x 298.15 X) 
A*//° = 109 521 J mol 1 
A*H° = 109.5 kJ mol -1 


A *G° = A : H° - T A'S° can be rearranged to obtain, 

T A*S° = A^H 0 - A*G° 

A * _ A*//°- A*G° _ 109 521 Jmor 1 -119 436 Jmor 1 
T ~ 298.15 K 

A*S° = -33.25 J K' 1 mol 1 


For unimolecular gas reactions, the pre-exponential factor is given by Eq. 9.98. 


A = e 


A = e 


k B T ] ^ A t s 
h 

1.381xl0“ 23 (298.15) 


—33.254 966)7(8.3145) 


6.626 xlO -34 

v / 

A = e(6.214 083 x10 12 )(0.018 322) 


A = 3.09x10“ s" 1 


Back to Problem 9.44 


Back to Top 
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Solutions 


9.45. The rate constant for a second-order reaction in solution is 3.95 x 10 4 dm 3 mol 1 s 1 at 25 °C, and the activation energy is 120.0 kJ 
mol -1 . Calculate, at 25 °C, the preexponential factor A, the enthalpy of activation A //'\ the Gibbs energy of activation A G°, and the 


entropy of activation A + S°. 

Solution: 

Given: first order: k = 3.95 x 10 4 dm 3 mol 's 1 , T = 25 °C, E a = 120.0 kJ mol 1 
Required: A *H°, A *S°, A *G°, A at T = 25 °C 

Given the rate constant, we may first solve for the Gibbs energy of activation using Eq. 9.87. 


A*G° = -(8.3145 J JC^mor‘)(298.15 X)ln(6.356 529xl0~ 17 ) 

A*G° = 92 452 J mol -1 
A*G° = 92.45 kJ moE 1 

Given the activation energy, we may first solve for the enthalpy of activation using Eq. 9.95. 



e 


3.95 xlO” 4 dm 3 moE'jX 



6.626 xl0~ 34 / / 
= 6.356 529xl0~ 17 



E=A*H° + RT 


(Eq. 9.95) 
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Solutions 


A*H° = E„ -RT 


= 120 000 J mol 1 -(8.3145 J X 1 " mol 1 x 298.15 X) 


A*H° = 117 521 J mol 1 
A*ff° = l 17.5 kJ mol" 1 

A *G° = A t H°- T A*S° can be rearranged to obtain, 

T A*S° = A t H° - A t G° 

Atco _ A*//°-A t G° _ 117 521 J mok 1 -92 452 J mok 1 

A j — — 


A*S° = 84.08 J K _1 mok 1 


For unimolecular gas reactions, the pre-exponential factor is given by Eq. 9.98. 


T 


298.15 K 



"l.381xl0~ 23 (298.15)^ 


^ 6.626 xlO' 34 J 

A = e( 6.214 083 x10 12 )(24 654) 


A = 4.16xl0 17 dm 3 mol 1 s" 1 


Back to Problem 9.45 Back to Top 
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Solutions 


9 . 46 . The rate constant k for the reaction between persulfate ions and iodide ions varies with ionic strength 7 as follows: 


7/1 0" 3 mol dm -3 
7/dm 3 mol' 1 s -1 


2.45 3.65 

1.05 1.12 


4.45 

1.16 


6.45 

1.18 


8.45 

1.26 


12.4 

1.39 


Estimate the value of zaZb- 

Solution: 

We know that this reaction follows 2 nd order kinetics by examining the units associated with the rate constant. Recall that information 
regarding the rate law, rate constant and half life are condensed in Table 9.1. 

According to the Debye-Huckel limiting law (Section 7.10) the activity coefficient of an ion is related to its valency, z and the ionic 
strength, 7. By Eq. 7.104, 

l°g 10 Y ~ -Bz 1 'll (Eq. 9.121) 

Introduction of the above into the rate equation (Eq. 9.120) gives. 


logi 0 7 = log 10 7 0 +logi 0 ^^- 


(Eq. 9.120) 


log 10 k = log 10 k 0 + log 10 y A + log 10 y B - log 10 y % 
l°g 10 k = l°g 10 k 0 - B + Zb -(z a +z b ) 2 ]V7 


log 10 7 = log 10 7 0 -B 


j/ h + + 2z A z B + V/ 


log 10 k = log 10 k 0 + 2Bz A z B 4l 
The value of B is approximate 

log 10 k = log 10 k 0 + 1 .02 z A z B v/77 mol dnT 3 


The value of B is approximately 0.51 dm’ 3/2 mol' 1/2 for aqueous solutions at 25 °C. Therefore, 


(Eq. 9.125) 


7 (10 _3 mol dm' 3 ) 

k (dm 3 mol 1 s *) 

sqrt(7) 

logio(7) 
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Solutions 


2.45 

1.05 

0.049497 

0.021189 

3.65 

1.12 

0.060415 

0.049218 

4.45 

1.16 

0.066708 

0.064458 

6.45 

1.18 

0.080312 

0.071882 

8.45 

1.26 

0.091924 

0.100371 

1.24 

1.39 

0.111355 

0.143015 



sqrt(/) 


Linear Regression Statistics 

m 

1.850795931 

-0.066937665 

b 

Sm 

0.144547247 

0.011480668 

Sb 

R 2 

0.976182639 

0.007300432 

Sy 

F 

163.9447163 

4 

DF 
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Solutions 


log 10 k - log 10 k 0 » z A z B \l I / mol dm 3 

Therefore, a plot of log 10 k against V77 mol dm 3 will yield a slope that is approximately equal to z A z B . From the regression statistics, we 
see that m = 1.850 796 


^A~R 


1.850 795 931 
1.02 


= 1.814 505 814 


^A^R 


: 1.814 


Back to Problem 9.46 Back to Top 
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Solutions 


9 . 47 . The following constants were obtained by Br0nsted and Livingstone [/. Amer. Chem. Soc., 49, 435(1927)] for the reaction: 

[CoBr(NH 3 ) 5 ] 2+ + OH~ -> [Co(NH 3 ) 5 OH] 2+ + Br 

under the following conditions: 


Concentration/mol dm 1 


[CoBr(NH 3 ) 5 ] 2+ 

NaOH 

NaCl 

dm 3 

5.0 x 10^ 

7.95 x 10- 4 

0 

1.52 

5.96 x 10 4 

1.004 x 10“ 3 

0 

1.45 

6.00 x 10~ 4 

0.696 x 10“ 3 

0.005 

1.23 

6.00 x 10" 4 

0.696 x 10“ 3 

0.020 

0.97 

6.00 x 10~ 4 

0.691 x 10~ 3 

0.030 

0.91 


Make an estimate of the rate constant of the reaction at zero ionic strength. Are the results consistent with zaZb = -2? 

Solution: 

Let us begin by determining the ionic strengths of each reaction mixture. Recall that the ionic strength of a solution represents a function of 
all ions present into the given solution. 

7 = aZ C b £ 

^ B-l 

where c b = molar concentration of each ion and zb = charge number of that particular ion. 
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Solutions 


(1) 7 = ^[(2 2 x5.0xKr 4 ) + (l.0xl0” 3 ) + (2x7.95xKr 4 )] 

/ = 2.295 xl(T 3 M 

(2) 7 = -^[(2 2 x 5.96xKr 4 ) + (ll.92xl0” 4 ) + (2xl.004xl0' 3 )] 

7 = 2.79x10 3 M 

(3) 7 = ^(2 2 x 6.0 x lO' 4 ) + (l2.0 x 10' 4 ) + (2 x 0.696 x 10” 3 ) + 0.01 J 
7 = 7.496 x 10” 3 M 

( 4 ) 7 = ^[(24.0 x 10" ) + (12.0 x 10” 4 ) + (l .392 x 10 3 ) + 0.04] 

7 = 22.50 xlO” 3 M 

( 5 ) 7 = |[(24.0xl0" 4 ) + (l2.0xl0” 4 ) + (l.392xl0” 3 ) + 0.06] 

7 = 32.50x10 3 M 


7 71 0 -3 mol dm” 3 ) 

k (dm 3 mol 1 s ') 

sqrt(7) 

log 10 W 

2.30E-03 

1.52 

0.047906 

0.181844 

2.79E-03 

1.45 

0.052820 

0.161368 

7.50E-03 

1.23 

0.086579 

0.089905 

2.25E-02 

0.97 

0.150000 

-0.013228 

3.25E-02 

0.91 

0.180278 

-0.040959 
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Solutions 



linear regression statistics: 

-1.683623642 

0.250069168 

0.122806104 

0.014277339 

0.984289358 

0.01453188 

187.9533719 

3 


From the regression statistics, we can see that the v-intercept is equal to log 10 k 0 = 0.250 0691 68 . 
We may now make an estimate of the rate constant. 


, 0.250 069168 


kg =10 

k n =1.778 562 651 


k n =1.78 dm mol s 


Again from the regression statistics, the slope was given to be m = -1 .683 623 642. We already know that the slope is equal to 1 .02z A z B for 
an aqueous solution at 25 °C. Therefore, 
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Solutions 


m = -1.683 623 642 = 1.02z A z B 


-1.683 623 642 

z A z B = = -1-650 61 1 414 

A B 1.02 


z A z B =-1-65 


When rounded to a single significant figure. 


z A z B =-2 


which is in fact consistent with the statement given in the question. 


Back to Problem 9.47 Back to Top 
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Solutions 


9 . 48 . Suppose that the rates of ionic reactions in solution were proportional to the activity rather than the concentration of activated 
complexes. Derive an equation relating the logarithm of the rate constant to the ionic strength and the charge numbers of the ions 
and contrast it with Eq. 9.124. Can the results in Figure 9.22 be reconciled with the equation you have derived? 

Solution: 

Let the following reaction occur as follows, 


A + B — » X* — » products 

The basis of the ionic strength treatment is that the rate of a reaction is proportional to the concentration of the activated complexes, X* and 
NOT to their activity. The rate equation is thus, 

v = Jfc[x*] 


The equilibrium between the activated complexes and the reactants A and B may then be expressed as. 


X T = 


M 


»A [A][B] r A r B 


(Eq. 9.118) 


Remember that a and b are the activities and y represents the activity coefficient. We will now introduce Eq. 9.1 18 into a modified rate 
equation (from the one given above). Suppose that. 


v = 

[X*] = **[A][B] 


YaYb 


v = k 


X*[A][B] 


YaY b 


/ 

v = kK*[A][B]r A r B 
Let 


kK = k 0 and k = kK % [A][B] y A y B 
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Solutions 


Taking the logarithm of each part of the equation, we obtain, 
l°g 10 ^ = l°g 10 K + log 10 y A y B 

Using the fact that log 10 y = -Bz 2 V7 we can make a substitution to get. 


\og l0 k = log l0 k 0 -B 


2 2 
zl+z: 


1V7 


In this particular situation, plotting log 10 k against -J7 will always yield a line with a negative slope. This conclusion is inconsistent with 
the results presented in Figure 9.22. 


Back to Problem 9.48 Back to Top 
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Solutions 


9 . 49 . When the subatomic species muonium (Mu) was first discovered in 1960, it was not known whether it bore an electric charge. The 
answer was provided by a kinetic study of the ionic strength effect on the reaction Mu + Cu 2+ in aqueous solution. The following 
rate constants were measured at two ionic strengths: 

/ = 0 M k = 6.50 x 10 9 dm 3 moF 1 s" 1 

I = 0.9 M k = 6.35 x 10 9 dm 3 moF 1 s" 1 


Suppose that muonium had a single negative charge; what would k be expected to be at an ionic strength of 0.9 M? What do you deduce 
about the actual charge on muonium? 

Solution: 

If there were a single negative charge on the muonium ion, the slope of the plot of log 10 k against V7 would yield a slope of approximately - 
2. Thus, z A z B = -2 . According to Eq. 9.124, 

log 10 k = log I0 k 0 + 2Bz a z b ~Jl which can be rearranged to obtain. 


log 10 k -log 10 k 0 = 2Bz a z b -Jl 


log,, 


'a' 

v*oy 


— | = 1.02x(-2)x(0.9) 1/ 

\ k 0. 


= 10' 612 =7.59xl0“ 7 ???? 


- 6.12 


I have no clue what the previous author did here. There is absolutely no explanation as to where he got his numbers from. I cannot finish 
this problem. 
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Back to Problem 9.49 


Back to Top 
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Solutions 


9 . 50 . The rate constants of a second-order reaction in aqueous solution at 25 °C had the following values at two ionic strengths: 

7/mol dm' 3 k/dm 3 mor 1 s' 1 

2.5 x 10' 3 1.40 xlO' 3 

2.5 x 10' 2 2.35 x 10' 3 

Make an estimate of the value of caZb. the product of the charge numbers. 

Solution: 

Given: see above 
Required: estimate zaZb 
Let us plot log 10 k against V7 . 


/ ( 10' 3 mol dm' 3 ) 

k (dm 3 mol 1 s ') 

sqrtf/) 

log 10 (k) 

2.50E-03 

1.40E-03 

0.05000 

-2.8539 

2.50E-02 

2.35E-03 

0.15811 

-2.6289 
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Solutions 


Linear Regression Statistics 

m 

2.080582256 

-2.957901077 

b 

Sm 

0 

0 

Sb 

R 2 

1 

0 

Sy 

F 

NA 

0 

DF 


The slope of the plot above is equal to m = 2.080 582 256. This means that, 

2.080 582 256 = 1.02z a z b 
2.080 582 256 

Z a Zp 

1.02 

z a z b = 2 -0 4 


An approximation to one significant figure yields, z A z B ~ 2 . 


Back to Problem 9.50 Back to Top 
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Solutions 


9.51. A reaction of the type: 

A + + B 2- — > products 

was found at 25 °C to have a rate constant of 2.8 x 10 'dm' mor 1 s' at an ionic strength of 1.0 x 1 0 3 M . Assume the Debye-Hiickel 
limiting law to apply and estimate the rate constant at zero ionic strength. 

Solution: 

Given: k = 2.8 x 10“* dm 3 mor 1 s '.T = 25 °C, / = l.OxlO -3 M 
Required: k at/ 0 (k 0 ) 

The Debye-Hiickel limiting law states that, 
log 10 k = log 10 k 0 + 2 Bz a z b V7 

This can be rearranged to solve for ko upon substitution of the appropriate values. 

log 10 k = log 10 k 0 + 2Bz a z b V7 
\og l0 k 0 =\og l0 k-2Bz A z B ^J 

log 10 k 0 = logjQ ( 2.8 x 10^ dm 3 mok 1 s _1 )-1.02(-2) Vl.OxlO 3 M 
log 10 k 0 = -3.552 842 + 0.064 510 
log 10 k 0 = -3.488 332 
k 0 = 10“ 3 ' 488 332 

k 0 = 3.25 x 10 -3 dm 3 mok 1 s _1 


Back to Problem 9.51 Back to Top 
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Solutions 


9 . 52 . The rate of a reaction at 300 K is doubled when the pressure is increased from 1 bar to 2000 bar. Calculate A + V°, assuming it to be 
independent of pressure. 

Solution: 


Given: T = 300 K, P 0 = 1 bar, P f = 2000 bar 


Required: A 1 V° (pressure independent) 


According to Eq. 9.129 we know that, Ink = \nk Q - 


aV° 

RT 


A P. 


We are told that the rate of the reaction increases 2-fold when the pressure is increased from 1 bar to 2000 bar. This would mean that, 

Vi=k 0 

v^=k 


In — = In 2 = In — = - 


aV° 

In 2 = A P 


A f y° 

RT 


A P 


RT 


Rearrange this expression to isolate A*V ° , 


aV° 


-In 2 (RT) 
P 


Substitution yields. 
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A T y° = 


-0.693147(8.3145 J X*" mol" 1 ) (300 X) 


(2000-1) bar 

AV° = -0.864 908 J bar’ 1 mol’ 1 

1 bar = 10 5 Pa, 1 atm = 1.013 25xl0 5 Pa, 1 atm dm 3 = 101.325 J 
if = -0.864 908 mol 1 x 1 K 25x10' X x 1 ^ 


io 5 yi 


1 ^atrfT 


101.325 / 


AV° = -8.649 081xl0’ 3 dm 3 mol' 1 


Solutions 
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1 dm 3 = 0.001m 3 

AV° = -8.649 081xl0“ 3 mol 1 


AV° = -8.65 xl0~ 6 m 3 mol 1 


0.001 m 3 


Back to Problem 9.52 


Back to Top 


Solutions 
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Solutions 


9.53. The following results were obtained for the solvolysis of benzyl chloride in an acetone-water solution at 25 °C: 


P/10 2 kPa 1.00 345 689 

k/lO’V 1 7.18 9.58 12.2 


1033 

15.8 


Make an appropriate plot and estimate A*V°. 

Solution: 


Given: se above 

Required: plot and estimate A 1 V° 


P/10 2 kPa 

k/10“ 6 s" 1 

Ink 

1.00 

7.18 

-11.844 

3.45 

9.58 

-11.556 

6.89 

1.22 

-11.314 

10.3 

1.58 

-11.056 
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Solutions 



Linear Regression Statistics 

m 

7.58108E-06 

-11.83434645 

b 

Sm 

1.89127E-07 

0.012186716 

Sb 

R 2 

0.998756818 

0.014547781 

Sy 

F 

1606.774843 

2 

DF 


aV° 

According to Eq. 9. 129 we know that, In k = In k 0 P . This means that a plot of In k against P will yield a slope that is equal to 

RT 

A*V° 

. This information will allow us to determine the value of A + V ° . 
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m = --^-^— = 7.581 08xl0” 6 kPa” 1 = 7.581 08 xlO” 9 Pa" 1 
RT 

-AV° = 7.581 08 xlO" 9 Pa" 1 (8.3145 J X 1 " mol" 1 x 298. 15 

AV° = -1.879 xlO" 5 J Pa" 1 mol" 1 
1 J Pa” 1 = 1 m 3 therefore, 

AV° = -1.88x 10" 5 m 3 mol" 1 


Back to Problem 9.53 


Back to Top 


Solutions 
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Solutions 


9 . 54 . The fading of bromphenol blue in alkaline solution is a second-order reaction between hydroxide ions and the quinoid form of the 
dye: 

quinoid form (blue) + OH - — > carbinol form (colorless) 

The following results show the variation of the second-order rate constant k with the hydrostatic pressure P at 25 °C: 


P/10 kPa 
k/10^ M _l s' 1 


101.3 

9.30 


2.76 

11.13 


5.51 

13.1 


8.27 

15.3 


11.02 

17.9 


Estimate A*V°. 

Solution: 

Given: second order: P/10 4 kPa and k/10 1 M -1 s -1 above 
Required: A + V° 

We will use the same method as we did in the previous problem. We should first begin by adjusting the units to simplify our results. 

1 M = 1 mol L" 1 
1 L = 1 m 3 , 1 m 3 = 1000 dm 3 

1 M = 1 mol x x 

1 1000 dm 3 

1 M = 1.0x10 3 mol dm 3 

(1 M)"‘ =1000 dm 3 mol -1 

(10 -4 m)’ 1 =10 000 dm 3 moE 1 and (lO -4 m)~V‘ =10 4 dm 3 moE 1 s" 1 
The rate constant can now be expressed in the following form, 
k / 10” 4 M~‘ s“‘ =k/10 4 dm 3 moE 1 s _1 


P/kPa 

k/10" 4 M”' s" 1 

k/dm 3 mol" 1 s 1 

In k 

1013000.00 

9.30E-04 

9.30 

2.2300 
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Solutions 


27600.00 

1.11E-03 

11.13 

2.4096 

55100.00 

1.31E-03 

13.10 

2.5726 

82700.00 

1.53E-03 

15.30 

2.7279 

110200.00 

1.79E-03 

17.90 

2.8848 



0.00E+00 2.00E+04 4.00E+04 6.00E+04 8.00E+04 1.00E+05 1.20E+05 

PA Pa 


linear regression statistics: 

5.9127E-06 

2.238955304 

1.0317E-07 

0.006964007 

0.99908744 

0.008981709 

3284.45091 

3 


According to Eq. 9.129 we know that, \nk = \nk Q 


a t v° 

RT 


P . This means that a plot of Inf- against P will yield a slope that is equal to 


*T/° 


RT 


. This information will allow us to determine the value of A V° . 
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Ah / 0 

m = — = 5.9127 x 10" 9 Pa -1 

RT 

-AV° = 5.9 127x1 O' 9 Pa” 1 ^8.3145 J mol” 1 x298.15 

AV° = -1.466 xlO” 5 J Pa” 1 mol” 1 
1 J Pa” 1 = 1 m 3 therefore, 

AV 0 = -1.47 xlO” 5 m 3 mol” 1 


Back to Problem 9.54 Back to Top 
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Solutions 


9 . 55 . Use Figure 9.23 to make approximate estimates of the volumes of activation for the alkaline hydrolyses of methyl acetate, ethyl 
acetate, and propionamide, at 25 °C. 

Solution: 

Given: Figure 9.23, T = 25 °C 
Required: estimate A"F° in each case 

k 

From Figure 9.23, at 10 000 lb per square inch, the values of log 10 — are: 

K 

Ethyl acetate: 0.105 

Methyl acetate: 0.11 
Propionamide: 0.20 

k 

The value of log 10 — when the pressure is 10 000 pounds per square inch is approximately 0. 105. The slope of a plot in which natural 

K 

logarithms were used would therefore be. 


, k 2.303x0.105 
In — = 


k 0 10 000 psi 
1 psi = 6.89 x 10 3 Pa therefore. 



k 2.303x0,105 
n k 0 ~ 10 000x6. 89xl0 3 Pa 


log 10 — = 3.509 651xl0 -9 Pa' 1 
k n 


According to Eq. 9.129 (for ethyl acetate). 
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aV° 

In k = In k„ P 

RT 

1 , , , Aty ° D , k • D A ^° 

In k - In k n = P — » In — = P since m P = ■ 


RT 


RT 


RT 


-AV° = 3.509 651xl0“ 9 Pa” 1 (8.3 145 J yS mol" 1 j (298. 15 X) 

A*y° = -8.69 979xl0” 6 J Pa -1 mol” 1 — ^sincel J Pa -1 = 1 m 3 therefore. 


A 4 y° = -8.70xl0” 6 m 3 mol 


Similarly, for methyl acetate; 

aV° 

In k = In k n P 

RT 

1,1, A ^° i k A * y ° 

In k - In k n = P — » In — = - 


RT 


RT 


since m = - 


A ( y 0 

RT 


-AV° = 3.68xl0~ 9 Pa” 1 (8.3145 J mol”‘)(298.15 X) 

A 4 y° = -9.122 602 884 x 10” 6 J Pa -1 mol — » since 1 J Pa -1 = 1 m 3 therefore. 


AV° = -9.12x10 m 3 mol 


For proprionamide the slope is; 

A*y° 

In k = In k n P 

RT 

1,1, A ^°d 1 k Aty ° 

In k - In k„ = P —> In — 


A'/ 


RT 


since m = - 


A ( y 0 

RT 


-AV° = 6.685 xlO” 9 Pa' 1 (8.3145 J yt* moF 1 )(298.15 X) 

A 4 y° = -1.657 190 225x10 5 J Pa” 1 mol” 1 — » since 1 J Pa" 1 = 1 m 3 therefore. 


A ? y° = -1.66x10 m mol 


Solutions 
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Solutions 


Back to Problem 9.55 
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Chapter 10 

Composite Mechanisms and Rate Equations 

10.1. Suppose that a reaction of stoichiometry A + 2B = Y + Z is believed to occur by the mechanism: 

*, 

A + B — ► X (very slow) 

*. 

X + B — ► Y + Z (very fast) 

Where X is an intermediate. Write the expression for the rate of formation of Y. 

Solution Field Code Changed 

10.2. Suppose that a reaction A + 2B = 2Y + 2Z is believed to occur according to the mechanism: 

A — ► 2X (very rapid equilibrium) 

X + B — ► Y + Z (slow) 

Obtain an expression for the rate of formation of the product Y. 


Solution 


10.3. Suppose that a reaction of stoichiometry A + B= Y + Zis believed to occur according to the mechanism: 

A ++ X 

* i 

k, 

X + B -*■ Y + Z 

Apply the steady-state treatment and obtain an expression for the rate. To what expressions does the general rate equation reduce if; 

a. The second reaction is slow, the initial equilibrium being established very rapidly? 

b. The second reaction is very rapid compared with the first reaction in either direction? 


Solution 


10.4. A reaction of stoichiometry: 

A + B = Y + Z 

is found to be second order in A and zero order in B. Suggest a mechanism that is consistent with this behavior. 


Solution 
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Composite Mechanismsand Rate Equations 


10.5. 


10 . 6 . 


10.7. 


10 . 8 . 


*10.9. 


The rate of formation of the product of a reaction is found to give a nonlinear Arrhenius plot, the line being convex to the 1 IT axis 
(i.e., the activation energy is higher at higher temperatures). Suggest a reason for this type of behavior. 

(Hint: For this and the following problem, consider the possibility of two parallel reactions and of two consecutive reactions having 
different activation energies.) 


Solution 


An Arrhenius plot is concave to the 1 IT axis (i.e., it exhibits a lower activation energy at higher temperatures). Suggest a reason for 
this type of behavior. 


Solution 


Nitrogen pentoxide reacts with nitric oxide in the gas phase according to the stoichiometric equation: 

N 2 0 5 + NO = 3N0 2 


The following mechanism has been proposed: 

NjO, — ► NO : + NO, 

NO; + NO; — ► N;0 5 
NO + NO; -► 2NO; 

Assume that the steady-state treatment can be applied to NO 3 , and derive an equation for the rate of consumption of N 2 O 5 . 


Solution 

The reaction 2NO + 0 2 — * 2N0 2 is believed to occur by the mechanism: 

2NO N>0 : 

N;0; -* 2NO 
NjO; + O; -► 2NO; 

Assume N 2 0 2 to be in a steady state and derive the rate equation. Under what conditions does the rate equation reduce to second- 
order kinetics in NO and first-order kinetics in 0 2 ? 


Solution 


The gas-phase reaction: 


Cl 2 + CH 4 -> CH 3 CI + HC1 

proceeds by a free-radical chain reaction in which the chain propagators are Cl and CH 3 (but not H), and the chain-ending step is 
20 — * Cl 2 . Write the mechanism, identify the initiation reaction and the chain-propagating steps, and obtain an expression for the 
rate of the overall reaction. 


Solution 
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10 . 10 . The following mechanism has been proposed for the thermal decomposition of pure ozone in the gas phase: 

20, — ► O, + 0. + O 

>’ fr. •* 


Derive the rate equation. 


O + O, 


20 . 


Solution 


* 10 . 11 . A reaction occurs by the mechanism: 

*■ 

A + B ++ X —+ Z 

A_| 

and the concentration of X is sufficiently small compared with the concentrations of A and B that the steady-state treatment applies. 
Prove that the activation energy E a at any temperature is given by: 

E _ k_ i {E i +E 1 -E_ l ) + k 2 E i 
k + k, 

that is, is the weighted mean of the values E\ + Ei - E_ and E\, which apply, respectively, to the limiting cases of k\ » k 2 and k 2 
» k-\. 


Solution 


10 . 12 . F. A. Lindemann [Trans. Faraday Soc., 17, 598(1922)] proposed the following mechanism for a unimolecular gas reaction: 

*. 

A + A 4± A* + A 

ft, 

A* -> Y + 7. 

The species A* is an energized molecule that is present in low concentrations. Apply the steady-state treatment to A* and obtain an 
expression for the rate in terms of [A], k\, k | , and k 2 . Show that the mechanism predicts first-order kinetics at higher A 
concentrations and second-order kinetics at lower ones. 


Solution 


10-4 


Chapter 10: Chemical Kinetics II. Composite Mechanisms 


Composite Mechanismsand Rate Equations 


* 10 . 13 . Certain polymerizations involve esterification reactions between -COOH groups on one molecule and -OH groups on another. 
Suppose that the concentration of such functional groups is c and that the rate of their removal by esterification obeys the equation: 


-^=kc> 

dt 

Obtain an equation relating the time t to the fraction /of functional groups remaining and to the initial concentration c o of functional 
groups. 


Solution 


* 10 . 14 . Show that the mechanism: 


*, 


!,<♦ 21 

(fast) 

A- 1 


A. 


I + H, H,I 

k 2 

(fast) 

k s 


H,I + I 2! II 

(slow) 


leads to the result that the rate equation for the overall reaction is v = /f| H 2] [ I2] - 


Solution 


10 . 15 . Apply the steady-state treatment to the following mechanism, in which Y and Z are final products and X is a labile intermediate: 

A + B 4 + X 

A_i 

k } 

X + A -► Y 

A, 

X + B — ► Z 

Obtain an expression for the rate of formation of the product Z. What rate equations are obtained if (a) A and (b) B are present in 
great excess? 


Solution 
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Photochemistry and Radiation Chemistry 

10 . 16 . Calculate the maximum wavelength of the radiation that will bring about dissociation of a diatomic molecule having a dissociation 
energy of 390.4 kJ mol -1 . 

Solution 

10 . 17 . Hydrogen iodide undergoes decomposition into H 2 + I 2 when irradiated with radiation having a wavelength of 207 nm. It is found 
that when 1 J of energy is absorbed, 440 qg of HI is decomposed. How many molecules of HI are decomposed by 1 photon of 
radiation of this wavelength? Suggest a mechanism that is consistent with this result. 

Solution 

10 . 18 . A 100-watt mercury-vapor lamp emits radiation of 253.7 nm wavelength and may be assumed to operate with 100% efficiency. If all 
the light emitted is absorbed by a substance that is decomposed with a quantum yield of unity, how long will it take for 0.01 mol to 
be decomposed? 

Solution 

10 . 19 . Suppose that the radiation emitted by the lamp in Problem 10.18 is all absorbed by ethylene, which decomposes into C 2 H 2 + Hi 
with a quantum yield of unity. How much ethyne will be produced per hour? 

Solution 

10 . 20 . A 1000-watt mercury vapor flash lamp emits radiation of 253.7 nm wavelength, and the duration of the flash is 1 /./s. Suppose that 
all of the radiation of a single flash is absorbed 

by mercury vapor; how many atoms of excited mercury are formed? 


Solution 
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*10.21. The photochemical reaction between chlorine and chloroform in the gas phase follows the stoichiometric equation: 

CHCI 3 + Cl 2 = CC1 4 + HC1 


It is believed to occur by the mechanism: 

t, 

Cl; + III' — ► 2CI 


Cl + CHCI., -► HCI + CCIj 
CC1, + Cl; -> CCI 4 + Cl 
2CI — ► Cl; 

Assume the rate of formation of Cl atoms in the initiation reaction to be 2/„, where I a is the intensity of light absorbed, and obtain an 
expression for the overall rate in terms of I a and [CHCI 3 ]. 


Solution 


*10.22. When water vapor is irradiated with a beam of high-energy electrons, various ions such as H + and O appear. Calculate the 

minimum energies required for the formation of these ions, given the following thermochemical data: 

t, 

H;0(g) -► H(g) + OH(g) A H° = 498.7 kJ mol 1 

k. 

OH(g) — ► H(g) + O(g) A H° = 428.2 kJ mol 1 


H(g) — ► H + (g) + e~(g) A H° = 1312.2 kJ mol' 1 

*4 

CXg) + £f"(g) — ► 0"(g) A H° — -213.4 kJ mol” 

Are the results you obtain consistent with the experimental appearance potentials of 
19.5 eV for H + and 7.5 eV for O'? 


Solution 
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10.23. The mercury-photosensitized hydrogenation of ethylene in the presence of mercury vapor is first-order with respect to ethylene and 
half-order with respect to Tb. Its rate is proportional to the square root of the intensity of the light absorbed. The following 
mechanism has been suggested to account for these observations: 

Hu + hr — ► Hg* 

*. 

Hg* + H : — ► Hg + 2H 
*2 

H + C 2 Hj -► C,H, 

C-.H, + H; — ► C^Hft + H 

4 , 

H + H — ► H 2 

Applying the steady-state approximation to [H] and [C 2 H 5 ], verify that the mechanism indeed supports the observations. What is the 
observed rate constant in terms of the rate constants of the elementary reactions? 


Solution 


Catalysis 

10.24. The hydrolysis of a substance is specifically catalyzed by hydrogen ions, and the rate constant is given by: 

£/dm 3 moF 1 s _I = 4.7 x 10 _ 2 ([H + ]/mol dm -3 ) 

When the substance was dissolved in a 10 -3 M solution of an acid HA, the rate constant was 3.2 x 1 0 5 dm’ mol 3 s -1 . Calculate the 
dissociation constant of HA. 


Solution 


*10.25. The following is a slightly simplified version of the mechanism proposed in 1937 by G. K. Rollefson and R. F. Faull [J. Amer. 
Chem. Soc., 59, 625(1937)] to explain the iodine-catalyzed decomposition of acetaldehyde: 

I 2 — ► 21 

I + CH3CHO -► HI + CH3CO 
CH3CO — ► CH 3 + CO 
CH3 + HI — ► CH 4 + I 
21— ► I 2 

Apply the steady-state treatment to I, CH3CO, and CH3 and obtain an expression for the rate. 


Solution 
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* 10 . 26 . Suppose that a reaction is catalyzed by a series of homologous acids and that the Hammett equation (9.130) applies: 

log io k a = log io ko + op 

where o is the substituent constant and p is the reaction constant. Suppose that the corresponding equation for the dissociation of the 
acid is: 

log io K a = log io K 0 + op" 

where p' is the reaction constant for the dissociation; the substituent constants are the same in both equations. Prove that the 
Brpnsted equation: 

k a =G a K“ 

applies. How does a relate to the reaction constants p and pi 


Solution 


10 . 27 . The hydrolysis of ethyl acetate catalyzed by hydrochloric acid obeys the rate equation: 

i) = k[ester] [HC1] 

and the reaction essentially goes to completion. At 25 °C the rate constant is 2.80 x 1 0 5 dm 3 mol 1 s What is the half-life of the 
reaction if [ester] = 0.1 M and [HC1] = 0.01 Ml 


Solution 

10 . 28 . The following mechanism has been proposed for the alkaline hydrolysis of Co(NH 3 )5C1 2+ : 

Co(NH 3 ) 5 C1 2+ + OH ->■ Co(NH 3 ) 4 (NH 2 )Cr + H 2 0 
Co(NH 3 ) 4 (NH 2 )C1 + ->■ Co(NH 2 ) 4 (NH 2 ) 2+ + cr 
Co(NH 3 ) 4 (NH 2 ) 2+ + H 2 0 ->■ Co(NH 3 ) 5 (OH) 2+ 

Assume Co(NH 3 ) 4 (NH 2 )C1 + and Co(NH 3 ) 4 (NH 2 ) 2+ to be in the steady state and derive an expression for the rate of reaction. 
Experimentally, the rate is proportional to [Co(NH) 5C1 2+ ] [ O H | ; does this fact tell us anything about the relative magnitudes of the rate 
constants? 


Solution 


10-9 


Chapter 10: Chemical Kinetics II. Composite Mechanisms 


Photochemistry and Radiation Chemistry 


10.29. Confirm that Eq. 10.68, 


follows from Eq. 10.66, 


[H + 


= (k K ik + ) 

' OH- w H + ' 


y 

2 


k K 

k=k 0 +k\ H + ] + -^ — - 
0 H [H + ] 


Solution 

10.30. The following results have been obtained by D. B. Dahlberg and F. A. Long [/. Amer. Chem. Soc., 95, 3825(1973)] for the base- 
catalyzed enolization of 3-methyl acetone. 

Catalyst CICfCCOO CH 3 COO H P0 2 ” 

KJmo\ dm -3 1.39 x 10" 3 1.80 xl0~ 5 6.25 x 10“ 8 

k/dm 3 moE 1 s _1 1.41 x 10" 3 1.34 x 10~ 2 0.26 

Estimate the Brpnsted coefficient fi. 


Solution 

10.31. Suggest a plausible mechanism for the bromination of acetone catalyzed by hydroxide ions. As with the acid-catalyzed reaction 
discussed in Section 10.9, the rate is independent of the bromine concentration. 


Solution 


10.32. It was found by J. Halpern and coworkers [/. Phys. Chem., 60, 1455(1956)] that the rate equation for the oxidation of molecular 
hydrogen by dichromate ions (Cr,0^) catalyzed by Cu 2+ ions is of the form: 


k[H : ][Cu 2+ ] 2 
[H 2 ] + C[Cu 2+ ] 


(**Note that the rate is independent of the concentration of dichromate ions.) 

Suggest a mechanism consistent with this behavior, and apply the steady-state treatment to obtain the rate expression. Comment on 
rate-controlling steps corresponding to special cases of the mechanism. 

Solution 
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Photochemistry and Radiation Chemistry 


10 . 33 . For the oxidation of molecular hydrogen by dichromate ions catalyzed by Ag + ions, A. H. Webster and J. Halpern [J. Plvys. Chem., 
60, 280(1956)] obtained the rate equation: 


v= £[H 2 ][Ag + ] 2 + 


m 2 ][A g + ] 2 

[H 2 ]+r[A g + ] 


The existence of two terms suggests that two mechanisms are occurring in parallel. Suggest the two mechanisms, applying the 
steady-state treatment to obtain the second term in the rate equation. 


Solution 


10 . 34 . The reaction: 

Tl + + 2Ce 4+ — » Tl 3+ + 2Ce 3+ 
is catalyzed by Ag + ions. Under certain conditions the rate is proportional to 

[Ce 4+ ] [Tl + ] [Ag + ]/[Ce 3+ ] 

Suggest a mechanism consistent with this behavior. 

Solution 
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Enzyme-Catalyzed Reactions 


10 . 35 . The following rates have been obtained for an 

10 3 [S]/mol dm ; 

enzyme-catalyzed reaction at various substrate concentrations: 
Rate, o/(arbitrary units) 

0.4 

2.41 

0.6 

3.33 

1.0 

4.78 

1.5 

6.17 

2.0 

7.41 

3.0 

8.70 

4.0 

9.52 

5.0 

10.5 

10.0 

12.5 

Plot v against [S], 1/v against 1/[S], and n/[S] against 
most reliable value? 

v, and from each plot estimate the Michaelis constant. Which 

10 . 36 . The following data have been obtained for the myosin-catalyzed hydrolysis of ATP, at 25 °C and pH 7.0. 

10 5 [ATP]/mol dm -3 

10 6 u/mol dm 3 s 1 

7.5 

0.067 

12.5 

0.095 

20.0 

0.119 

32.5 

0.149 

62.5 

0.185 

155.0 

0.191 

320.0 

0.195 


Solution 
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Enzyme-Catalyzed Reactions 


Plot v against [S], 1/u against 1/[S], and u/[S] against v, and from each plot calculate the Michaelis constant K m and the limiting rate V. 

Solution 

* 10 . 37 . The following values of V (limiting rate at high substrate concentrations) and K„, have been obtained at various temperatures for the 
hydrolysis of acetylcholine bromide, catalyzed by acetylcholinesterase. 

77° C 10 6 V/mol dm' 3 s' 1 K m x 10 4 /mol dm' 3 


20.0 

1.84 

4.03 

25.0 

1.93 

3.75 

30.0 

2.04 

3.35 

35.0 

2.17 

3.05 


a. Assuming the enzyme concentration to be 1.00 x 10 11 mol dm 3 , calculate the energy of activation, the enthalpy of activation, the 
Gibbs energy of activation, and the entropy of activation for the breakdown of the enzyme-substrate complex at 25 °C. 

^-1 

b. Assuming K m to be the dissociation constant k-\lk\ for the enzyme-substrate complex (ES^E + S), determine the following 

*> 

thermodynamic quantities for the formation of the enzyme-substrate complex at 25 °C: A G°, A H°, A S°. 

c. From the results obtained in parts (a) and (b), sketch a Gibbs energy diagram and an enthalpy diagram for the reaction. 


Solution 
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Enzyme-Catalyzed Reactions 


* 10 . 38 . The following data relate to an enzyme reaction: 

10 3 [s]/mol dm 3 10 5 V/mol dm 3 s" 1 


2.0 

13 

4.0 

20 

8.0 

29 

12.0 

33 

16.0 

36 

20.0 

38 


The concentration of the enzyme is 2.0 g dm 3 , and its molecular weight is 50 000. Calculate K,„, the maximum rate V, and k c . 


Solution 


10 . 39 . The following data have been obtained for the myosin-catalyzed hydrolysis of ATP. 

Temperature/°C k c x 10 6 /s -1 

39.9 4.67 

43.8 7.22 

47.1 10.0 

50.2 13.9 

Calculate, at 40 °C, the energy of activation, the enthalpy of activation, the Gibbs energy of activation, and the entropy of activation. 

Solution 
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Enzyme-Catalyzed Reactions 


*10.40. The following is a simplified version of the mechanism that has been proposed by H. Theorell and Britton Chance for certain 
enzyme reactions involving two substrates A and B. 

*, 

E + A EA 

k , 

EA + B EZ + Y 
EZ-A E + Z 

Assume that the substrates A and B are in excess of E so that the steady-state treatment can be applied to EA and EZ, and obtain an 
expression for the rate. 


Solution 


*10.41.When an inhibitor I is added to a simile-substrate enzyme system, the mechanism is sometimes: 

S 

+ 

1 + E £ El 

k-, 

ES 

!‘> 

E + Y 

This is known as a competitive mechanism, since S and I compete for sites on the enzyme. 

a. Assume that the substrate and inhibitor are present in great excess of the enzyme, apply the steady-state treatment, and obtain the 
rate equation. 

b. Obtain an expression for the degree of inhibition defined as: 

c= v o~ u 

v 0 

where v is the rate in the presence of inhibitor and vo is the rate in its absence. 


Solution 
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Enzyme-Catalyzed Reactions 


* 10 . 42 . Obtain the rate equation corresponding to the mechanism: 

*i *« 

E + S ES £>ES' -» E + Z 

4-i y 

Assume ES and ES' to be in the steady state and the substrate concentration to be much higher than the enzyme concentration. 
Express the catalytic constant k c and the Michaelis constant K„, in terms of k\, k \ , ko, and £ 3 . 


Solution 


* 10 . 43 . Enzyme-catalyzed reactions frequently follow an equation of the form of Eq. 10.85. Suppose that k c and K m show the following 
temperature dependence: 

k c =A c exp (~E C /RT ) and K,„ = B exp(-A H„, /RT ) 

where A c , B, E c , and A H m are temperature-independent parameters. Explain under what conditions, with [S] held constant, the rate 
may pass through a maximum as the temperature is raised. 


Solution 


10 . 44 . Some enzyme reactions involving two substrates A and B occur by the following mechanism: 

*1 

E + A ^ E A 

c, 

EA + B — » E AB — > E + Y + Z 

(This is known as the ordered ternary-complex mechanism; A must add first to E, and the resulting complex EA reacts with B; the 
complex EB is not formed.) 

The concentrations of A and B are much greater than the concentration of E. Apply the steady-state treatment and obtain an 
expression for the rate. 


Solution 
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Polymerization 


10.45. The following “ping-pong” mechanism appears sometimes to apply to an enzyme-catalyzed reaction between two substrates A and 
B to give the final products Y and Z: 

k\ k 2 

E + A EA -> EA' + Y 


EA' + B— >EAB— >E + Z 


It can be assumed that the substrates are present in great excess of the enzyme and that steady-state conditions apply. Obtain an 
expression for the rate of reaction. 

Solution 


Polymerization 


10.46. The polymerization of styrene [M] catalyzed by benzoyl peroxide [C] obeys a kinetic equation of the form: 


d[ M] 
dt 


= k[M] 3 / 2 [C] 1, 


Obtain an expression for the kinetic chain length, in terms of [M], [C], and the rate constants for initiation, propagation, and 
termination. 


Solution 


10.47. The polymerization of ethylene [M] photosensitized by acetone occurs by the mechanism: 


CH3COCH3 

hv 

-> 

CO + 2 CH 3 

CH 3 + C2H4 

k P 

— > 

CH3CH2— ch 2 — 

CH3CH2CH2— + C2H4 

-> 

CH3CH2CH2CH2CH2 


where one quantum gives 2 CH 3 . 
Show that the rate equation is: 


Rn+Rm ~ > M 11 - 


</[M] 
dt p 


r \!/2 

'21 1 

r 1 IH1 


where I is the intensity of light absorbed and k p and k, are the rate constants for the propagation and termination steps, respectively. 

Solution 
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Essay Questions 

10.48. Explain the essential features of a chain reaction. 

10.49. Give an account of catalysis by acids and bases, distinguishing between specific and general catalysts. 

10.50. Will the rate of an enzyme-catalyzed reaction usually be more sensitive to temperature than that of the same reaction when it is 
uncatalyzed? Discuss. 

10.51. Explain how you would determine the parameters K,„ and k, for an enzyme reaction involving a single substrate. 

10.52. Explain clearly the difference between collisions and encounters. What significance does this distinction have in chemical kinetics? 

10.53. Explain clearly the kind of reasoning involved in deciding what might be the rate-controlling step in a chemical reaction. 

10.54. Give a qualitative description of the electronic double-layer theories of Helmholtz, Gouy and Chapman, and Stern. 
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Solutions 


Solutions 

10.1. Suppose that a reaction of stoichiometry A + 2B = Y + Z is believed to occur by the mechanism: 

*i 

A + B — ► X (very slow) 

k, 

X + B — ► Y + Z (very fast) 

Where X is an intermediate. Write the expression for the rate of formation of Y. 

Solution: 


A + B — X (very slow) 

X + B — Y + Z (very fast) 


Because the second reaction is very fast, X is consumed once produced. So steady state approximation may be applied. 


= v x = K [a][b] - & 2 [x][b] = o 


[X] = 
[X] = 


K 


Similarly 

ffl = v v = fc[X][B] 


rf[Y] Kp([A][B\ 

dt 


^[Y] 

dt 


*.[A][B] 


Back to Problem 10.1 Back to Top 
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10.2. Suppose that a reaction A + 2B = 2Y + 2Z is believed to occur according to the mechanism: 


A —► 2X (very rapid equilibrium) 


X + B — ► Y + Z (slow) 

Obtain an expression for the rate of formation of the product Y. 

Solution: 

A < )' > 2X ( very rapid equilibrium) 

*-l 

X + B — — — > Y + Z (slow) 

Adjust for the stoichiometric coefficients, we can write the reactions as follows: 


-A X 

2 


(very rapid equilibrium) 
X + B — Y + Z (slow) 

The overall reaction becomes: 


- A + B < = > Y + Z 
2 

Let us write out the rate of formation for substance X and Y. 


^H = t i [A]^-t 1 [X]-t J [X][B] 


dt 


^[X][B] 


Since X is an intermediate, steady state approximation can be applied. 


Solutions 
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Solutions 


?M = k l [Af-k_ l [X]-k 2 [X][B] = 0 
at 

K [A]^ = [X] -k 2 [X][B] 


[X] = 


k\^[ A 

k _ j + k 2 [B] 


Plug the above expression into the expression for the rate of formation of Y 


d[Y] 

dt 

dt 


k 2 [X][ B] 
k _ j + [B] 


In this particular reaction, since the first step reaches equilibrium very rapidly, it is safe to assume that k l »k 2 . 

<i[Y] _ k 2 k\ A]‘'-[B] 
dt k_ t + kjfi\ 


dt 



Back to Problem 10.2 


Back to Top 
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Solutions 


10.3. Suppose that a reaction of stoichiometry A + B = Y + Zis believed to occur according to the mechanism: 


A 





k I 


X + B — ► 


X 

Y + Z 


Apply the steady-state treatment and obtain an expression for the rate. To what expressions does the general rate equation reduce if; 

a. The second reaction is slow, the initial equilibrium being established very rapidly? 

b. The second reaction is very rapid compared with the first reaction in either direction? 

Solution: 


A 



( fast equilibrium) 


X + B — Y + Z (slow) 


We will begin by writing out the rate of formation and consumption for each species involved. 
d[ A] 


dt 


— *,[*]—■ U X 1 


t/[B] 


dt 


- = * 2 [xp] 


f-Wl 


d[Z] 

dt 


= * 2 [x][b] 


d[x] 


According to the steady-state treatment, we can assume that — - — - = 0 to a good approximation. This will enable us to find an expression for f Xl . 

dt 
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*.[A] = *- 1 [X] + * a [X][B] 

K [ A ] = [x] (&_] + ^2 [b]) 


[X] = 


A,[A] 

(fc_!+* 2 [B]) 


a) The information above leads us to believe that k_ x » k~, which means that, 


[x] = 


*.[A] 


v Y = k 2 


(^-1 + k 2 [B]) 

*i[A] 


{k-i + k 2 [B]) 


[B] 


k,k 2 [Al[Bl 

: — — — 1 . this term can be dropped 


MjA][B] 

k-i 


b) The information above leads us to believe that k 1 » k which means that, 


Solutions 
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M = 


v Y = k 2 


*i[A] 

(fc_, +k 2 [B]) 

K [a] 


(k_, + k 2 [B]) 


[B] 


k,k 2 [Al[Bl 

: — -A — ; ; this term can be dropped 

X + M fi ] 

kjfi\ 


- K [a] 


Back to Problem 10.3 


Back to Top 


Solutions 
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Solutions 


10.4. A reaction of stoichiometry: 

A + B = Y + Z 

is found to be second order in A and zero order in B. Suggest a mechanism that is consistent with this behavior. 

Solution: 

Given that, 

A +B , - A - s Y + Z 
v = A'[A]"[b]° since [B] n =lthen, 
v = K[ A] 2 

This means that substance B should not appear in the rate determining step. 

(1) 2A — » X (very slow) 

(2) X + 2Bh> 2Y + 2Z (very fast) 

(3) 2A +2B -a 2Y + 2Z 

2 

(4) A +B -A Y + Z 

Back to Problem 10.4 Back to Top 
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Solutions 


10.5. The rate of formation of the product of a reaction is found to give a nonlinear Arrhenius plot, the line being convex to the 1 IT axis (i.e., the 
activation energy is higher at higher temperatures). Suggest a reason for this type of behavior. 

(Hint: For this and the following problem, consider the possibility of two parallel reactions and of two consecutive reactions having different 
activation energies.) 

Solution: 

We are told that a plot of Ink against 1 IT produces a non-linear curve that is convex to the x-axis. The following diagram is a sketch of what this would 
look like. 

Based on the information given above, we can assume that two reactions are occurring simultaneously and that there is competition for a particular 
reactant. 



Back to Problem 10.5 


Back to Top 
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Solutions 


10.6. An Arrhenius plot is concave to the 1 IT axis (i.e., it exhibits a lower activation energy at higher temperatures). Suggest a reason for this type of 
behavior. 

Solution: 

Two consecutive reactions may be taking place here. 

Back to Problem 10.6 Back to Top 
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Solutions 


10.7. Nitrogen pentoxide reacts with nitric oxide in the gas phase according to the stoichiometric equation: 

N 2 0 5 + NO = 3N0 2 


The following mechanism has been proposed: 

N,0, — > NO, + NO, 

NO, + NO, — ► N,0, 

NO + NO, -> 2NO, 

Assume that the steady-state treatment can be applied to N0 3 , and derive an equation for the rate of consumption of N 2 0 5 . 

Solution: 


Let us begin by writing out the rate of formation and consumption for each species involved in the reaction. 

N,0 5 + NO ^-A^ 3NQ 2 

*-l 

(1) n 2 o 5 — no 2 + no 3 

(2) NO, + N0 3 — ^ N,0 5 

(3) NO + N0 3 — 2N0 2 


Since the first two equations can be combined to a single equilibrium, we can write, 

(1) N 2 0 5 NO, + N0 3 

K -1 

(2) NO + N0 3 2NO, 

= t l[ NAl-* -,[N0 2 ][N0,] 

^^ = >'w,=» l [NA]-*. 1 [NO J ][NO,]-t 1 [NO][NO,] 

at 

-^^ = v n ° = A: 2 [ no ][ no 3 ] 

According to the steady-state approximation. 
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= v N03 = K [n A] - [no 2 ] [no 3 ] - k 2 [NO] [N0 3 ] = 0 

K [N A] = [no 2 ][no 3 ] + k 2 [no][no 3 ] 


K [N 2 O s ] = [N0 3 ](fc_j [N0 2 ] + k 2 [NO]) 


[no 3 ] = - 


t,[NA 


(k_ t [N0 2 ] + k 2 [NO]) 

This can be substituted into the rate of consumption for [N,0 5 ] and simplified. 
v N! o 5 =M N 20 5 ]-^i[N0 2 ][N0 3 ] 


V =i i[N 2 0 5 ]-*.,[N0 2 ] 

v n 2 o 5 = A [N 2 0 5 ] - 


*.[NA 


(*-i[no 2 ]+* 2 [no])_ 
^-,[no 2 ][n 2 o 5 ] 




v n 2 o. 


{k-i [N0 2 ] + k 2 [NO]) 

K [N 2 0 5 ] (*_, [N0 2 ] + k 2 [NO]) - k^ [no 2 ] [n 2 o 5 ] 

(A:_j [NO z ] + k 2 [NO]) 

k£jM \ fNAT + ^[ N A][NO]-^4NQ ? ]fNAT 


(k_, [N0 2 ] + k 2 [NO]) 


¥ 2 [n 2 o 5 ][no] 


k_ x [N0 2 ] + k 2 [NO] 


Back to Problem 10.7 


Back to Top 
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Solutions 


10.8. The reaction 2NO + 0 2 — > 2N0 2 is believed to occur by the mechanism: 

2NO > N>0 : 

N.O, -*■ 2NO 
N,0, + O, — ► 2NO, 

Assume N 2 0 2 to be in a steady state and derive the rate equation. Under what conditions does the rate equation reduce to second-order kinetics 
in NO and first-order kinetics in 0 2 ? 

Solution: 

Given: see above 

Required: Under what conditions does the rate equation reduce to second-order kinetics in NO and first-order kinetics in 0 2 ? 

2NO + 0 2 -> 2N0 2 

(1) 2NO — N 2 0 2 

(2) N 2 0 2 * > 2NO 

(3) N 2 0 2 + 0 2 — ^ 2N0 2 

iBl= S =t[Oj[N A ] 


According to the steady state approximation, 


= v N2 o 2 = K [NO] 2 - k_ x [n 2 o 2 ] - k 2 [0 2 ][N 2 0 2 ] = 0 

k\ [NO] 2 = k_ t [N 2 0 2 ] + fc 2 [0 2 ][N 2 0 2 ] 
fci[N0] 2 =[N 2 0 2 ](fc_ 1+ A: 2 [0 2 ]) 


[n 2 0 2 ] 


K [NO] 2 

(*-l+* 2 [O z ]) 
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Solutions 


Substituting into the expression defining the rate of formation of [N0 2 ] , 


= MoJn 2 o 2 ] 


^ NO , ^2 [^2 ] 


k\ [NO] 


2 


[k_ 1+ k 2 [o 2 ]) 


fc,^[0 2 ][N0] 2 
(A:., +k 2 [0 2 ]) 


In order for the rate equation reduce to second-order kinetics in NO and first-order kinetics in Oi, k , » k 2 so that we may eliminate a terms in the 
denominator. This yields the following: 

_ kji 2 [0 2 ][NO] 2 

v " 0 ' (t.+yicr) 

•W, -T^WiNO]’ 

*-l 

Thus, the rate equation will be second-order kinetics in NO and first-order kinetics in 0 2 when, 
k_ j » k , 


Back to Problem 10.8 


Back to Top 
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Solutions 


*10.9. The gas-phase reaction: 

Cl 2 + CH 4 ->• CH 3 C1 + HC1 

proceeds by a free-radical chain reaction in which the chain propagators are Cl and CH 3 (but not H), and the chain-ending step is 2C1 — » Cl 2 . 
Write the mechanism, identify the initiation reaction and the chain-propagating steps, and obtain an expression for the rate of the overall 
reaction. 

Solution: 

Following the method outlined in Section 10.5 Free Radical Reactions, 

Cl 2 + CH 4 CH,C1 + HC1 

Initiation: Cl 2 — - — > Cl" + Cl’ 

Propagation: Cl" + CH 4 — — — > HC1 + "CH, 

"CH 3 + Cl 2 — CH 3 C1 + Cl" 

Termination: 2C1" — — — > Cl 2 

It is important to remember that the termination reaction always involves the regeneration of the initial species (the one that forms the free radicals in the 
first place). 

We can apply the steady-state approximation for the chlorine and CH 3 radicals in order to obtain an expression for the overall rate of reaction. 

= V = K [C1 2 ] - k 2 [C1"][CH 4 ] + k 3 [ci 2 ][ch 3 ci] - [cr ] 2 

c/T'ch,! r 

1 - J = v. CHj = k 2 [C1"][CH 4 ] - k 3 [C1 2 ][CH 3 C1] 

M = V h C1 = , 2 [ci"][ch 4 ] 
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Solutions 


d \ Cl* | 

= v c , = *, [C1 2 ] - k 2 [ci*][ch 4 ] + k 3 [ci 2 ][ch 3 ci] - [cr ] 2 = o 

4-chJ r 

1 ~r J = v. CH3 = k 2 [Cl*] [CH 4 ] - k 3 [Cl 2 ] [CH 3 C1] = 0 


( 1 ) 

( 2 ) 


We recognize that the equations (1) and (2) have some common terms, such ask 2 ^C1‘ J[CH 4 ] and/r 3 [Cl,][CH 3 Cl] . Since both equations equal to 0, 
we can add them together in order those terms, and their sum still adds up to 0. 


( 1 ) + ( 2 ) : 

[Cl 2 ]- kjp^c^\ + *JO ? }{eH£3]'-*_ 1 [Cl , ] 2 + = o 

[ci 2 ] - &_! [cr ] 2 =0 



[Cl,] 


1/2 


Substituting into the rata equation for the formation of HC1, 

v'hci = £ 2 [C1-][CH 4 ] 


‘•'hCI ^2 


[C1 1 ] , “I[CH, 


V 


1/2 


\ 


V HCl ^2 


r k Y 2 

^-J [ch 4 ][ci 2 


Back to Problem 10.9 


Back to Top 
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Solutions 


10 . 10 . The following mechanism has been proposed for the thermal decomposition of pure ozone in the gas phase: 

20, \ O, + 0» + O 

• t. 

O + O, -► 20; 

Derive the rate equation. 

Solution: 

Following the same method as we have done for the previous problems; 

(1) 20 3 — 0 3 + O, + O 

(2) O + 0 3 — 20, 

^-,o,- tl [o,r + t[o][o J ] 


Applying the steady state approximation to O, 
^M = l Zo=^i[O 3 ] 2 -^ 2 [O][O 3 ] = 0 

K [ 0 3 ] 2 = k 2 [ 0 ][ 0 3 ] 



[°] = ^[°3] 


Substitution into the expression for the rate of formation of oxygen yields. 
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v o 2 = [0 3 ] 2 +^2 [0][0 3 ] 


l 'o 2 = k i [O jf+X 




[O3] 


v o 2 - K [o 3 ] 2 + K [o 3 ] 2 

v o 2 - [ 0 3 ] 2 


Back to Problem 10.10 


Back to Top 


Solutions 
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Solutions 


*10.11. A reaction occurs by the mechanism: 

*i k 3 

A + B X — ► /. 

and the concentration of X is sufficiently small compared with the concentrations of A and B that the steady-state treatment applies. Prove that 
the activation energy E a at any temperature is given by: 


E _ k_ l (E l +E 2 -E_ l ) + k 2 E l 

k_i + k j 

that is, is the weighted mean of the values E, + E 2 — E_ t , and E u which apply, respectively, to the limiting cases of ki » k 2 and k 2 » k_ x . 

Solution: 


A + B 


t/[X] 

dt 


= v v 


d[Z] 

dt 


= v 7 


— ^ X — — — >• Z 

*-l 

= *,[a][b]-*_ 1 [x]-* 2 [x] 

= k 2 [X] 


Applying the steady state approximation to substance X, 
d[X] 


dt 


= v x = ^! [ A] [B] - [X] - k 2 [X] = 0 


k\ [ A ][ B ] = k-i [X] + /t 2 [X] 
[ A] [B] = [X] (^-i +k 2 ) 
,*.[A][B] 




(k_ x +k 2 ) 


Substitution into the expression for the rate of formation of substance Z yields. 
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=Mx] 

k (±\*M\ 

*iMA][B] 

(*-l+*z) 


Let the rate constant K = 


kjk 2 

i k - !+k 2 ) 


and taking the natural log we obtain. 


In AT = In 


k t k 2 


V k~ i + ^2 j 
In K = In fc, + In - In (fc_, + k 2 ) 


Differentiating both sides with respect to temperature leads to, 


d\nK 

dT 

d In K 
dT 

d In K 
dT 

d In K 
dT 

d In K 
dT 


lnfc, 1 dk 2 1 d(k_ l +k 2 ) 

dT k 2 dT k_ t + k 2 dT 

In k, 1 dk 2 1 dk t 1 dk 2 

dT k 2 dT k_ l + k 2 dT k_ x + k , dT 


In k 1 
dT 

In k { 
dT 
In k l 
dT 


dk-, 

dT 


\k 2 


k_ | + k 


2 y 


k , dk 
A:_i (A:_j + A: 2 ) dT 


dk 2 k_ l +p(-p{ k_ t In k_ { 
dT k^(k_ t +k 2 ) k_ x +k 2 dT 
k_ t d In At, k_ , In A: , 

c/r A:_, + k 2 dT 


Recall that Eq. 9.63 states, 

ln ^i . C | £ i 

dr fir 2 


Solutions 
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Rearranging to isolate the activation energy, 

E, = RT 2 ln ^- similarly, E , = RT 2 and £, = 

dT dT 2 dT 


Substituting these expressions into the differentiated expression above yields. 


E = RT 2 , int | tij ere f ore , 

dT 

E = E, + k ~ l E 2 E_ t 

k , ■+■ k~> k , + kn. 


We can combine the terms by putting them over a common denominator. 


£■ _ ^1 (^--1 ^2 ) | ^ 2^-1 E_ i k_ l 

k^ 4- k 2 k 4- k 2 k_^ + kry 

E t k _i 4- ZSjfc, 4- E 2 k_ t - E t k t 

E = 

fc_l 4- ^2 


Further simplification leads to the desired equation. 


£ = 


E,k 2 +k_ l [E l +E 2 -E_ l ') 
k_ x 4- k 2 


Back to Problem 10.11 


Back to Top 


Solutions 
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Solutions 


10 . 12 . F. A. Lindemann [Trans. Faraday Soc., 17, 598(1922)] proposed the following mechanism for a unimolecular gas reaction: 


A + A 



A* 


A* + A 
Y + 7 


The species A* is an energized molecule that is present in low concentrations. Apply the steady-state treatment to A* and obtain an expression 
for the rate in terms of [A], ki, and k 2 . Show that the mechanism predicts first-order kinetics at higher A concentrations and second-order 
kinetics at lower ones. 

Solution: 

Given: see above 

Required: expression for rate, k t , k_ i, k 2 

M =Vl=tl[Af . t _ l[A] [ A -] 

= t l [A]‘-t_,[A][A , ]-t 1 [A'] 


Applying the Steady-State treatment to A* we obtain the following expression: 
d[ A*] 


dt 


= 0 


v A .=* 1 [Af-t_ 1 [A][A*]-* 1 [A*] = 0 

Rearranging and simplifying we obtain, 
^[Af =^_ 1 [A][A*] + ^ 2 [A*] 
MAr=[A*](._i[A]^ 2 ) 


M = 


Ah [A] 2 
{k_i [A] + k 2 
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Solutions 


The rate is given by, 

v = £ 2 [ a *] 

We may substitute the above expression for A* which yields, 

r k M A f 

(*-.[A] + *2) 


At high pressures, we can work under the assumption that k_ t [ A] » k-, therefore enabling us to remove the k 2 term in the denominator and further 
simplify the expression. 


¥'z[Af 

'(*-.[ a] + X) ¥]4 


v = Ml[A] 


(a first order rate equation) 


At low pressure, we can work under the assumption that k n » k_ { [A] and thus, 
k,k 2 [ Af 

[^r[^ + k 2) X (a second order rate equation) 

v = k l [Af 


Back to Problem 10.12 Back to Top 
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Solutions 


* 10 . 13 . Certain polymerizations involve esterification reactions between -COOH groups on one molecule and -OH groups on another. Suppose that the 
concentration of such functional groups is c and that the rate of their removal by esterification obeys the equation: 

~—=kc 2 

dt 

Obtain an equation relating the time t to the fraction/of functional groups remaining and to the initial concentration c 0 of functional groups. 

Solution: 

dc 2 

Given the differential equation = kc ~ , we can start by choosing the boundary condition that at t = 0, c = c 0 . Rearranging the above expression and 

dt 

taking the integral of both sides, we obtain, 

dc , , 

T =kdt 

c 

— = kt + 1 
c 


Applying the boundary conditions to solve for /, 
-= 0 +/ 


/ =— 

Cn 


Substituting this back into the integrated expression, 

1 1 , 

= kt 


This can be rewritten as. 
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Solutions 


The expression for the fraction of functional groups remaining is therefore. 



Let us derive an expression relation the fraction of functional groups remaining to the initial concentration only, 
c o~ c c o ~ c 

J_ = Eo = — — — = = c 0 kt 

1 -/ c 0 c 0 -c c c 

c 0 c 0 C Q 

Inverting the above expression: 

1 -/_ 1 

/ c 0 kt 

— -1 = — 

/ CjCt 

1 1 , 1 + c n kt 

/ c 0 kt c 0 kt 

y _ c 0 kt 

1 + c 0 kt 


Back to Problem 10.13 Back to Top 
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Solutions 


*10.14. Show that the mechanism: 



H : I (fast) 


21 (fast) 


H,l + I -► 2HI (slow) 


leads to the result that the rate equation for the overall reaction is v = &[H 2 ][I 2 ]. 

Solution: 

Recall that when reactions occur as fast equilibriums, we may write, 


Let us now rearrange these expressions in order to isolate I and H 2 I as they are important reagents in the rate determining step. Finding expressions for 
these will allow us to determine the rate equation. 




k 2 [H 2 I] 
k_ 2 [I][H 2 ] 
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Now substitute the expression for I into the above to obtain, 

1 

-2 V -1 / 

The overall rate is given by the rate determining step which is the slow reaction in this case. 

v = * 3 [H 2 I][I] 

Substitution yields. 




k - 1 


f-l WW#-! [1.1 




Simplification yields 

1 


V = k,^~ 

k -2 

k,k^k. 




V = - 


vt./ 

’~ 1 "' M H .] 




k_ n k_ x 


letting 


k i k i k i k 


k_ 2 k_ i 


we obtain the final expression for the rate equation 


■ = *[i 2 ][h 2 ] 


Back to Problem 10.14 


Back to Top 


Solutions 
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Solutions 


10 . 15 . Apply the steady-state treatment to the following mechanism, in which Y and Z are final products and X is a labile intermediate: 

h 

A + B X 
A-| 

k t 

X + A -> Y 

A, 

X + B — ► Z 

Obtain an expression for the rate of formation of the product Z. What rate equations are obtained if (a) A and (b) B are present in great excess? 
Solution: 

Given: see above 

Required: expression for rate of formation of Z, a), b) 

We will begin by writing out the rates of consumption or production for each of the reacting species involved. We do know, however, that X is the 
species for which we will be applying the steady-state treatment. 

-CF = , ' a = * | [a][b]-‘-'[x]+Ma][x] 

— = = A, [A][B]-A_, [X]-A, [A][X]-A,[B][X] 

Applying the steady-state treatment for X, we obtain, 



dt 


K [ A] [B] - [X] - * 2 [ A] [X] - * 3 [B] [X] = 0 

*J A ][b] = Ux]+Ma][x] + * 3 [b][x] 

This can be simplified by factoring out X from the right hand side. 
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Solutions 


k\ [A][B] = [X](fc_i +k 2 [A] + A : 3 [B]) 
*i[A][B] 


M = 




Now we may write out the rates of formation for the product Z. 


d[Z] 

dt 


V Z =* 3 [B][X] 


Substituting what we have found (while applying the steady-state treatment to X) above into the expression for the rate of formation of Z we obtain, 

v z =* 3 [B][X] 

v /: rpi ^[ A ][B] 

Z_M (/: j + k 2 [A] + k i [B]) 

v ^[A][Bf 

z (fc_, +k 2 [A] + fc 3 [B]) 

a) If reagent A is present in great excess, then we can work under the assumption that k , [A] » k x + k i [B] which allows us to simplify the rate 
equation given above. 

v ^,^[A][B] 2 

(j^+k 2 [A\+kjB rf) 

kA\A f[Bf 

V z = -7 (a second order rate equation) 

^JAJ 
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Solutions 


b) If the reagent B is present in great excess then we can work under the assumption k 3 [B] » k { + fc, [A] thus, 

v ^s[A][B] 2 

(k^rffi\+k 3 [B]) 

k,h( [A][ B f 

V„ = — ^ (a second order rate equation) 


Since this simplified rate equation has the same form as that originally derived, the first reaction is rate determining. 


Back to Problem 10.15 Back to Top 
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Solutions 


10.16. Calculate the maximum wavelength of the radiation that will bring about dissociation of a diatomic molecule having a dissociation energy of 
390.4 kJmor 1 . 

Solution: 

Given: E iiss = 390.4 kJ mol 
Required: A max 

We know that the dissociation energy given above is the total dissociation energy per mole. It is important to determine the dissociation energy in 
Joules. In order to do this, we will divide the dissociation energy by Avogadro’s number. 

390.4 kJ jb of 1 ' 

6.022 xlO 23 

£ dlss =6.482 896x1 O' 22 kJ 
£ dlss =6.482 896x1 O’ 19 J 

With this energy, we can determine the corresponding frequency by using the following expression, 

E = hv 
E 

v = — 
h 

Where h is Planck’s constant and is measured in J s. 

6.482 896xlQ~ 19 / 

6.626 x 10" 34 / s 
v = 9.784 027 xlO 14 s' 1 

The simple wave equation that relates the speed of light to wavelength and frequency can be used in order to determine the wavelength. 

c = Av 

A=‘ 

v 

Where c is the speed of light measured inms 3 . 
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Solutions 


A 2.998 xlQ 8 m 
9.784 027 xlO 14 
X = 3.06 xlO 7 m 


Since wavelengths are typically expressed in terms on nanometers, we can write, 


X = 3.06 xlO” 7 


1 nm 
1x10 ^ 


X = 306 nm 


This wavelength corresponds to the maximum wavelength that will cause dissociation of this diatomic molecule. 


Back to Problem 10.16 


Back to Top 
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Solutions 


10 . 17 . Hydrogen iodide undergoes decomposition into H 2 + I 2 when irradiated with radiation having a wavelength of 207 nm. It is found that when 1 J 
of energy is absorbed, 440 /jg of HI is decomposed. How many molecules of HI are decomposed by 1 photon of radiation of this wavelength? 
Suggest a mechanism that is consistent with this result. 

Solution: 

Given: A = 207 nm, E = 1 J, m = 440 /ug 
Required: number of molecules of HI decomposed 

It is first important to determine the number of moles of HI in 440 /j g. We can do this by using the molar mass of HI. 
m 

n = — 

M 

440 /jg = 440xl0~ 6 g 
440 xlO" 6 / 

~ 127.9 / mol 1 
n = 3.440 188xl0” 6 mol 

With this, we are able to determine the number of molecules of HI by using Avogadro’s number. 

# molecules = 3.440 188x1 0~ 6 ja(5f|6.022xl0 23 
# molecules = 2.071 681 xlO 18 

Given the wavelength, we can determine the corresponding frequency as was done in the previous problem. 
c = Av 

_c _ 2.998 xlO 8 ^ s" 1 
V ~A~ 207xl0' 9 ^ 
v = 1.448 309 xlO 15 s' 1 

Using E = hv , we can determine the energy associated with this frequency and wavelength. 
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Solutions 


E = hv 

E = (6.626 xlO' 34 J /)(l.448 309 xlO 15 
£ = 9.596 497 xlO -19 J 

1 Joule of radiation will correspond to the following number of photons, 

M . 1 / 

# photons = — t 

9.596 497 xlO -19 / 

# photons = 1.04x1 O' 8 


1 .99 . Which is approximately 2 molecules of HI. 
yield of 2 (as we have just done). In order to explain this, he 

HI + /n» — » H + 1 

H + HIh>H 2 +I 
I + I->I 2 

When all three steps are added together, we obtain the following: 

2HI + /tv — > H, +I 2 


. , , , , ,, , #molecules 2.071 681xl0 IS 

A single photon will then be able to decompose = = 

# photons 1.04x10 

The German photochemist Emil Gabriel Warburg found for this reaction, a quantum 
proposed the following mechanism: 


Back to Problem 10.17 Back to Top 
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Solutions 


10.18. A 100-watt mercury-vapor lamp emits radiation of 253.7 nm wavelength and may be assumed to operate with 100% efficiency. If all the light 
emitted is absorbed by a substance that is decomposed with a quantum yield of unity, how long will it take for 0.01 mol to be decomposed? 

Solution: 

Given: P = 100 W, A = 253.7 nm, n = 0.01 mol 
Required: t required to decompose 

Let us first determine the frequency associated with the radiation of 253.7 nm. 
c = A.V 

_ c _ 2.998 xlQ 8 y s ~‘ 

V ~A~ 253.7 x 10' 9 ?ti 
v = 1.181 711xl0 15 s“‘ 

The energy can be found using the following expression: 

E = hv 

E = (6.626 xlO" 34 J /)(l,181 711xl0 15 
£ = 7.830 xlO^ 19 J 

We know that a 100-W lamp emits 100 Joules per second (definition of a watt). Using this information, we can determine the number of photons 
emitted per second. 

„ . . P 100 / s” 1 

# photons per second = — = — —— r 

E 7.830x10^ / 

# photons per second = 1.277 137 xlO 20 

Since we are working in moles, let us change the above into molar units. 

1.277 137 10 — s _ 2 J20 785x10 4 moles of photons per second 
6.022 x 10 23 moL 1 

In order for 0.01 moles of this substance to be decomposed, it will require 
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0.01 jm sf 

2. 120785 xlO -4 judf s' 1 

-47.15 s- 47 s 

Back to Problem 10.18 

Back to Tod 


Solutions 
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Solutions 


10.19. Suppose that the radiation emitted by the lamp in Problem 10.18 is all absorbed by ethylene, which decomposes into CoHo + H 2 with a quantum 


yield of unity. How much ethyne will be produced per hour? 

Solution: 

Given: Problem 10.18: P = 100 W, A = 253.7 nm, n = 0.01 mol 

Required: amount of ethylene produced per hour 

The lamp in the previous problem was found to produce, 


6.022 x 10 23 moP 1 

Knowing this, we can determine how many moles of photons would be produced in 1 hour. 


Since ethylene is also a substance with a quantum yield of unity, then 0.76 moles of ethylene will be produced per hour. 


1.277 137xl0 20 s' 1 


2.120 785x10 4 moles of photons per second 



1 hour = x 

min 


min hour 


n = 2.120 785 x 10 -4 mol 3600 


hour 


/ 


hour 


Back to Problem 10.19 


Back to Top 
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Solutions 


10 . 20 . A 1000-watt mercury vapor flash lamp emits radiation of 253.7 nm wavelength, and the duration of the flash is 1 fj s. Suppose that all of the 
radiation of a single flash is absorbed by mercury vapor; how many atoms of excited mercury are formed? 


Solution: •* [ Formatted: Space After: 6 pt 

Given: flash lamp: P = 1000 W, X = 253.7 nm, t = 1 /us 

Required: ;V H „ produced 

We will begin by determining the frequency and energy associated with this wavelength. 
c = / Iv 

_ c _ 2.998 xlQ 8 yK s - 1 
' ~ 253.7 xlO' 9 y 

v = 1.181 711xl0 15 s“‘ 

E = hv 

E = (6.626 x 10~ 34 J /)^1.181 711xl0 15 
E = 7.830xl0^ 19 J 

Again, we know that a 1000-W lamp will emit 1000 Joules per second. With this, we can determine the number of photons emitted per second. 

„ . , P 1000 / s' 1 

# photons per second = — = — — — 7 

E 7.830x10 / 

# photons per second = 1.277 137 xlO 21 

In a single microsecond, which is equal to, 1 /rs = 1 x 10~ 6 s we will see that, 

# photons = |l. 277 137xl0 21 photons X^j(l x 10~ 6 /j 
# photons = 1.277 xlO 15 emitted 

Supposing that all of the radiation of a single flash ( 1 microsecond) is absorbed by mercury vapor, the number of photons emitted in this time will be 
equal to the number of excited mercury atoms formed. 

N„ = 1.28 xlO 15 atoms 

ng 
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Back to Problem 10.20 


Back to Top 


Solutions 
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Solutions 


* 10 . 21 . The photochemical reaction between chlorine and chloroform in the gas phase follows the stoichiometric equation: 


CHCI 3 + Cl 2 = CC1 4 + HC1 

It is believed to occur by the mechanism: 

t, 

CN + hv — ► 2CI 

h 

Cl + CHCI., -*• HCI + CCI., 

t, 

CCI, + Cl 2 -► OCI 4 + Cl 


i 



Assume the rate of formation of Cl atoms in the initiation reaction to be 2 /„, where /„ is the intensity of light absorbed, and obtain an expression 
for the overall rate in terms of /„ and [CHC1 3 ]. 


Solution: 

We will begin by writing down the steady-state expressions for Cl and CC1 3 . 
= 21 a - k 2 [Cl] [CHC1 3 ] + k 3 [CC1 3 ][Cl 2 ]-/t 4 [Cl ] 2 

d[d]. Q 

dt 

21 a - k 2 [Cl] [CHCI 3 ] + k, [CCI, ][C1 2 ]-A ' 4 [Cl ] 2 =0 
21 a +k, [CC1 3 ][C1 2 ] = k 2 [C1][CHC1 3 ] + k 4 [C\f 

= k 2 [Cl] [CHCI 3 ] - k 3 [CCI, ] [Cl 2 ] 

d[ CO3] = 0 
dt 

A:, [Cl] [CHCI 3 ] - k 3 [CCI 3 ] [Cl 2 ] = 0 
^2 [Cl] [CHCI 3 ] = k 3 [CC1 3 ] [Cl 2 ] 
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Solutions 


Adding the two steady-state expressions, we obtain the following: 


21 a -/fc 4 [Clf=0 


Solving for Cl, 

2/,=MClf 


Substituting the expression for Cl into the above yields, 




21 i 2 


■4 y 


The overall rate equation is given by. 


v = v hc1 =* 2 [C1][CHC1 3 ] 



Back to Problem 10.21 


Back to Top 
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Solutions 


*10.22. When water vapor is irradiated with a beam of high-energy electrons, various ions such as H + and O appear. Calculate the minimum energies 
required for the formation of these ions, given the following thermochemical data: 


^1 

H 2 0(g) -> H(g) + OH(g) 
OH(g) — ► H(g) + 0(g) 


AW° = 498.7 kJ mol 1 
A H° = 428.2 kJ mol 1 


H(g) — ► H + (g) + e~(g) A «° = 1312.2 kJmoF 1 

CXg) + t'(g) -> CT(g) A H° = -213.4 kJ mor 1 
Are the results you obtain consistent with the experimental appearance potentials of 
19.5 eV for H + and 7.5 eV for O ? 


Solution: 

Hydrogen ions are quite easily formed according to the following process: 

H,0 + e ^H + +OH +2<T 

This reaction can be generated through the addition of the following two equations: 

(1) H.,0 — » H + OH 

(2) + H — » H + 2e~ 

The standard enthalpy of formation for the original reaction is therefore given by, 

AH 0 = AH" (rxn l) + AH° (rxn 2) 

AH° = (498.7 + 1312.2) kJ moF 1 
A// 0 = 1810.9 kJ moF 1 
1 eV = 96.47 kJ moF 1 

1 eV 

AH° = 1810.9 kJ moF 1 x r 

96.47 kJ moF 1 

AH° = 18.77 163 885 eV ~ 18.8 eV 
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Solutions 


The above value is lower than the observed value of 19.5 eV, indicating that the system passes through a state of higher energy. The OH radical 
probably dissipates energy in the form of translational, vibrational, and rotational energy. 

O ions are most easily formed by 

H 2 0 + e” — >• 2H + CT 


This reaction can be generated through the addition of the following three equations: 

(4) H 2 O^H + OH 

(5) OH — » H + O 

(6) O + e" — » O - 

The standard enthalpy of formation for the original reaction is therefore given by, 

AH° = AH° (rxn 4) + A H° (rxn 5) + A H° (rxn 6) 

AH 0 = (498.7 + 428.2-213.4) kJ moH 1 
AH° = 713.5 kJ mol -1 
1 eV = 96.47 kJ moH 1 

, 1 eV 

AH 0 = 713.5 kJ mol' 1 x — - 

96.47 kJ moF 1 

AH° = 7.396 081 683 eV » 7.4 eV 

The above value is close to the observed appearance potential of 7.5 eV. 

Back to Problem 10.22 Back to Top 
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Solutions 


10.23. The mercury-photosensitized hydrogenation of ethylene in the presence of mercury vapor is first-order with respect to ethylene and half-order 
with respect to H 2 . Its rate is proportional to the square root of the intensity of the light absorbed. The following mechanism has been suggested 
to account for these observations: 


Hu + hr — ► Hg* 

Hg* + H ; — ► Hg + 2H 
*2 

H + C 2 Hj -► C,H, 

C.H 5 + H, — ► C ; H 6 + H 

4 , 

H + H — ► H 2 

Applying the steady-state approximation to [H] and [C 2 H 5 ], verify that the mechanism indeed supports the observations. What is the observed 
rate constant in terms of the rate constants of the elementary reactions? 


Solution: 

Applying the steady-state approximation for H, we obtain, 

= v„ = 2 *, [Hg*][H 2 ] - k 2 [H] [C 2 H 4 ] + k 3 [C 2 H 5 ][H 2 ] - k 4 [H] 2 

Applying the steady-state approximation to C 2 H 5 , we obtain, 

= v C2 h 5 = K [H][C 2 H 4 ] -* 3 [C 2 H 5 ][H 2 ] 

Let us simplify both equations. 
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<*[«] Q 

dt 

2^i [Hg*][H 2 ]-&2 [H][C 2 H 4 ] + [C 2 H 5 ][H 2 ]- A: 4 [H] 2 = 0 
[Hg*][H 2 ] + [C 2 H 5 ][H 2 ] = k 2 [H][C 2 H 4 ] + fc 4 [H] 2 

^[c 2 h 5 ] 0 

dt 

* 2 [H][C 2 H 4 ]-* 3 [C 2 H s ][H 2 ] = 0 
K [H][C 2 H 4 ] = k i [C 2 H 5 ][H 2 ] 

Adding both equations we obtain, 

2k , [H g * ] [h 2 ] + + K [h] 2 

2k t [Hg*][H 2 ] = k 4 [H] 2 


Isolating for H will yield, 


2^i [Hg*][H 2 ] = k 4 [H] 2 
[it12 2k t [Hg*][H 2 ] 
k 

K 4 


[H] 


'2k t [ Hg-][H 2 ] 


i 



y 


Substituting this expression into the steady-state approximation for C 2 H 5 , 


Solutions 
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Solutions 


^[c 2 h 5 


dt 


= Vc 2 h 5 = K [H] [c 2 H 4 ] - *3 [c 2 h 5 ] [h 2 ] = 0 


* 2 [H][C 2 H 4 ] = * 3 [C 2 H s ][H 2 


[C 2 H 5 ] = - 


* 3 [h 2 ] 

Mc 2 h 4 ] 

\2k,[ Hg*][H 2 ] 

£ 3 [h 2 ] 



1 

A 1 


The rate of formation of ethane is given by, 

rf[C 2 H 6 ] 


dt 


= V C 2 H 6 = ^3 [C 2 H 5 ][H 2 ] 


This can also be written as, 

d[ C 2 H 6 ] 


dt 


v c 2 h„ - X" 


JXf[C 2 H 4 ] 

r 2£, [ Hg * ] [ H 2 ] 

XM 

K 

v 4 y 



The rate is indeed first order with respect to ethylene and half-order with respect to Hg* and H 2 . Since the number of moles of Hg produced is directly 
proportional to the intensity of the light absorbed, the rate is also proportional to the square root of the intensity of the light. The observed rate constant 
is therefore given by. 



( 

1 

2 

^obs k 2 

hr 






Back to Problem 10.23 Back to Top 
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Solutions 


10.24. The hydrolysis of a substance is specifically catalyzed by hydrogen ions, and the rate constant is given by: 

£/dm 3 mor 1 s _1 = 4.7 x l(T 2 ([H + ]/mol duf 3 ) 

When the substance was dissolved in a 1CT 3 M solution of an acid HA, the rate constant was 3.2 x 1(T 5 dm 3 moF 1 s -1 . Calculate the dissociation 
constant of HA. 


Solution: 

Given: k 0 = 4.7 x 1(T 2 dm 3 mor 1 s -1 , C = 1CT 3 M, fc HA = 3.2 x 1(T 5 dm 3 moF 1 s _1 


Required: a 

The concentration of H + ions in the solution is: 

3.2 X 10 , 8| . „_4 . , _3 

- = 6.81x10 mol dm 

4.7 x 10” 2 

The dissociation constant is therefore 


K a 


(6.81 xlO' 4 ) 2 

nr 3 


4.64 xlO” 4 mol dm -3 


Back to Problem 10.24 
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* 10 . 25 . The following is a slightly simplified version of the mechanism proposed in 1937 by G. K. Rollefson and R. F. Faull [/. Amer. Chein. Soc., 59, 
625(1937)] to explain the iodine-catalyzed decomposition of acetaldehyde: 

h — ► 21 

I + CH3CHO — ► HI + CH3CO 
CH3CO — ► ch 3 + CO 
CH3 + HI — ► CH 4 + I 
21 — ► I 2 

Apply the steady-state treatment to I, CH 3 CO, and CH 3 and obtain an expression for the rate. 


Solution: 


We can first associate reaction constants to the above reactions as ki, k 2 , k 3 , k 4 , and k 5 . Then we can write out the rate of formation or consumption for 
the intermediate species I, CH 3 CO, and CH 3 . By the steady-state approximation, the rate of formation or consumption of these species equal to 0. 


dt 

M 

dt 


= v, = 2k, [I 2 ] - k 2 [I] [CH 3 CHO] + k 4 [CH 3 ] [HI] - k_, [I ] 2 
= v t =0 


2k, [I 2 ] - k 2 [I] [CH 3 CHO] + k 4 [CH,] [HI] - k_, [I ] 2 = 0 
^ CHaC0 ^ = v C h 3 co = K [ 1 ] [CH 3 CH 0 ] - k 3 [CH 3 C 0 ] 


1 / ch 5 co ® 


dt 

d [CH 3 CO] 
dt 

k 2 [I] [CH 3 CHO] - k 3 [CH 3 CO] = 0 
c/[CH 3 ] 


dt 

£/[CH 3 ] 

dt 


= v CH 3 = ^3 [CH 3 CO]-fc 4 [CH 3 ][Hl] 

= Vnu =0 


k 3 [CH 3 CO] -k 4 [CH 3 ][HI] = 0 
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All three of these steady-state approximations can be added together in order to eliminate terms. This process yields the following result: 

2k ,[1 2 ] +^[CH^[Tlf[-^ ] [l] 2 =0 

^[i][CH^e hG]'-^[ch^cO]' = o 
tfrCj = o 

2^[i 2 ]-^[i] 2 = o 

Rearrange and simplify to isolate I. 

“-.[if = *.[!.] 


The overall rate is given by, 

v co = k 3 [CH 3 CO] = k 2 [l][CH 3 CHO] 


Making the substitution for I, we will get. 



Back to Problem 10.25 Back to Top 
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*10.26. Suppose that a reaction is catalyzed by a series of homologous acids and that the Hammett equation (9. 130) applies: 

log io k„ = log 10 *o + 0P 

where a is the substituent constant and p is the reaction constant. Suppose that the corresponding equation for the dissociation of the acid is: 

log io K a = log io K 0 + op" 

where p' is the reaction constant for the dissociation; the substituent constants are the same in both equations. Prove that the Brpnsted equation: 

k a =G a K a a 

applies. How does a relate to the reaction constants p and p'? 

Solution: 

The first two equations above may be written in the following manner: 

— l °S l0 K = — logio* 0 + 0- 

P P 

-T lo gKA, =^T 1 °gio^o+C r 

P P 

Subtracting the second equation from the first yields, 

— log 10 * =— log 10 /f = constant 

P P” 

Combine the terms to obtain, 

— log 10 *: a — — log 10 /f = constant 

P ' P" 

i i 

log l 0 k p -\og l 0 K p ' =constant 

i 

k p 

iog 10 — y = constant 

Kf 

This can also be written as. 
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log 10 — ‘-y = constant 

Kf 


Rearranging this expression to isolate k a , 

l- 

v -> ^Qconstant 


P_ 

K p " 


k„ = GK f 


p 

Note that = a thus, 

P” 



a represents the ratio of the two reaction constants. 


Back to Problem 10.26 
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10 . 27 . The hydrolysis of ethyl acetate catalyzed by hydrochloric acid obeys the rate equation: 

v = Ifester] [HC1] 

and the reaction essentially goes to completion. At 25 °C the rate constant is 
2.80 x 1 0 5 dm 3 mob 1 s _I . What is the half-life of the reaction if [ester] = 0. 1 M and 
[HC1] = 0.01 M? 

Solution: 

Given: v = k [ester] [HCl], T = 25 °C. k = 2.80 xl(T 5 dm 3 mol 1 s 1 , [ester] = 0.1 M, 

[HC1]= 0.01 M 
Required: f 1/2 

Since the reaction essentially goes to completion, we can assume that the concentration of hydrochloric acid remains unchanged throughout. We have 
also been given the rate equation which is first order with respect to HCl but is overall second order. We can use the concentration of HCl in order to 
determine the pseudo-first order rate constant. 

Remembering that first order reactions have a rate constant with the units s 1 (Table 9.1), 

k (2 nd order] = 2.80 x 10 5 dm 3 mol 1 s _1 
[HCl] = 0.01 M 

1 M = mol L" 1 , 1 L = 1 dm 3 therefore, 

[HCl] = 0.01 M = 0.01 mol dm 3 
k' = k{ 2 nd order) [HCl] 

£' = | 2.80xl0 -5 yimiflfof^s -1 j|o.01 
k' = 2.80 xlO -7 s’ 1 

The half life for a first order reaction is given by Eq. 9.40: 

_ In 2 

*1 n I 
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This expression is also found in Table 9.1. Now, making the substitution of the pseudo-first order rate constant into Eq. 9.40 we obtain, 

6.931 472 
tm ~ 2.80 xlCT 7 s' 1 
t m = 2.48 xlO 6 s 


Back to Problem 10.27 Back to Top 
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10.28. The following mechanism has been proposed for the alkaline hydrolysis of Co(NH 3 ) 5 C1 2+ : 

Co(NH 3 ) 5 C1 2+ + Off ->■ Co(NH 3 ) 4 (NH 2 )C1 + + ffO 
Co(NH 3 ) 4 (NH 2 )C1 + -> Co(NH 2 ) 4 (NH 2 ) 2+ + Cl 
Co(NH 3 ) 4 (NH 2 ) 2+ + H 2 0 -*• Co(NH 3 ) 5 (OH) 2+ 

Assume Co(NH 3 ) 4 (NH 2 )C1 + and Co(NH 3 ) 4 (NH 2 ) 2+ to be in the steady state and derive an expression for the rate of reaction. 

Experimentally, the rate is proportional to [Co(NH) 5 C1 2+ ] [Off]; does this fact tell us anything about the relative magnitudes of the rate 
constants? 

Solution: 

Let’s make a couple of substitutions in order to simplify the list of reactions. 

A = Co(NH 3 ) 5 Cl 2+ 

X = Co(NH 3 ) 4 (NH 2 )a + 

Y = Co(NH 2 ) 4 (NH 2 ) 2+ 

Z = Co(NH 3 ) 5 (oh) 2+ 

Rewriting the above reaction sequence we obtain, 

(1) A + Off — - — >• X + H 2 0 

(2) X^M.Y + Cr 

(3) Y + H 2 0— 

Applying the steady state approximation to substance X, 
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C ^ = v x =k 1 [A][OH]-k 2 [X] 
d fXl 

— - — - = v x = 0 
dt x 

k x [A][OH _ ] = k 2 [X] 

[x] = |[a][oh] 

Applying the steady state approximation to substance Y, 

^ = v y =* 2 [X]-* 3 [Y][H 2 0] 


c/[Yl 

— - — - = v Y = 0 
dt 

^2 [ x ] = [ y] [h 2 o] 

k, [x] 


[Y] = 


k 3 [h 2 o] 


r Y i_Xf *. K QH T 

L J K W 2 [h 2 0] 


[Y] = 


K [A][OH-] 

K [h 2 0] 


The overall rate of reaction is therefore, 


Solutions 
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v z =* 3 [ y ][H 2 0] 

K [ a ][oh ] 


v z = K [a][oh _ ] 

v z =/t 1 [Co(NH 3 ) 5 Cl :+ ][OH^ 


Back to Problem 10.28 
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10.29. Confirm that Eq. 10.68, 
follows from Eq. 10.66, 

Solution: 

We have been told that, 

k K 

k=k 0 + k.[ H + ] + - 


[H + ] . =(k K Ik + ) 

L Jmin V or » H*' 


^ = ^ 0 +^ H [H + ] + 


k K 

OH~ w 

[H + ] 


[H + 


This expression may be differentiated with respect to [H + ] . This process yields, 

dk d 
r/[H + ] ~~ c/[H + 


k n +k t [H 

o H L 


+ 1 Ah K 


[H + 


dk =k k OH K „ 


r/[H + ] '' H+ [H + ] 2 

Setting this expression equal to zero will allow us to further simplify and isolate for [H + ] r 
k K 

k + — OH = 0 

H [H + ] 2 

k_„ K 
k„ t = - 


[H + r=- 


[H + 
k K 



f k K ) 

1 

2 

[H + ] = 

OH w 



k 



v w ) 
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10 . 30 . The following results have been obtained by D. B. Dahlberg and F. A. Long [7. Amer. Client. Soc., 95, 3825(1973)] for the base-catalyzed 
enolization of 3-methyl acetone. 


Catalyst ClCbLCOO CH ( COO 

1C, /mol dnT 3 1.39 x 10 3 1.80 x 10~ 5 

k/dm 3 moL 1 s' 1 1.41 x 10 3 1.34 x 10~ 2 

Estimate the Brpnsted coefficient /?. 


HPO 2 - 
6.25 x 10 8 
0.26 


Solution: 

Given: see above 

Required: Brpnsted coefficient /? 

Recall that K w = [H + ][OH~] = 10~ 14 . Since we have been given the acid dissociation constants and we require the base dissociation constants given 

by, 




[HB + ][OH ] 

[B] 


and K a 


m 

[HA] 


We can convert the acid dissociation constants into base dissociation constants by dividing 10~ 14 by each value. 


r H+ ][OH-] v 

A” "h + " 

7 

[HA] 

[H + ][OH“] 

[HA][OH] 

a-][h +_ 

’ AJ 


[HA] 


[HA] 

MM 


10-75 


Chapter 10: Chemical Kinetics II. Composite Mechanisms 


Solutions 


which can be expressed as: 

[HA] [OH] ^ [HB + ][OH~] 

[A-] ^ * = [B] 

We should also take the natural log of K b and k in order to plot them against each other. By doing this, we will produce a straight-line graph whose 
slope is equal to the Brpnsted coefficient. 


Catalyst 


K„ 

k 

In K b 
In k 


C1CH 2 C00~ 


CH3COO- 


7.19 x 10~ 12 
1.41 x 10 3 
-25.66 
-6.56 


5.56 x 10 10 
1.34 x 10~ 2 
-21.31 
-4.31 


HPO]- 


1.60 x 10 7 
0.26 
-15.65 
-1.35 
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From the equation of the line generated by Microsoft Excel’s trendline option, we can see that the slope of the curve is equal to, 
m = 0.5206 
m = /? = 0.52 


Back to Problem 10.30 
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10.31. Suggest a plausible mechanism for the bromination of acetone catalyzed by hydroxide ions. As with the acid-catalyzed reaction discussed in 
Section 10.9, the rate is independent of the bromine concentration. 

Solution: 

The hydroxide ion is assumed to abstract a proton from the acetone molecule, giving the ion CH 3 COCH 2 , which exists in a resonant state. If its 
resonance structure reacts rapidly with a bromine molecule, the rate is independent of the bromine concentration. 


Back to Problem 10.31 


Back to Top 
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10.32. It was found by J. Halpem and coworkers [/. Phys. Chem., 60, 1455(1956)] that the rate equation for the oxidation of molecular hydrogen by 
dichromate ions (Cr.,0 2 ~) catalyzed by Cu 2+ ions is of the form: 

_ fc[H 2 ][Cu 2+ ] 2 
U ~[H 2 ] + /fc'[Cu 2+ ] 

(**Note that the rate is independent of the concentration of dichromate ions.) 

Suggest a mechanism consistent with this behavior, and apply the steady-state treatment to obtain the rate expression. Comment on rate- 
controlling steps corresponding to special cases of the mechanism. 


Solution: 

Since we know that the rate is independent of the concentration of dichromate ions, we will begin with the reaction that occurs between the hydrogen 
molecule and Cu 2+ . This reaction can likely be said to reach equilibrium rapidly. The balanced reactions are as follows: 

Cu 2+ + H, , . * ‘ . - s CuH + + H + 

CuH + + Cu 2+ — 2Cu + + H + 


We can assume that the second step is the rate controlling step. Also, it should be noted that a third reaction (rapid) takes place with the dichromate ion. 
We will apply the steady state approximation for the CuH + ion. 


c/rCuH + l r r ____ ___ 

1 t J = v CuH+ = K [Cu 2+ ] [H 2 ] - [CuH + ] [h + ] - k 2 [CuH + ] [Cu 2+ ] 


d\ CuH + 

— - = 0 

dt 



[C»-] 

|[H 2 ]-fc_ I [CuH + ][ 

~H + ]-^ 2 [CuH + ] 

[Cu 2+ ] = 0 


[<=““] 

[H 2 ] = k-i [CuH + ] 

[h + ] + k 2 [CuH +_ 


*1 

[c»“] 

[H 2 ] = [CuH + ](A:_ 

1 [h + ] + ^ 2 [Cu 2+ ] 

1 ) 


*1 

[Cu J+ ] 

[h 2 ] 

t*-ll 

[«*] 

\ + k 2 

[Cu-]) 
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The overall rate can then be written as: 
V 2Cu + = ^2 [CuH + ][Cu 2+ ] 


Making the appropriate substitutions into the above, we obtain. 


= k , 


K\ 

[Cu 2+ ][H 2 ] f 

(‘-1 

[H*] 

\ + k 2 

[Cu 2 ]) 


[Cu 2+ ] 


This expression simplifies to the following: 


k { k 2 [H 2 ][Cu 2+_ 

2 

(*-. 

H + ] + k 2 [Cu 

2+“ 

) 


Back to Problem 10.32 
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10 . 33 . For the oxidation of molecular hydrogen by dichromate ions catalyzed by Ag + ions, A. H. Webster and J. Halpem [/. Phys. Chem., 60, 
280(1956)] obtained the rate equation: 


v= At[H 2 ] [Ag + ] 2 + 


fr'[H 2 ][Ag + ] 2 
[H 2 ] + r[Ag + ] 


The existence of two terms suggests that two mechanisms are occurring in parallel. Suggest the two mechanisms, applying the steady-state 
treatment to obtain the second term in the rate equation. 


Solution: 

In the previous problem, this particular reaction was catalyzed by copper ions (please refer back to it in order to review the reactions). However, here, 
we can see from the overall rate equation that there is an additional term (which means that two mechanisms are occurring in parallel). 

It is safe to assume that the first term in the rate equation derives from a single step reaction involving a single hydrogen molecule and two Ag + ions. 
Normally, we would not suggest that the order of each species is directly related to the stoichiometric values, but we will make this assumption in this 
particular case. We can write the reaction as follows: 

2Ag + + H., — ^ 2AgH + 

V e m=^' = ^[ A g + T[ H ,] 

This reaction can then be followed by the rapid reduction of the dichromate ion by the former product. Conversely, we can say that the AgH + is rapidly 
oxidized by the dichromate ion. The next terms can be explained in the same way that the previous problem involving copper was. 

Ag + + H 2 AgH + H + 

-2 

AgH + Ag + — AgH + + Ag 

Applying the steady-state approximation to reactions two and three we obtain. 
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= k 2 [ a S + ][H 2 ]- k_ 2 [AgH] [H + ] - k 3 [AgH] [ Ag + ] 

^[AgH] _q 
dt 

k 2 [Ag + ][H 2 ] - k_ 2 [AgH][H + ] - k 2 [AgH] [Ag + ] = 0 
k 2 [Ag + ][H 2 ] = k_ 2 [AgH] [H + ] + k 3 [AgH][Ag + ] 
k 2 [Ag + ][H 2 ] = [AgH] ( k_ 2 [H + ] + k 3 [Ag + ]) 


[AgH] = 




[h 2 ] 

(£_ 2 [ 

H*] 

\ + k 

,[a 8 *]) 


The ‘overall’ rate equation can then be written as: 

•V =‘,[AlH][Ag*] 

Making the substitution for the AgH molecule into the expression above, we obtain, 


AgH 


= k. 


k. 

■M 

[H 2 ] r 

(*-=[ 

H + ] 

+ k 2 

[as*]) 


K] 


This can be re-written as: 


k 2 k ?) 

[Ag + ] 2 [H 2 ] 

(*-i 

[» 

: + ] 

\ + k 3 

K]) 


Putting both rate equations together, we will obtain the true rate equation. 


Solutions 
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v = v'+v" 


v = 2&i [H 2 ][Ag + ] 2 + 


*2*3 [ H 2 ][Ag + ] 

r 

w 

[H*]n 

'*3 

M 


Back to Problem 10.33 
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10 . 34 . 


The reaction: 

Tl + + 2Ce 4+ — > Tl 34 + 2Ce 3+ 

is catalyzed by Ag + ions. Under certain conditions the rate is proportional to 

[Ce 4+ ] [Tl + ] [Ag + ]/[Ce 3+ ] 

Suggest a mechanism consistent with this behavior. 


Solution: 

We are given that, 

and Tl + + 2Ce 4+ — > Tl 34 + 2Ce 3+ 

Since the overall rate equation consists of a ratio, we know that there must be more than a single reaction taking place. We can also guess that the first 
reaction is a rapid equilibrium and the second reaction is the rate controlling step (slow). We are also told that there is a catalyst involved so this will 
take part in the initial fast equilibrium reaction. 

Ag + + Ce 4+ Ce 3+ + Ag 24 

* i 

The newly oxidized silver ion will then react with Tl + through an oxidation/reduction. 

Ag 24 + Tl + — Tl 24 + Ag + 

Since we know that the silver can only stably return to the + 1 oxidation state via oxidation/reduction, we know that there must be a third step that 
involves Tl 2+ in order to bring it to the fully oxidized form of +3. This next reaction will occur fairly quickly. From the first step, we can use the 
remaining Ce 4+ as an oxidizing agent (which will in turn be reduced to Ce 3+ ). 

Tl 24 + Ce 4+ — Tl 34 + Ce 34 

Let us verify our assumptions by adding up all of the reactions and checking to see whether all of the reactants and products are satisfied. 


1 1 
n 

CD 

+ 

1 1 

[Tl*] 

L a s 

I 

Ce 34 ' 
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+ Ce 4+ Ce 3+ + ^ 

^ + Tl + — jh*' + 

+ Ce 4+ — ^ Tl 3+ + Ce 3+ 
2Ce 4+ + Tl + -A 2Ce 3+ + Tl 3+ 

Recall that: 


[V*] 

[Ce-] 


[Ce**] 


The overall rate of the reaction will be defined by the limiting step and is therefore; 

v = k 2 [ Ag 2+ ][T1 + ] 

Making the appropriate rearrangements and simplifications to eliminate Ag 3+ (by substitution from the equilibrium constant expression) we obtain. 


*1 


1 1 

+ 

<D 

u 

1 1 


[Ce ; 

'*] 

1 


This can be re-written in as, 


r ^ 2 [ a s + ] 

~Ce 4+ ~ 

_ T1 + ] 

*-l 

Ce 3+ ~ 



Thus proving that. 


V OC 

Ce 4+ 

_ T1 + ] 

[Ag*] 


Ce 3+ 
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10 . 35 . The following rates have been obtained for an enzyme-catalyzed reaction at various substrate concentrations: 

10 3 [S]/mol dm 3 Rate, u/(arbitrary units) 


0.4 

2.41 

0.6 

3.33 

1.0 

4.78 

1.5 

6.17 

2.0 

7.41 

3.0 

8.70 

4.0 

9.52 

5.0 

10.5 

10.0 

12.5 


Plot v against [S], 1 Id against 1/[S], and t>/[S] against v, and from each plot estimate the Michaelis constant. Which plot appears to give the most 
reliable value? 

Solution: 

In order to create all of these plots, let us first write out a table that includes all of the values that we will be required to use. 


10 3 [S] (mol dm" 3 ) 

V 

l/o 

1/[S] ( 1 0 3 mol dm" 3 ) 

t)/[S] (10" 3 mol dm" 3 ) 

0.4 

2.41 

0.4149 

2.500 

6.025 

0.6 

3.33 

0.3003 

1.667 

5.550 

1.0 

4.78 

0.2092 

1.000 

4.780 

1.5 

6.17 

0.1621 

0.667 

4.113 

2.0 

7.41 

0.1350 

0.500 

3.705 

3.0 

8.7 

0.1149 

0.333 

2.900 
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4.0 

9.52 

0.1050 

0.250 

2.380 

5.0 

10.5 

0.0952 

0.200 

2.100 

10.0 

12.5 

0.0800 

0.100 

1.250 


Plot 1: v against [S] 



The Michaelis-Menten equation (Eq. 10.82) states that. 
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'''max [S] 

v = - — — 

K,„+[ S] 


In this expression, K m = Michaelis-Menten rate constant, [5] = substrate concentration, v = initial rate of production of the product, and v max = 
maximum initial rate of production of the product. 

Notice that this plot produces a curved line which is not easy to work with. It essentially produces a saturation curve which is mostly only useful to 
examine the relationship between the concentration of substrate and the rate of reaction. Here, we would need to look at the steepest part of the slope 
which we can call a ‘straight line’. The highest point of this ‘straight line’ would be equal to V4 v max . From this point (¥2 v max ), we could then draw a 
straight line down to the x-axis. This gives us the value of the Michaelis-Menten rate constant, K m . 


As you can guess, this particular method is not going to provide the most accurate or precise results due to the fact that there is a lot of guesswork and 


estimation involved. From the plot above, we have determined that 


K m *2x10 3 mol dm 3 . 


Plot 2: 1 /v against 1/[S] 


10-88 


Chapter 10: Chemical Kinetics II. Composite Mechanisms 


Solutions 



The Michaelis-Menten equation (Eq. 10.82) states that, 

^[s] 

K m + [ S] 

In this expression, K m = Michaelis-Menten rate constant, [5] = substrate concentration, v = initial rate of production of the product, and v max = 
maximum initial rate of production of the product. 

The type of plot that you see here is called a double reciprocal plot. It is quite often used in enzyme kinetics and therefore the student should become 
acquainted with this type of curve. Double reciprocal plots give us two pieces of critical information, v max and l/K m . They give us this information in 
terms of y and ^-intercept respectively. They can therefore be determined quite reliably (especially when using graphing programs). It is also interesting 
to examine plots for enzyme inhibition at a variety of concentrations in order to see the effects on v max and 1 /K m (usually as the concentration increases). 
Double reciprocal plots also -by their shape- allow us to determine the type of enzyme inhibition/catalysis occurring in our experiment. 
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This plot has told us that, 1 / K m = -0.5 therefore. 


K m = |— 0.5| 1 -> 


Plot 3: u/[S] against v 


K m = 2x10 3 mol dm 3 



0 


The Michaelis-Menten equation (Eq. 10.82) states that, 

Knax [S] 

V = 

In this expression, K m = Michaelis-Menten rate constant, [5] = substrate concentration, v = initial rate of production of the product, and v max = 
maximum initial rate of production of the product. 
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The final plot above produces a beautiful straight line graph which will allow us to perform a linear regression and obtain the exact value for the 
Michaelis-Menten rate constant. Since we have plotted u/[S] against v, we can use the Michaelis-Menten equation to help us determine what we need to 
be looking for on the plot to give us our K m value. It turns out that the slope of this plot allows us to determine K m . 


Upon performing a linear regression (using Microsoft Excel’s linest function) we obtain the following regression statistics: 


Linear Regression Statistics 

m 

-0.479 

7.123 

b 

Sm 

0.011 

0.087 

Sb 

R 2 

0.996 

0.104 

Sy 

F 

1924.562 

7 

DF 


The numerical value in the first row and column provides the exact value of the slope (for the third curve). Therefore, 
1/ K m =-0.479 
K m = |— 0.479| ‘ 

K m = 2.09 x 10 3 mol dm 3 


So what is the difference between the second and third curves? As can be seen, the second plot is highly sensitive to increasingly large values of [5] 
because there is ‘bunching’ and crowding of the data points in that range. Looking at the far right of the plot, we can see that the double reciprocal 
method is less sensitive to small values of [5] and therefore does not produce an evenly populated curve. 

The third curve is actually the best since it is both evenly populated and allows for proper statistical analysis such as a linear regression. Using the linear 
regression method, it is possible to determine (more precisely and accurately) the value for the Michaelis-Menten rate constant. It is the preferred 
method when working quantitatively in enzyme catalysis. 


Back to Problem 10.35 Back to Top 
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Solutions 


10.36. 


The following data have been obtained for the myosin-catalyzed hydrolysis of ATP, at 
25 °C and pH 7.0. 


10 5 [ATP]/mol dnf 3 

7.5 

12.5 

20.0 

32.5 

62.5 

155.0 

320.0 


10 6 u/mol dm 3 s 1 
0.067 
0.095 
0.119 
0.149 
0.185 
0.191 
0.195 


Plot v against [S], l/o against 1/[S], and t>/[S] against v, and from each plot calculate the Michaelis constant K m and the limiting rate V. 

Solution: 

We will use the same method in this problem as we did in the previous. 


10 5 [ATP]/mol dnT 3 

10 6 u/mol dm 3 s 1 

l/o 

1/[S] 

«/|S| 

7.5 

0.067 

14.925 

0.133 

8.933E-03 

12.5 

0.095 

10.526 

0.080 

7.600E-03 

20.0 

0.119 

8.403 

0.050 

5.950E-03 

32.5 

0.149 

6.711 

0.031 

4.585E-03 

62.5 

0.185 

5.405 

0.016 

2.960E-03 

155.0 

0.191 

5.236 

0.006 

1.232E-03 
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Solutions 


320.0 


0.195 


5.128 


0.003 


6.094E-04 


Note that the ‘limiting rate’ here is actually v max in plots two and three and is better described as twice the value at which saturation occurs in the first 
plot. 


Plot 1 : v against [ATP] 



Plot 2: 1 Id against 1/[ATP] 


10-93 


Chapter 10: Chemical Kinetics II. Composite Mechanisms 


Solutions 



1 / K m = -0.06 -> K m = |— 0.06| 1 -> 

l/v_ = 4.7 — » v„„ = 1/4.7 — > 


K,„ = 16.67 x 10 mol dm 


v max « 0.21 x 10 6 mol dm 3 s 1 * 


Plot 3: d/[ATP] against v 
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Solutions 



Linear regression statistics: 


Linear Regression Statistics 

m 

-0.061 

0.013 

b 

Sm 

0.005 

0.001 

Sb 

R 2 

0.968 

0.001 

Sy 

F 

149.196 

5 

DF 


The numerical value located in the first row and column provides us with the value for the slope. As we have previously seen, the slope is equal to 

I / K m therefore, 

II K m =-0.061 
K m =|-0.06l|"‘ 

K m = 1 6.39 x 1 O' 5 mol dm' 3 
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From the plot above, we can see that. 


V max =0.22x10 6 mol dm 3 s 1 


Back to Problem 10.36 


Back to Top 


Solutions 
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Solutions 


* 10 . 37 . The following values of V (limiting rate at high substrate concentrations) and K„, have been obtained at various temperatures for the hydrolysis 
of acetylcholine bromide, catalyzed by acetylcholinesterase. 

T/°C 10 6 V/mol dnT 3 s^ 1 K m x 10 4 /mol dm" 3 


20.0 

1.84 

4.03 

25.0 

1.93 

3.75 

30.0 

2.04 

3.35 

35.0 

2.17 

3.05 


a. Assuming the enzyme concentration to be 1.00 x 10 11 mol dm 3 , calculate the energy of activation, the enthalpy of activation, the Gibbs 
energy of activation, and the entropy of activation for the breakdown of the enzyme-substrate complex at 25 °C. 

*- 1 

b. Assuming K m to be the dissociation constant k t Ik t for the enzyme-substrate complex (ES^E + S), determine the following 

h 

thermodynamic quantities for the formation of the enzyme-substrate complex at 25 °C: A G°, Mi°, A 5°. 

c. From the results obtained in parts (a) and (b), sketch a Gibbs energy diagram and an enthalpy diagram for the reaction. 

Solution: 

Remember that we should change the temperature units to Kelvin! We will now construct a table that includes all of the values that we will need to 
generate the desired plots. 


T (K) 

V (mol dm' 3 s' 1 ) 

K m (mol dm' 3 ) 

7/7 (K) 

Log 10 (V) (mol 
dm" 1 s' 1 ) 

Log 10 (Km) (mol 
dm 3 ) 

293 

1.84E-06 

4.03E-04 

3.413E-03 

-5.735 

-3.395 

298 

1.93E-06 

3.75E-04 

3.356E-03 

-5.714 

-3.426 

303 

2.04E-06 

3.35E-04 

3.300E-03 

-5.690 

-3.475 

308 

2.17E-06 

3.05E-04 

3.247E-03 

-5.664 

-3.516 
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Solutions 


a) Slope of plot of logi 0 V against l/T=-430.9K 



E = In 10 x 7? x slope 
E = 19. 14 x 430.9 = 8247.426 J mol 1 
E = 8.25 kJ mor 1 

RT at 25°C = 8.3 14 x 298 = 2478 J mol 1 = 2.48 kJ moK 1 
A t H = E-RT 
A*H =8.25-2.48 
A*// =5.77 kJmor 1 
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Solutions 


A*G = 19.14x7.51x298.15 
A *G = 42 864.76 623 J mol ' 


A *G = 42.9 kJ mol' 1 


Atc 5700-42 856 

A o — 

298.15 


A *S = -124 J K' 1 moF 1 


At 25.0°C, V = 1.93 xlO" 6 dm 3 mol 1 s’ 1 
[E] 0 = 1.0 xlO -11 mol dm 3 
k e =V/[El=1.93xltf s' 1 


A *G = - In (exp (- A*G IRT))xRT 
A*G = -ln(lO~ 7 ' 51 ) x8.314x298.15 
A*G = -ln(lO) x (-7.51) x8.314 x 298.15 

b) Slope of log jo K m against 1 IT plot=742.91 


k T / v k T 

k. =-5— exp(-A*G/ RT)-, -^at25.0°C = 
c > u 


1.3806503 xlO-^jjpdcg 298 X 


= 6.21xl0 12 s' 1 


6.626 xlO' 34 mikgXT 



= 3.108xl0~ s = 10~ 751 
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A H° (for dissociation) = In 10 x R x slope 
A H° (for dissociation) = 19. 14 x 742.91 
A H° (for dissociation) = -14 219.2974 J mol -1 
A H° (for dissociation) = -14.2 kJ mol -1 
At 25.0°C, log 10 (K m ) = -3.426 
A G° (for dissociation) = - 1 n ( K m ) x RT 
A G° (for dissociation) = 19.14x298.15x3.426 
A G° (for dissociation) = 19 550.78 077 J moF 1 


Solutions 


3.450E-03 
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For association, 


A G° = -19.6 kJ moF 1 
AH" = 14.2 kJ moF 1 


AS° = 


AG° + AH° _ 14 219 + 19 551 
T ~ 298.15 


= 113.265 135 JK' 1 moF 


AS° =113.3 J K" 1 moF 1 


A = 42.9 kJ moC 1 




Back to Problem 10.37 


Back to Top 


Solutions 
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Solutions 


* 10 . 38 . The following data relate to an enzyme reaction: 

10 3 [s]/mol dm 3 10 5 V/mol dm 3 s _1 


2.0 

13 

4.0 

20 

8.0 

29 

12.0 

33 

16.0 

36 

20.0 

38 


The concentration of the enzyme is 2.0 g dnf 3 , and its molecular weight is 50 000 g/mol. Calculate K m , the maximum rate V, and k c . 

Solution: 

Given: C = 2.0 g dnT 3 , M = 50 000 g mor 1 
Required: determine K m , the maximum rate V, and k c . 


10 3 [s] (mol dm" 3 ) 

10 5 V (mol dm 3 s *) 

l/[s] (1/mol dm" 3 ) 

1/V (1/ mol dm" 3 s *) 

2 

13 

500 

7692 

4 

20 

250 

5000 

8 

29 

125 

3448 

12 

33 

083 

3030 

16 

36 

62.5 

2778 

20 

38 

50.0 

2630 
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Solutions 



The equation of the line generated is: 
y = 11.291* + 2081.8 

This means that 1/v max is equal to the ^-intercept, thus, 

l/v max =2081.8 mor 1 dm 3 s 
v max =1/2081.8 moF 1 dm 3 s 
v max = 4.804 xlO 4 mol dm -3 s -1 

Conversely, the value for 1 IK m is equal to the ^-intercept which can be determined by looking at the plot above (or by setting y = 0 and solving for *). 
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Solutions 


y = 11.291* + 2081.8 
11.291a- + 2081.8 =0 
11.291a = -2081.8 
-2081.8 
X ~ 11.291 

a = 1/ K m = —184.3769374 
K m = |-184.3769374|“‘ 

K m = 5.42 x 10' 3 mol dm 3 


It should be remembered that the Eq. 10.82 is not always the best way to represent the rate for a particular reaction. When we know that the Michaelis- 
Menten equation can be applied but we are unsure of the mechanism, we should use Eq. 10.85 which state that: 

v M E L[ S ] 

*-+[ s] 


It is possible to then say that, 

= K [E],, 



Let us now determine the value of the enzyme concentration. 

= 2 /dm" 

L Jo 50 000 / mol 1 
[E] o =4.0x1 0~ 5 mol dm" 3 
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_ 4.804 x 10 4 jpoHlm^ s~‘ 
4.0 xlO' 5 
k c = 12.01 s' 1 


Back to Problem 10.38 


Back to Top 


Solutions 
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Solutions 


10 . 39 . The following data have been obtained for the myosin-catalyzed hydrolysis of ATP. 

Temperature/°C k c x 10 6 /s 1 

39.9 4.67 

43.8 7.22 

47.1 10.0 

50.2 13.9 

Calculate, at 40 °C, the energy of activation, the enthalpy of activation, the Gibbs energy of activation, and the entropy of activation. 

Solution: 

Given: see table above 

Required: A X H°, A *S°, and A f G° at 40 °C 

Recall that, 

k = Az ejrt 

In k = In A - — — 

RT 

So we can plot In k vs. ^ in order to determine the activation energy (which appears in the slope portion of the equation for the line). The k that 
will be used is actually k c . 
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Solutions 



T/°C 

T/K 

1/T K 1 

k c /s-' 

In k v 

39.90 

313.05 

3.19E-03 

4.67E-06 

-12.274 

43.80 

316.95 

3.16E-03 

7.22E-06 

-11.839 

47.10 

320.25 

3.12E-03 

1.00E-05 

-11.513 

50.20 

323.35 

3.09E-03 

1.39E-05 

-11.184 


From the equation of the line, we see that the slope is m = -10 657. From this, we can determine the activation energy. 

m = -10 567 = - — 

R 

£,,=(-10 567 X)(-8.3145 J J^moF 1 ) 

E a = 87 859 J moF 1 
E a = 87.9 kJ moF 1 
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Solutions 


From the previous chapter we know that. 


A H° = E a - RT therefore, 

A t H° = 87 859 J moF 1 -(8.3145 J JZ* mor‘)(313.15 X) 
A *H° = 85 255 J moF 1 
A*//° = 85.26 kJmor 1 
Also, we know that, 



Which can be rearranged to solve for A *G°. 



A*G° = (8.3145 J JiX mor'^313.15 X) In 


(l.381xl0“ 23 / X < )(313.15 X) 


ln(4.72xl0" 6 s^ 1 ) 


(6.626xl0~ 34 / s) 


A*G° = (2603.686 J m 0 r I )(41.77l) 
A*G° = 108 758 Jmor 1 


A*G° = 108.8 kJ moF 1 


Using the equation A*G° = A H° — T A*^ 0 we can determine the value for the entropy of activation. 
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T A*S° = A*H° - A*G° 

A t go _ A*H°-A*G° 

T 

Atco (85 255-108 758) Jmor 1 
~ 313.15 K 

A *S° = -75.05 kJ K' 1 mol 1 


Back to Problem 10.39 


Back to Top 


Solutions 
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Solutions 


*10.40. The following is a simplified version of the mechanism that has been proposed by H. Theorell and Britton Chance for certain enzyme reactions 
involving two substrates A and B. 

t, 

E + A EA 

t , 

EA + B EZ + Y 
EZ-^ E + Z 

Assume that the substrates A and B are in excess of E so that the steady-state treatment can be applied to EA and EZ, and obtain an expression 
for the rate. 

Solution: 

Given: see above 
Required: overall rate equation 

Applying the steady-state approximation for EA, we obtain, 

= v EA = *, [E][ A] - k , [EA] - k 2 [EA] [B] 

4 EA ] 0 

dt 

k \ [ E ] [ A ] - k -\ [ EA ] - k 2 [EA] [B] = 0 

Applying the steady-state approximation for EZ, we obtain, 

= v ez = k 2 [EA] [B] - [EZ] 

dm _ 0 

dt 

k 2 [EA][B]-jfc 3 [EZ] = 0 

We can now formulate an equation representing the initial concentration of the enzyme. 
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Solutions 


[e] q = [e] + [ea] + [ez] 

With this, it is obvious that the steady-state approximation for EA should be solved for E so that it can be expressed in terms of EA and substituted into 
the equation for the initial concentration of the enzyme. 

k\ [ E ] [A] = k_ t [EA] + k 2 [EA] [B] 
k t [EA] + k 2 [EA] [b] 


[EL 


Ar_,[EA] + /t[EA][B] 

] 


[EA] + [EZ] 


The steady-state approximation for EZ should be solved for EZ in order to express it in terms of EA which can also be substituted into the equation 
representing the initial concentration of the enzyme. 

k 2 [EA][B] = k } [EZ] 

[ez] JJea pi 

^[EA] + ^[EA][B] ^[EA][B] 

1 Jo K [A] L J k 3 

The final expression above can be factored which yields, 


[E] =[EA]j^±M5l + i + M5l 

L J ° L J [ *,[A] K 


The overall rate is given by, 

v = k 2 [EA][B] 


Therefore, 
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[EA] = 


v = k , 


[EL 

k -i+ k i[ B ] ( l { M B ] 

I K [A] K 

[e] q 


V = 


k_ t + k 2 [B] + ! + ^2 [B] 1 

1 *i[A] K J 

^[E] 0 [B] 


[B] 


k-i + k i [B] | i | fr 2 [B] 

1 K [A] k 3 

This can be simplified to the following expression: 


v = 


W 3 [a][e] o [b] 


k_ t k 3 + kjc 3 [a] + k^k 3 [B] + k t k n [ A] [B] 


Back to Problem 10.40 


Back to Top 


Solutions 
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Solutions 


*10.41. When an inhibitor I is added to a single-substrate enzyme system, the mechanism is sometimes: 

S 

+ 

I + E ^ El 

*-• 11 *. 

ES 

1 *J 

E + Y 

This is known as a competitive mechanism, since S and I compete for sites on the enzyme. 

a. Assume that the substrate and inhibitor are present in great excess of the enzyme, apply the steady-state treatment, and obtain the rate 
equation. 

b. Obtain an expression for the degree of inhibition defined as: 

c _ u o~ v 

where v is the rate in the presence of inhibitor and v 0 is the rate in its absence. 


Solution: 

a) We will apply the steady-state approximation to both ES and El. 

= v ES = K [S] [E] - [ES] - k 2 [ES] 

<*[ES] Q 

dt 

fcj [S] [E] - k_ 2 [ES] - k 2 [ES] = 0 

® = v' ei =MI][ E H-,[EI] 

ffl = 0 

dt 

k t [!] [ E ] - k_j [ EI ] = ° 

Solving the first equation for ES we obtain, 
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Solutions 


[ES] 


^[S][E] 

k_ j + k.2 


Solving the second equation for El we obtain, 

kj l 1 ] [E] = k_ { [E 1 ] 

Solving the first equation again but this time in order to isolate E; 

k, [S][E] = k_ t [ES] + fc 2 [ES] 

*,[S][E] = [ES](ft_i+* 2 ) 

[ES](t.,+t a ) 

[E] MS] 


The initial enzyme concentration is given by, 

[e] 0 =[e]+[es] + [ei] 


Substituting the expressions found for E, ES and El we obtain to following: 


[E] .[ES](t 
L Jo Jtj[S] L J 


k -> 


However, we can see here that we cannot further simplify this expression due to the presence of E. In order to eliminate this term, we can perform the 
following operations: 
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[EI] = - 
[EI] = 


[ES](^) 
L J k t [S] 

k_ t 

k[ [l][ES](A:_ I +k 2 ) 

k -iK [s] 


[ES] (*_,+*,) , , fc,-[l][ES](fc_,+fc 2 ) 

0 *i[S] k_ik t [S] 

We will now factor out the ES term to obtain. 


[E] 0 = [ES] l (AllM + 1 + k > M (*-1 + ) 


k, [S] k_ t k x [S] 

The overall rate equation is given by, 

v = k 2 [ES] 


Written in terms of the initial concentration of enzyme the rate equation becomes, 

M E L 


v = 


(*-i +k 2 ) , l , ^,[ I ](^i+^) 

k t [S] &_,&! [S] 

It is possible to further simplify the denominator by multiplying all terms by the concentration S. 

M E L[s] 


v = 


( k_ x + k 2 ) ^ p c -| i [i k i (k_ l +k 2 ) 

K L J k -h 


Let us combine the terms in the denominator, 
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k t k i k l 


[iMs] 


Recall that, 


I - = K and K,= — therefore. 


K 


k: 


K, 


1+ M 


K 


[s] 


t y 


*JE] 0 [S] 

K m 

fi+ia'' 

K u 

+ [S] 


u n -u 

b) Given that s = — 


u 0 v v 

- = — >1 


^[E]JS] 


K 


s=l- 


'l + I 3 

V K i 


[S] 


^[E] 0 [S] 
K + [S] 


g m +[s] 

'*JBkfsT x ^ 1+ mj +[ s] 


Solutions 
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F= 1- 


K,„+[S] 


K 


l + I 1 ! 

K 


■[s] 



— [!] 
K, L J 

1 

LI 

['..IT 

+ [s] 


Back to Problem 10.41 


Back to Top 
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Solutions 


*10.42. Obtain the rate equation corresponding to the mechanism: 

*■ * 2 *, 

E + S ES ^4ES' -» E + Z 

*-i y 

Assume ES and ES 1 to be in the steady state and the substrate concentration to be much higher than the enzyme concentration. Express the 

catalytic constant k c and the Michaelis constant K,„ in terms of k lt k_ t , k 2 , and k 3 . 

Solution: 

Given: see mechanism above 
Required: overall rate equation 

We will solve this problem in a similar manner as we did for the previous one. Let us begin by applying the steady-state treatment for ES and ES’. 
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= k l [S] [E] - £ , [ES] - k 2 [ES] 


= 0 


d[ ES] 
dt 

d[ ES] 
dt 

k t [S][E] = k t [ES] + [ES] 

* 1 [s][e] = [es](*_i+* 2 ) 

[es]^ 8 ^] 


[E] = 


k_ i + 

[ES \{k_ l+ k 2 ) 

*.[S] 

= v es , =^ 2 [ES]-^[ES'] 
= 0 


d[ ES'] 
dt 

d[ ES'] 
dt 

k 2 [ES] = k 3 [ES'] 

[ES'] = MM 

L 1 k 3 

[E] 0 =[E] + [ES] + [ES'] 

[E] [ES](*l 1 + M |[e£] .^[ES] 


*i[S] 


[E] 0 =[ES] 


(■ k -i+k 2 ) , k 2 

*i[S] k 


The overall rate equation is given by. 


Solutions 
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v = k 2 [ES] 

r ME]- 

(*-i+*a) + l + *2 


*.[S] 

^2^3 

^2+^3 


[E]JS] 


k_Y + ^2 


*1 


^2 ^3 


■[s] 


When [S] is large 

[EL 


v = 


k t k 2 


k + k~y 

and the catalytic constant is therefore 


k = 


k t k 2 


k_ | + k 2 


K m is the first term in the denominator of the rate equation: 


y fc-1 + k 2 

k 3 

K 

k^2 + k 3 


Back to Problem 10.42 
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Solutions 


*10.43. Enzyme-catalyzed reactions frequently follow an equation of the form of Eq. 10.85. Suppose that k c and K,„ show the following temperature 
dependence: 


k c =A c exp(-E c /RT ) and K,„ = B exp(-A H m /RT ) 

where A c , B , E c , and A H m are temperature-independent parameters. Explain under what conditions, with [S] held constant, the rate may pass 
through a maximum as the temperature is raised. 


Solution: 


Given: Eq. 10.85, k c = A,, exp (-E C /RT ) and K m = B exp(-A H,„ /RT ) 

Required: when is [S] held constant? 

Suppose that A H m is positive: 

K m will then increase accordingly with an increase in temperature (linearly) and at sufficiently low temperature it will be much smaller that the 
concentration of the substrate. The effective activation energy is therefore given by E,. and its rate will increase as the temperature increases. 

At sufficiently high temperatures, K m will be much larger than the concentration of the substrate and the effective activation energy will be given by E c - 

A H m . 

If A H„, is larger than E c , effective activation energy will be negative. This would mean that the rate has gone through a maximum as the temperature 
was increased. 

If A H m is smaller than E c , effective activation energy will be positive. This does not indicate that the rate has gone through a maximum! However, the 
observed activation energy will be lower at higher temperatures. An Arrhenius plot will therefore show curvature (ie. bending away from the axes). 


Back to Problem 10.43 


Back to Top 
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Solutions 


10.44. Some enzyme reactions involving two substrates A and B occur by the following mechanism: 

E + A^EA 

*-i 

EA + B— >EAB->E + Y + Z 

(This is known as the ordered ternary-complex mechanism; A must add first to E, and the resulting complex EA reacts with B; the complex EB 
is not formed.) 

The concentrations of A and B are much greater than the concentration of E. Apply the steady-state treatment and obtain an expression for the 
rate. 


Solution: 

Since we are told that the concentrations of A and B are much greater than the concentration E, we can apply the steady-state treatment to complexes EA 
and EAB. 

= v EA = k x [E] [A] - [EA] - k 2 [EA] [B] 

4 EA \ 0 

dt 

fcj [ E ][ A ] = k_ x [EA] + £,[EA][B] 

[E][ A ] = [EA](A:_i + & 2 [B]) 

[EA] 

[E] = 


_ *.[E][A] 

{k. !+k 2 [B]) 
[EA](*. I 


[B]) 


*.[A] 
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= v eab = ^2 [EA] [B] - k 3 [EAB] 


d [EAB] 
dt 

c/[EAB] _ o 
dt 

/t[EA][B] = /fc 3 [EAB] 

[EAB] = *-t EA ]W 


[EA] 


k 3 [EAB] 

*z[B] 


Since [E] o = [E] + [EA] + [EAB] then 


we can write: 


[ E l- 1 ea 1( !;: 1 Mb 1) +¥^ 1 +[ ea b] 


*.[ A] 


k 2 [ B] 


k 3 [EAB] ^ [b]) 

[e]o = V Jj + Mg^I +[EAB] 


*.[ A ] 


M B ] 


[E] ^ 3 [EAB](^+MB]) | k 3 [ EAB] ' [eac] 


[E] o =[EAB] 


^[B]*,[A] * 2 [B] 

*3 (/c_i + fc 2 [B]) k 3 


* 2 [B]*j[A] * 2 [b] 


+ 1 


The overall rate equation is given by, 
v = k 3 [EAB] 


Which can be written in the following manner: 


Solutions 
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[EAB] *3(*-i + MB]) , k 3 ^ 
M B M A ] k 2 [ B] 
v - ^[E ] 0 

* 3 (*-i+M b ]) , K 

M B M A ] k 2 [B] 

k t k 2 k 3 [E] o [A][B] ~ 

k 3 (k_ 3 + k 2 [B]) + k 2 k l [A] + k 3 k 2 [B][A] 


Back to Problem 10.44 


Back to Top 


Solutions 
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Solutions 


10 . 45 . The following “ping-pong” mechanism appears sometimes to apply to an enzyme-catalyzed reaction between two substrates A and B to give the 
final products Y and Z: 


k, k') 

E + A^iEA->EA' + Y 

*-i 

EA' + B— >EA'B— »E + Z 

It can be assumed that the substrates are present in great excess of the enzyme and that steady-state conditions apply. Obtain an expression for 
the rate of reaction. 


Solution: 

Let us apply the steady-state approximation to EA, EA’ and EA’B. This procedure yields; 
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Solutions 


= v EA = K [E][ A] - k , [EA] - k 2 [EA] 

M = 0 

dt 

Jt, [E] [ A] - [EA] -k 2 [EA] = 0 

A:, [E] [ A] = fc_, [EA] + k 2 [EA] 

*,[E][A] = [EA](ft_ 1+ * 2 ) 

^I = v ba .=* 2 [EA]-* 3 [EA-][B] 

dt 

k 2 [EA] - k 3 [EA'][b] = 0 
k 2 [EA] = k 3 [EA'][B] 

= v EAB = k 3 [EA'] [B] - k 4 [EA'B] 

c/[EA'B] _ o 
dt 

k 3 [EA'][B] - k 4 [EA'B] = 0 
k 3 [EA'][b] = k 4 [EAB] 

Since the overall rate equation is given by, 
v = k 3 [EA'][B] 

We should define the initial enzyme concentration in terms as of EA’ but making the appropriate substitutions and rearrangements. 
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[E] 0 =[E] + [EA] + [EA'] + [EA'B] 
K [ E ] [ A] = [EA](£ j +k 2 ) 

rp] [ea](£_j +&,) 

[E1 ^A] 

[EA] = k 3 [EA'] [B] 

MEAT[B] 

L J K 
k 3 [EA'] [B] = k 4 [EA'B] 

[eab]= m^m 

[EA](fc_ 1+ fc 2 ) fc 3 [EA-][B] 

L J ° A, [A] k 2 


[EA'] 


k 3 [EA'][b] 

K 


Since the first term does not involve EA’, we will need to make a second substitution. 


MEA'PL , 

[EA]{k_ l+ k 2 ) k 2 2) k 3 (k_ l+ k 2 )[EA'][B] Jk_ l+ k 2 ) 

fcjA] *,[A] k 2 k t [A] L J [A] 

thus, [E] = [EA']%tM xMgl + *3 [EA'][B] + + [EA'][B] 

L Jo L J k t [A] k 2 k 2 k 4 

[E] =[EA']J ^ 1+ y xMgl + Mgl+i + Mgl 
L Jo L J [ k ] [A] k 2 k 2 k 4 

The overall rate equation is given by, 


v = k 3 [EA'][B] 


Solutions 
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v = 


*3[E]„[B] 

(*l 1 + * 2 L*3[b] i * 3 [b] i1i * 3 [b] 

k t [A] k, k-, k 4 


Simplification yields, 

r _ WA[e] 0 [a][b] 

k l k 2 k 4 [A] + k 3 k 4 (k j + fc 2 )[B] + k,k 3 (k 2 + £ 4 )[A][B] 


Back to Problem 10.45 


Back to Top 


Solutions 


10-128 


Chapter 10: Chemical Kinetics II. Composite Mechanisms 


Solutions 


10.46. The polymerization of styrene [M] catalyzed by benzoyl peroxide [C] obeys a kinetic equation of the form: 

Obtain an expression for the kinetic chain length, in terms of [M], [C], and the rate constants for initiation, propagation, and termination. 

Solution: 

Given: --^^=A:[M] 3/2 [C] 1/2 
dt 

Required: expression for the kinetic chain length 
Eq. 10.97, 


.?M =k 

dt p 


k ) 2 3 1 

v |J [M?[C ] 2 


defines the polymerization rate for the rate of initiation, v i = k i [M][C] (Eq. 10.96). The chain length is therefore equal to. 


‘>'1 


|[c]” 


Back to Problem 10.46 Back to Top 
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Solutions 


10.47. The polymerization of ethylene [M] photosensitized by acetone occurs by the mechanism: 

hv 

CH 3 COCH 3 -> CO + 2CH 3 

k p 

ch 3 + C 2 H 4 -> ch 3 ch 2 — ch 2 — 

K 

ch 3 ch 2 ch 2 — + c 2 h 4 -> ch 3 ch 2 ch 2 ch 2 ch 2 — 


where one quantum gives 2CH 3 . 
Show that the rate equation is: 


where I is the intensity of light absorbed 

Solution: 

Given: rate of formation of CH 3 is 21 
Required: see above 
The steady-state equations are 

2/-*,[CH 3 ][M] — *,[CH 3 ]X[R„] = 0 
From Eq. 20.2, 

k r [CH 3 ] [M ]-k p [CH 3 CH 2 CH 2 -] [M] - k, [ch 3 ch 2 ch 2 -] X[R„ ] = 0 

and so on. 

The sum of all the equations is 


R„ + R m 


— > 


M n + „ 


rf[M] 

dt 


= k. 


r \ 1/2 

1 ' [H1 


and k p and k, are the rate constants for the propagation and termination steps, respectively. 
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so that 


Z[R»] = 


r 2 

\ k t J 


the rate of removal of monomer is 


d[ M] 
dt 


= v = ^[m]X[R 


d[ M] 
dt p 


v flV] 


Back to Problem 10.47 


Back to Top 


Solutions 
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Chapter 11 

Electromagnetic Radiation and Wave Motion 


11 . 1 . Calculate, for light of 325 nm wavelength, 

a. the frequency; 

b. the wavenumber; 

c. the photon energy in J, eV, and kJ mol -1 ; and 

d. the momentum of the photon. 

Solution 

11 . 2 . A pulsar in the Crab Nebula, NP 0532, emits both radio pulses and optical pulses. A radio pulse is observed at 196.5 Mhz. Calculate 

a. the corresponding wavelength; 

b. the energy of the photon in J, eV and J mol -1 ; and 

c. the momentum of the photon. 

Solution 

11 . 3 . The potassium spectrum has an intense doublet with lines at 766.494 nm and 769.901 nm. Calculate the frequency difference 
between these two lines. 


Solution 


11 . 4 . Suppose that the position y of a particle that travels along the Y axis of a coordinate system is given by 


>■(/) = > 0 sin 


3;rradf t 
5 7 


C 


What is the frequency of the wave motion? 


Solution 


11 . 5 . A mass of 0.2 kg attached to a spring has a period of vibration of 3.0 s. 

a. What is the force constant of the spring? 

b. If the amplitude of vibration is 0.010 m, what is the maximum velocity? 

Solution 
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Particlesand Waves 


* 11 . 6 . If the average energy associated with a standing wave of frequency v in a cavity is 

_ hv 

exp(hv/k B T')-l 

deduce the expression for the low-frequency limit of the average energy associated with the standing wave. 


Solution 


Particles and Waves 

11 . 7 . A sodium lamp of 50-watt power emits yellow light at 550 nm. How many photons does it emit each second? What is the 
momentum of each photon? 

Solution 

11 . 8 . The threshold frequency vo for emission of photoelectrons from metallic sodium was found by Millikan, Phys. Rev., 7, 1916, p. 362, 
to be 43.9 x 10 13 s' 1 . Calculate the work function for sodium. A more recent value, for a carefully outgassed sample of sodium, is 5.5 
x 10 13 s' 1 . What work function corresponds to that value? 

Solution 

11 . 9 . Calculate the value of the de Broglie wavelength associated with 

a. an electron moving with a speed of 6.0 x 10 7 m s' 1 (this is the approximate velocity produced by a potential difference of 10 kV). 

b. an oxygen molecule moving with a speed of 425 m s' 1 at 0 °C. 

c. an a-particle emitted by the disintegration of radium, moving at a speed of 1.5 x 10 7 m s' 1 . 

d. an electron having a speed of 2.818 x 10 8 m s' 1 . 

Solution 

11 . 10 . Consider a colloidal particle with a mass of 6 x 10' 16 kg. Suppose that its position is measured to within 1.0 nm, which is about the 
resolving power of an electron microscope. Calculate the uncertainty in the velocity and comment on the significance of the result. 

Solution 
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Particlesand Waves 


11.11. Calculate the velocity and the de Broglie wavelength of an electron accelerated by a potential of 

a. 10 V, 

b. 1 kV, and 

c. 1 MV. 


Solution 


* 11 . 12 . The group velocity of a wave is given by the equation 

dv 

Vg ~d(m) 

Prove that the group velocity of a de Broglie particle wave is equal to the ordinary velocity of the particle. 

Solution 

11 . 13 . Photoelectric experiments show that about 5 eV of energy are required to remove an electron from platinum. 

a. What is the maximum wavelength of light that will remove an electron? 

b. If light of 150 nm wavelength were used, what is the velocity of the emitted electron? 

Solution 

11 . 14 . Calculate the kinetic energy of an electron that has a wavelength of (a) 10 nm, (b) 100 nm. 

Solution 

(a) an « -particle (a helium nucleus) accelerated by a field of 100 V, and (b) a tennis ball 
a mass of 6.64 x 1 0 27 kg and a diameter of about 1 0 1 5 m. A standard tennis ball has a mass 

of 55.4 g and a diameter of 6.51 cm.) 


11 . 15 . Calculate the de Broglie wavelength of 
served at 220 km h . (An a-particle has 


Solution 
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Quantum-Mechanical Principles 

11.16. Assume that the three real functions y/\, 1 // 2 , and 1//3 are normalized and orthogonal. Normalize the following functions: 

a. yj 1 + y/2 

b. y/\-yj 2 

c. y/i + y/2 + 1//3 

a 1 ^ 

Solution 

11.17. Is the function AeT a ' an eigenfunction of the operator d 2 ldx 2 l If so, what is the eigenvalue? 

Solution 

11.18. Prove that m 1 must be integral in order for the function 
<5 = sin m t <f> 

to be an acceptable wave function. 

Solution 

11.19. The energy operator for a time-dependent system (Table 11.1) is 



A possible eigenfunction for the system is 
T J (x, y, z, t) = yi(x, y, z) exp(-27u'£Y/7i) 

Show that ¥ T**, the probability density, is independent of time. 

Solution 
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Quantum-Mechanical Principles 


* 11 . 20 . Prove that the momentum operator corresponding to p x is a Hermitian operator. 


11 . 21 . Which of the following functions is an eigenfunction of the operator d/dxl 


a. k 

b. kx 2 

c. sin kx 


d. exp(fcr) 

e. exp(fct 2 ) 

f. exp(i'fcc) 


Solution 


( k is a constant, and i is the square root of minus one.) Give the eigenvalue where appropriate. 

Solution 

11 . 22 . Figure 11.20 shows the angular momentum vectors for 1 = 2 and for m = 2, 1, 0, -1, -2. In each case, calculate the angles the 
vectors make with the Z axis. 


Solution 

11 . 23 . Show that the one-electron wave functions y/„i m are also eigenfunctions of the operator (L 2 + 1 : ). What physical property 
(observable) is associated with this operator? 


Solution 

11 . 24 . Explain why the Heisenberg uncertainty principle would be violated if the harmonic oscillator ground-state energy were zero. 

Solution 


Particle in a Box 

11 . 25 . Calculate the lowest possible energy for an electron confined in a cube of sides equal to 

a. 10 pm and 

b. 1 fm(l femtometre = 10~ l5 m). 

The latter cube is the order of magnitude of an atomic nucleus; what do you conclude from the energy you calculate about the 
probability of a free electron being present in a nucleus? 


Solution 
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Quantum-Mechanical Principles 


11 . 26 . A particle is moving in one dimension between x = a and x = b. The potential energy is such that the particle cannot be outside these 
limits and that the wave function in between is 

\fj = A/x 

a. Determine the normalization constant A. 

b. Calculate the average value of x. 

Solution 

11 . 27 . An electron is confined in a one-dimensional box 1 nm long. How many energy levels are there with energy less than 10 eV? How 
many levels are there with energy between 10 and 100 eV? 

Solution 

11 . 28 . Determine whether the eigenfunctions obtained in Section 11.6 for a particle in a one-dimensional box are eigenfunctions for the 
momentum operator. If they are, obtain the eigenvalues; if they are not, explain why. 


Solution 

*11.29.Treat the three-dimensional particle in a box of sides a, b, and c by analogy with the treatment in Section 1 1.6. Assume the potential 
to be zero inside the box and infinite outside, and proceed by the following steps: 

a. Write the basic differential equation that must be solved for the three-dimensional problem. 

b. Separate the equation from (a) into terms involving X(x), Y( y ), and Z(z). 

c. Determine the expressions for X , Y, and Z. 

d. Obtain the expression (Eq. 1 1.150) for the total energy. 


Solution 

11 . 30 . What is the quantum- mechanical probability of finding the particle in a one-dimensional “box” in the middle third of the “box”? 
Derive an expression that shows how this quantity depends on the quantum number n. 


Solution 
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Quantum-Mechanical Principles 


.31. The classical probability for finding a particle in the region x to x + dx i n a one-dimensional box of length a is dx/a. 

a. Derive the classical probability for finding the particle in the middle third of the box. 

b. Show that as n — > oo, the quantum probability obtained in the previous problem becomes identical to the classical result. 

Solution 

*11.32. Problem 1 1.25 is concerned with the calculation of the minimum energy for an electron confined in a cube. Another approach to the 
problem is to consider, on the basis of the uncertainty principle (Eq. 1 1 .60), the uncertainty in the energy if the uncertainty in the 
position is equal to the length of the side of the cube. Calculate A E for a cube of sides equal to 

a. 10 pm and 

b. 1 fm(10“ 15 m), 

and compare the results with the minimum energies found for Problem 1 1.25. 


Solution 

*11.33. Prove that any two wave functions for a particle in a one -dimensional box of length a are orthogonal to each other; that is, they 
obey the relationship 

| y/ m y/ n dx = 0, m^n 

Solution 

11.34. Use the trial function 'V = x(a - x) and Eq. 1 1 .247 to calculate an energy for a particle in a one-dimensional box of length a. 

Solution 

11.35. a. At a node, a wave function passes through zero. For the problem of the particle in a box, how many nodes are there for n = 2 and 
n = 3? 

b. From the expression for the radial function for the 3s electron (Table 1 1.4), obtain expressions for the position of the radial nodes 
(i.e., the nodes in the solution of the radial equation) in terms of Z and uq. 


Solution 
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Vibration and Rotation 

11 . 36 . The vibration frequency of the N 2 molecule corresponds to a wave number of 2360 cm -1 . Calculate the zero-point energy and the 
energy corresponding to v = 1. 

Solution 

* 11 . 37 . If a rigid body rotates in the XY plane, about the Z axis, the angular momentum operator is 



(see Figure 11.15). If the moment of inertia is /, what is the energy operator? 

(For additional problems dealing with molecular vibrations and rotations, see Chapter 13.) 

Solution 


The Atom 

11 . 38 . Calculate the ionization energy of the hydrogen atom on the basis of the Bohr theory. 

Solution 

11 . 39 . Calculate, on the basis of the Bohr theory, the linear velocity of an electron (mass = 9.11 x 10 31 kg) in the ground state of the 
hydrogen atom. To what de Broglie wavelength does this velocity correspond? Deduce an equation for the de Broglie wavelength, in 
a Bohr orbit of quantum number n, with Z = 1, in terms of a n and 11 . What is the ratio of the circumference of a Bohr orbit of 
quantum number n to the de Broglie wavelength? 

Solution 

11 . 40 . For a hydrogenlike atom (a one-electron system with a charge number of Z), find the radius of the sphere on which the probability of 
finding the Is electron is a maximum. Compare the result to the expression of Eq. 11.44. 


Solution 
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The Atom 


* 11 . 41 . Calculate the reduced masses of the hydrogen and deuterium atoms, using the following masses for the particles: 

Electron: 9.1095 x 10 31 kg 

Proton: 1.6727 x 10" 27 kg 

Deuterium nucleus: 3.3434 x 10~~ 7 kg 


a. Explain qualitatively what effect the different reduced masses will have on the Bohr radii and therefore on the positions of the 
lines in the atomic spectra. 

b. The Balmer spectrum of hydrogen has a line of wavelength 656.47 nm. Deduce the wavelength of the corresponding line in the 
spectrum of deuterium. 


Solution 


11 . 42 . Calculate the wavelength and energy corresponding to the n = 4 to n = 5 transition in the hydrogen atom. 


Solution 


11 . 43 . Calculate, in joules and in atomic units, the potential energy of an electron in the n = 2 orbit of the hydrogen atom. 


Solution 

11 . 44 . The first ionization energy of the Li atom is 5.39 eV. Estimate an effective nuclear charge Z e ff for the valence electron in the Li 
atom. 


Solution 

11 . 45 . The first ionization energy of the Na atom is 5.14 eV. Estimate the effective nuclear charge Z e ff for the valence electron in the Na 
atom. 


Solution 


* 11 . 46 . Use Slater’s method (Section 11.13) to determine the effective nuclear charge for 

a. a 3s electron in the chlorine atom, 

b. a 3p electron in the phosphorus atom, and 

c. the 4s electron in the potassium atom. 


Solution 
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The Atom 


* 11 . 47 . A normalized Slater orbital for the Is orbital in the helium atom is 




3/2 


eX P(- Z eff'' /fl o) 


where Z e ff is the effective charge number. It leads to the following expression for the energy 



Treat Z e ff as a variation parameter, and calculate a minimum energy in terms of e and an. Why is the optimum value of Z e ff different 
from the actual charge number? 


Solution 

* 11 . 48 . Use the wave function for the Is orbital of the hydrogen atom, given in Table 11.5, to obtain an expression for the probability that 
the electron lies between the distance r and r + dr from the nucleus. (Use spherical polar coordinates, for which the volume element 
is r 2 dr sin 8 dd d<f > .) 


Solution 


* 11 . 49 . Unsold’s theorem (Section 1 1.8) states that, for a given value of /, the sum of the values of 

l,m 

is independent of 8 and (f > , i.e., is a constant. Write all these functions for the 2p orbitals (see Tables 11.2 and 11.3), and show that 
their sum shows no angular dependence. 


Solution 
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Essay Questions 

11.50. With emphasis on the physical significance, explain precisely what is meant by a normalized wave function. 

11.51. Explain clearly the relationship between the Heisenberg uncertainty principle and the question of whether two operators commute. 

11.52. Give an account of the main principles underlying the variation method in quantum mechanics. 

11.53. Discuss the reasons for abandoning the Bohr theory of the atom. 
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Solutions 

11 . 1 . Calculate, for light of 325 nm wavelength, 

a. the frequency; 

b. the wavenumber; 

c. the photon energy in J, eV, and kJ mol -1 ; and 

d. the momentum of the photon. 

Solution: 

Given: X = 325 nm 
Required: v, v, s, p 

a. The frequency is calculated from Eq. 11.1 
Xv = c 

c 

V — — 

X 

_ 2.998 xlO 8 ms" * 1 * * 

V ~ 325 xlO” 9 m 
v = 9.224 615 385 xlO 14 s“‘ 
v = 9.22xl0 14 s" 1 


b. The wavenumber is given by the inverse of the wavelength. 

- 1 
v — — 

X 

1 

l/_ 325 xl(T 7 cm 

v = 30 769.230 77 cm 4 * 

v = 30.8 xlO 4 cm 4 


c. The photon energy is given by in the Key Equations section 


Solutions 
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Solutions 


E = hv 

£ = ( 6.626 xlO' 34 J /) (9.224 615 385 xlO 14 
£ = 6.112 23015xl0“ 19 J 

g = 6.11xlQ-' 9 J 

In electron volts we get, 

_ 6.112230 15xl(T 19 / 

£ ~ 1.602xl0“ 19 /eV _1 
£ = 3.815 374 628 eV 
£ = 3.82 eV 

In kJ per mole we get, 

£ = (6.112 23015xl0~ 19 J)(6.022xl0 23 mol 1 ) 
£ = 368 078.499 9 Jmor 1 
£ = 368 kJ moE 1 

d. The momentum is given by Eq. 11.55 

p 

_ 6.626x10 ~ 34 Js 
P ~ 325xl0“ 9 m 
p = 2.038 769 23 xlO" 27 kg ms" 1 
p = 2.04 x 10- 27 kg m s” 1 


Back to Problem 11.1 


Back to Top 
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Solutions 


11 . 2 . A pulsar in the Crab Nebula, NP 0532, emits both radio pulses and optical pulses. A radio pulse is observed at 196.5 Mhz. Calculate 

a. the corresponding wavelength; 

b. the energy of the photon in J, eV and J mol 1 ; and 

c. the momentum of the photon. 

Solution: 

Given: v = 196.5 Mhz 
Required: A, g, p 

e. The wavelenth is calculated from Eq. 11.1 
Av = c 

A = ^ 

V 

2.998 xlQ 8 m 
196.5xl0 6 

A = 1.525 699 746 m 
A = 1,526 m 

f. The photon energy is given by in the Key Equations section as 
E = hv 

g = ( 6.626 xlO' 34 J /)(l96.5xl0 6 
s = 1.302 009 xlO' 25 J 
g = 1.302 xlQ~ 25 J 

In electron volts we get, 
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1.302 009 x IQ- 25 / 

^ ~ 1.602x10 19 / eV" 1 
s - 8.127 397 004 xlO" 7 eV 
s = 8.127 xlO" 7 eV 

In kJ per mole we get, 

s = (1.302 009 xlO" 25 j)(6.022xl0 23 mol 1 ) 
s = 0.078 406 982 J mol" 1 
£ = 7.841x10 2 Mmol" 1 

g. The momentum is given by Eq. 11.55 
P 

_ 6.626 xlO" 34 Js 
P ~ 1.525 699 746 m 
p = 4.342 925 28 x 10" 34 kg m s' 1 
p = 4.343 xlO" 34 kg ms" 1 


Back to Problem 11.2 


Back to Top 


Solutions 
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Solutions 


11.3. The potassium spectrum has an intense doublet with lines at 766.494 nm and 769.901 nm. Calculate the frequency difference 
between these two lines. 

Solution: 

Given: \ = 766.494 nm, X 2 = 769.901 nm 
Required: A v 

The frequency difference is calculated by converting the wavelengths to their respective frequencies. Using Eq. 11.1, 

Av = c 
c 

V = — 

/l 

2.998x10 s ms" 1 
' 1_ 766.494 xl0” 9 m 
v 1= 3.911 315 679 x10 14 s"‘ 

^ _ 2.998x10 s ms" 1 

VI ~~ 769.901 xlO" 9 m 

v 2 =3.894 007 152 xlO 14 s" 1 
Av = v, -v 2 

A v = 3.91 1 3 15 679 x 10 14 s" 1 - 3.894 007 152 x 10 14 s" 1 
Ar = 1.730 852 735 xlO 12 s” 1 
Av = 1.731xl0 12 s" 1 


Back to Problem 11.3 


Back to Top 
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Solutions 


11.4. Suppose that the position y of a particle that travels along the Y axis of a coordinate system is given by 


What is the frequency of the wave motion? 

Solution: 

Given: equation above 
Required: v 

To find the frequency, we compare this equation to that given by Eq. 1 1 .6, 
y = A sin(fttf + S) 

Angular frequency is defined in Eq. 1 1 .4 as 
co = (2 n rad)v 

Therefore frequency is obtained as, 



co 


v = 


2/r rad 


v = 


3 / /5 jaff s 1 
2 /c jaff 

3 -i 



Back to Problem 11.4 


Back to Top 
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11 . 5 . A mass of 0.2 kg attached to a spring has a period of vibration of 3.0 s. 

a. What is the force constant of the spring? 

b. If the amplitude of vibration is 0.010 m, what is the maximum velocity? 

Solution: 

Given: m = 0.2 kg, r = 3.0 s, A = 0.010m 
Required: k h , v Illils 

a. The force constant of the spring can be determined using Eq. 1 1.15 

1 

V' = — 

2 71 

k h =m(2nv) 2 

The period is the inverse of the frequency, thus, 

1 

T = — 

V 

1 

v = — 

T 

k h =0.2 kg [^2^- — - 
V 3.0 s 

k h = 0.877 298 169 kg s' 2 
k h = 0.88 N nT 1 

b. The maximum velocity is determined by taking the first derivative of Eq. 1 1.6. 
y = A sin(®r + 5) 

i' = — = coA cos(a>r + <5) 
dr v ' 

Since Icos 0\ < 1 for all angles, it follows that the maximum velocity is. 



Solutions 
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''max = 

Substituting co forEq. 11.14 we can finally solve. 


v„„ = A— A 


0.877 298 169 s 


max ]] 0.2 
,;= 0.020 943 95 lms" 1 


(0.010m) 


v„„ = 2.1x10 ' m s 


Back to Problem 11.5 


Back to Top 


Solutions 
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Solutions 


*11.6. If the average energy associated with a standing wave of frequency v in a cavity is 

_ hv 

exp(/iv'/^ B r)-l 

deduce the expression for the low-frequency limit of the average energy associated with the standing wave. 

Solution: 

Given: expression above 

Required: expression for the standing wave 

The low-frequency limit can be obtained by use of the series expansion 


Electromagnetic waves are transverse waves having two degrees of freedom. The value k B T is divided between the two degrees of freedom. 



When x is small, we can make the approximation e r = 1 + x , where x = 

k B T 


Thus, when hv « k B T , 



Back to Problem 11.6 


Back to Top 
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Solutions 


11 . 7 . A sodium lamp of 50-watt power emits yellow light at 550 nm. How many photons does it emit each second? What is the 


momentum of each photon? 

Solution: 

Given: P = 50 W, A = 550 nm 
Required: E / s, p 

We first determine the energy emitted in each photon using E = hv . The frequency is calculated from Eq. 11.1 
Av = c 


c 


V = — 



550xl0' 9 ,ni 
E = 3. 611772 36xl0~ 19 J 


Recall that 1 W = 1 J s 1 , therefore we can determine the number of photons emitted each second by dividing power by energy of a photon. 


E 



3.61177236xl0~ 19 / 
£7s = 1.384 361886xl0 2O s“‘ 


£7s = 1.4x10 2( V 1 


The momentum is given by Eq. 11.55 
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P 

_ 6.626 xlO" 34 Js 
P ~ 550 xlO” 9 m 
p = 1.204 727 27 xlO’ 27 kgms’ 1 
p = 1.20x10 27 kgms’ 1 


Back to Problem 11.7 
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Solutions 


11 . 8 . The threshold frequency vo for emission of photoelectrons from metallic sodium was found by Millikan, Phys. Rev., 7, 1916, p. 362, 
to be 43.9 x 10 13 s _l . Calculate the work function for sodium. A more recent value, for a carefully outgassed sample of sodium, is 5.5 
x 10 13 s What work function corresponds to that value? 

Solution: 

Given: v = 43.9xl0 13 s“‘, v recent =5.5xl0 13 s~ 3 
Required: w 

The work function, w, is given in Eq. 11.37, 

, 1 2 

nv=—mu + w 

2 

1 , 

When the kinetic energy, — mu is zero, we get the expression hv n = w, with v 0 as the threshold frequency. Solving for w we get, 
w = hv g 

w = (6.626 xlO' 34 J /)(43.9xl0 13 jt/} 
w = 2.908 814xl0' 19 J 
w = 2.91xl0~ 19 J 

In eV, work is given as, 

2.908 814xl0' 19 / 

1.602x10 19 / eV" 1 
w = 1.815 739 076 eV 
v v = 1.82 eV 

For the more recently determined value the work is. 
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w = (6.626 xlO' 34 j/)(5.5xl0 13 y*') 
w = 3.644 3xlO~ 20 J 
w = 3.6xlQ- 20 J 

3.644 3 xlO -20 / 

1.602x10 19 / eV“‘ 
w = 0.227 484 394 5 eV 
w = 0.23 eV 


Back to Problem 11.8 
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Solutions 


11 . 9 . Calculate the value of the de Broglie wavelength associated with 

a. an electron moving with a speed of 6.0 x 10 7 m s -1 (this is the approximate velocity produced by a potential difference of 10 kV). 

b. an oxygen molecule moving with a speed of 425 m s” 1 at 0 °C. 

c. an a-particle emitted by the disintegration of radium, moving at a speed of 1.5 x 10 7 m s -1 . 

d. an electron having a speed of 2.818 x 10 8 m s -1 . 

Solution: 

Given: see above 
Required: i deBroglle 

The de Broglie wavelength is given by Eq. 1 1 . 56, 



p mu 


a. The mass of an electron is in = 9.11x1 0 31 kg , therefore 

(6.626 x 10~ 34 Js) 

~(9.11xl0' 31 kg)(6.0xl0 7 ms 1 ) 

/t = 1.212221xl0~ n m 
A = l.2xl0 " m = 12 pm 

b. The mass of O 2 is obtained from its molar mass divided by the number of molecules per mole (Avogadro’s constant). 
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Solutions 


M 0; =2x15.9994 g mol 1 
M 02 =31.9988 gmol 1 


31.9988 gmol 1 1kg 

yyi — _ x _ 

° 2 6.022 x 10 23 mol 1 1000 g 

6.626 x IQ" 34 Js 

~f 31.9988 gmor 1 1kg 2 
v 6.022 xlO 23 mol 1 X 1000 g y 

2 = 2.934 063 85 xlO' 11 m 


(425 


m s 


) 


2 = 2.93xl0 -11 m = 29.3 pm 


c. An alpha particle consist of two protons and two neutrons and can be written as He 2+ . Hence, its molar mass is 4 g mol' 1 . We can then 
solve in a similar manner as part b. 

i-i 


4 g mol 


lkg 


6.022 xlO 23 moH 1 


2 = 


1000 g 

6.626 xlO' 34 Js 


f 4 g mol 1 


, 1kg 

6.022 xlO 23 mol 1 1000 g 

2=6.650 295 33x10 15 m 


(l.5xl0 7 ms 1 ) 


A = 6.7 xlO m = 6.7 fm 


d. The mass of an electron is m = 9. 11x10 31 kg , therefore 
(6.626 x 10" 34 Js) 

~(9.11xl0' 31 kg)(2.818xl0 s ms- 1 ) 

2 =2.58 1024 14 xlO' 12 m 
2= 2.58 xl0~ 12 m = 2.58 pm 

Back to Problem 11.9 Back to Top 
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Solutions 


11.10. Consider a colloidal particle with a mass of 6 x 10 16 kg. Suppose that its position is measured to within 1.0 nm, which is about the 
resolving power of an electron microscope. Calculate the uncertainty in the velocity and comment on the significance of the result. 

Solution: 

Given: m = 6x 10' 16 kg, Aq = 1 .0 nm 

Required: Am , comment on the result 

The uncertainty of the velocity is given in Eq. 1 1.61 

Aq Au> 

2m 

h 

Since H= — , we can substitute and solve for Am . 

2 n 

Aq A it ~ — - — 

An m 

a h 

AnmAq 

(6.626 xlO' 34 Js = kg m 2 s' 1 ) 

All =- 7 — T~7 7 ~ 

4^-(6xl0 6 kg)(l0 m) 

Am =8.788 005 44x10'" ms' 1 
Au =9x10'" ms' 1 


With this uncertainty in velocity, the position of the particle one second later would be uncertain to 2x9x10 "ms ‘or 0.18 nm. This is 
only 0.18% of the diameter of the particle, and the uncertainty principle therefore does not present a serious problem for particles of this 
magnitude. For particles of molecular sizes, the uncertainty is much greater. 


Back to Problem 11.10 Back to Top 
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Solutions 


11.11. Calculate the velocity and the de Broglie wavelength of an electron accelerated by a potential of 

a. 10 V, 

b. 1 kV, and 

c. 1 MV. 

Solution: 

Given: potentials above 
Required: u, ^ deBroglle 

To solve this problem, we use the procedure given in Example 1 1.2. 

When a charge, q , is placed in an electric potential field, V, it experiences a force depending upon its position and starts to accelerate and 
pick up kinetic energy. This is given by E k = qV. 

a. For a potential of 10 V, 

E k =eV 

E k = (l.602xl0~ 19 C)(l0 V) 

£, =1.602x10 18 J 

1 2 

The kinetic energy is — mu and therefore 

_ 1 2xl,602xlQ :ii 7 

“ \ 9.11xl0” 31 kg 
u =1875 370.435 ms" 1 
u =1.9xl0 6 ms _1 

From Eq. 1 1 .56, the de Broglie wavelength 1 is. 
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p mu 

(6.626 xlCT 34 J s) 

~(9.11xl0 -31 kg) (1875 370.435 ms 
X= 3.878 34098 xlO -10 m 
l = 3.9xlO -10 m = 3.9xl0 2 pm 


b. Using the same procedure above, we obtain, 
E k = (l.602xl0 -19 C)(l000 V) 

E k = 1.602 xlO -16 J 


Li = 


2x1.602x10 16 J 
9.11xl0" 31 kg 


w — 18 753 704.35 ms 1 


u =1.9xl0 7 ms 1 


The de Broglie wavelength X is therefore, 
mu 

(6.626 x 10' 34 Js) 

~ (9. 1 1 x 10“ 31 kg) (18 753 704.35ms -1 ) 
/t = 3.878 34098 xlO -11 m 
/l = 3.9 xlO -11 m = 3.9x10 pm 


c. Using the same procedure above, we obtain. 


Solutions 
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E k =(l.602xl(r 19 c)(l0 6 v) 
E k - 1.602 xlCT 13 J 


u = 


2xl.602xlQ~ 13 J 
9.1 lxicr' 1 kg 


u = 593 044 203.2 m s’ 1 


u = 5.9x10 s ms 1 


The de Broglie wavelength X is therefore, 
mu 

(6.626 x 10 -34 Js) 

~(9.11xl0' 31 kg) (593 044 203.2 ms“‘) 
X = 1.226 439 lxlO" 12 m 
X = l.2xl0 12 m = 1.2 pm 


Back to Problem 11.11 


Back to Top 
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Solutions 


*11.12. The group velocity of a wave is given by the equation 
dv 

Vg ~ d(HX) 

Prove that the group velocity of a de Broglie particle wave is equal to the ordinary velocity of the particle. 

Solution: 

Given: group velocity 
Required: proof 

1 

From the expression E = hv and the definition of kinetic energy —mu~, a particle of mass m has a frequency of, 
E 

v = — 
li 

mu 2 

v = 

2 h 


Substituting the de Broglie wavelength, Eq. 1 1.56, into the newly acquired expression for frequency, we can eliminate the velocity term. 


a=A 

mu 

li 

u = 

mX 


2 h 


ml 


h 


2ml 2 

The group velocity is therefore. 
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dv 


d( 1/A) 



d(lU) 



h 

in/ 1 


And from above. 



Back to Problem 11.12 
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Solutions 


11 . 13 . Photoelectric experiments show that about 5 eV of energy are required to remove an electron from platinum. 

a. What is the maximum wavelength of light that will remove an electron? 

b. If light of 150 nm wavelength were used, what is the velocity of the emitted electron? 

Solution: 

Given: E = 5 eV, Pt 


Required: X mm ,u 

a. The minimum frequency such that an electron can be removed from platinum is given by, 



And the corresponding maximum wavelength is therefore given by Eq. 11.1. Solving for X max we get, 
Xv = c 

x= c - 

V 


X= C -± 

E 


X = 


(2.998x10 s m ^(6.626xl0' 34 / /) 


(5xl.602xl0~ 19 /) 
X = 2.479 993 508 xlO^ 7 m 


X = 2.480 x 10 7 m = 248 nm 


b. The wavelength 150 nm corresponds to a frequency of 
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Solutions 


Xv = c 
c 

V = — 

X 

(2.998x10 s ms' 1 ) 

(l50xl0' 9 m) 
v = 1.998 666 667 xlO 15 s' 1 
And to an energy of 

E = (6.626 xlO' 34 J /)(l.998 666 667xl0 15 ^ 

E = 1.32431653xl0“ 18 J 

The excess energy is therefore the difference between this value and the energy required to remove an electron from platinum. 

Excess = 1 ■ 324 3 1 6 53 x 1 O' 18 J-(5xl.602xl0' 19 j) 

Excess =5.233 165 33 XlO' 19 
1 2 

The kinetic energy is — mu and therefore 

_ ( 2x5.233165 33xl0' 19 J 
U ~]j 9.11xl0' 31 kg 
u =1071 859.934ms' 1 
u = 1.072 xlO 6 ms' 1 


Back to Problem 11.13 Back to Top 


11-35 


Chapter 11: Quantum Mechanicsand Atomic Structure 


Solutions 


11 . 14 . Calculate the kinetic energy of an electron that has a wavelength of (a) 10 nm, (b) 100 nm. 

Solution: 

Given: 1 = 10 nm, 1 = 100 nm 
Required: E k 

h 

From the de Broglie equation, Eq. 11.56, 1 = — and therefore 


h 



The kinetic energy E k is given by 

2 

E k =~ 

2m 

Therefore, 

E = -*l 
s 2ml 2 

a. Solving for the kinetic energy where 1 = 10 nm gives, 

(6.626 xlO~ 34 Js) 2 
2(9.11xl0~ 31 kg)(l0xl0“ 9 m) 2 
E k =2.409 65291xl0~ 21 J 
E k = 2.4 xlO” 21 J 

b. Solving for the kinetic energy where 1 = 100 nm gives, 
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(6.626 xlO” 34 Js) 
2(9.11xl(T 31 kg)(l00xlCT 9 m) 2 
E t =2.409 65291xl0~ 23 J 
E k = 2.4 xlO -23 J 


Back to Problem 11.14 
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Solutions 


11 . 15 . Calculate the de Broglie wavelength of (a) an a-particle (a helium nucleus) accelerated by a field of 100 V, and (b) a tennis ball 

—1 —27 —15 

served at 220 km h . (An a-particle has a mass of 6.64 x 10 " kg and a diameter of about 10 m. A standard tennis ball has a mass 
of 55.4 g and a diameter of 6.51 cm.) 

Solution: 

Given: a. V a = 100 V, m a = 6.64 x KT 27 kg, d = KT 15 m 

b - ^tennis bail = 22 0 ^ h \ OT tennisball = 55.4 g, d = 6.51 Cm 
Required: l deBroglle 

d. For a potential of 100 V, the energy of an alpha particle is, 

E k =eV 

=(2x1.602x10 19 C)(100V) 

E k - 3.204 xlO -17 J 

1 2 

The kinetic energy is —mu' and therefore 


u = 


2x3.204xMT 17 J 
6.64xl0" 27 kg 


u =98 237.479 m 66 s“' 


The de Broglie wavelength X is therefore, 

^=A 

mu 

(6.626 x 10' 34 Js) 

~ (6.64x 10 -27 kg) (98 237.479 m 66 s' 1 ) 
A =1.015 795 16 xlO -12 m 
/l = 1.02xl0 -12 m 
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Thus the wavelength is about 1000 times larger than the diameter of the particle, 
e. We convert the velocity of the tennis ball to m s" 1 and then determine the wavelength. 


u = 220 km h x 


10 3 m 


km 3600 s 
u =61.11111111 ms -1 


(6.626 x 10~ 34 Js) 

~(55.4xl0 -3 kg)(61. 11111111 ms' 1 ) 

-1 = 1.95713817 xl0“ 34 m 
/l = 1.96xl0 -34 m 

This is about 3xl0 32 times smaller than the diameter of the tennis ball. 


Back to Problem 11.15 


Back to Top 
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Solutions 


11.16. Assume that the three real functions y/\, 1//2, and 1//3 are normalized and orthogonal. Normalize the following functions: 

a. y/ 1 + y /2 

b. y/i-y /2 

c. y/i + y/ 2 + y /3 

a 1 ^3 

Solution: 

Given: three real functions y/ 1, y/ 2 , and 1//3 ; all normalized and orthogonal 
Required: Normalize a - d 

a. The normalization condition for any function y> is given by Eq. 1 1 . 89 as, 
j ' y/*y/dz = 1 

In other words, to normalize the function y/ x +y/ 2 , we multiply by its conjugate and set its integral equal to 1. Since we are told that all three 
functions are real, the conjugate of y/ ] + 1//, is simply i//, + y / n . When solving we introduce a factor A. 

Reading sections titled Normalization and Normalization Condition will help further understand normalization. 

\N(y l +y/ 1 )N(y l +y/ 1 )dT = \ 

A 2 J [y/ i +y/ 2 )" dz = 1 

N 2 |^J i/r 2 dr + 2j y/^y/^dz + J yr 2 2 dz J = 1 

The first and last integrals are equal to unity since yt\ and y /2 are normalized, as given in the problem. The second integral is equal to zero 
{2^y/ l y/ 1 dz =C)j since the wave function is orthogonal. Eq. 11.111 defines orthogonality as, 

j y/\y/ 2 dz= 0 

This leads to the result, 
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Solutions 


AT 2 [1 + 0 + 1] = 1 
2N 2 = 1 
1 


N = 




The normalized wave function is therefore. 


+ ^ 2 ) 


b. We apply the same rationale as above to solve for the normalized wave functions in the following cases. 
N 2 j ( y/ x ~Yif dr = l 

N 2 ^ J y/\d t-2 J YiY^_d T + J YidT^ = 1 
N 2 [1-0 + 1] = 1 
2N 2 = 1 
1 


N = 




Vi) 


c. 
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Af 2 J [y/ x +y/ 2 dr = 1 

N 2 [ j X I / \^ T + j V2 dr + J Y{dr + 2 J \j/jj/-,dT + 2 J \j/^/ 3 d t + 2 j i// 2 i/f 3 drj = 1 

N 2 [l + l + l + 0 + 0 + 0] = l 
3Af 2 =l 



4r(^l+^2+^ 3 ) 


d. 


aj 2 r f 1 V3 ^ 

V2^ + V2^ 3 


c/r = 1 


N- 


J Yi dT + \\Y2 dT + \\v^ dT VxV 2 dr 


A? 2 [l + l + l + 0 + 0 + 0] = l 
3N 2 = 1 


N - —j= 

V3 


1 




¥ ' V2^ 2 + V2^ 3 


V3^‘ V6^ 2 + V2^ 3 




y/tfidT 


Back to Problem 11.16 
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Solutions 


11.17. Is the function AeT ax an eigenfunction of the operator d 2 ldx 2 l If so, what is the eigenvalue? 

Solution: 

Given: At~° x 

Required: answer the question, find eigenvalue if applicable 

If Ae~ ax is an eigenfunction of d 2 /dx 2 , an operation on Ae~ ax twice by d/dx will give the orginal function multiplied by a constant. 


— (Ae-“)=-Afle- 
dx ' ' 


-(-Aae ax )=Aa 2 

A' / 


dx 

Since the operation returns the original function multiplied by a constant, a 2 , then AeT ax is an eigenfunction of the operator d 2 ldx 2 with 
eigenvalue a 2 . 


eigenvalue = a~ 


Back to Problem 11.17 Back to Top 
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Solutions 


11.18. Prove that in i must be integral in order for the function 
<J> = sinm,0 

to be an acceptable wave function. 

Solution: 

Given: function above 
Required: proof 

For the wave function to be single valued, 

® = sin mrf must equal 4>=sin(r«, (0 + 2;r)) 

Using the double angle formulas, we obtain the expression for <S = sin ( ?n, ( <f> + as, 

<5 = sin ( in $ + 2 Km ., ) 

sin ( A + B ) = sin A cos B + sin B cos A 

<5 = sin m t (j) cos 2;rm ; + sin 2 ;rm, cos 

For this to equal sin , cos lunij must be 1 and therefore 2 tthIj = 0 . This is only true if is an integer value. 

Back to Problem 11.18 Back to Top 


11-44 


Chapter 11: Quantum Mechanicsand Atomic Structure 


Solutions 


11.19. The energy operator for a time-dependent system (Table 11.1) is 



A possible eigenfunction for the system is 

T(x, y, z, t) = y/(x, y, z) exp(-2njEt/h) 

Show that 'T*T', the probability density, is independent of time. 

Solution: 

Given: energy operator, mix, y, z, t) 

Required: Show that T*T, the probability density, is independent of time. 
First of all, we do not consider the energy operator to solve this problem. 
We are given eigenfunction, 

^(x, y, z, f) = (^(x, y, z)^ 2 ' IlE '"' 

Its conjugate is given by, 

V*(x, y, z, t) = yr*(x, y, zy niE " h 


[ Formatted: French (France) 
f Formatted: French (France) 
( Formatted: French (France) 


The probability density is therefore, 

V * V = y/ * e^V 2 *®'* 
tp * * * * * V F = y/*y/e 0 
'R * 'F = y/ * y/ 

The exponential term, containing the time dependence is cancelled out, leaving only the i// functions which is simply a function of x, y and z. 
Therefore the probability density is independent of time. 

Back to Problem 11.19 Back to Top 
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Solutions 


* 11 . 20 . Prove that the momentum operator corresponding to p x is a Hermitian operator. 
Solution: 

Given: p x 
Required: proof 

The momentum operator p x is given in Table 11.1 as, 



The definition for a Hermitian operator is given by Eq. 1 1.106, 

J y/ 2 Fy/ l dT= J y/ l (Fi// 2 )*dr 

Where F is an operator and y/ ] and y/ n are any two functions. 

Using the momentum operator and the functions ^ ( jc) and <j)(x) for clarity we must prove that, 



Using integration by parts on the left side gives. 



11-46 


Chapter 11: Quantum Mechanicsand Atomic Structure 


Solutions 


The first term is zero since all wave functions must asymptotically go to zero at ±oo . The second term is 



Which is the same as the right hand side as the equation given above. Therefore operator is Hermitian. 

Back to Problem 11.20 Back to Top 
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11.21. Which of the following functions is an eigenfunction of the operator d/dxl 


a. k d. exp(fcr) 

b. kx 2 e. exp(fcr 2 ) 

c. sin kx f. exp(i'fcc) 


(k is a constant, and i is the square root of minus one.) Give the eigenvalue where appropriate. 
Solution: 

Given: a - d 


Required: eigenfunction of d/dx, eigenvalues 

As stated in problem 1 1.17, if the operation returns the original function multiplied by a constant, the function is an eigenfunction. 


a. — = 0 = 0 (k) 
dx K ’ 


Therefore k is an eigenfunction of the operator d/dx with eigenvalue = 0 


dkx 1 

b. = 2kx 

dx 

2 • 


C. 


d. 


kx is not an eigenfunction of the operator d/dx. 
d sinfcr 


dx 


-= kcoskx 


sinkx is not an eigenfunction of the operator d/dx. 
dx 

e <J is an eigenfunction of the operator d/dx with eigenvalue = k 

i -kx 2 

= 2kx^ 
dx 

e At is not an eigenfunction of the operator d/dx. 


Solutions 
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r]p ikx 

f. = ike ikx 

dx 

e' tr is an eigenfunction of the operator d/dx with eigenvalue = ik 


Back to Problem 11.21 
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Solutions 


11 . 22 . Figure 11.20 shows the angular momentum vectors for 1 = 2 and for m = 2, 1, 0, -1, -2. In each case, calculate the angles the 
vectors make with the Z axis. 

Solution: 

Given: Figure 11.20 
Required: 9 

From the figure, we see that the length L of each vector is given by 

L = ^2(2 + \)h 
L = %/6 h 

The Z component in each case is given by 
mfi 


Using trigonometry, we see that the cosine of each angle is therefore cos 9 - 


7T 


Solving for the case where m, = 2 , 


9 = cos 1 


A 2 ^ 


vV6 j 

0 = 35.264 389 68 


9 = 35.3 


Using the procedure as above, we obtain the following results. 

m t 2 1 0 - 1 - 2 

9/ deg 35.3 65.9 90.0 114.1 144.7 


Back to Problem 11.22 Back to Top 
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Solutions 


11.23. Show that the one-electron wave functions (//„/,„ are also eigenfunctions of the operator (L x + L y ). What physical property 
(observable) is associated with this operator? 

Solution: 

Given: and (t +£). 

Required: proof 

From Eq. 1 1 . 203 we are given that 

l 2 =l 2 x +£ v +l: 

Therefore, by rearranging we get 
L} x + L] = L}-t 

To show that the one-electron wave functions y/„i nl are also eigenfunctions of this operator, we perform the following, 

(£ + 4 ,, m 

Then fromEq. 11. 208 and Eq. 11.211, we substitute the eigenvalues below 
= (l(l + \)h 2 -m 2 h 2 )y/ n , m 
= (l(l + l)-m l 2 )n 2 V / nlm 


Therefore are eigenfuntions of the operator L] + D y with eigenvalues (/ (/ + l) - m 2 ) ft 2 . 

The operator L 2 + Z, 2 corresponds to x 2 + y 2 and the equation, 

2 2 2 
x +y =a , 

Which is the equation for a circle with radius a. The physical property corresponding to the operator is thus the square of the radius of the 
base of the angular momentum vector as it rotates about the Z axis, (see Figure 1 1.20) 

Back to Problem 11,23 Back to Top 
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Solutions 


11.24. Explain why the Heisenberg uncertainty principle would be violated if the harmonic oscillator ground-state energy were zero. 

Solution: 

Given: situation above 
Required: explain 

If the harmonic oscillator ground state energy were zero, the implications is that the kinetic and potential energies are both zero (since 
neither can take on negative values). Therefore the momentum is exactly zero. Also, from the nature of the potential-energy function, the 
total energy can only be zero at x = 0. Therefore, this leads to a situation where we know the values of the momentum and position 
simultaneously and exactly. This is a violation of the Uncertainty Principle. 


Back to Problem 11.24 


Back to Top 
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Solutions 


11 . 25 . Calculate the lowest possible energy for an electron confined in a cube of sides equal to 

a. 10 pm and 

b. 1 fm(l femtometre = 10~ l5 m). 


probability of a free electron being present in a nucleus? 

Solution: 

Given: electron in a box, a = 10 pm, a = 1 fm 
Required: E 

From Eq. 11.151 the expression for the energy of a particle in a box is given by 


For the lowest energy possible we set n t = n, =n 3 = 1 . Using m as the mass of an electron, we solve for E in each case. 


The latter cube is the order of magnitude of an atomic nucleus; what do you conclude from the energy you calculate about the 



3(6.626xl0' 34 Js) 


8(9.1 lxlO^ 31 kg) a 2 


a. 


a = 10x10 12 m 
a = l.OxlO -11 m 



8(9.11xl0~ 31 kg)(l.0xl0~ n m) 2 
E = 1.807 239 68xl0~ 15 J 


E = 1.8xlO" 15 J 


In eV, 
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Solutions 


1.807 239 68 x IQ- 15 / 
1.602xl0 -19 /eV"' 
£ = 11 281.146 58 eV 

E = l.lxlO 4 eV 


b. 

a = lxl0~ 15 m 

3(6.626xl0' 34 Js) 2 

E = i T 

8(9.1 lx 10 -31 kg)(lxl0^ 15 mj 

£ = 1.807 239 682 xlO -7 J 
E = 1.81xlQ~ 7 J 

1.807 239 682 x 1 Q- 7 / 
1.602x10 19 /eV 1 
E = 1.128114658xl0 12 eV 
E = 1.13xl0 12 eV 


The latter energy is so large that one electron would not remain in the nucleus, but would be emitted as a p particle. 


Back to Problem 11.25 Back to Top 
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Solutions 


11.26. A particle is moving in one dimension between x = a and x = b. The potential energy is such that the particle cannot be outside these 
limits and that the wave function in between is 

yj = A/x 

a. Determine the normalization constant A. 

b. Calculate the average value of x. 

Solution: 

Given: x = ci, x -b, y/ = Alx 
Required: A, (x\ 

a. The normalization condition is given by Eq. 1 1 .89 
j ' y/*y/dr = 1 

For this wave function, the normalization condition becomes, 

rb 

y/ * y/dx = 1 

J a 

Solving for A we obtain. 
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Solutions 


| (A/ x)(A/ x)di r = l 

rb A 2 

f —dx = 1 

Ja v 


A 2 

A 2 


l 

x 

1 1 

— + — 

a b 


= 1 


= 1 


A = 


b-a 


ab 


ab 


b-a 


1 ab 


b-a 


b. To find the average value of x we use Eq.l 1.104 

f co ^ 

_ J if/*{Fif/)dr 


F = (F)= : 


p oo 

J \ff*YdT 


Since we have normalized the function, w = , I ( — I , the denominator becomes 1 and we can solve as, 

'T-a r 
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(x) = J y/*(w)dx 



Back to Problem 11.26 


Back to Top 


Solutions 


11-57 


Chapter 11: Quantum Mechanicsand Atomic Structure 


Solutions 


11 . 27 . An electron is confined in a one-dimensional box 1 nm long. How many energy levels are there with energy less than 10 eV? How 
many levels are there with energy between 10 and 100 eV? 

Solution: 

Given: a = 1 nm, E = 10 eV, E = 100 eV 
Required: n 

To calculate the nth energy level, we use Eq. 1 1.149 


8(9.1 lx 10“ 31 kg)(lxl0" 9 m) 2 
£ =6.024132 27 xlO -20 n 2 J 
_ 6.024 132 27xlQ~ 20 ir J 
1.602xl0~ 19 JeV" 1 
E n = 0.376 038 219 2 n 2 eV 

n= I E n 
n ]j 0.376 038 219 2 eV 

At 10 eV, 


0.376 038 219 2 eV 
n= 5. 156 844 15 
n « 5 

Thus, levels 1 through 5 have energies less than 10 eV. 
At 100 eV, 


E 


n 


2 (6.626 xlO -34 J s) 2 



lOeV 
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lOOeV 


1 0.376 038 219 2 eV 
n = 16.307 373 05 


5 16 


Thus, levels 6 through 16 have energies between 10 eV and 100 eV. 


Back to Problem 11.27 
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Solutions 


11 . 28 . Determine whether the eigenfunctions obtained in Section 11.6 for a particle in a one-dimensional box are eigenfunctions for the 
momentum operator. If they are, obtain the eigenvalues; if they are not, explain why. 

Solution: 

Given: Section 11.6 

Required: determined if eigenfunctions, eigenvalues 

The solution for a particle in a one-dimensional box is given by Eq. 1 1 . 148 as 



The momentum operator p x is given in Table 11.1 as, 



As stated in problem 1 1.17, if the operation returns the original function multiplied by a constant, the function is an eigenfunction. 



Since the result is not a constant multiplied by y / n , y/ n is not an eigenfunction of the momentum operator. This conclusion is related to the 
Heisenberg uncertainty principle; the position and momentum operators do no commute, there are no common eigenfunctions, and the two 
properties cannot be measured simultaneously and precisely. However, the eigenfunction y/ n , like any other function, can be expressed as 
a linear combination of the set of momentum eigenfunctions (compare Eq. 11.117 to Eq. 1 1.120). The physical significance of this is that 
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Solutions 


the function y/ n corresponds to the wave train of particular momentum being reflected at the walls of the box and giving rise to a wave train 
in the opposite direction. 

Back to Problem 11.28 Back to Top 
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Solutions 


* 11 . 29 . Treat the three-dimensional particle in a box of sides a, b, and c by analogy with the treatment in Section 1 1.6. Assume the potential 


to be zero inside the box and infinite outside, and proceed by the following steps: 

a. Write the basic differential equation that must be solved for the three-dimensional problem. 

b. Separate the equation from (a) into terms involving X(x), Y( y), and Z(z). 

c. Determine the expressions for X , Y, and Z. 

d. Obtain the expression (Eq. 1 1.150) for the total energy. 

Solution: 

Given: three-dimensional particle in a box 
Required: see above 

a. The basic differential equation that must be solved is a three-dimensional form of the Schrodinger, Eq. 11.86. 


Notice that this is analogous to Eq. 1 1.85 

b. The potential energy, E can be set to zero inside the box, and using the definition for the Del-squared or Laplacian operator, Eq. 1 1.81, 


Hy/ = Ey. / 


From Table 11.1 we get. 



we get. 


d 1 d 2 d 2 
dx 2 dy 2 dz 2 




dx 2 dy 2 dz 2 h 2 


The energy, E, is separated into its component parts, 


E = E x +E y + E i 
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Solutions 


And the wave function is factored as, 

yr = X(x)Y(y)Z(z) 


Substitution of the factored wave function gives, 

d 2 XYZ d 2 XYZ d 2 XYZ f 2m E 2m E 2mE } 

dx 2 dy 2 dz 2 [ h 2 H 2 H 2 J 

Dividing by XYZ to eliminate the wave function from the right hand side of the equation gives, 

1 Sr XYZ 1 d 2 XYZ 1 d 2 XYZ __2mE x _2mE y 2mE_ 

XYZ dx 2 XYZ dy 2 XYZ dz 2 ~ H 2 H 2 H 2 

c. Solving the first term we get 
1 d~XYZ _ 1 d(8XYZ\ 

XYZ dx 2 ~ XYZ dx l dx j 
1 d 2 XYZ _ 1 8 ( dX ' [ 

XYZ dx 2 ~ XYZ dx { dx J 

1 d 2 XYZ_ 1 ^S'X 
XYZ dx 2 ~ XYZ dx 2 
1 d 2 XYZ _ 1 d 2 X 
XYZ dx 2 ~ X dx 2 

Therefore, 

1 d 2 X __ 2mE x 

'x^x r ~ W 

Similarly, we get 
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Solutions 


1 d~Y _ 2mE y 

Fa?"~ H 2 

1 d 2 Z _ 2 niE. 

'Z~dx r ~ 

d. The total energy is given by Eq. 1 1.150 as 



This becomes 



If a=b = c , then 


h 1 , 

c 1 l 2 , 2 , 2 

E = -In, + n, +n_ 

Rra/, 2 V 1 y 2 


Back to Problem 11.29 


Back to Top 
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11 . 30 . What is the quantum- mechanical probability of finding the particle in a one-dimensional “box” in the middle third of the “box”? 


Derive an expression that shows how this quantity depends on the quantum number n. 

Solution: 

Given: one-dimensional box 
Required: probability 

The quantum mechanical probability is given by 
P = ^y/*y/dr 

Since we are trying to find the particle in the middle third of the box, we consider the region between the first third and the second third of 
the box. If the box is of length a, then we have the boundaries a / 3 and 2a / 3 . 

We use the wave function in the form of Eq. 11.148 to solve. 




Using the fact that sin 2 bx 
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P = 1 [ 20/3 1 

r Jai 


a 2 

1 j*2a/3 


1 - cos I 

1 (-20/3 ( 

P = — f 1-cos 

n Jal 3 


( 2 nnx 


V a 
f 2 nnx 


dx 


dx 


P = - 
a 

P = i 
a 

p=I 

a 


V 

a . f 2n?rx 
sin 


2nx 

2 a a 
3 3 2nx 


V a 


a . f 4 anx 
sin 


3 2nn 


-sin 


a . f 2ann 
-sin 


V 3a ) 2nn V 3o 


4«/r^| 

3 J 2 nn 


a . ( 2«/r^| 

sin 

2 im V 3 J 


p- 1 - 1 


'4 nn' 


'2 nn' 


3 2 nn 


l 3 J 

sin 

l 3 J 
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11.31. The classical probability for finding a particle in the region x to x + dx in a one-dimensional box of length a is dx/a. 


a. Derive the classical probability for finding the particle in the middle third of the box. 

b. Show that as n — > oo, the quantum probability obtained in the previous problem becomes identical to the classical result. 

Solution: 

Given: box of length a, P one dimension = dx/a 
Required: P, proof 

a. We use a similar approach as problem 1 1.30 to obtain the classical probability for finding the particle in the middle third of the box. 
Since the classical probability of finding a particle in the region x to x + dx in a one-dimensional box of length a is dx/a, then the probability 
for finding the particle in the middle third of the box is calculated from the integral between a / 3 and 2a / 3 . 


P 


classical 


r^ndx 

a 


P 


2<j/3 

X 


classical 


P 


classical 



P 


classical 



classical 


1 

3 


b. The result obtained in the previous problem is 



Since n can only be an integer, the quantity in the square brackets in the solution can only have three values. 
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Solutions 



= —s/3 if n = 1,4,7... 
= V3 if n = 2,5,8... 


Therefore, we determine that as n — » 00 , the second term will vanish, since we multiply the square bracket by 
identical to the classical probability above. 


1 

2 nn 




Back to Problem 11.31 


Back to Top 


This yields a result 


11-68 


Chapter 11: Quantum Mechanicsand Atomic Structure 


Solutions 


* 11 . 32 . Problem 1 1.25 is concerned with the calculation of the minimum energy for an electron confined in a cube. Another approach to the 
problem is to consider, on the basis of the uncertainty principle (Eq. 1 1 .60), the uncertainty in the energy if the uncertainty in the 
position is equal to the length of the side of the cube. Calculate A E for a cube of sides equal to 

a. 10 pm and 

b. 1 fm(10“ 15 m), 

and compare the results with the minimum energies found for Problem 1 1.25. 

Solution: 

Given: electron in a box, a = 10 pm, a = 1 fm, Eq. 1 1.60 
Required: A E , compare the results with the Problem 1 1 .25 
The uncertainty principle is given as Eq. 1 1 .60, 

AqAp>^H 


Since E = and H = 

2 n 


A P 
A p = 

A E = 
AE = - 


2m 

1 ( h 


2Aq V 2 n 
h 


\nAq 

' h ^ 


\nAq 


1 

2m 


32/r 2 m(Aqy 


c. 


, we use rearrange Eq. 1 1.60 to obtain an expression for AE . 
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a = 10x10 12 m 
a = 1.0x10 11 m 

(6.626xl0~ 34 J s) 2 

A E = ' j 

32^ 2 (9.11x10 31 kg)(l.0xl0 11 m)" 

AE = 1.525 930 53 xl0~ 17 J 

E = 1.5xl0~ 17 J 


In eV, 

Ar , 1.525 930 53 xlO -17 / 
1.602xl0~ 19 /eV -1 
AE = 95.251 593 67 eV 
AE = 95 eV 


d. 

a = lxl0~ 15 m 

(6.626 x 10' 34 Js) 2 

A E = i ? 

32^ 2 (9.11x 10' 31 kg)(lxlO~ 15 m) 

AE = 1.525 930 53 lxlO" 9 J 

AE = 1.5xl0~ 9 J 

Ar , 1.525 930 53 1 x 10” 9 / 

1.602 xl0“ 19 /eV" 1 
AE = 9 525 159 367 eV 
AE = 9.5xl0 9 eV 


These uncertainties are considerably smaller than the energies calculated for the particle in a box. If we compare the expression for E used 
in problem 1 1 .25 to the one used for AE , we find that they are smaller by a factor of. 
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E 

{ ^ ) • 

f 

hr 


A E 
E 

8 ma 2 J 
( 3J/ ) 

X 

32/r : fn(A<7)~ ^ 
32;r 2 )4 (juf 

r\ 

A E 

%/i/ ^ 

/ 

\ y 


— =12 n 2 =118.435 252 8 
A E 


Back to Problem 11.32 
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*11.33. Prove that any two wave functions for a particle in a one -dimensional box of length a are orthogonal to each other; that is, they 
obey the relationship 

| y/ m y/ n dx = 0, m*n 

Solution: 

Given: one-dimensional box of length a, two wave functions 
Required: proof 

To solve this problem, we take the wave functions for levels m and n in the form of Eq. 1 1 . 148, 



Substituting y 


simplifies the problem. Therefore 


a 


dy _n 
dx a 


dx = —dy 

K 


And the boundaries become. 



a 


x = a\ y = — — = k 
Solving the integral, we get 


x = a; y = 
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Solutions 


ll'I'mV'Jy 



sin ny dy 


2 _ 

n 


sin my sin ny dy 


The integral | sin my sin ny dy is a standard integral with the solution 


f- 


sin my sin ny dy = — 


sin (m-n)y sin (m + n)y 


m + n 


Therefore we get. 


f 

Jo 

r 

Jo 

r 

Jo 

r 

Jo 


sin my sin ny dy 

sin my sin ny dy 

sin my sin ny dy 
sin my sin ny dy 


_/ 

i 

sin (m - n 

y sin (m + n)y 

n 

n 

i 

m — n 

m + n 

0 

i 

sin [m-j^n 

sin (^m+jrpf 

sin (m^rrjf) 

n 


'm — n 

m + n 

^ m — n 

=- 

[o] 




71 




= 0 







As we can see, at the lower limit, both terms are zero since sinO = 0. At the upper limit, both terms are also zero since m and n are integers, 
and any sine of any integer of n will return 0. 


Therefore the integral is zero and the wave functions y/ m and y/„ are orthogonal. 


Back to Problem 11.33 Back to Top 
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Solutions 


11 . 34 . Use the trial function '¥ = x(a-x) and Eq. 1 1 .247 to calculate an energy for a particle in a one-dimensional box of length a. 

Solution: 

Given: Tf Eq. 1 1 .247, one -dimensional box of length a 
Required: E 

Energy is given by Eq. 1 1.247 as, 

[w*Hwdr 



I y/*y/dr 


The H operator is given in Table 11.1 as, 

~—V 2 +E 

2m 


The potential energy, E can be set to zero inside the box, and the Del-squared or Laplacian operator, is given by Eq. 11.81 


5 2 e 2 s 2 

V — t-4 y 

dx 2 dy~ dz 

For a one-dimensional box. 



Using H = — , and the boundaries of the box as 0 and a, we rewrite Eq. 1 1.247 as 
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Solutions 


ra 

¥ 

Jo 


E=- 


r d 2x ¥ 

2m dx 2 


dx 


E=- 


8 n 2 m 


f “V-dx 

Jo 

[ X ( a ~ X ) 


^ d 2 (jr(a -.v)) 


dx~ 


dx 


J x 2 ( a — x)~ dx 


Solving the denominator and numerator separately provides a much easier way to obtain the result. 
The numerator is. 
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8 7i~m • 


f x(a-x) 

d 2 — x)) ^ 

Jo v ' 

l dx J 


k Jo*( a - x ) 

Jo *(«-*) 


d 2 ( ax — x 2 ) 


8 7r 2 m 

h 1 

8 7r 2 m 

h 1 

8 K 2 m 
li 2 


dx 2 

d (a- 2„y) 
dx 


dx 


dx 


dx 


| x(a- x)(—2 ^dx 


4 K 2 m 

If 


j" ( ax — x 2 ) dx 


47t 2 m 

h 2 

4 K 2 m 
h 2 

4 7t 2 m 

3 / 2 

a n 

14n 2 m 


2 3 

>2 


a(fl)" (a)^ 


The denominator is. 


Solutions 
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Solutions 


[ 0 


x 2 (a 2 - lax + x 2 ) dx 


o 


= | (a 2 x 2 — lax 2 + x 4 ) dx 


3 2 5 


30 

Therefore E is. 


2A7i 2 m 30 
a 3 h 2 30 

7 X 1" 

24;r m a 
30 h 2 

3x8 n 2 ma 2 

10 f h 2 ' 

n 2 \ %ma 3 J 

5 h 2 

4n 2 ma 2 



Jo 



a a 



a 


E = 


3 / 2 

ah a 
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Notice that for n = 1, the exact energy is 

h 2 

Smci* 

And that in this case we have 
10 . 

— — times the exact energy. 


Back to Problem 11.34 
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Solutions 


11.35. a. At a node, a wave function passes through zero. For the problem of the particle in a box, how many nodes are there for n = 2 and 


n = 3? 


b. From the expression for the radial function for the 3s electron (Table 1 1.4), obtain expressions for the position of the radial nodes 


(i.e., the nodes in the solution of the radial equation) in terms of Z and cz ( >. 

Solution: 

Given: particle in a box, n = 2 and n = 3, 3s electron. Table 11.4 
Required: number of nodes, position of nodes in terms of Z and oq (r) 

a. For n = 2, there is one node. For n = 3, there are two nodes. We do not count the points x = 0 and x = a , where the wave function 
becomes zero but does not pass through it. 

b. From Table 1 1.4, we have the radial function for the 3s electron is. 


R 



1 fzV /2 r 4Zr 4ZV^I Zrl3a 

-7=1—1 I 6- + — —\e Zr '^ 


Since we know the nodes are at a position where the wave function passes through zero, we set the expression equal to zero to solve for r. 




We can solve for r using the quadratic equation. 
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Solutions 


-b + ^b 2 —4 ac 


2 a 



1 

4Za 0 ±l(4Za 0 ) 2 -4 

f 4Z 1 

f 6a 2 ) 

r ± 

N < 

v 

9 J 

O6/ 0 J 

2 

V ’ 


J 


v 9 , 


f %Z 2 


4Za n ±.16 Z~a, 


32 Z 2 a 2 


r± 8Z 2 


r± 8Z 2 


32 

4 Za n ± .116 — - — Za. 


4Za„ ±.I—Za, 


r± 8Z 2 


9 a 0 

r+= - 

2 Z 


4 Za 0 + —j=Za 0 
V 3 

f . \ 


1 ± 


1 


V v J 


VT 


* 2 Z 


(3±#) 


Therefore the two radial nodes are located at distances of r = — — 

2 Z 


( 3 + #) 


. 3 a 0 

and r = - 

2 Z 




Back to Problem 11.35 
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from the nucleus. 
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11.36. The vibration frequency of the N 2 molecule corresponds to a wave number of 2360 cm ’. Calculate the zero-point energy and the 
energy corresponding to v = 1. 

Solution: 

Given: N 2 , v = 2360 cm" 1 , v = 1 
Required: Zero-point energy 

The zero-point energy at v = 1 can be calculated using, 

E = — hv n 
2 0 

Frequency, v 0 , is calculated from, Hq. 11.1, 

c = Av 

1 

v = — 

A 

c _ 

V = — = cv 
A 

E = —hcv 
2 

£ = |(6.626xl0~ 34 j/) ^2.998 xlO 10 ^ j|2360 

E = 7.032 120 79xlO" 20 J 
E = 7.032 xlO -20 J 


Back to Problem 11.36 Back to Top 
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Solutions 


*11.37. If a rigid body rotates in the XY plane, about the Z axis, the angular momentum operator is 


(see Figure 11.15). If the moment of inertia is I, what is the energy operator? 

(For additional problems dealing with molecular vibrations and rotations, see Chapter 13.) 

Solution: 

Given: the angular momentum operator, I 
Required: energy operator 

The energy is related to the angular momentum by Eq. 1 1.215, 

* 21 

The energy, or Hamiltonian operator is therefore. 



d<j) 



-H 2 d 2 

21 8</> 2 



Back to Problem 11.37 
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Solutions 


11 . 38 . Calculate the ionization energy of the hydrogen atom on the basis of the Bohr theory. 

Solution: 

Given: hydrogen atom 
Required: ionization energy 


We use Eq. 11.50, Eq. 11.1 and the expression for energy, E = hv , to solve. 


£ = 2.178 765 56xl0~ 18 J 
E = 2.179xl0~ 18 J 


In eV, 

2,178 765 56 x IQ-' 8 / 
1.602 xl0~ 19 / eV -1 
E = 13.600 284 4 eV 
E = 13.60 eV 


Back to Problem 11.38 Back to Top 


The energy required to remove the electron from the lowest energy level in hydrogen ( n, = 11 to infinity, (n 2 = co)is the ionization energy. 



c = Av 


c _ 
v = — = cv 
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Solutions 


11 . 39 . Calculate, on the basis of the Bohr theory, the linear velocity of an electron (mass = 9.11 x 10 -31 kg) in the ground state of the 
hydrogen atom. To what de Broglie wavelength does this velocity correspond? Deduce an equation for the de Broglie wavelength, in 
a Bohr orbit of quantum number n, with Z = 1, in terms of ao and n. What is the ratio of the circumference of a Bohr orbit of 
quantum number n to the de Broglie wavelength? 

Solution: 

Given: m = 9.1 lx 10 31 kg, n, Z = 1 

Required: u, A deBroglie ,Z deBrogUe (expression), C : Z deBroglie (expression) 

Velocity is given in Eq. 1 1.39 as, 
h 

L = mur = n — = nti (n=0,l,2,...) 

2 n 

Since we are told the electron is in the ground state of the hydrogen atom, n = 1 and velocity is therefore, 
h 

n= 

In mr 

From Eq. 1 1 . 44, we take r = a 0 . This is because ao is a length and is the radius of the orbit for n = 1 for the hydrogen atom itself (Z = 1 ). 
The length ao is known as the Bohr radius and has a value of 52.92 pm (1 picometre = 10 13 m). 

(6.626xl0" 34 Js) 

jj — 

2;r(9.11xl0^ 31 kg) (52.92 xl0~ 12 m) 
n = 2 187 425.903 ms -1 
m=2.19x 10 6 ms" 1 


The de Broglie wavelength is given by Eq. 1 1.56, 



p mu 
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Solutions 


Solving, using the velocity determined above we get, 
(6.626 x 10' 34 Js) 

~ (9. 1 1 x 10' 31 kg) (2 187 425.903 m s“‘ ) 

X = 3.325 06 1 66 x 10~ 10 m 
/l = 3.33xlO~ 10 m = 333 pm 


To find the de Broglie expression for wavelength in terms of ao and n we use Eq. 1 1 .56 and Eq. 1 1 .39. 
nh 

u = 

271 mr 


2 nr h 
n mu 



mu n 


FromEq. 11. 43 with Z= 1, 

2 

n 

r = — a 0 
Z 0 

r = a 0 n 2 

X=—la 0 n 2 ) 
n v ’ 

X=2jia 0 n 

The expression for circumference is C = 2 nr , hence 
C = 27in 2 a 0 and the ratio C :X is 
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C:X 



C:X = n 
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Solutions 


11.40. For a hydrogen-like atom (a one-electron system with a charge number of Z), find the radius of the sphere on which the probability of 
finding the Is electron is a maximum. Compare the result to the expression of Eq. 11.44. 

Solution: 

Given: a one-electron system, charge of Z 
Required: r 

The radius of the sphere of maximum probability corresponds to the maximum in the radial probability function, given in Section 1 1.8 by 

4 * rVn 

We find the maximum r by differentiating the radial probability function with respect to r and setting it equal to zero. 

Using Eq. 1 1.193, and Z, we solve to obtain r. 


11-87 


Chapter 11: Quantum Mechanicsand Atomic Structure 


Solutions 


Yu = — r 
n a n 


P =\/r 

dP d 
dr dr 


f 1 ^ 
l/y 

4ki- 2 


r z^ 


-2 Zr/ a 0 


^-2Zr!a 0 


= 0 


8 nr 


( Z^ 


-2Z r! a Q 



+ 4 nr 


r { z^ 

r 1 — r — 

V V a o . 


-2 Z 


= 0 


-2Zr/« 0 


= 0 


r = 0,l-r — = 0 
a n 


We ignore the r = 0 value since it does not make sense for the radius to be zero. The expression for r obtained here is identical to Eq. 1 1.43 
for the case of a Is electron. 

Back to Problem 11.40 Back to Top 
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Solutions 


* 11 . 41 . Calculate the reduced masses of the hydrogen and deuterium atoms, using the following masses for the particles: 


Electron: 


Deuterium nucleus: 


Proton: 


9.1095 x 10 -31 kg 
1.6727 x 10 -27 kg 
3.3434 x 10 -27 kg 


a. Explain qualitatively what effect the different reduced masses will have on the Bohr radii and therefore on the positions of the 
lines in the atomic spectra. 

b. The Balmer spectrum of hydrogen has a line of wavelength 656.47 nm. Deduce the wavelength of the corresponding line in the 
spectrum of deuterium. 

Solution: 

Given: particle masses above, X = 656.47 nm 
Required: /j, a, b, 

The reduced mass is calculated fromEq. 11.152, 

m.m n 

H= 

m x + m 1 

For hydrogen we get, 
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Solutions 



m e + m H 

(9. 1095 x 1(T 31 kg) (1.6727 xl(T 27 kg) 
“ 9.1095xl0~ 31 kg + 1.6727x10 27 kg 
ju H = 9. 10454xl0~ 31 kg 
ju H = 9. 1045 x 10~ 31 kg 

_ (»y« D ) 

Md 

m e +m D 

(9.1095xKT 31 kg)(3.3434xKT 27 kg) 
Md “ 9 . 1095 x 10 31 kg + 3.3434 x 10~ 27 kg 
// D =9.10702x10 31 kg 
/j d =9.1070xl0 -31 kg 


a. 


The reduced mass and the Bohr radius are related by Eq. 



n t pe 2 


11.44, 


The Bohr radius is inversely proportional to the reduced mass, therefore it is slightly smaller for deuterium than it is for hydrogen. 

Additionally, the Bohr radius is inversely proportional to the energies. Therefore, the energies are slightly greater for deuterium than it is for 
hydrogen. The frequencies of the transitions are therefore slightly greater for deuterium, and the wavelengths are slightly shorter. 

b. The wavelengths are in the inverse ratio of the reduced masses, and therefore we have the ratio, 

4 9.1045 

^ “9.1070 


The wavelength of the line in the spectrum of deuterium is therefore. 
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, 9.1045 ^ 

X = x 656.47 nm 

9.1070 

1 = 656.289 789 7 nm 
A = 656.29 nm 


Back to Problem 11.41 


Back to Top 


Solutions 
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Solutions 


11.42. Calculate the wavelength and energy corresponding to the n = 4 to n = 5 transition in the hydrogen atom. 

Solution: 

Given: n = 4, n = 5, hydrogen atom 
Required: A, E 

From Eq. 1 1.50, we can calculate the wavelength. 


A = 4.05219 xl0~ 6 m 
A = 4.0522 xlO' 6 m 

Energy is determined from Eq. 11.1 and E = hv , 

E = hv 
c = Av 



A= R 




E = 


r 34 J / 2.998x10 



4.052 19 xlO” 6 ^ 


E = 4.902 22xlO“ 20 J 


£ = 4.902x10"° J 


Back to Problem 11.42 


Back to Top 
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11 . 43 . Calculate, in joules and in atomic units, the potential energy of an electron in the n = 2 orbit of the hydrogen atom. 

Solution: 

Given: n = 2, hydrogen atom 
Required: E p 

We use Eq. 1 1.48, with Z = 1 for a hydrogen atom to solve for E p , 

zV 

E = j— 

4 n e Q n a 0 


1 

[l.602xl0~ 19 

C ) 

2 

4n\ 

(8.854xl0’ 12 

C 2 N' 1 m' 2 ) 

|2 2 

(52.92xl0^ 12 m) 


E p = -1.089 67 xl0“ 18 J 
E p = -1.090 xlCT 18 J 


In atomic units of 


4 n i 



E p = -0.25 au 


Back to Problem 11,43 Back to Top 
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11 . 44 . The first ionization energy of the Li atom is 5.39 eV. Estimate an effective nuclear charge Z e ff for the valence electron in the Li 
atom. 

Solution: 

Given: £ lomzation =5.39eV 


Required: Z e ff 

Problems 1 1 .44 and 1 1 .45 are conveniently worked out with reference to Problem 11.38, where we deter, emied the ionization energy for 
hydrogen as 13.60 eV. From Eq. 1 1.49, 

Z 2 e 2 

E=E k+ E p =— — 

8 k s 0 n a 0 


the first ionization energy is proportional to — j- . 


For H, Z e ff = 1 and n = 1, hence, 
7 = 13.60 eV 


( ry2 \ 


7 = 13.60 eV 


l 2 


7 = 13.60 eV 
For Li, n = 2, hence. 
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7 = 13.60 eV 


f 7 i \ 


^eff — * 


^eff — 


n 2 I 


13.60 eV 


|2 2 (5.39 p*f) 
I 13.60 ?<f 


Z eff =1.259 084 635 


Z e ff = 1-26 


Back to Problem 11.44 


Back to Top 


Solutions 
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11 . 45 . The first ionization energy of the Na atom is 5.14 eV. Estimate the effective nuclear charge Z e ff for the valence electron in the Na 
atom. 

Solution: 


Given: E. 


= 5.14 eV 


Required: Z e ff 
For Na, n = 3, hence. 


7 = 13.60 eV 


f 7 i \ 


^eff _ < 


^eff — 


3 -I 


13.60 eV 


1 3 2 (5.14 
I 13.60 ?<f 


Z eff =1.844 307 618 


Zeff =1.84 


Back to Problem 11.45 Back to Top 
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* 11 . 46 . Use Slater’s method (Section 11.13) to determine the effective nuclear charge for 

a. a 3s electron in the chlorine atom, 

b. a 3p electron in the phosphorus atom, and 

c. the 4s electron in the potassium atom. 

Solution: 

Given: a - c. 

Required: Z eff 

Using the Slater method, we find Z e ff from Eq. 254, 


We use the four rules to help solve for Z e ff. 

a. The nuclear charge of Cl is, Z = 17. We then subtract: 
0.30 for the other 3s electron 
5 x 0.35 for the five 3p electrons 
8 x 0.85 for the eight 2s and 2p electrons, 

2 x 1 .00 for the two 1 s electrons 
Z eff =17-0.30-5x0.35-8x0.85-2x1.00 



b. The nuclear charge of P is, Z = 15. We then subtract: 
2x0.30 for the 3s electron 
2x0.35 for the other 3p electrons 
8 x 0.85 for the eight 2s and 2p electrons, 

2 x 1 .00 for the two 1 s electrons 
Z eff =15-2x0.30-2x0.35-8x0.85-2x1.00 



c. The nuclear charge of K is, Z = 19. We then subtract: 
8 x 0.85 for the eight 2s and 2p electrons. 
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10x1. 00 for the Is, 2s and 2p electrons 
Z eff =19-8x0.85-10x1.00 



Back to Problem 11.46 


Back to Top 


Solutions 
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*11.47. A normalized Slater orbital for the Is orbital in the helium atom is 


¥u=~ 


r 

— exp(-Z eff r/fl 0 ) 


71 


where Z e ff is the effective charge number. It leads to the following expression for the energy 



Treat Z e ff as a variation parameter, and calculate a minimum energy in terms of e and a<). Why is the optimum value of Z e ff different 
from the actual charge number? 

Solution: 

Given: E 

Required: E m i n in terms of e and a o, optimum Z e ff 
To solve we minimize E with respect to Z e ff, 



2Z 


eff 




Solving for E mitl in terms of e and a o, we get, 
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Z 


eff 


27 

16 


a 0 


7 27 T 

27 

"27 

{\6j 

8 

,16 

729^1 e 2 



256 J a 0 




\ 


/ 


Back to Problem 11.47 


Back to Top 


Solutions 
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Solutions 


*11.48. Use the wave function for the Is orbital of the hydrogen atom, given in Table 11.5, to obtain an expression for the probability that 
the electron lies between the distance r and r + dr from the nucleus. (Use spherical polar coordinates, for which the volume element 


is r dr sin 6 dd d<f > .) 

Solution: 

Given: Table 11.5 

Required: P in spherical polar coordinates 

The expression for the wave function for the Is orbital of the hydrogen atom is given in Table 1 1.5 as, 


Multiplying by the volume element, integrating 9 from 0 to n and <f> from 0 to 2 n , we convert to spherical polar coordinates. 



To find P, we must solve for, 




‘o 


separating the integrals, 


£ sin# dO = -cos#|'^ 
| sin# dd = -(-1-1) 

f sin### = 2 

Jo 



rln 

£ d(f) = 2n 
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Therefore we get, 


P = 4/ 


/i a 


"r 1 dr 



“°dr 


Back to Problem 11.48 


Back to Top 


Solutions 
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Solutions 


* 11 . 49 . Unsold’s theorem (Section 1 1.8) states that, for a given value of l, the sum of the values of 

l,m 

is independent of 6 and <f> , i.e., is a constant. Write all these functions for the 2p orbitals (see Tables 11.2 and 11.3), and show that 
their sum shows no angular dependence. 

Solution: 

Given: Unsold’s theorem. Tables 11.2 and 11.3 

Required: functions for the 2p orbitals, show there is no angular dependence in their sum 
FromTables 11.2 and 11.3, we have the following for / = 1 and mi= -1, 0, 1. 

COS0 


<D,= 


1 4^ 
1 




0 VZtt 
sin (b 


©io 


®-i = 




The functions for the 2p orbitals are therefore, 

©m'l’n = — COS 6 


V3 1 

©j jOj = — sin<9— =cos^ 
2 yj7r 

V3 1 

0 1 _,<1)_ 1 = — sin 0 —j= sin ( 
2 Wr 


The sum of their squares is. 
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S a 1 

COS U — 

2 VZtt 


\ 2 r 

+ 


V 


2^-sin#— j=cos^ 
2 


\ 2 


r S . a 1 . , 

— sin#— j=sm.(p 


6 , 13,1 o 3 il o 

= —cos' 6 h— sin' (9 — cos 2 tj> + — sin '6* — sin' <j> 


4 In 4 n 4 

_3_ 

4k ' 

cos 2 0 + sin 2 (j> = 1 


n 


= — (cos 2 # + sin 2 #(cos 2 ^ + sin 2 


Jk 


= — (cos 2 0 + sin 2 (9) 


4;r 

4;r 


This solution is independent of 0 and (j> . 


Back to Problem 11.49 


Back to Top 


Solutions 
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Absorption of Radiation 




Chapter 13 

Absorption of Radiation 

o i 1 

13.1. The molar absorption coefficient of human hemoglobin (molecular weight 64 000) is 532 dm cm mol at 430 nm. A solution of 
hemoglobin in a cuvette having a light path of 1 cm was found at that wavelength to have a transmittance of 76.7%. Calculate the 
concentration in mol dm 3 and in g dm 3 . 

Solution 

13.2. A spectrophotometer has a meter that gives a reading directly proportional to the amount of light reaching the detector. When the 
light source is off, the reading is zero. With pure solvent in the light path, the meter reading is 78; with a 0.1 M solution of a solute 
in the same solvent, the meter reading is 55. The light path is 0.5 cm. Calculate the absorbance, the transmittance, and the molar 
absorption coefficient. 

Solution 

13.3. The transmission of a potassium chromate solution was measured at a wavelength of 365 nm using a cell with a 1 .0-cm path length. 
The data are as follows: 

Transmission 0.357 0.303 0.194 0.124 

Cone, x 10 4 /mol dm -3 0.90 1.10 1.50 1.90 

Calculate the molar Naperian absorbance and the molar decadic absorbance. 

Solution 

13.4. An aqueous solution containing 0.95 g of oxygenated myoglobin (M, = 18 800) in 100 cm gave a transmittance of 0.87 at 580 nm, 
with a path length of 10.0 cm. Calculate the molar absorption coefficient. 

Solution 

13.5. A substance in aqueous solution at a concentration of 0.01 M shows an optical transmittance of 28% with a path length of 2 mm. 
Calculate the molar absorption coefficient of the solute. What would be the transmittance in a cell 1-cm thick? 

Solution 

13.6. The molar absorption coefficient of hemoglobin at 430 nm is 532 dm mol cm . A solution of hemoglobin was found to have an 
absorbance of 0.155 at 430 nm, with a light path of 1.00 cm. Calculate the concentration. 

Solution 
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13 . 7 . A 10 pM solution of a substance gave an absorbance of 0.1028 with a light path of 1 cm. Calculate the molar absorption coefficient. 
What would be the percentage light transmittance of a 1 -/mi solution with the same light path? 

Solution 

13 . 8 . Two substances of biological importance, NAD + and NADH, have equal absorption coefficients, 1.8 x 10 4 dm 3 mob 1 cm 4 , at 260 
nm (a wavelength at which absorption coefficients are equal is known as the isosbestic point 6 ). At 340 nm, NAD + does not absorb at 

a o i i 

all, but NADH has an absorption coefficient of 6.22 x 10 dm mol cm . A solution containing both substances had an absorbance 
of 0.215 at 340 nm and of 0.850 at 260 nm. Calculate the concentration of each substance. 

Solution 

13 . 9 . The transmittance of a 0.01 M solution of bromine in carbon tetrachloride, with a path length of 2 mm, is 28%. Calculate the molar 
absorption coefficient of bromine at that wavelength. What would the percentage transmittance be in a cell 1-cm thick? 

Solution 

13 . 10 . An acid HA ionizes in aqueous solution into H + and A ions. At a wavelength of 430 nm HA does not absorb light, but A does so 

o 1 1 

with an absorption coefficient of 458 dm cm mol . A solution of the acid at a concentration of 0.1 M was found to have a 
transmittance of 1.47% at 430 nm with a path length of 1 cm and at 25 °C. Calculate the dissociation constant of HA at 25 °C, and 
A G° for the dissociation process. 

Solution 


Atomic Spectra 

13 . 11 . In the Balmer series of the hydrogen atom, the first emission line is observed at 656.3 nm. Calculate the value of the Rydberg 
constant. What is the energy of the light quanta emitted during the transition? 

Solution 

13 . 12 . The ground state of the Li atom has the electronic configuration Is 2s . What is its spectroscopic term? If the 2s electron is excited 
to the 2p state, what terms are then possible? 

Solution 

13 . 13 . Suppose that an excited state of the carbon atom has the electronic configuration Is 2s 2p 3p . What are the possible spectroscopic 
terms? 

Solution 


6 


From the Greek prefix iso-, the same, and sbestos, quench. This word is sometimes incorrectly written as “isobestic.” 
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13 . 14 . What are the terms for the following electronic configurations? 

a. Na (ls 2 2s 2 2p 6 3p 1 ) 

b. Sc ( 1 s 2 2s 2 2p 6 3s 2 3p 6 4s 2 3d 1 ) 

Solution 


13 . 15 . What values of J may arise in the following terms? 

l P, 3 P, 4 P, ! D, 2 d, 3 d, 4 d 

Solution 

* 13 . 16 . Calculate the Lande-g-factor for a P 1/2 level. What would be the anomalous Zeeman splitting for this level in a magnetic field of 
4.0 T? 

Solution 

* 13 . 17 . Calculate the spacing between the lines for a Dj — > Po transition, in an anomalous Zeeman experiment with a magnetic field of 4.0 
T. 

Solution 


Rotational and Microwave Spectra 

13 . 18 . The separation between neighboring lines in the pure rotational spectrum of 35 C1 19 F is found to be 1.023 cnT 1 . Calculate the 
interatomic distance. 

Solution 

13 . 19 . The lines in the pure rotational spectrum of HF are 41.9 cnT 1 apart. Calculate the interatomic distance. Predict the separation 
between the lines for DF and TF. 

Solution 


13 . 20 . In the microwave spectrum of 12 C 16 0 the separation between lines has been measured to be 115270 MHz. Calculate the interatomic 
distance. 

Solution 

12 iz 1316 

* 13 . 21 . The J = 0 —> J = 1 line in the microwave absorption spectrum of C O and of C O was measured by Gillam et al., [Pliys. Rev. 
78, 140(1950)]. In its ground vibrational state, the former has the value 3.842 35 cm” 1 and the latter, the value 3.673 37 cm” 1 . 
Calculate 

a. the bond length of the 12 C 16 0 molecule, 

b. the relative atomic mass of C, 

c. the bond length of the 13 C 16 0 molecule. 

Solution 
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16 12 * 32 16 

13.22. The microwave spectrum of ’O C S shows absorption lines separated by 12.163 GHz. That of ’() C S shows lines separated by 
11.865 GHz. The determination of the bond distances involves solving two simultaneous quadratic equations, which is best done by 
successive approximations. To avoid all that labor, simply confirm that the results are consistent with r(0 — C) =116 pm and r(C — 
S) = 156 pm. 

Solution 


Vibrational-Rotational and Raman Spectra 


13.23. 


1 , 

The maximum potential energy that a diatomic molecule can store is —kx, where x is the amplitude of vibration. If the force 

3 —1 

constant k is 1.86 x 10 N m , calculate the maximum amplitude of vibration for the CO molecule in the v = 0 vibrational state. 
Compare this to the bond length obtained in Problem 13.21. Use the value of u r in that problem. 


Solution 


13.24. Consider the following molecules: H 2 , HC1, CO 2 , CH 4 , HoO, CH 3 CI, CH 2 CI 2 , H 2 O 2 , NH 3 , and SF 6 . Which of them will give 

a. a pure rotational spectrum, 

b. a vibrational-rotational spectrum, 

c. a pure rotational Raman spectrum, 

d. a vibrational Raman spectrum? 

Solution 


ac 

13.25. Analysis of the vibrational-rotational spectrum of the H Cl molecule shows that its fundamental vibrational frequency vo is 2988.9 
cm' 1 . Calculate the force constant of the H — Cl bond. 

Solution 


13.26. A few transitions in the P and R branches of the infrared spectrum of H Cl spectrum are identified below. 


J" 

0 

1 

2 

3 

4 

5 

6 

P (cm -1 ) 


2865.10 

2843.62 

2821.56 

2798.94 

2775.76 

2752.04 

R (cm -1 ) 

2906.24 

2925.90 

2944.90 

2963.29 

2981.00 

2998.04 



Using Eqs. 13.134 or 13.135 as appropriate, calculate v 0 and the rotational constant B. 

Solution 
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o c i — i 

13.27. Comparison of the results of Problem 13.26 to experimental values for H Cl (v 0 = 2990 cm , and B = 10.59 cm ) shows that Eqs. 

13.134 and 13.135 do not accurately relate the observed transitions to the rotational quantum numbers. Much of the error results 

from not taking the anharmonicity of the potential energy curve into account. Using the definition (see Eq. 13.138) T v J = (v + ~ )^o 
1 

- (v + — ) v 0 x e + J{J + 1) B, derive a more accurate expression for A T vJ for the v" = 0 — > v' = I transitions of a diatomic molecule. 
[Even this is an approximate treatment because we are ignoring the coupling of rotations with vibrations.] 

Solution 

13.28. From the results of Problems 13.26 and 13.27 and the experimental value of v 0 for H Cl given in Problem 13.27, estimate the value 
of the anharmonicity constant x e . Use the average of the P and R branch values for v 0 from Problem 13.26. 

Solution 

ic 

13.29. The vibrational Raman spectrum of CI 2 shows series of Stokes and anti-Stokes lines; the separation between the lines in each of 
the two series is 0.9752 cm -1 . Estimate the bond length in CU. 

Solution 

13.30. The dissociation energy of Hi is 432.0 kJ mol -1 and the fundamental vibrational frequency of the molecule is 1.257 x 10 14 s _l . 
Calculate the classical dissociation energy. Estimate the zero-point energies of HD and D 2 and their dissociation energies. 

Solution 


13.31. A molecule AB 2 is known to be linear but it is not known whether it is B — A — B or A — B — B. Its infrared spectrum is found to 
show bands corresponding to three normal modes of vibration. Which is the structure? 

Solution 

13.32. The frequency of the O — H stretching vibration in CH 3 OH is 3300 cm Estimate the frequency of the O — D stretching vibration in 
CH 3 OD. 

Solution 

13.33. The spectroscopic constants for the OH radical are v 0 = 3737.76 cm -1 , v 0 x e = 84.8813 cirf 1 , B = 18.9108 cm -1 . Predict the 
frequencies at which (a) the P branch transitions ending in, and (b) the R branch beginning in, J = 0, 1,2 will be observed. 

Solution 

13.34. Irradiation of acetylene with mercury radiation at 435.83 nm gives rise to a Raman line at 476.85 nm. Calculate the vibrational 
frequency that corresponds to this shift. 

Solution 


13-6 


Chapter 13: Foundationsof Chemical Spectroscopy 


Vibrational-Rotational and Raman Spectra 


13.35. The fundamental vibrational frequency of H 127 ! is 2309.5 cm *. Calculate the force constant of the bond. 


Solution 


*13.36. The following are some normal modes of vibration for several molecules: 

[[Image]] 

In each case, determine the point group and refer to Appendix E on p. 1028 to determine whether the vibration is active in the 
infrared and in the Raman spectrum. Then check your conclusions by reference to the appendix to this chapter (p. 707). 

Solution 


*13.37. Prove that the force constant k corresponding to the Morse potential function (Eq. 13.146) at small bond extensions is 

k = 2 D e a 2 

ic 

Calculate the vibration frequency vo on the basis of the following Morse parameters for H Cl: 

D e = 4.67 eV 

a = 1.85 x 10 8 cm” 1 

Solution 

*13.38. The Morse function is only one of several models used to describe the behavior of the potential energy of diatomic molecules. A 

popular and very accurate model introduced by Murrell and Sorbie [/. Chem. Soc., Faraday Trans. 2, 70, 1552(1974)] is the so- 

called “Extended Rydberg function,” which is written as 

E p ( x ) = - D e (1 + a^x + a 2 x 2 + a 3 x 3 )e” fl1 ' , 

where x = r - r e , as in the case of the Morse potential of Eq. 13.146, and the a, are constants for a given molecule. 

a. Derive an expression for the force constant in terms of the parameters D e and a,-. 

b. Show that in order for a function of this form to have a minimum at r = r e , a\ must be both the coefficient of x and the 
exponential parameter. 


Solution 

*13.39. Yet another model for a diatomic potential is the Bond Order function used by Garcia and Lagana [Mol. Phys. 56, 621(1985)], 
which is given as 

N 

E p( X ) = ~ D e'Z C n eX P ( ~npx). 

71=1 

Show that for N = 2, with appropriate choices for the coefficients c\ and ci, this is identical to the Morse potential of Eq. 13.146 
expressed as E p = Dei 1 - c lix ) 2 - D e . 

Solution 
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*13.40. The parameters for the bond order (see Problem 13.39) potential of the 35 C1 16 0 radical with N = 4 are (in atomic units) c i = 2.691 
042, C2 = -2.545 521, C3 = 1.017 916, c 4 = -0.163437, De = 0.10302, and /? = 1.763 768. What is the vibrational frequency (in cnT 1 ) 
predicted by this model? [Note that the force constant can be expressed in units of energy area* 1 .] 

Solution 

*13.41. A model for the 14 N- 14 N- 16 0 + ion assigns the following force constants for the two stretching frequencies: kn = 1092.8 N nf 1 , and 
kn = 890.68 N m* 1 . Use Eqs. 13.171-13.174 to calculate the two stretch frequencies obtained from the model. 

Solution 


*13.42. The fundamental and a few successive overtones of the H( molecule lie at 2191, 2064, 1941, 1821, 1705, 1591, 1479 and 1368 cm 
\ respectively. 

a. Starting from Eq. 13.139, derive an expression that can be used to obtain both v 0 and x e by a suitable analysis of the data. 

b. Perform the analysis and calculate both v 0 and x e . 

Solution 


Electronic Spectra 

13.43. Sketch potential energy curves for a diatomic molecule in its ground electronic state and n an excited state, consistent with the 
following observations: 

a. There is a strong 0 <— 0 absorption band, and strong 0 — > 0, 1 — > 1, and 2 — > 2 emission bands. 

b. The strongest absorption band is 4 <— 0, and the strongest emission band is 0 — > 2. 

c. There is no sharp rotational fine structure in absorption, but there is a sharp emission spectrum. 

d. The absorption spectrum shows a well-defined fine structure for the 0 <— 0, 1 <— 0, 2 <— 0, 3 <— 0, and 4 <— 0 transitions and for 
the 6 <— 0 and 7 <— 0, but not in between. 

Solution 


*13.44. Using the data in Example 13.12 on p. 702, determine the area under the curve in a plot of Av against v. Extrapolate to zero Av to 
obtain v' max , since the Birge-Sponer extrapolation shows that at that point V = v' max . A better value may be obtained by a nonlinear 
extrapolation. What are the values of v' not given in the table? 

Solution 


13.45. Calculate the dissociation energy of the hydrogen molecule ion from the vibrational energy level separations of H). The values for 

the transitions 1 <— 0, 2 <— 1, ..., are, respectively, 2191, 2064, 1941, 1821, 1705, 1591, 1479, 1368, 1257, 1145, 1033, 918, 800, 
677, 548, 411, with all values given in cm 4 . Use both a linear plot and a curve to obtain answers. 

Solution 
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13 . 46 . The electronic spectra of diatomic molecules in the gas phase typically show extensive vibrational structure superimposed on the 

broader electronic transition. Taking the equilibrium geometry of the ground electronic state to be the zero energy, the G (v") of Eq. 
13.138 can be used to express the energies of the vibrational states v" (in cm ') of this electronic state. Denoting the minimum 
energy of the excited electronic state as f e (in cm -1 ), the vibrational energy levels V dcf the excited state can be expressed as 

T e +G(V). Derive an expression for the frequencies v of the transitions v" — > v' between the vibrational levels of the ground and 

excited electronic states. (Note that the vibrational frequencies and anharmonicity constants are not the same for the ground and 
excited electronic states.) 

Solution 

13 . 47 . An easy and reliable way to analyze the electronic spectrum of a diatomic molecule is to use the equation derived in Problem 13.46 
as the model for a multiple regression analysis (several plotting packages and mathematics packages such as Mathcad can perform 
this task) to simultaneously identify the five unknowns, T e , v ' 0 , v' 0 x' e , i7", and v"x” [McNaught, J. Chem. Ed. 57, 101(1980)]. The 
following data are from the electronic spectrum of iodine. 


— > v' 

X (nm) 

1 ->v' 

X (nm) 

2 — >■ v' 

X (nm) 

17 

567.2 

15 

581.0 

10 

607.3 

18 

564.2 

16 

577.8 

11 

603.1 

19 

561.5 

17 

574.2 

12 

599.1 

20 

558.5 

18 

571.3 

13 

595.5 

21 

555.8 

19 

568.3 

14 

591.8 

22 

553.0 

20 

565.2 

15 

588.1 

23 

550.1 

21 

559.6 

16 

584.8 

24 

547.8 

22 

556.9 

17 

581.2 

25 

542.7 

23 

554.2 

18 

578.1 

26 

540.7 

24 

551.8 

19 

575.1 

27 

538.5 

25 

549.0 

20 

572.4 


Perform a multiple regression analysis and identify the spectroscopic parameters of the ground and excited electronic states. 
Literature values are (in cm -1 ) f e = 15730, v' 0 = 132.1, v' 0 x' e = 1.051, v” = 214.5, and v"x" = 0.614. 

Solution 
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Essay Questions 




The dissociation energy (from the zero-point level) of the ground state 0 2 ( 3 £ ) molecule is 5.09 eV. There exists an electronically 
excited i Z u state of O 2 , whose zero-point level lies 6.21 eV above the zero-point level of the ground state. The ground-state 

a o _ o 

molecule dissociates into two ground-state 0( P) atoms, while the E u species dissociates into one ground-state 0( P) atom and an 
0*('D) atom that lies 1.97 eV above the ground state. Sketch the potential-energy curves and calculate the dissociation energy of 
0 2 CX) into O + 0*( 1 D). 

Solution 

The spectroscopic dissociation energy D 0 is the energy required to dissociate the molecule in its ground vibrational state. This is 
always slightly smaller than the actual depth of the electronic potential energy because of the zero-point energy of the molecule (see 
Figure 13.22). Given that for HC1, De = 4.6173 eV, v 0 = 2989 cnT 1 , and v 0 x e = 52.82 cnT 1 , calculate the value of Do for HC1. 

Solution 

The dissociation energy (from the zero-point level) of the ground state NO(X"7r) molecule is 6.6 eV. There exists an electronically 
excited B 2 fl state of NO whose zero-point level lies at 5.7 eV above the zero-point level of the ground state. The ground-state 
molecule dissociates into ground state N( 4 S) + 0( 3 (P)), while the B 2 II species dissociates into two ground-state atoms N( 2 D) + 0( 3 P) 
that lie 3.3 eV above its ground state. Sketch the potential energy curves and calculate the dissociation energy of NO into N( D) + 
0( 3 P). 

Solution 

Sodium vapor, which consists mainly of Nao molecules, has a system of absorption bands in the green, the origin of the 0, 0 band 
being at 20 302.6 cm 4 . From the spacing of the vibrational levels it can be deduced that the dissociation energy of the upper state is 
0.35 eV. The dissociation of the excited Na 2 gives a normal atom and an atom that emits the yellow sodium D line at 589.3 nm. 
Calculate the energy of dissociation of Na 2 in its ground state. 

Solution 

For additional problems, see the books listed at the end of the problems in Chapter 12 (pp. 634-635). 

Essay Questions 

13 . 52 . State the laws of Lambert and Beer, and write an equation comprising the two laws. 

13 . 53 . Explain clearly what is meant by absorbance and transmittance, and derive a relationship between them. 

13 . 54 . Give an account of the fundamental origins of ultraviolet and infrared spectra. 

13 . 55 . Explain the selection rules for infrared spectra, with examples. 


13 . 48 . 


13 . 49 . 


13 . 50 . 


13 . 51 . 


13-10 


Chapter 13: Foundationsof Chemical Spectroscopy 


Solutions 


Solutions 

13 . 1 . The molar absorption coefficient of human hemoglobin (molecular weight 64 000) is 532 cnT 1 mol -1 at 430 nm. A solution of 
hemoglobin in a cuvette having a light path of 1 cm was found at that wavelength to have a transmittance of 76.7%. Calculate the 
concentration in mol dnT 3 and in g dnT 3 . 

Solution: 

Given: MW = 64 000, s = 532 cm 3 moL 1 T = 430 nm, l = 1 cm, T = 76.7% 

Required: c in mol dm 3 and in g dm 3 

To determine the concentration of the hemoglobin solution, we use the Beer- Lambert Law, given by Eq. 13.45. This is one of the most 
important laws in understanding the foundation of chemical spectroscopy. 

A = log 10 ^ = scl 

3 —1 —1 

Since e cl is dimensionless, the molar absorption coefficient then has the units dm mol cm 
defines the transmittance as, 

above and rearranging Eq. 13.45, we can obtain an expression that can be used to solve the problem. 


Eq. 13.39 



Using the 
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Solutions 


— = 0.767 

I 0 

^ = (0.767 ) _1 =1.303 780 965 

lo Sio y = £cl 

lo Sioy 

c = — 

si 

log l0 1.303 780 965 
^532dm 3 

c = 0.000 215 739 mol dm 3 
c = 2.16x10 4 mol dm 3 

•5 

Converting to g dm" we use the molecular weight given in the problem 
c = 0.000 215 739 ;h 6 if dm 3 x 64 000 g 
c — 13.807 297 2 g dm 3 
c = 13.8 g dm -3 

Back to Problem 13.1 Back to Top 
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Solutions 


13 . 2 . A spectrophotometer has a meter that gives a reading directly proportional to the amount of light reaching the detector. When the 
light source is off, the reading is zero. With pure solvent in the light path, the meter reading is 78; with a 0.1 M solution of a solute 
in the same solvent, the meter reading is 55. The light path is 0.5 cm. Calculate the absorbance, the transmittance, and the molar 
absorption coefficient. 

Solution: 


I 78 

Given: — = — , c = 0.1M ,1 = 0.5 cm 
/ 55 


Required: A, T, a 

To find the absorbance, we use the value given for y- and substitute it into Eq. 13.45, 

A = log 10 ^ = scl 
78 

A = log l0 — = 0.151731913 
10 55 


A = 0.152 


The transmittance is defined in Eq. 13.39 as, 



178 

T = 0.705 128 205 
T = 0.705 


To find the molar absorption coefficient, we simply use Eq. 13.45 once more. 
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A = scl 
A 

£ = — 
cl 

0.151731913 

£ = 3 

0.1 mol dm x0.5 cm 
£ = 3.034 638 264 dm 3 cm 1 mol 1 
£ = 3.03 dm 3 cm 1 mol -1 


Back to Problem 13.2 


Back to Top 


Solutions 
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Solutions 


13 . 3 . The transmission of a potassium chromate solution was measured at a wavelength of 365 nm using a cell with a 1.0-cm path length. 
The data are as follows: 


Transmission 
Cone, x 10 4 /mol dnT 


0.357 

0.90 


0.303 

1.10 


0.194 

1.50 


0.124 

1.90 


Calculate the molar Naperian absorbance and the molar decadic absorbance. 

Solution: 

Given: X = 365 nm, / = 1.0 cm, c 
Required: Naperian and decadic absorbance 


To solve this problem, we use Eq. 13.45 and form a plot of logT against concentration. log I0 — = 


1 -scl 


I 0 2.303 


This should give a straight line with a slope of 


-si 

2.303 


See the plot below. 
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Solutions 


The values used the create the plot are: 


Transmission 

0.357 

0.303 

0.194 

0.124 

Cone, x 10 4 /mol 
dm" 3 

0.9 

1.1 

1.5 

1.9 

logT 

-0.44733 

-0.51856 

-0.7122 

-0.90658 


The slope of the plot obtained is m = -0.4653 x 10 3 dm 3 mol 1 . 


Since = -0.4653 x 10 3 dm 3 mol 1 we can then solve for the molar absorption coefficient. 

2.303 

— — = 0.4653 x 10 3 dm 3 mor 1 
2.303 

0.4653 xlO 3 dm 3 mol 1 x 2.303 

£ = 

1 

l = 1.0 cm = 0.1 dm 
_ 0.4653 xlO 3 dm 3 mol 1 x 2.303 
0.1 dm 

^ = 10 715.859 dm 2 mor 1 
£ = 107 1.585 9 m 2 mol 1 

The decadic absorbance coefficient for a 10 M solution is then, 

A = scl 

A = 10 715.859 jnoT^^nf^x 10xl0~ 6 jxv5 f ^tef^x l^prff 
A = 0.107 158 59 
A = 0.107 


Back to Problem 13.3 


Back to Top 
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Solutions 


13 . 4 . An aqueous solution containing 0.95 g of oxygenated myoglobin (M r = 18 800) in 100 cm' gave a transmittance of 0.87 at 580 nm, 
with a path length of 10.0 cm. Calculate the molar absorption coefficient. 

Solution: 

Given: m = 0.95 g, M r = 18 800, V =100 cm 3 ,! =0.87, A = 580nm, / = 10. 0cm 
Required: a 

To calculate a we use the Beer- Lambert Law in Eq. 13.45. 

A = log 10 ^ = acl 

The absorbance is first calculated by taking the inverse log of the transmittance. 

^iog 10 r' 

A = log 10 (0.87) 1 
A = 0.060 480 747 


We then calculate the concentration of the hemoglobin. 
ldm 3 =1000 cm 3 
100 cm 3 =0.1 dm 3 


n m 
C ~V~~M 


c = 


0.95 / 


18 800 y mol 


1 


0.1dm 3 


c = 0.000 505 319 mol dm 


-3 


c = 5.053 19x10 4 mol dm" 


Solving for a we obtain, 
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A 

£ = — 
cl 

0.060 480 747 

5.05319x10 4 mol drrT 3 xl0.0 cm 
s — l 1.968 821 59 dm 3 cm mor 1 
£ = 12.0 dm 3 cm -1 mor 1 


Back to Problem 13.4 


Back to Top 


Solutions 
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Solutions 


13 . 5 . A substance in aqueous solution at a concentration of 0.01 M shows an optical transmittance of 28% with a path length of 2 mm. 
Calculate the molar absorption coefficient of the solute. What would be the transmittance in a cell 1-cm thick? 

Solution: 


Given: c = 0.01 M , T = 0.28, l = 2 mm 
Required: s,T l=Um 

To calculate s we use the Beer-Lambert Law in Eq. 13.45. We can solve in a similar manner to problem 13.4. 
The absorbance is first calculated by taking the inverse log of the transmittance. 

A = log 10 ^ = scl 

A = log 10 T 1 
A = log 10 (0.28) ' 

A = 0.552 841 969 

Rearranging Eq. 13.45, we can solve for s 
A 

£ = — 
cl 

0.552 841969 
0.01 mol dm 3 x 0.2 cm 
£ = 276.420 984 3 dm 3 cm 3 mol 1 
£ = 216 dm 3 cm -1 moL 1 


To determine the transmittance when the path length is 1.0 cm, we use the molar absorption coefficient obtained above and solve for the 
absorbance. 

A = £cl 

A = 276.420 984 3 ^ktr^ 0.01 jaadf 1.0 pfa 

A = 2.764 209 843 
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From Eq. 13.43 we can find the transmittance, 
log 10 r% = 2 -A 

log lo r% = 2-2.764 209 843 
log 10 r% = -0.764 209 843 

J 1 G/q ^ q— 0.764 209 843 

T = 0.172 103 68 % 

T = 0.11 % 


Back to Problem 13.5 


Back to Top 


Solutions 
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Solutions 


o i 1 

13.6. The molar absorption coefficient of hemoglobin at 430 nm is 532 dm' mol cm . A solution of hemoglobin was found to have an 
absorbance of 0.155 at 430 nm, with a light path of 1.00 cm. Calculate the concentration. 

Solution: 

Given: a = 532 cnT 1 mol -1 A = 430 nm, / = 1 .00 cm, A = 0. 155 
Required: c 

This problem is similar to problem 13.1, however is much simpler to solve. By rearranging Eq. 13.45, we can obtain the concentration 

A = scl 
A 

c = — 
si 

0.155 

532 dm 3 mor'ymT^xl.OO pfn 
c- 0.000 29 1353 mol dm 3 
c = 2.91x10 4 mol dm 3 


Back to Problem 13.6 


Back to Top 
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Solutions 


13 . 7 . A 10 /J.M solution of a substance gave an absorbance of 0.1028 with a light path of 1 cm. Calculate the molar absorption coefficient. 
What would be the percentage light transmittance of a 1 -/mi solution with the same light path? 

Solution: 

Given: c = 10 juM , A = 0.1028,/ = lcm 
Required: £,T c=lflM 

To calculate s we rearrange the Beer-Lambert Law, Eq. 13.45. 

A = scl 
A 

£ = — 
cl 

0.1028 

_ 10x10^ mol dm 3 xl cm 

e = 10 280 dm 3 cm moL 1 
£ = 1.028 xlO 4 dm 3 cm moL 1 


To determine the transmittance when the concentration is 1 fiM, we use the molar absorption coefficient obtained above and solve for the 
absorbance. 

A = £cl 

A = 1.028xl0 4 jndl^xlO -6 jndf ^teC^xl.O 

A = 1.028 xl0~ 2 

From Eq. 13.43 we can find the transmittance, 
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log l0 T% = 2 -A 
log 10 r% = 2-1.028x10 2 
log 10 r% = 1.989 72 

r% = io L9S972 

T = 97.660 737 6 % 

T = 97.66% 


Back to Problem 13.7 


Back to Top 


Solutions 
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Solutions 


13 . 8 . Two substances of biological importance, NAD + and NADH, have equal absorption coefficients, 1.8 
nm (a wavelength at which absorption coefficients are equal is known as the isosbestic point 6 ). At 340 
all, but NADH has an absorption coefficient of 6.22 x 10 dm mol cm . A solution containing both 
of 0.215 at 340 nm and of 0.850 at 260 nm. Calculate the concentration of each substance. 

Solution: 

Given: X = 260 nm; s holh =1.8xl0 4 dm 3 moT'cnT 1 , A = 0.850 

X =340 nm;£ NADH = 6.22xl0 3 dm 3 mor'cnT 1 , A = 0.215 
Required: c NAD+ ,c NADH 

Since we are told that at 340 nm, NAD + does not absorb at all, we can find the concentration for NADH by applying the Beer-Lambert law 
at 340 nm. We can assume the path length, / = 1.00 cm which is the standard value. 

A = scl 
A 

c = — 
si 

0.215 

6.22xl0 3 dm 3 mor'^nf^ xl.00 ynff 
c nadh = 3.456 59 x 10- mol dm 3 
c NAD h = 3.46 x 10 5 mol dm 3 


x 10 4 dm 3 mob 1 cm ', at 260 
nm, NAD + does not absorb at 
substances had an absorbance 


To find the concentration of NAD+, we first calculate the absorbance of NADH at 260 nm. 
A = scl 

A = 1.8 xlO 4 ^pnf^jBof^x 3.456 59x10 5 jr rdf jlirf^xl.OO prii 

A = 0.622 186 495 

The remaining absorbance at 260 nm will be purely the absorbance of NAD+, 


6 


From the Greek prefix iso-, the same, and sbestos, quench. This word is sometimes incorrectly written as “isobestic.” 
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A nad+ =0.850-0.622186 495 
A nad+ =0.227 813 505 

Now we can solve for concentration in a similar manner as above. 
A 

c = — 
si 

0.227 813 505 

C = 

1.80xl0 4 dm 3 mol 1 ^ntf^x 1.00 
c nad+ = 1-265 63 x 10 5 mol dm -3 
c nad+ = 1 - 27 x 10 5 mol dm 3 


Back to Problem 13.8 


Back to Top 


Solutions 
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Solutions 


13 . 9 . The transmittance of a 0.01 M solution of bromine in carbon tetrachloride, with a path length of 2 mm, is 28%. Calculate the molar 
absorption coefficient of bromine at that wavelength. What would the percentage transmittance be in a cell 1-cm thick? 

Solution: 


Given: c = 0.01 M , T = 0.28, 1 = 2 mm 
Required: e,T l=lem 

This problem is parallel to problem 13.5. To calculate s we use the Beer- Lambert Law in Eq. 13.45. 

The absorbance is first calculated by taking the inverse log of the transmittance. 

A = log 10 ^ = eel 

A = log 10 T 1 
A = log 10 (0.28) ' 

A = 0.552 841 969 

Rearranging Eq. 13.45, we can solve for s 
A 

£ = — 
cl 

0.552 841969 
0.01 mol dnL 3 x 0.2 cm 
s = 276.420 984 3 dm 3 cm 1 mol 1 
s = 216 dm 3 cm mol" 1 


To determine the transmittance when the path length is 1.0 cm, we use the molar absorption coefficient obtained above and solve for the 
absorbance. 

A = £cl 

A = 276.420 984 3 ^btr^ 0.01 jaadf 1.0 pfa 

A = 2.764 209 843 

From Eq. 13.43 we can find the transmittance, 
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log 10 r% = 2 -A 
log 10 r% = 2-2.764 209 843 
log 10 r% = -0.764 209 843 

T% — 1Q-0.764 209 843 

T = 0.172 103 68 % 
r = 0.17 % 


Back to Problem 13.9 


Back to Top 


Solutions 
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Solutions 


13 . 10 . An acid HA ionizes in aqueous solution into H + and A ions. At a wavelength of 430 nm HA does not absorb light, but A does so 

3 —1 —1 

with an absorption coefficient of 458 dm cm mol . A solution of the acid at a concentration of 0.1 M was found to have a 
transmittance of 1.47% at 430 nm with a path length of 1 cm and at 25 °C. Calculate the dissociation constant of HA at 25 °C, and 
A G° for the dissociation process. 

Solution: 

Given: A = 430 nm, e = 458 dm 3 cm” 1 mol” 1 , c = 0.01 M , T = 1.47% = 0.0147 , 1 = 1 cm, T = 25 °C 
Required: K c ,AG° 


To calculate the dissociation constant and Gibbs free energy, we need to recall the principles we learned in chapter 4. 
The dissociation of the acid is given by, 


HA ^ H + + A 


K, = 


[HA] 


And therefore K c is calculated by determining the concentration of the anion A" which is equal to c. This value is also the same 
concentration of H + . 


The absorbance is first calculated by taking the inverse log of the transmittance. 
A = log 10 ^ = scl 

A = log 10 T 1 
A = log 10 (0.0147)' ' 

A = 1.832 682 665 


To find c, we rearrange Eq. 13.45, 
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A = scl 
A 

c = — 
si 

1.832 682 665 

458 dm 3 mol 1 ymf^x 1.00 pta 
c = 4.001 491x10 3 mol dm 3 


At equilibrium we have the following situation, 


^ initial 
r 

equilibrium 


HA i 

0.1 M 

0.1-4.001491x10 3 M 


Solving for K c we obtain, 


H + + 

0 

4.001491x10 3 M 


K = 


4.001491x10 3 ^«5f 

[4.001491x10 

3 mol dm 3 ] 


1-4.001491x10 3 jaOf 



K c = 1.607 63 x 10 5 mol dm 3 
K c = 1.607 x 10 5 mol dm -3 


To find the Gibbs free energy we use Eq. 4. 27 
AG° = -RT In K c 

AG° = -8.3145 J mol 1 x 298.15 X x ln(l.607 63x10 5 mol dm 3 ) 
AG° = 27 363.265 17 J mol 1 
A G° = 27.4 kJ mol 1 


Back to Problem 13.10 


Back to Top 


Solutions 


AT 

0 

4.001491x10 3 M 
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Solutions 


13.11. In the Balmer series of the hydrogen atom, the first emission line is observed at 656.3 nm. Calculate the value of the Rydberg 
constant. What is the energy of the light quanta emitted during the transition? 

Solution: 


Given: X = 656.3 nm , Balmer series, 
Required: R, s 


To find Rydberg’s constant, we use the principles we learned in Chapter 11. We can find R using Eq. 1 1.50 and the fact that for the Balmer 
series, n = 3. n\ = 2. 


v=- = R 

X 

1 

656.3 xlO^ 9 m 
35 r 

R = ~ — 

4 


1 1 


V n \ n 2 ) 

f 


= R 
1 


1 _ 1 

Y Y 


v 656.3xl0~ 9 m j 


R = 10 970 592.63 m 1 


) 


R = 1.097 xlO 7 m -1 


To find the energy we use, 


X 

6.626 x IQ- 34 J / x 2.998 x 10 8 ^ 

656.3 x 10' 9 y 
£ = 3.026 78x10 19 J 


£ = 3.027x10 19 J 


Back to Problem 13.11 


Back to Top 
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Solutions 


9 I 

13.12. The ground state of the Li atom has the electronic configuration Is 2s . What is its spectroscopic term? If the 2s electron is excited 
to the 2p state, what terms are then possible? 

Solution: 

Given: Li, ls 2 2s 1 

Required: spectroscopic terms for 2s 1 and 2p r states 

The Is electrons form a closed shell and need not be considered. 

Back to Problem 13.12 Back to Top 
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Solutions 


13.13. Suppose that an excited state of the carbon atom has the electronic configuration ls 2 2s 2 2p 1 3p 1 . What are the possible spectroscopic 
terms? 

Solution: 

Back to Problem 13.13 Back to Top 
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13.14. What are the terms for the following electronic configurations? 

a. Na (ls 2 2s 2 2p 6 3p 1 ) 

b. Sc ( 1 s 2 2s 2 2p 6 3s 2 3p 6 4s 2 3d 1 ) 

Solution: 


Back to Problem 13.14 


Back to Top 


Solutions 
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13.15. What values of J may arise in the following terms? 


Solution: 


Back to Problem 13.15 


Back to Top 


Solutions 


i 


D, 2 D, 3 D, 4 D 
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Solutions 


2 

*13.16. Calculate the Lande-g-factor for a P 1/2 level. What would be the anomalous Zeeman splitting for this level in a magnetic field of 
4.0 T? 

Solution: 

Back to Problem 13.16 Back to Top 
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Solutions 


* 13 . 17 . Calculate the spacing between the lines for a Dj 
T. 


transition, in an anomalous Zeeman experiment with a magnetic field of 4.0 


Solution: 

Given: 3 Dj 3 P 0 , B = 4.0 T 
Required: A E 


This problem is very similar to example 13.8 given in the text, and can be solved in a similar manner. 


For the P 0 level, gj = 0. The splitting of the line is therefore entirely due to the splitting of Di level. For this level, gj is, 


Sy =1 + 


(lx 2) + (lx 2) -(2x3) 
(2x2) 


Sj = 


1 

2 


It will be split into three levels with Mj = 1, 0, -1, and the separation between the levels is given by Eq. 13.88, 
AE = SjMb B 

AE = -x9.273xlO 24 J^x4.0 / 

2 

AE = 1.854 6 x 10~ 23 J 


Converting this energy level difference to the spacing in cm we get, 
1.854 6x10 23 / 

A E = — ^ 

6.626x10 34 / /x 2.998 xlO 10 cm jT 

AE = 0.933 613 656 cm 

AE = 0.93 cm 


Back to Problem 13.17 Back to Top 
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Solutions 


13 . 18 . The separation between neighboring lines in the pure rotational spectrum of 
interatomic distance. 


35 C1 19 F is found to be 1.023 cm Calculate the 


Solution: 


Given: 35 C1 19 F, 2 B = 1 .023 cm 1 
Required: r 


Eq. 13.93 gives the relationship between interatomic distance, inertia and reduced mass. 


I=- 


m x + m 2 


•"il 2 

~ r o = B r 0 


To solve for interatomic distance, we first calculate the moment of inertia from Eq. 13.100 since we already have the value of the rotational 
constant, B. 

8 7t 2 Ic 

8 n"cB 

7 _ 6.626x10 34 J / 

8^- 2 2.998x10 10 &K X^xO. 5115 
/ = 5.472 48 xlO^ 46 J 


The reduced mass is calculated using Eq. 13.94, 

// = — 

m ] + m 2 

_ 35 g moF 1 xl9 g moE 1 

M ~ (35 + 19) g moF 1 x 6.022 x 10 23 mol 1 

ju= 2.044 97x10 23 g 
ju= 2.044 97x10 26 kg 

Rearranging Eq. 13.93 and solving for r we obtain, 
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7=//r 0 2 



r = 


5.472 48 x IQ" 46 J 
' Z04497^KT^kg 

r = 1.635 87x10 10 m 


r = 164 pm 


Back to Problem 13.18 


Back to Top 


Solutions 
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Solutions 


13 . 19 . The lines in the pure rotational spectrum of HF are 41.9 cm 1 apart. Calculate the interatomic distance. Predict the separation 
between the lines for DF and TF. 

Solution: 


Given: HF, 2B = 41.9 cm 1 
Required: r, 2 B DF , 2 fi TF 

This problem can be solved in a similar manner as problem 13.18. 

Eq. 13.93 gives the relationship between interatomic distance, inertia and reduced mass. 

m,m 2 2 2 

/= — r 0 =/jr 0 
m l + m 2 


To solve for interatomic distance, we first calculate the moment of inertia from Eq. 13.100 since we already have the value of the rotational 
constant, B. 

S^Ic 


8;r 2 cB 

6.626x10 34 J / 

Stt 2 2.998 xlO 10 ^x20.95 
/ = 1.336 12xl0” 47 J 


The reduced mass is calculated using Eq. 13.94, 
M = — 

Wj + m 2 

1 g moF 1 xl9 g moF 1 
M ~ (1 + 19) g moF 1 x 6.022 xlO 23 moF 1 

ju=l.511 55x10 24 g 
ju= 1.577 55x10 27 kg 
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Solutions 


Rearranging Eq. 13.93 and solving for r we obtain, 



1.336 12X1CT 47 J 
V \ 1.577 55 xl(T 27 kg 

r = 9.203 05x10 11 m 


r = 92pm 


To find the separation, we take a look at Eq. 13.93 and 13.100 and notice that the separation B is inversely proportional to I and therefore, to 
the reduced mass ji. The interatomic separations are assumed to be the same. The reduced mass for HF, DF and TF are in the ratio: 

HF DF TF 

1x19 2x19 3x19 

20 ' 21 ‘ 22 

= 1 : 1.90 : 2.72 


Using the ratios, the predicted separations are, 
2R df = 41.9 cm - 1 -5-1.90 

2R df = 21.997 5 cm 1 
25 df = 22.0 cm 1 
2 R tf =41.9 cm -1 -5-2.72 
2R TF =15.363 33 cm 1 
2 R tf = 15.4 cm 


Back to Problem 13.19 Back to Top 
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Solutions 


13 . 20 . In the microwave spectrum of 
distance. 


12/-il6, 


C O the separation between lines has been measured to be 115270 MHz. Calculate the interatomic 


Solution: 

Given: 12 C 16 0, 2B = 115 270 MHz 
Required: r 

This problem can be solved in a similar manner as problem 13.18. 


Eq. 13.93 gives the relationship between interatomic distance, inertia and reduced mass. 

m.m 0 , , 

-'b =/"b 


/=- 


OTj + 7W, 


To solve for interatomic distance, we first calculate the moment of inertia from Eq. 13.100 since we already have the value of the rotational 
constant, B. 


B = 


h 

8 n~lc 


8 7t 2 cB 

6.626 x IQ- 34 J / 

8;r 2 x — xll5 270 xlO 6 ^ 
2 


7 = 1.456 05x10 46 J 


The reduced mass is calculated using Eq. 13.94, 
m.m n 

B = — 

Wj + m 2 

12.000 gmoE'x 15.995 gmoE' 

M ~ (12.000 + 1 5 .995) g mol 1 x 6.022 x 10 23 mol 1 

// = 1.138 53x10 23 g 
// = 1.138 53xl0 26 kg 
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Rearranging Eq. 13.93 and solving for r we obtain, 



r = 


1.456 05 xlQ^ 6 J 
j 1.138 53xlCT 26 kg 

r = 1.130 88x10 10 m 


r = 113pm 


Back to Problem 13.20 


Back to Top 


Solutions 
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Solutions 


12 16 13 16 

*13.21. The J = 0 —> J = 1 line in the microwave absorption spectrum of ~C O and of C O was measured by Gillam et al., [Phys. Rev. 
78, 140(1950)]. In its ground vibrational state, the former has the value 3.842 35 cnT 1 and the latter, the value 3.673 37 cm '. 
Calculate 

a. the bond length of the 12 C 16 0 molecule, 

b. the relative atomic mass of C, 

c. the bond length of the 13 C 16 0 molecule. 


Solution: 

12 /~il6 


Given- " C ° 0 ’ *0 = 3 - 842 35 cm_1 > I3cl6 ° ; *0 = 1673 37 cm 
Required: r ( 12 C 16 0) , M,. , r ( 13 C 16 0) 


a. This problem can be solved in a similar manner as problem 13.18 since interatomic distance is the same as bond length. 

Eq. 13.93 gives the relationship between interatomic distance, inertia and reduced mass. 

2 2 

- r o =M r o 


Z _ m i m 2 „2 2 


Wj + ra 2 


First, we calculate the moment of inertia from Eq. 13.99 and Eq. 13.100. For the transition J = 0 
Vj=2(J + 1)B 

h 


7=1, Av = 2 B and therefore 


V=2P+1) 


8 7t 2 Ic 


1 = 


2 h 
8 n 2 cv : 


2x6.626xlQ- 34 J / 

8^- 2 x 2.998 x 10 10 s ' x 3.842 35 y 1 " 

/ = 1.457 01 xlO^ 46 Js 
/ = 1.457 OlxlO -46 kg m 2 


The reduced mass is calculated using Eq. 13.94, 
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Solutions 


M = - 


m ] + m 2 




12.000 g mol 1 x 15.994 914 g mol 1 


(I2.000 + 15.994914)gmor‘x6.022xl0 23 mol 
// = 1.138 53x10 26 kg 


jxlO 3 kg g _1 


Rearranging Eq. 13.93 and solving for r we obtain, 

T 2 

I = M r o 


r = 


1 


1.457 OlxlO -46 y£ m 2 


1.138 53x10 26 


r = 1.131 25x10 10 m 


r = 113. lpm = 0.1131 nm 


b. To find the reduced mass, we take a look at Eq. 13.93 and 13.100 and notice that the separation B is inversely proportional to the 
reduced mass a. 

13 12 16 13 16 

If M r is the relative mass of J C, and subscript 1 refers to C O and, subscript 2 refers to J C O, we have, 
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Solutions 


b l= m l 

B 2 // 2 

3.842 35 pesS* _ 12.000 x 15.994 914 M r x 15.994 914 
3.673 37 _ 12.000 + 15.994 914 X M r +15.994 914 


1.046 001 356 = 0.145 853 207 x 


f M r xl5.994 914^ 
y M r +15.994 9 14 y 


7.171603411 = 


Mx 15.994 914 


M r + 15.994 914 
7.171 603 41 l(Af r +15.994 914) = 15.994 914M,. 
1 14.709 179 8 = 8.823 310 589 M. 


M , =13.000 69613 


c. This problem can be solved in a similar manner as part a. 


Eq. 13.93 gives the relationship between interatomic distance, inertia and reduced mass. 
mjru 


1 = 


m l + m 2 


‘2 2 2 
~ r o I) 


First, we calculate the moment of inertia from Eq. 13.99 and Eq. 13.100. For the transition 7 = 0— >7=1, At? = 2/1 and therefore 
t?.=2(7+l)5 


v i 


= 2(7 + 1) 


h 

8 n 2 lc 


8 7TCV j 

2x6.626xlQ- 34 J / 

8 n 1 x 2.998 x 10 8 * 10 ptK s ' x 3.673 37 
7 = 1.524 04x10 46 Js 
7 = 1.524 04x10 46 kg m 2 
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The reduced mass is calculated using Eq. 13.94, 

m.m 9 

M = 

m ] + m 2 

13.003 35 g moE * 1 x 15.994 914 g moE 1 
M ~ (13.003 35 + 15.994 914) g moE 1 x 6.022x 10 23 r 

// = 1.191 03 xl0“ 26 kg 

Rearranging Eq. 13.93 and solving for r we obtain, 
I = M r o 



1.524 04xl0~ 46 kg m 2 )4 m 2 


]j 1.19103x10 26 
r = 1. 13 1 19 x 10 10 m 


r = 113.1pm = 0.1131 nm 


i o 

Therefore, there is essentially no difference in the bond length with the C isotope. 


Back to Problem 13.21 


Back to Top 
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Solutions 


16 12 * 32 16 

13 . 22 . The microwave spectrum of ’O C S shows absorption lines separated by 12.163 GHz. That of ’() “C S shows lines separated by 
11.865 GHz. The determination of the bond distances involves solving two simultaneous quadratic equations, which is best done by 
successive approximations. To avoid all that labor, simply confirm that the results are consistent with r(0 — C) = 116 pm and r(C — 
S) = 156 pm. 

Solution: 

Given: 16 0 12 C 32 S; 25 = 12.163 GHz, 16 0 12 C 34 S, 25 = 11.865 GHz 

Required: confirm that the results are consistent with r(0-C) = 116 pm, r(C-S) = 156 pm 

To confirm that the bond distances are consistent with r ( O - C ) = 1 1 6 pm, r(C-S) = 156 pm , we can calculate and compare the moments 
of inertia based on the absorption line separations and the bond distances. 

The 5 values are half the separations, 

16 0 12 C 32 S; 5 = 6.081 5 xlO 9 s 1 
16 0 12 C 34 S, 5 = 5.932 5x10V 1 

We can then calculate the moment of inertia from Eq. 13.100 since we already have the value of the rotational constant, 5. 

%n 2 Ic 

/=-?- 
8 tv 2 cB 

j 1 16pjl2p32^\ _ 6.626x10 J / 

' ’ 8;r 2 x 6.08 1 5 x 10 9 ^ 

/( 16 0 12 C 32 S) = 1.379 91xl0^ 5 J 

/( 16 o 12 c 34 s)= 6 - 626xl ° Mj / 

v ’ %n 2 x 5.932 5 x 10 9 y 

I ( 16 0 12 c 34 s) = 1.414 57 X 10^ 5 J 

The moment of inertial of a linear triatomic molecule is given by Eq. 13.103 
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Solutions 


m 

We can write x for r\ 2 and y for r 2 3 , and M \ , M 2 and M 2 for the molar masses. We then obtain the following quadratic equations, 


Insertion of L = 6.022 xlO 23 mol 1 ,M l = 16 g mol 1 , M 3 = 32 g mol = 34 g mol M = 60 g mol *, x = 116 pm, and y = 156 pm into 
the left hand side (LHS) and right hand side (RHS) of these equations gives, 

/( 16 0 12 C 32 S); 

LHS: 

= 1.379 91x 10 42 gm 2 
RHS: 



= 1.379 91 x 10 ' 45 J = 1.379 91x10^ gm 



2 A 


/( 16 0 12 C 34 S) =- M lX 2 +Mjy 2 - 

L 


V 


= 1.414 57 x lO ^ 45 J = 1.414 57 x 10 " 42 g m 


16 g mol 1 x(ll 6 pm)“ +32 g mol ‘x(l56pm) -- 


(l 6 gmol 1 xll 6 pm-32 g mol 'x 156 pm) 


60 g mol 1 


6.022 xlO 23 mol 


6.022 xlO 23 jndT 1 " l pm , 
= 1.378 5 lx 10 42 gm 2 


830 139.733 3 g pm 2 ( KL' 2 m f 


LHS * RHS = 1.38 x 10 42 gm 2 
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/( 16 0 12 C 34 S); 

LHS: 


= 1.414 57 x 10 42 gm 2 
RHS: 

( 

16 g moF 1 x(l 16 pm)" +34 g mol" 1 x(l56 pm)" - 


(l6g mol 1 xll6 pm-34g mol 1 xl56 pm) 


60 g mol 


-i 


6.022 xlO 23 mol" 1 


_ 844 574.933 3 g pm 2 jhoK ( 10~ 12 m Y 
6.022 x10 23 jhoT^ t P m > 
= 1.402 48xl0' 42 gm 2 
LHS « RHS = 1.4 x 10 42 g m 2 


Back to Problem 13.22 


Back to Top 
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Solutions 




1 , 

13 . 23 . The maximum potential energy that a diatomic molecule can store is — kx , where x is the amplitude of vibration. If the force 

2 

O 1 

constant k is 1.86 x 10 N m , calculate the maximum amplitude of vibration for the CO molecule in the v = 0 vibrational state. 
Compare this to the bond length obtained in Problem 13.21. Use the value of u r in that problem. 

Solution: 


Given : k = 1.86 xlO 3 Nm =0, Problem 13.21 
Required: x, compare with r in Problem 13.21 

To solve for amplitude of vibration, x, we substitute using Eq. 13.123 and rearrange the equation given above to get, 



h_ IT 

4 7T\jU 



We use /j = 1.191 03x10 26 kg from Problem 13.21, substitute and solve to obtain, 


r 6.626x10 34 Js 

1 

l ^ V 

1.86xl0 3 Nm _1 xU9103xl0 _26 kg y 


x = (2.240 54xl0~ 23 nr) 2 

1 

v = (2.240 54x1 0" 23 nr) 2 

x = 4.733 44xl0~ 12 m = 4.733 44xl0“ 3 nm = 0.047 334 4A 
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In Problem 13.21, the bond length for the CO molecule was found as r = 0.1 131 nm . 
Compared to jc, 


4.733 44xl(T 3 

% change = 

0.1131 nm 

% change = 4. 1 84 474 8% 


jaiff 


xl00% 


% change = 4.2% 

The extension therefore represents about a 4% change. 

Back to Problem 13.23 Back to Top 
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Solutions 




13 . 24 . Consider the following molecules: H2, HC 1 , CO2, CH4, H2O, CH3CI, CH2CI2, H2O2, NH3, and SF 6 . Which of them will give 

a. a pure rotational spectrum, 

b. a vibrational-rotational spectrum, 

c. a pure rotational Raman spectrum, 

d. a vibrational Raman spectrum? 

Solution: 


Given: H 2 , HC1, C0 2 , CH 4 , H 2 0, CH 3 C1, CH 2 C1 2 , H 2 0 2 , NH 3 , and SF 6 
Required: see above 



a. pure rotational 
spectrum 

b. vibrational- 
rotational spectrum 

c. pure rotational 
Raman spectrum 

d. vibrational 
Raman spectrum 

h 2 



S 

S 

HC1 

V 

V 

V 

V 

C4 

O 

U 


V 

V 

V 

ch 4 


V 


V 

h 2 o 

V 

V 

V 

V 

CH 3 C 1 

V 

V 

V 

V 

CH 2 C 12 

V 

V 

V 

V 

H 2 0 2 

V 

V 

y 

V 

nh 3 

V 

V 

V 

V 

sf 6 


V 


V 


Back to Problem 13.24 


Back to Top 
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ac 

13.25. Analysis of the vibrational-rotational spectrum of the H Cl molecule shows that its fundamental vibrational frequency vo is 2988.9 
cnT 1 . Calculate the force constant of the H — Cl bond. 

Solution: 

Given: H 35 C1, v 0 = 2988.9 cm' 1 
Required: k 

The force constant is defined in terms of the fundamental frequency in Eq. 13.122, 
k = 47r 2 v 2 jU 

The frequency, in terms of inverse seconds is given by, 
v = v 0 c 

v= 2.998 xKT^erhV'x 2 988.9 
v = 8.990 7 xlO 13 s' 1 

The reduced mass is calculated using Eq. 13.94, 
m.m 1 

M = — 

Wj + m 2 

34.968 85 g mol' 1 x 1 .007 825 g mol' 1 ,„ 3 , , 

jU = T xr rxlO kg g 

(34.968 85 + 1 .007 825) g mol' 1 x 6.022 x 10 23 mol' 1 
// = 1.626 69x1 O' 27 kg 

Solving for k we get, 
k = 47T 2 V^jU 

k = 4;r 2 (8.990 7 x 10 13 s' 1 ) 2 x 1.626 69 x 10' 27 kg 
k = 519.100 760 8 kg s' 2 
k= 519.10 kg s' 2 

Back to Problem 13.25 Back to Top 
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1 


13.26. A few transitions in the P and R branches of the infrared spectrum of H Cl spectrum are identified below. 


J” 

0 

1 

2 

3 

4 

5 

6 

P (cm -1 ) 


2865.10 

2843.62 

2821.56 

2798.94 

2775.76 

2752.04 

R (cm -1 ) 

2906.24 

2925.90 

2944.90 

2963.29 

2981.00 

2998.04 



Using Eqs. 13.134 or 13.135 as appropriate, calculate v {) and the rotational constant B. 


Solution: 

Given: table above 
Required: v 0 , B. 

Equations 13.135 and 13.136, 

v = v 0 +2(J"+1)B = v 0 +2J'B and v = v 0 -2(J' + l)B = v 0 -2J"B , 

Both show that a plot of the observed frequencies v as a function of J" will be a straight line with slope = ±25 and intercept v 0 . 
A linear regression of the values in the P branch gives the following plot. 
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This gives, 

v = 2888.70-22.6147" 

From which we obtain the fundamental vibrational frequency as, 
v 0 = 2888.70 cnT 1 

And the value B as, 

~ -22.614 

B = 

±2 

B = 11.307 cm 1 

Similarly, we can perform a linear regression of the values in the B branch to give the following results. 



J” 


v = 2907.3-18.3637" 
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From which we obtain the fundamental vibrational frequency 
v 0 = 2907.3 cm 1 


And the value B as, 

~ -18.363 

B = 

±2 

B = 9.181 5 cm 


Back to Problem 13.26 


Back to Top 


Solutions 
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oc i — 1 

13.27. Comparison of the results of Problem 13.26 to experimental values for H Cl (v 0 = 2990 cm , and B = 10.59 cm ) shows that Eqs. 
13.134 and 13.135 do not accurately relate the observed transitions to the rotational quantum numbers. Much of the error results 

from not taking the anharmonicity of the potential energy curve into account. Using the definition (see Eq. 13.138) T v J = (v + ~ )^o 

1 

- (v + — ) v 0 x e + J{J + 1) B, derive a more accurate expression for A T vJ for the v" = 0 — ■> v' = 1 transitions of a diatomic molecule. 
[Even this is an approximate treatment because we are ignoring the coupling of rotations with vibrations.] 

Solution: 


1 1 , 

Given T vJ = (v + — ) v 0 - (v + — ) v 0 x e + J(J + 1) B, 

Required: expression for A T v j for the v" = 0 — > v' = 1 transitions of a diatomic molecule 

To derive a more accurate expression for A T v j, we first write the following expressions for 
v = 0 and v = 1, 

This gives, 

AT 0J .^ r =v 0 -2v 0 x e + B(j'(j' + l)-J"(j" + l)) 

For AJ = J' - J" = -1 (the P branch), this reduces to, 
v = v 0 - 2v 0 x e - 2 BJ" 

For AJ = J' - J" = +1 (the R branch), this reduces to, 
v = v 0 — 2v 0 x e + 2 BJ " 

Back to Problem 13.27 Back to Top 
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«■' PS 

13.28. From the results of Problems 13.26 and 13.27 and the experimental value of v 0 for H Cl given in Problem 13.27, estimate the value 
of the anharmonicity constant x e . Use the average of the P and R branch values for v 0 from Problem 13.26. 

Solution: 

Given: Problem 13.26, Problem 13.27 
Required: x e 

First we take the average of the P and R branch values for v 0 from Problem 13.26 to get, 
v 0 =|(2 888.70 cnU 1 +2 907.3 cnT 1 ) 
i7 0 = 2 898 cm 1 

The more accurate treatment of Problem 13.27 shows that this is actually the value of v 0 -2v 0 x e . 

Therefore we can equate the two and solve for x e 

^ = U) _ 2.V 0 X e 

2990 cm 1 = 2 898 cm _1 -2x2 898 cmT x x e 
x e = 0.015 873 016 cm 1 
x e =1.587 xlO 2 cm 1 


Back to Problem 13.28 Back to Top 
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Solutions 


ic 

13 . 29 . The vibrational Raman spectrum of CI 2 shows series of Stokes and anti-Stokes lines; the separation between the lines in each of 
the two series is 0.9752 cnT 1 . Estimate the bond length in CI 2 . 

Solution: 

Given: 4 B = 0.9752 cm 1 
Required: r 

From Figure 13.27, we know that the separation is 4 B. Therefore the value of B is, 

B = -x 0.9752 cnT 1 
4 

B = 0.2438 cnT 1 


This problem can be solved in a similar manner as problem 13.18. 


Eq. 13.93 gives the relationship between interatomic distance, 

m, m, , , 

~ r o = B r o 


/=- 


Wj + m 2 


inertia and reduced mass. 


We calculate the moment of inertia from Eq. 13.100 

%n 2 Ic 


8 k 2 cB 

6.626x10 34 J / 

8^x0.2438 prf^x 2.998 xlO 10 ^ 

/ = 1.148 14 xlO^ 45 J 

The reduced mass is calculated using Eq. 13.94, 
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M = — 

m l + m 2 

_ 35 g mor 1 x 35 g mor 1 

~ (35 + 35) g mol 1 x 6.022 x 10 23 mor 1 

//= 2.906 OlxlO -26 kg 

Rearranging Eq. 13.93 and solving for r we obtain, 
I = M r o 

r = 

I 1.148 14 xlQ^ 5 J 

' ~]J 2.906 01x10 26 kg 

r = 1.987 69x10 10 m 

r = 199 pm 



Back to Problem 13.29 


Back to Top 


Solutions 
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Solutions 


13.30. The dissociation energy of Hi is 432.0 kJ mol 1 and the fundamental vibrational frequency of the molecule is 1.257 x 10 14 s '. 
Calculate the classical dissociation energy. Estimate the zero-point energies of HD and D 2 and their dissociation energies. 

Solution: 

Given: E p = 432.0 kJ moE 1 , v 0 = 1.257 x 10 14 s" 1 

Required: classical dissociation E, estimated zero point E, dissociation E , 

The zero point energy of Ho is given by 

E = -hv n 
2 0 

E = -x6.626xl0 34 J /x 1.257 xlO 14 ^ 

2 

£ = 4.164 44x10 20 / x 10 3 ^xx6.022xl0 23 moE 1 

E = 25.078 263 7 kJ moE 1 
E = 25.08 kJmoE 1 


To find the classical dissociation energy, we add the zero point energy to the dissociation energy given above. 
E = 25.08 kJ moE 1 +432.0 kJ moE 1 

E = 457.08 kJ moE 1 


The reduced masses of H 2 , HD and D 2 are in the ratio, 
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H, 


HD 


D, 


lxl 

T+T 

1 

2 

1 


1x2 
1 + 2 
2 

3 

4 
3 


2x2 
2 + 2 

1 

2 


From Eq. 13.123, 

_j_ IT 

0 In ]j ju 

we know that frequency is inversely related to yfju , therefore the estimated v Q for HD and D 2 are, 

v 0 (HD) = 1.257 xlO 14 s“'+^j 

v 0 (HD) = 1.088 59xl0 14 s" 1 
v 0 (D 2 ) = 1.257 xlO 14 s _I +>/2 
v o (D 2 ) = 8.888 33 x 10 13 s _I 
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Solutions 


Therefore, 

£ (HD) = |x 6.626 xlCT 34 J / x 1.088 59 xlO 14 

/ kT 

£(HD) = 3.606 51x10 20 / xlO 3 -^xxO^xlO 23 moD 1 

£(HD) = 21.718 413 45kJ mol 1 
and 

£(D 2 ) = |x6.626xlO 34 J /x 8.888 33xl0 13 

kl 

£(D 2 ) = 2.944 7 xlO~ 20 / xlO 3 — rxx6.022xl0 23 moD 1 

/ 

£(D 2 ) = 17.733 010 32 kJmor 1 

The estimated dissociation energies are therefore the difference between the dissociation energies above and the classical dissociation 
energy, 

HD; 

E = 457.08 kJ moD 1 -21.718 413 45 kJ moD 1 
E = 435.361 586 6 kJ mol 1 
E = 435.36 kJ mol 1 

D 2 ; 

E = 457.08 kJ moD 1 -17.733 010 32kJ mol 1 
E = 439.346 989 7 kJ moD 1 
E = 439.35 kJ mol 1 


Back to Problem 13.30 Back to Top 
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13.31. A molecule AB 2 is known to be linear but it is not known whether it is B — A — B or A — B — B. Its infrared spectrum is found to 
show bands corresponding to three normal modes of vibration. Which is the structure? 

Solution: 

Given: AB 2 , three normal modes of vibration in IR spectrum 
Required: structure 

The symmetric molecule, B — A — B, only has two modes that are active in the infrared region: 

B -><- A— B -> 
and 

t 

B — A — B (two degenerate modes) 

I I 

The symmetric stretch is inactive. 

The unsymmetrical molecule, A — B — B have three modes that are active in the infrared region: 

<- A— B— B -> 
and 

A -><- B— B 
and 


t 

A — B — B (two degenerate modes) 

4 i 


Therefore the structure of the molecule is A — B — B. 

Back to Problem 13.31 Back to Top 
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13 . 32 . The frequency of the O — H stretching vibration in CH3OH is 3300 cm Estimate the frequency of the O — D stretching vibration in 


CH3OD. 

Solution: 

Given: v 0 _ H = 3 300 cm 1 
Required: v () D 

To calculate the frequency of the O — D stretching vibration, we rely on Eq. 13.123 which 


The reduced masses are calculated using Eq. 13.94, and are in the following ratio 


The force constants are the same, and therefore the frequency of the O — D stretching vibration is given by, 



which shows that the frequency is inversely related to A JJj . 


M= 

m l + m 2 

1 g moE 1 xl6 g moE 1 


n\m 2 


^ (l + 16) g moE 1 x 6.022 xlO 23 mol 


1x16 
17 L 


Mod (2 + 16)g moE 1 x6.022xl0 23 mol 


2 g mol 1 xl6 g mol 1 


2x16 

18L 


Pop _ 2x^ :; 17/ _ 17 


Poh 18/ X lx^ 9 
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v OD = 2 401.102 688 cnT 1 


v 0D = 2 401 cm 1 


Back to Problem 13.32 


Back to Top 
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13.33. The spectroscopic constants for the OH radical are v 0 = 3737.76 cm \ v 0 x e = 84.8813 cm i , B = 18.9108 cm l . Predict the 
frequencies at which (a) the P branch transitions ending in, and (b) the R branch beginning in, J = 0, 1,2 will be observed. 

Solution: 

Given: v 0 =3 737.76 cm 1 , v 0 x e =84.8813 cnT 1 , B = 18.910 8 cnT 1 
Required: for the P branch and R branch; v for J = 0, 1, 2 

a. In problem 13.27, we derived an equation for the P branch transitions, given by, 
v = v 0 -2v 0 x e -2BJ" 

For this situation the equation becomes, 
v = 3 737.76 cm 1 - 2 x 84.88 1 3 cnT 1 - 2 x 18.910 8 cm' 1 x J " 

The frequencies are then calculated by substituting the values of J" into the equation. 


J" 

0 

1 

2 

V 

(era- 1 ) 


3 567.997 

3 530.176 

3 492.354 


b. For the R branch transitions, we use the second equation derived in problem 13.27, 
v = i7 0 - 2v 0 x e + 2BJ " 

v = 3 737.76 cm' 1 - 2x 84.88 1 3 cm' 1 + 2 x 1 8.910 8 cm' 1 x J" 


J" 

0 

1 

2 

v 

( cmH ) 


3 567.997 

3 605.819 

3 643.641 


Back to Problem 13.33 Back to Top 
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13.34. Irradiation of acetylene with mercury radiation at 435.83 nm gives rise to a Raman line at 476.85 nm. Calculate the vibrational 
frequency that corresponds to this shift. 

Solution: 

Given: A 0 = 435.83 nm, \ = 476.85 nm 
Required: v 

To calculate the vibrational frequency that corresponds to the shift, we first calculate the wavenumbers that correspond to each wavelength. 
435.83 nm; 

1 

V ~ 435.83 xl(T 9 m 

v - 2 294 472.615 nT 1 = 22 944.726 15 cnT 1 
476.85 nm; 

1 

476.85 xl(T 9 m 

v = 2 097 095.523 m 1 = 20 970.955 23 cnT 1 

The frequency that corresponds to the vibration in the C 2 H 2 molecule, (ie the C-C stretch) is the difference of the two, 

v = 22 944.726 15 cm 1 - 20 970.955 23 cnT 1 
v = 1973.770 928cm 1 
v = 1 973.8 cnT 1 


Back to Problem 13.34 Back to Top 
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127 1 

13.35. The fundamental vibrational frequency of H “ I is 2309.5 cm . Calculate the force constant of the bond. 

Solution: 

Given: H 127 I, v 0 = 2 309.5 cnE 1 
Required: k 

This problem can be solved in a similar manner as problem 13.25. 

The force constant is defined in terms of the fundamental frequency in Eq. 13.122, 
k=4/i 2 v 2 ju 

The frequency, in terms of inverse seconds is given by, 
v = v 0 c 

v =2.998 xl0 10 ,prff s" 1 x 2 309.5 
v = 6.923 88 xl0 13 s 1 

The reduced mass is calculated using Eq. 13.94, 

m.m, 

M = 

m ] + m 2 

126.9 g moE 1 x 1.007 825 g moE 1 , „ 3 , 

/u = - : E ^ r X 10 kg g 

(126.9 + 1.007 825)g mol 1 x6.022xl0 23 mol 1 

// = 1.660 39x10 27 kg 

Solving for k we get, 
k=4/i 2 v 2 ju 

k = 4;r 2 (6.923 88 x 10 13 s 1 )' x 1.660 39 x 10^ 27 kg 
k= 314.244 591 kg s~ 2 
k= 3 14.24 kg s^ 2 

Back to Problem 13.35 Back to Top 
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*13.36. The following are some normal modes of vibration for several molecules: 



Asymmetric C— H Asymmetric C— H 

and C — Cl SMetctoft and G — Cl scenes 



Symmetric C — H 
nod C — O sketches 



Sytm>etric C — H 
and C— O slrotchos 


d. 


n. 


c*h g 

Ibertzeno): 



•B f e5lbmg" 



•Ftexiixj' 



In each case, determine the point group and refer to Appendix E on p. 1028 to determine whether the vibration is active in the 
infrared and in the Raman spectrum. Then check your conclusions by reference to the appendix to this chapter (p. 707). 

Solution: 


Given: image above 

Required: determine point group, activity of vibration 
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cis- C2H2CI2: C-2v point group 


a. 

V. 

c. 

d 


a \ 

b i 


Infrared 

active 

inactive 

active 

active 


Raman 

active 

active 

active 

active 


trans-CoIHhCh: C21, point group 


e. 


Infrared 

inactive 


f. 

g- 

Tl 


active 

active 

inactive 


Raman 

active 

inactive 

inactive 

active 


Benzene: D^h point group 


*ig 


a 


k. 


2u 


^lu 


Infrared 

inactive 

active 

inactive 


Raman 

active 

inactive 

inactive 


Back to Problem 13.36 
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Solutions 


*13.37. Prove that the force constant k corresponding to the Morse potential function (Eq. 13.146) at small bond extensions is 

k = 2 D e a 2 

Calculate the vibration frequency vo on the basis of the following Morse parameters for H Cl: 

D e = 4.67 eV 
a = 1.85 x 10 8 cm* 1 

Solution: 

Given: Morse potential, H 35 C1, D, =4.67 eV, a =1.85xl0 8 cm* 1 
Required: proof, vo 

The Morse potential function is given by Eq. 13.146 
E p =D e (l-c~f 

At small x values the exponential may be expanded to 1 - ax , and the potential energy will therefore be given by, 

Back to Problem 13.37 Back to Top 


13-72 


Chapter 13: Foundationsof Chemical Spectroscopy 


Solutions 


*13.38. The Morse function is only one of several models used to describe the behavior of the potential energy of diatomic molecules. A 
popular and very accurate model introduced by Murrell and Sorbie [J. Chem. Soc., Faraday Trans. 2, 70, 1552(1974)] is the so- 
called “Extended Rydberg function,” which is written as 

E p ( x ) = - D e (1 + a { x + a 2 x 2 + a 2 x 3 )e~ fl1 ' , 

where x = r - r e , as in the case of the Morse potential of Eq. 13.146, and the a, are constants for a given molecule. 

a. Derive an expression for the force constant in terms of the parameters D e and a , . 

b. Show that in order for a function of this form to have a minimum at r = r e , a\ must be both the coefficient of x and the 
exponential parameter. 

Solution: 

Given: Extended Rydberg function 
Required: expression for k, proof 

Back to Problem 13.38 Back to Top 


13-73 


Chapter 13: Foundationsof Chemical Spectroscopy 


Solutions 


*13.39. Yet another model for a diatomic potential is the Bond Order function used by Garcia and Lagana [Mol. Phys. 56, 621(1985)], 
which is given as 

N 

E p{ X ) = ~ D eY J C n eX P ( -"PA' 

71=1 

Show that for N = 2, with appropriate choices for the coefficients c\ and C 2 , this is identical to the Morse potential of Eq. 13.146 
expressed as E p = De( 1 - c /x y - D e . 


Back to Problem 13.39 Back to Top 
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Solutions 


*13.40. The parameters for the bond order (see Problem 13.39) potential of the 35 C1 16 0 radical with N = 4 are (in atomic units) c \ = 2.691 
042, C 2 = -2.545 521, C 3 = 1.017 916, c 4 = -0.163437, De = 0.10302, and = 1.763 768. What is the vibrational frequency (in cnT 1 ) 
predicted by this model? [Note that the force constant can be expressed in units of energy area -1 .] 

Solution: 

Given: 

Required: 


Back to Problem 13.40 Back to Top 
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Solutions 


* 13 . 41 . A model for the 14 N- 14 N- 16 0 + ion assigns the following force constants for the two stretching frequencies: kn = 1092.8 N m _1 , and 
&23 = 890.68 N m . Use Eqs. 13.171-13.174 to calculate the two stretch frequencies obtained from the model. 

Solution: 

Given: k n = 1 092.8 N m ', and k 23 = 890.68 N m 1 
Required: v x ,v 2 


To solve for the stretching frequencies, we need to solve the quadratic equation given by Eq. 13.171. For the molar masses, we use 

14.00x10 3 kg moE 1 , 16.00x10 3 kg mol 1 

m, = m, = ; — and m, = 


6.022 xlO 23 moE 1 


6.022 xlO 23 mol 1 


/l2 _ m L± m lfci2 + m 2+ m 3 fc 


23 


k, 0 k^(m, +/n, + m, ) 

T ~\ — — — — — — 2 —=0 


Xr - ( 1.658 47 x 10 29 ) /l + (4.952 45 x 10 57 ) = 0 


This resembles Eq. 131.172, 2 2 - bk + c = 0, and therefore the solutions are obtained by solving Eq. 13.173 and 13.174. 
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/l 2 - ( 1.658 47 x 10 29 ) /l + (4.952 45 x 10 57 ) = 0 
_b-- s jb 1 -4c 


1.658 47 x 10 29 - j( 1.658 47 x 10 29 ) 2 - 4x 4.952 45 x 10 57 


=3.906 18 xlO 28 s 2 
_b + Jb 2 -4c 


1.658 47 x 10 29 + y( 1.658 47 x 10 29 ) 2 - 4 x 4.952 45 x 10 57 


A 2 =1.267 85xl0 29 s- 2 


We then calculate the stretching frequencies from, 

vx 

v= 

2 nc 

^3.906 18 xlO 28 s 2 
V ‘ _ 2^-x 2.998 xlO 10 cm s _1 
v, = 1049.215 077 cm 1 
Vj = 1 049.2 cm 


-y/l.267 85xl0 29 s- 2 
2/r x 2.998 xlO 10 cm s _1 
v 2 =1890.265 202 cm 1 
v 2 —1 890.3 cm * 


Back to Problem 13.41 
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Solutions 


* 13 . 42 . The fundamental and a few successive overtones of the molecule lie at 2191, 2064, 1941, 1821, 1705, 1591, 1479 and 1368 cm 
\ respectively. 

a. Starting from Eq. 13.139, derive an expression that can be used to obtain both v 0 and x e by a suitable analysis of the data. 

b. Perform the analysis and calculate both v 0 and x e . 


Solution: 

Given: v 

Required: expression for v 0 and x, calculate v 0 and x e 


a. Eq. 13.139 is given by 


G(v) = i 


1 — x„ 


V + — 


1 

v+— 

2 


Therefore, for a transition, v" 


, we can write, 
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Solutions 


A G„, = v n 


AG,,,=v 0 


AG„, =v n 


A G v .=v 0 


AG,., = v n 


AG... =v n 


AG„. =Vn 


1 - x„ 


r , n 
l 2 J 


( , ^ 


( 

O 



r n 


( n 

V + — 


V 

+— 

-v n 

1-x 

v"+- 


v" + - 

l 2; 


V 

2; 

u 

e 

l 2y 


l 2 J 




/ i x 2 f i a 

» J- tt 


v + 

V 2 j 


v + 

V 2 j 


+ x„ 


v"+- 

V 2y 


V ~2 


v'-v"-x 




v'-v" + x„ 


1 

v’+- 

V 2y 


-'A”- 


r n 

1 

<N 

l 2; 

1 


f , 0 

2 

( o 

2 


+ X. 

v"+- 


l 2; 

e 

l 2; 


f 

\\ 

f 



v' 2 +v' + — 


+ x„ 


v" 2 + v" + - 
4 

\ ' 


v' 2 + v'-+A-v" 2 -v 


■/. 


v’-v"+x e (v' 2 -v" 2 +v'-v") 
a g V ' = v 0 ( v ' - v ")~ Vo x e [( ^' 2 - ^" 2 ) + ( y ' ~ y ”). 

or we can simplify as, 

= y 0 ~y 0 x e [v'+v'+i]=(y 0 - y 0 x e ) - y 0 *e ( v ' +v ") 


Therefore a plot of the left-hand side as a function of ( v' + v") will yield a straight line, from which v 0 and x e can be calculated. If we 

consider the case where v' - v" = 1 , the left hand side is simply the observed fundamental and overtone signals, and the analysis is 
particularly simple. 

b. From the data given above, we obtain the following plot. 


Back to Problem 13.42 Back to Top 


13-79 


Chapter 13: Foundationsof Chemical Spectroscopy 


Solutions 


13.43. Sketch potential energy curves for a diatomic molecule in its ground electronic state and n an excited state, consistent with the 
following observations: 

a. There is a strong 0 0 absorption band, and strong 0 — > 0, 1 — > 1, and 2 — *2 emission bands. 

b. The strongest absorption band is 4 <— 0, and the strongest emission band is 0 — » 2. 

c. There is no sharp rotational fine structure in absorption, but there is a sharp emission spectrum. 

d. The absorption spectrum shows a well-defined fine structure for the 0 <— 0, 1 <— 0, 2 <— 0, 3 <— 0, and 4 0 transitions and for 

the 6 <— 0 and 7 <— 0, but not in between. 

Solution: 
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d. 



Back to Problem 13.43 
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Solutions 


*13.44. Using the data in Example 13.12 on p. 702, determine the area under the curve in a plot of Av against v. Extrapolate to zero Av to 
obtain v' max , since the Birge-Sponer extrapolation shows that at that point v' = v' max . A better value may be obtained by a nonlinear 
extrapolation. What are the values of V not given in the table? 

Solution: 

Given: Example 13.12 

Required: area under the curve, values of V not given in the table 



Back to Problem 13.44 Back to Top 
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Solutions 


13.45. Calculate the dissociation energy of the hydrogen molecule ion from the vibrational energy level separations of Hi. The values for 
the transitions 1 <— 0, 2 <— 1, are, respectively, 2191, 2064, 1941, 1821, 1705, 1591, 1479, 1368, 1257, 1145, 1033, 918, 800, 
677, 548, 411, with all values given in cm Use both a linear plot and a curve to obtain answers. 



Back to Problem 13.45 Back to Top 
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Solutions 


13 . 46 . The electronic spectra of diatomic molecules in the gas phase typically show extensive vibrational structure superimposed on the 

broader electronic transition. Taking the equilibrium geometry of the ground electronic state to be the zero energy, the G (v") of Eq. 
13.138 can be used to express the energies of the vibrational states v" (in cnT 1 ) of this electronic state. Denoting the minimum 
energy of the excited electronic state as T e (in cm' 1 ), the vibrational energy levels v' Qof the excited state can be expressed as 

T e +G(V). Derive an expression for the frequencies v of the transitions v" — > v' between the vibrational levels of the ground and 

excited electronic states. (Note that the vibrational frequencies and anharmonicity constants are not the same for the ground and 
excited electronic states.) 

Solution: 


Given: Eq. 13.138 
Required: expression for v 


Eq. 13.138 is given by 
G{v) = v { 


V n 


{ ^ 

2 



v+— 


\ 2 J 

e 

l 2j 



The ground state vibrational energies are given by, 


f 


G„, = 


1 


v"+- 

V 2y 


A f 

~ ft 


D> - 


O 2 




V"+- 

V 2y 

And the excited state energies are expressed as 

K) X e 


f , 0 

~ f 

r , n 

v +— 

- 


l 2; 

l 2 J 


G v . = T e + 

Therefore, the energy difference for the v” — > v' transitions are given by, 


v = G, -G„ =T + 


f 


v +— 


lVr f 


V’+ — 

V 2y 


v + ‘ 


( 




v" + - 
v 2 
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This cannot be simplified any further. 


Back to Problem 13.46 


Back to Top 


Solutions 


13-85 


Chapter 13: Foundationsof Chemical Spectroscopy 


Solutions 


13.47. An easy and reliable way to analyze the electronic spectrum of a diatomic molecule is to use the equation derived in Problem 13.46 
as the model for a multiple regression analysis (several plotting packages and mathematics packages such as Mathcad can perform 
this task) to simultaneously identify the five unknowns, T e , v' 0 , v' 0 x' e , v", and v"x” [McNaught, J. Chem. Ed. 57, 101(1980)]. The 
following data are from the electronic spectrum of iodine. 


0 — > v' 

A (nm) 

1 — > v' 

A (nm) 

2 — >■ v' 

A (nm) 

17 

567.2 

15 

581.0 

10 

607.3 

18 

564.2 

16 

577.8 

11 

603.1 

19 

561.5 

17 

574.2 

12 

599.1 

20 

558.5 

18 

571.3 

13 

595.5 

21 

555.8 

19 

568.3 

14 

591.8 

22 

553.0 

20 

565.2 

15 

588.1 

23 

550.1 

21 

559.6 

16 

584.8 

24 

547.8 

22 

556.9 

17 

581.2 

25 

542.7 

23 

554.2 

18 

578.1 

26 

540.7 

24 

551.8 

19 

575.1 

27 

538.5 

25 

549.0 

20 

572.4 


Perform a multiple regression analysis and identify the spectroscopic parameters of the ground and excited electronic states. Literature 
values are (in cnT 1 ) f e = 15730, v' 0 = 132.1, v' 0 x' e = 1.051, v" = 214.5, and v"x" = 0.614. 

Back to Problem 13.47 Back to Top 
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Solutions 


13.48. The dissociation energy (from the zero-point level) of the ground state 0 2 ( T g ) molecule is 5.09 eV. There exists an electronically 
excited i Z u state of O 2 , whose zero-point level lies 6.21 eV above the zero-point level of the ground state. The ground-state 

a -j _ o 

molecule dissociates into two ground-state 0( P) atoms, while the E u species dissociates into one ground-state 0( P) atom and an 
0*( 1 D) atom that lies 1.97 eV above the ground state. Sketch the potential-energy curves and calculate the dissociation energy of 
0 2 CX) into O + 0*( 1 D). 



Back to Problem 13.48 Back to Top 
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Solutions 


13 . 49 . The spectroscopic dissociation energy Do is the energy required to dissociate the molecule in its ground vibrational state. This is 
always slightly smaller than the actual depth of the electronic potential energy because of the zero-point energy of the molecule (see 
Figure 13.22). Given that for HC1, De = 4.6173 eV, v 0 = 2989 cm -1 , and v 0 x e = 52.82 cm -1 , calculate the value of D 0 for HC1. 

Solution: 

Given: HC1; D e = 4.617 3 eV, v 0 = 2 989 cm 4 , v 0 x e = 52.82 cm 4 
Required: D 0 

To find the spectroscopic dissociation energy, we first calculate G 0 from Eq. 13.138 

G M = 1 


Go =v 0 


V n 


( 0 

2 

v+- 

-x. 

v+- 


l 2 J 

e 

l 2J 



0 +- 
V 2y 


— x„ 


0 +- 

V 2y 


1 - 1 - 

G° =-v° ~- v o Xe 

G n =— x2 989 cm 4 -—x 52.82 cm 4 
0 2 4 

G n = 1481.295 cm 4 


G 0 = 


1481.295 2.998 xlO 10 pfK >^x 6.626x10 34 / / 


1.602x10 19 / (eV) 1 


G n = 0.1 83 680 leV 


To solve for Do, we solve as follows, 
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°" = l r '““T' 7,A = 0 ' 1836801eV 

D 0 = 4.6 17 3 eV - 0. 1 83 680 1 eV 
D 0 = 4.433 619 9 eV 
D 0 = 4.433 6 eV 
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Solutions 


2 

13.50. The dissociation energy (from the zero-point level) of the ground state NO(X"tt) molecule is 6.6 eV. There exists an electronically 
excited B 2 II state of NO whose zero-point level lies at 5.7 eV above the zero-point level of the ground state. The ground-state 

4 3 2 2 3 

molecule dissociates into ground state N( S) + 0( (P)), while the BTI species dissociates into two ground-state atoms N(“D) + 0( P) 
that lie 3.3 eV above its ground state. Sketch the potential energy curves and calculate the dissociation energy of NO into N( 2 D) + 
0( 3 P). 



Back to Problem 13.50 Back to Top 
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13 . 51 . Sodium vapor, which consists mainly of Nai molecules, has a system of absorption bands in the green, the origin of the 0, 0 band 
being at 20 302.6 cm 1 . From the spacing of the vibrational levels it can be deduced that the dissociation energy of the upper state is 
0.35 eV. The dissociation of the excited Na 2 gives a normal atom and an atom that emits the yellow sodium D line at 589.3 nm. 
Calculate the energy of dissociation of Na 2 in its ground state. 

Solution: 

Given: Na 2 ; v 0 = 20 302.6 cm 4 , D e = 0.35 eV, A = 589.3 nm 
Required: D 0 

The wavenumber 20 302.6 cm -1 corresponds to a frequency of, 
v- 20 302.6 2.998 xlO 10 ^rff s 1 

v -6.086 72 xlO 14 s' 1 

And therefore an energy of, 

E = hv 

E = 6.626 x 10 34 J / x 6.086 72 x 10 14 
£ = 4.033 06x10 19 J 
„ 4.033 06x10 19 / 

lL — 

1.602x10 19 /(eV) 1 
E = 2.517 515 81 eV 

The wavelength at 589.3 nm corresponds to a frequency of, 

_ 2.998 xlO 8 rfs - 1 
V ~ 589.3 mxlO^ 9 jrfv 
v = 5.087 39xl0 14 s _1 

And therefore an energy of, 
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£ = hv 

E = 6.626 x 10 34 J / x 5.087 39 x 10 14 ^ 

£ = 3.370 91x10 19 J 

„ 3.37091x10 19 / 

h, — 

1.602x10 19 /(eV) ' 

£ = 2.104185 905 eV 

The dissociation energy therefore becomes, 

D () =2.517 515 8 leV + 0.35 eV- 2. 104 185 905 eV 
D 0 =0.763 329 904 eV 

D 0 =0.763 329 904 x 1 .602 x 10~ 19 J x 6.022 x 10 23 mol 1 

D 0 =73 640.298 41 J mol 1 
D 0 = 73.6 kJ mol 1 
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Spectral Line Widths 


Chapter 14 


Spectral Line Widths 

14.1. The sun emits a spectral line at 677.4 nm and it has been identified as due to an ionized Fe atom, which has a molar mass of 56.94 
g mol -1 . The spectral line has a width of 0.053 nm. Estimate the temperature of the surface of the sun. 

Solution 

14.2. Estimate the lifetime of a state that, because of lifetime broadening, gives rise to a line of width 

a. 0.01 cm” 1 , 

b. 0.1 cm” 1 , 

c. 1.0 cm” 1 , 

d. 200 MHz. 

Solution 

14.3. Lasers are commonly used in physical chemistry research laboratories to generate the reactive intermediates required in the study of 
elementary reactions. For example, highly reactive oxygen atoms in the ground electronic state [0( 3 P)] can be generated from NOi 

hv 

by laser-induced dissociation: N0 2 — » NO(v', 7') + 0( 3 P). The velocity distribution of the oxygen atoms thus generated (using a 

laser with 2 = 355 nm) shows two broad peaks centered at 900.00 and 1400.00 m s , respectively, and leads to the formation of the 
NO(v' = 0) and the NO(v' = 1) states [Hradil et al., J. Chem. Phys. 99, 4455(1993)]. 

a. Identify the NO vibrational state that corresponds to each O atom velocity peak, and justify your choice. 

b. If a total of 7400 cm” 1 of energy is available to the fragments, what are the velocities of the NO fragment corresponding to each of 
the peaks in the oxygen velocity distribution? (These velocities are measured with respect to a fixed laboratory coordinate system 
and, therefore, are the “absolute” velocities of the fragments. Assume that the NO molecules are the 7 = 0 rotational state.) For the 
NO molecule, v 0 = 1904 cm” 1 . 

Solution 


Resonance Spectroscopy 


14.4. 


Calculate the magnetic flux density that is required to bring a free electron ( g = 2.0023) into resonance in an EPR spectrometer 
operating at a wavelength of 8.00 mm. 

Solution 
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Resonance Spectroscopy 


14 . 5 . An EPR spectrometer is operated at a frequency of 10.42 GHz and a study is made of methyl radicals. Resonance is observed at a 
magnetic flux density of 0.37175 T. 

a. Calculate the g value of the methyl radical. 

b. Calculate the field required for resonance when the spectrometer is operating at 9.488 GHz. 

Solution 

j 1 q ojr n'j 

14 . 6 . How many hyperfine lines would you expect to find in the ESR spectrum of H, F, Cl, Cl? Calculate the nuclear magnetic 
moment is each case. (Refer to Table 14.1, p. 735.) 

Solution 

14 . 7 . Determine the number of hyperfine lines expected in the ESR spectrum of 63 Cu, which has a spin I of 1. 

Solution 

14 . 8 . In a nuclear magnetic resonance instrument operating at a frequency of 60 MHz, at what magnetic fields would you expect to 

1 35 

observe resonance with H Cl? 

Solution 

14 . 9 . The chemical shift S of methyl protons in acetaldehyde is 2.20 ppm, and that of the aldehydic proton is 9.80 ppm. What is the 
difference in the effective magnetic field for the two types of proton when the applied field is 1.5 T? If resonance is observed at 60 
MHz, what is the splitting between the methyl and aldehyde proton resonances? 

Solution 

39 3 

14.10 The nuclear spin quantum number I of the ~ K nucleus is — , and the nuclear g factor is 0.2606. How many orientations does the 
nucleus have in a magnetic field? At what frequency would there be resonance in a field of 1.0 T? 

Solution 

3 

14 . 11 . The 1 'B nucleus has a spin I of — and a nuclear g factor of 1.7920. At what field would resonance be observed at 60 MHz? 

Solution 
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Essay Questions 


14 . 12 . The Fourier transform is the mathematical foundation for much of modern spectroscopy. The idea behind Fourier transform 
spectroscopy is to use a pulse of energy, which contains many frequencies, to probe the sample many times each second. The 
cumulative signal recorded from the pulses, which is a time-dependent oscillatory function F(t), has the general form shown in 
Figure 14.25a. The Fourier transform of such a function results in a function of frequencies, which we may denote I(co), obtained as 


I(o?) = A Re 


r co 

f dt 

* 0 


where Re represents the real part of the function. Perform the Fourier transform of F(t) = [cos(w 1 1) + cosfoW)] cxp(-//7), where T is 
a relaxation time, and obtain an expression for I(co). Analyze the behavior of this function by assigning arbitrary values to the 
constants and plotting it as a function of q. Use the fact that e IC0t = cos cot + i sin cot, and 


[ cos(at)cos(bt)e, 1/1 dt = T 

J 0 


[1 + (a 2 +b 2 )T 2 ] 
[l+(a-b) 2 T 2 ][l+(a + b) 2 T 2 ] 


Solution 


14 . 13 . 


57 —7 

The lifetime of Fe* is 2 x 10 s. Calculate the uncertainty in the frequency of the y radiation emitted and in the wavenumber. 


Solution 


14 . 14 . 


The free radical CH3 is found experimentally to be planar. Give an interpretation of this result in terms of orbital hybridization. 
What microwave spectrum would the radical show? What vibrations would be active in the infrared? 

Solution 


14 . 15 . A complete photoelectron spectrum of the nitrogen molecule (see Figure 14.45) is given by Bock and Mollere [7. Chem. Educ. 51, 
506(1974)]. The spectrum extends from about 411 eV (the peak corresponding to the \sa g is at approximately 410 eV) to about 15.0 
eV, with the peak corresponding to the 2 pa g electron occurring at 15.88 eV. If we were to use a radiation source of wavelength 58.4 
nm, which of the peaks in the spectrum can be studied? What will be the wavelength required to extend the range to 410 eV? 

Solution 


For additional problems, see the books listed at the end of the problem section in Chapter 12 (p. 634). 

Essay Questions 

14 . 16 . Explain the selection rules for Raman spectra, with examples. 

14 . 17 . Describe the physical interaction that leads to nuclear magnetic resonance. 

14 . 18 . Give an account of the fundamental principles underlying Mossbauer spectroscopy. 
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Solutions 


Solutions 

14.1. The sun emits a spectral line at 677.4 nm and it has been identified as due to an ionized Fe atom, which has a molar mass of 56.94 


g mol '. The spectral line has a width of 0.053 nm. Estimate the temperature of the surface of the sun. 


Solution: 

Given: 57 Fe, A = 611 A nm, M =56.94 g mol -1 , AT = 0.053 nm 
Required: T 

To solve this problem we need to use Eq. 14.4. 

Av = 2^— j (2k B T/m) V2 

Through substitution and rearrangement, Eq. 14.4, gives an expression for temperature in terms of wavelength. 



VC 

( A Ac Y m 


v 2 A ) 2k B 


M 


m = — 


L 

0.053 xlO 9 x 2.998 xlO 8 ms 1 Y " 


56.94 jndf^xlO 3 kg^g^ 


1 


2x677.4x10 9 


6.022xl0 23 


2x1.381x10 23 JK 



T = 4.71xl0 5 K 


Therefore the temperature of the sun is approximately 4.71 xlO 5 K . 


Back to Problem 14.1 


Back to Top 
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Solutions 




14 . 2 . Estimate the lifetime of a state that, because of lifetime broadening, gives rise to a line of width 

a. 0.01 cm” 1 , 

b. 0.1 cm” 1 , 

c. 1.0 cm” 1 , 

d. 200 MHz. 


Solution: 


Given: Av, Av 
Required: Ar 


The lifetime of a state is given by Ar and can be determined by rearranging Eq. 14.3 


Av/cm 1 ; 


2.7x10 
At Is 


■12 


Ar = 


2.7 x IQ- 12 
Av/cm” 1 


a. 


b. 


c. 


. 2.7xl0” 12 

Ar = s 

0.01 


Ar = 2.7xlO” 10 s 


2.7xl0” 12 
Ar = s 

0.1 


Ar = 2.7xl0” n s 


2.7xl0” 12 

A r = s 

1.0 


Ar = 2.7x10” 12 s 


d. In this case, we first need to convert as follows, 
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A r = 


2.7 x 10~ 12 x 2.998 x 10 10 
200 x10 s s 1 


Ar = 4.047 3xlO~ 10 s 
Ar = 4.05xl0~ 10 s 


cm s 
s 


Back to Problem 14.2 


Back to Top 
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14 . 3 . Lasers are commonly used in physical chemistry research laboratories to generate the reactive intermediates required in the study of 
elementary reactions. For example, highly reactive oxygen atoms in the ground electronic state [0( 3 P)] can be generated from NCL 

hv 

by laser-induced dissociation: NCL — »NO(v',/') + 0( 3 P). The velocity distribution of the oxygen atoms thus generated (using a 

laser with X = 355 nm) shows two broad peaks centered at 900.00 and 1400.00 m s ', respectively, and leads to the formation of the 
NO(v' = 0) and the NO(v' = 1) states [FIradil et al., J. Chem. Phys. 99, 4455(1993)]. 

a. Identify the NO vibrational state that corresponds to each O atom velocity peak, and justify your choice. 

b. If a total of 7400 cirf 1 of energy is available to the fragments, what are the velocities of the NO fragment corresponding to each of 
the peaks in the oxygen velocity distribution? (These velocities are measured with respect to a fixed laboratory coordinate system 
and, therefore, are the “absolute” velocities of the fragments. Assume that the NO molecules are the 7 = 0 rotational state.) For the 
NO molecule, v 0 = 1904 cm -1 . 

Solution: 


Given: T = 355 nm, u { = 900.00, u 2 = 1 400.00 ms 1 , v tot = 7400 cm *, v 0 =1904cm 1 
Required: NO vibrational state, v', v" 


a. In this experiment, the energy absorbed by the NO 2 molecule is used for bond dissociation to produce NO (v' = 0, l) + 0('Pj , and the 
remaining energy is given to the translational motion of the two fragments. Since it takes less energy to form the NO (V = 0) than the 
NO (V = 1) state, the formation of NO(v' = 0) will correspond to higher O atom velocity. (Actually, higher velocities of both 
fragments) 


b. To find the velocities of the NO fragments corresponding to each of the peaks in the oxygen velocity distribution, we first calculate the 
energy of the O atom fragment corresponding to each peak, 
at M| = 900.00 m s~‘ : 


E 0 2 m o u o 

0.016 kg 

° 2 X 6.022 x10 23 jjk5T^ 


(900.00ms ') 2 


£ 0 =1.076 05x10 20 kg m 2 s 2 
E 0 =1.076 05x10 20 J 
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Solutions 


at = 1 400.00 ms 1 : 


Eo = 


1 0.016 kg jboT 1 " 

2 6.022 x 10 23 


: (1400.00 ms 1 ) 2 


E 0 -2.603 79x10 


-20 


The energy of the NO molecule in the 
v' = 0 state: 

E o=\ hc ?o 

£ o =1x6.626x10 34 J /x 2.998 xlO 10 ^ ^><1904;^ 
£ () =1.89112x10 20 J 


v' = 1 state: 

E, = — hcv,. 

1 2 
o 

E, =|x6.626xl0 34 J /x 2.998 xlO 10 ^ y^xl 904;^ 
^ =5.673 37x10 20 J 


E = hcv,. 


Since the total energy available to the fragments is E tot = 6.626 x 10 34 J / x 2.998 x 10 10 _prfT ^ x 7 400 


E tot =1.469 99x10 


19 


The translational energy available to the NO fragment (since rotational energy is zero) will be, 
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Solutions 



and therefore w NO = 


and therefore w NO 


at v' = 1, u 0 = 900.00 ms 1 : 

E lr (NO) = 1.469 99 x 10 19 J - (5.673 37 x 10 20 J + 1.076 05 x 10 20 J ) 
E tr (NO) = 7.950 49x10 20 J 


u NO = 1 263.300 345 m s _1 

u NO = 1 263 m s _1 

at v' = 0, u 0 =1 400.00 m s _1 : 

E tr (NO) = 1.469 99x10 19 J-(l.891 12x10 20 J + 2.603 79x10 20 j) 
£ tr (NO) = 1.020 5x10 19 J 




]] 0.03 kg 


7.950 49x10 20 Jx6.022xl0 23 



]j 0.03 kg 

= 1431.252 72 ms" 1 


m no = 1 43 1 m s 


Back to Problem 14.3 


Back to Top 
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14.4. Calculate the magnetic flux density that is required to bring a free electron ( g = 2.0023) into resonance in an EPR spectrometer 
operating at a wavelength of 8.00 mm. 

Solution: 

Given: g = 2.0023, A = 8.00 mm 
Required: B 

To calculate the magnetic flux density, we can use Eq. 14.43, 

A E = hv = gjU B B o 

Rearranging, we obtain 



SB b 


Converting the wavelength to frequency, and then solving, we obtain B as, 

c 

v = — 

A 


SB b * 

_ 6.626 x 10 34 / / 2.998 x 10 8 ^ 

~ 2.023x9.274x10 24 / T 1 8.00x10 3 

B = 1.323518 752 T 
B - 1.32 T 


Back to Problem 14.4 


Back to Top 
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14.5. An EPR spectrometer is operated at a frequency of 10.42 GHz and a study is made of methyl radicals. Resonance is observed at a 
magnetic flux density of 0.37175 T. 

a. Calculate the g value of the methyl radical. 

b. Calculate the field required for resonance when the spectrometer is operating at 9.488 GHz. 

Solution: 

Given: v = 10.42 GHz, B = 0.371 75 T 
Required: g, B at v = 9.488 GHz 

a. To solve for the g value of the methyl radical, we use Eq. 14.43, 

AE = hv = g/u B B o 

Rearranging, we obtain 
hv 


6.626x10 34 / /x 10.42 xlO 9 y 1 " 
0.37175 / x9.274xl0~ 24 / ^ 
g = 2.002 631679 
g = 2.003 


b. To calculate the magnetic field at v = 9.488 GHz , we can use Eq. 14.43 in the form of, 


SB b 

B _ 6.626 x IQ- 34 / /x 9.488 xlO 9 
2.002 631679 / x 9.274x10 24 / 
B = 0.338 499 424 T 
B = 0.338 5 T 


Back to Problem 14.5 


Back to Top 
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Solutions 


2 19 35 37 

14.6. How many hyperfine lines would you expect to find in the ESR spectrum of “H, F, Cl, Cl? Calculate the nuclear magnetic 
moment is each case. (Refer to Table 14.1, p. 735.) 

Solution: 

Given: 2 H, 19 F, 35 C1, 37 C1 
Required: hyperfine lines, ju N for each 




^F 

33 Cl 

^C1 

Spin, I 

1 

1 

2 

3 

2 

3 

2 

Mi values 

1, 0, -1 

1 1 

+ 2’ 2 

3 113 

H — , H , , 

2 2 2 2 

3 113 

-i — , -i — , — , — 
2 2 2 2 

Number of lines 

3 

2 

4 

4 

Sn 

(from Table 14.1) 

0.857387 

5.257 

0.54727 

0.4555 

/j n / 1 0 27 J T 1 






Back to Problem 14.6 


Back to Top 
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Solutions 


14.7. Determine the number of hyperfine lines expected in the ESR spectrum of 63 Cu, which has a spin I of 1. 

Solution: 

Given: 63 Cu,/= 1. 

Required: number of hyperfine lines 

The number of hyperfine lines corresponds to the total number of Mi values. For 7=1, M t = 1, 0, -1 and therefore three lines are 
expected. 

Back to Problem 14.7 Back to Top 
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14 . 8 . In a nuclear magnetic resonance instrument operating at a frequency of 60 MHz, at what magnetic fields would you expect to 
observe resonance with H Cl? 

Solution: 

Given: v = 60 MHz 

Required: B at which the instrument resonates with 'H 35 C1 

To calculate B , we use Eq. 14.43 to first determine the energy which corresponds to v = 60 MHz . 

AE = hv = gjU B B 0 

A E = 6.626 x 10 34 J / x 60 x 10 6 ^ 

AE = 3.975 6xl0 26 J 

Resonance could be observed with the proton and with ~ Cl. 

For the proton we use the gN value for 'H in Table 14.1, 

AE = 8 n Bn B 


8nBn 

B _ 3.975 6 x IQ- 26 / 

~ 5.585 6 x 5.0508 xKT 27 / T 1 
B = 1.409 200 143 T 
B = 1.41 T 


For 35 C1, we use the gN value found in Table 14.1, 
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Solutions 


AE — g N /u N B 
SnMn 

B _ 3.975 6xl(T 26 / 

~ 0.547 27 x 5.050 8 x 1(T 27 / T _1 
B = 14.382 714 78 T 
5 = 14.4 T 

(This is outside the normal instrumental range). 

Back to Problem 14.8 Back to Top 
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14.9. The chemical shift d of methyl protons in acetaldehyde is 2.20 ppm, and that of the aldehydic proton is 9.80 ppm. What is the 
difference in the effective magnetic field for the two types of proton when the applied field is 1.5 T? If resonance is observed at 60 
MHz, what is the splitting between the methyl and aldehyde proton resonances? 

Solution: 

Given: £ Methyl = 2.20 ppm, £ Aldehydlc = 9.80 ppm, B = 1.5 T, v = 60 MHz 
Required: A B eff ,v 

The effective magnetic field is given by, 

AB eff = -A <jB 

A5 eff =-(9.80 -2.20) x 10^x1. 5 T 
A B eff =-1.14x10 5 
AB efl =-11.4pT 


The frequency splitting can be calculated by multiplying the difference in shifts by 60 MHz, 
v = Acrx 60xl0 6 s _1 

v = (9.80 - 2.20) x 10 6 x 60 x 10 6 s ' 
v = 456 Hz 


Back to Problem 14.9 


Back to Top 
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14.10 The nuclear spin quantum number I of the ~ K nucleus is — , and the nuclear g factor is 0.2606. How many orientations does the 
nucleus have in a magnetic field? At what frequency would there be resonance in a field of 1.0 T? 

Solution: 


Given: 39 K,I = ^,g N =0.260 6, B = 1.0 T 
Required: number of orientations, v 


The number of orientations of the nucleus in a magnetic field is the total number of Mi values, 



3 

2 


Therefore there are four orientations in the magnetic field. 

To calculate v , we rearrange Eq. 14.43 in the following manner, 
A E = hv = g Nj u N B 

y _ SNBN^ 

h 

_ 0.260 6 x 5.050 8 x KT 27 / ;p^xl.0/ 

6.626x10 34 /s 
v =1986 475.219 Hz 
v= 1.986 MHz 


Back to Problem 14.10 Back to Top 
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Solutions 


14.11. The 1 'B nucleus has a spin / of — 


and a nuclear g factor of 1.7920. At what field would resonance be observed at 60 MHz? 


Solution: 

Given: U B, /= = 1.792 0 , v = 60 MHz 

Required: B 

To calculate B, we rearrange Eq. 14.43 in the following manner, 
AE = hv = g N ju N B 


SnBn 

_ 6.626 x 10~ 34 / / x 60xlQ 6 
1. 792 Ox 5.0508 xlO^/T 1 
B = 4.392 426 518 T 
B = 4.392 4 T 


Back to Problem 14.11 


Back to Top 
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Solutions 


14.12. The Fourier transform is the mathematical foundation for much of modern spectroscopy. The idea behind Fourier transform 
spectroscopy is to use a pulse of energy, which contains many frequencies, to probe the sample many times each second. The 
cumulative signal recorded from the pulses, which is a time-dependent oscillatory function F(t), has the general form shown in 
Figure 14.25a. The Fourier transform of such a function results in a function of frequencies, which we may denote I(co), obtained as 


I(o?) = A Re 


r co 

f dt 

* 0 


where Re represents the real part of the function. Perform the Fourier transform of F(t) = [cos(w 1 1) + cosfoW)] exp(-t/7), where T is 
a relaxation time, and obtain an expression for I(co). Analyze the behavior of this function by assigning arbitrary values to the 
constants and plotting it as a function of q. Use the fact that e l0>t = cos cot + i sin cot, and 


[ cos(at)cos(bt)e, 1/1 dt = T 

J 0 


[1 + (a 2 +b 2 )T 2 ] 
[l+(a-b) 2 T 2 ][l+(a + b) 2 T 2 ] 


Solution: 




Back to Problem 14.12 Back to Top 
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Solutions 


C7 n 

14 . 13 . The lifetime of Fe* is 2 x 10 s. Calculate the uncertainty in the frequency of the y radiation emitted and in the wavenumber. 

Solution: 

Given: 57 Fe*, A r = 2 x 10 7 s 
Required: uncertainty in A v, A v 

From the uncertainty principle we have Eq. 14.2, 

AEAr>h/2 


And therefore an energy of, 


A E = 


h 

4Mr 


6.626x10 34 j/ 

A E = —Y- 

Ak x 2 x 10 7 / 

AE=2.636 4xlO 28 J 


We can solve for the uncertainty in the frequency is therefore 
A E = h A v 

a AE 

Av = 

h 

. 2.636 4x10 28 / 

Av = — — -j— 

6.626x10 34 /s 

Av =391 887.357 7 s~' 

Av = 3.98 x 10 s s 1 


In terms of wavenumbers, this becomes, 
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Solutions 


c 

, „ 397 887.357 7 s ^ 1 

Av = r 

2.998 xlO 10 cms 1 

. _ 397 887.357 7 y 1 " 

A v = -7 

2.998 xlO 10 cm 
Av =1.327 18x10 5 cm 1 
Av =1.33x10 5 cm 1 


Back to Problem 14.13 


Back to Top 
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14.14. The free radical CH 3 is found experimentally to be planar. Give an interpretation of this result in terms of orbital hybridization. 
What microwave spectrum would the radical show? What vibrations would be active in the infrared? 

Solution: 

The planar form of CFG* must arise from sp hybridization. This leads to the D </, point group. Since planar CFG* has no dipole moment, it 
shows no microwave spectrum. 

The vibrations that would be active in the infrared are show in Figure 13.25 for BF 3 . As discussed in the text, all normal modes except the 
completely symmetric one ( a ' ), give an infrared spectrum. In other words, an infrared spectrum is given by a" and e vibrations. 

Back to Problem 14.14 Back to Top 
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Solutions 


14.15. A complete photoelectron spectrum of the nitrogen molecule (see Figure 14.45) is given by Bock and Mollere (./. Chem. Educ. 51, 
506(1974)]. The spectrum extends from about 411 eV (the peak corresponding to the 1 s<7 g is at approximately 410 eV) to about 15.0 
eV, with the peak corresponding to the 2 pa g electron occurring at 15.88 eV. If we were to use a radiation source of wavelength 58.4 
nm, which of the peaks in the spectrum can be studied? What will be the wavelength required to extend the range to 410 eV? 

Solution: 

Given: X = 58.4 nm 

Required: which peaks would be studied, X to extend range to 410 eV 

To determine the peak which would be studied, we first calculate the energy of the radiation with X = 58.4 nm, 


E = hv = — 
X 


E = 


6.626 x IQ- 34 J / x 2.998 x 10 s /_ 
58.4xl0^ 9 


leV 


E = 3.4015 xl0~ 18 / x- 

1.602x10 18 J 

E = 21.232 821 13 eV 

Therefore, this source can be used to study peaks with energy below 21.2 eV, which corresponds to all peaks shows in Figure 14.45. 


In order to study peaks up to an energy of 410 eV, the wavelength of radiation required would be, 


E 

_ 6.626 x IQ 34 / / x 2.998 x IQ 8 m ^ 1 pV 

" 410 p*f X 1.602x10 18 / 

X =3.024 38 xlO^ 9 m 
X = 3.02 nm 


Back to Problem 14.15 Back to Top 
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Chapter 15: Statistical Mechanics 


Permutations and Combinations: 


Chapter 15 

Permutations and Combinations: 

15.1. Use Stirling’s formula to calculate and approximate value for ln(/V!) and compare with the exact value for N=5, 10, 50, 100, 1,000 
and 10,000! 

Solution 

Work out the following examples: 

15.2. The number of possible arrangements of 4 objects (A B C D) among 4 positions (do not list them). 

Solution 

15.3. The number of possible arrangements of 3 objects (A B C) among 4 positions. List them all. 

Solution 


15.4. Use the binomial distribution to work out the binomial coefficients for ( x, + x 2 )" for n= 5. Arrange the numbers in Pascal’s 

r 4^^5^ (5} 

and to check your entries. 


triangle. Work out the quantities 


v3y 


V 3 y 


V ^ y 


Solution 


15.5. Consider two sets of indistinguishable objects, {A A} and {B B B}. Work out and list the possible arrangements of these in 5 
boxes, one object per box. Check your number against the formula. 



c 


Solution 

15.6. Work out the number of ways that the three objects (A B C) can be placed in 5 boxes, no more than one object per box. List all the 
possibilities to confirm your number. 


Solution 
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Quantum statistics 


15 . 7 . Work out the number of ways that the three objects (A A A) can be placed in 5 boxes, no more than one object per box. List all the 
possibilities to confirm your number. 


c: = 


(n - r) ! r ! 


Solution 

15 . 8 . Work out the number of ways that the two objects (A B) can be placed in 3 boxes with no restriction on the number of objects per 
box. List all the possibilities to confirm your number. 

Solution 

15 . 9 . Work out the number of ways that the two objects (A A) can be placed in 4 boxes without restriction on the number of objects per 
box. List all the possibilities to confirm your number. 

Solution 

15 . 10 . When we remove the condition of distinguishability from the n objects of Eq.(A.5), we divide by n\ to obtain Eq.(A.6). By 
considering the simple case of 2 objects and 3 boxes, (same as problem 2g) show that it is improper similarly to divide Eq.(A.7) by 
n\ to obtain the desired result for Eq.(A.8). 

Solution 

15 . 11 . A partially deuterated methane sample is analyzed and found to contain equal molar quantities of hydrogen and deuterium. On a 
random basis, calculate the percentage of species CH 4 , CH 3 D, CH 2 D 2 , CHD 3 ,CD 4 . 

Solution 


Quantum statistics 


15 . 12 . Show that In 


m 


n !(m - n) ! 


and In 


( m + n — 1 ) ! 
n \{m — 1) ! 


both approach In 


m 
n ! 


as n becomes large, provided that m»n. (Use 


Stirling’s formula and use the fact that m»n, and /«»!).) 


Solution 
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15.13. Show that the maximum entropy, S, is obtained when all the probabilities, p, are equal, where 

n n 

S = Pi ln P, and X P' = 1 

i=i i=i 

(This shows us that complete lack of knowledge of which state the system is in results in the highest entropy. When all states are 
equally likely, we have no preferential state, and this means the most random or highest entropy.) 

Solution 

15.14. Prove that for an N particle quantum state, the wave function must be either odd or even under the permutation of any two of the N 
particles. 

(This symmetry, of course, distinguishes bosons from fermions.) 

Solution 

15.15. A more accurate form of Stirling’s approximation is 

In N ! = N In N - N + In j2nN 

In the stopcock opening and closing example, recalculate the effect of A S n ^ m using the above approximation and show that the 
entropy change is negligible compared to A Sj_> n . Assume that the two volumes are equal, and consider what happens to this new 
entropy change A S n ^ ni < 0 as the number of particles goes to infinity 

(Although we observe no noticeable change when we physically close the stopcock in going from state II to III, there is a change 
due to our definition. This problem asks you to look into. The reason the change is negligible from our theory is because we are 
dealing with an enormous number of particles, and can use Stirling’s approximation. However, if we had only a few particles, then 
the effect of closing the stopcock would lead to a difference between the two states, II and III, i.e. the “entropy” would show a 
decrease. This underscores the fact that we can not define entropy for a small number of particles because entropy is a statistical 
quantity.) 


Solution 
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15 . 16 . Using: 




prove the relationship: 


(VJV c f (V 2 /V c f (N l + N 2 )\ 

- In 

( N, f N 2 n > {N l+ N 2 )\ 



_(N { n ' +N 2 n '-){N 1 )\{N 2 )\_ 


Solution 

15 . 17 . Without considering energy, calculate the statistical weights for 30 quanta distributed amongst 30 oscillators for the following 
distributions of the quanta: 

N 0 = 0, /V, = 30, N 2 ^ 29 = 0 

N 0 = 1, N, = 28, N 2 = 1, A^ 29 = 0 

N 0 = 10, /V, = 10, N 2 = 10, N 3 _> w = 0 

(This is a problem of combinatorials, how many ways can 30 indistinguishable objects be distributed between 30 levels. For 
oscillators, we usually label the lowest state by a “0”, so we go up to the 29 th level. In general, there is usually degeneracy (more 
than one state with the same energy) Here we are calculating the degeneracy for various possible energies. In case a) the energy is 
30^ , for b) the energy is s 0 + 28^, + 2 s 2 and for c) 1 0s 0 + 10^, + 10 s 2 . The problem calculates the number of ways (the 
statistical weight) that indistinguishable quantum can be arranged to give that particular energy.) 


Solution 

15 . 18 . Show that Eq.(15.148) satisfies FD and BE conditions of respectively no more that 1 particle, on the average, in a state, and any 
number of particles in a state. Let x = exp [ ( s a - ju ' ) / k B T ] 


Solution 
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Transformations of statistical and thermodynamic functions 

15 . 19 . Starting from 

S = k B In Q (E, V, N) 

obtain the equation: 

PV = k B T In E(7\ V, /u) 

where E (T, V, /u ) is the grand partition function. Do NOT derive the ideal gas law (i.e. do not assume the particles do not interact). 
(The grand partition function is one that is commonly used in chemical reactions.) 

Solution 

15 . 20 . Derive expressions for the energy U=E, the entropy S the pressure P and the Helmholtz energy A, and the Gibbs energy G in terms 
of the Canonical ensemble, Q. 

Solution 

15 . 21 . Find the natural function for the isothermal-isobaric ensemble, ACT, P, N ) , i.e. for variables T, P and N. 


15 . 22 . Obtain an expression for Cp in terms of the partition function Q for the system. 


Solution 


Solution 


15 . 23 . Obtain an expression for the pressure P in terms of the molecular partition function q, for (a) distinguishable molecules and (b) 
indistinguishable molecules. Express the result in terms of the number of molecules N and also the amount of substance n. 


15 . 24 . The partition function for each degree of vibrational freedom is 1 / 


1 - exp 


^ -hv ^ 


V j 


Solution 


(Eq.(15.173)). Obtain from this expression 


the limiting value of the vibrational contribution to Cy as T approaches infinity. 


Solution 
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15 . 25 . Chemical reactions often lead to the formation of products whose energy distributions show significant deviations from the 
statistical distribution of Eq. 15.40. In a study of an elementary reaction with 1 6 0 1 H radical as one of the products [Zhang, van 
der Zande, Bronikowski, and Zare, J. Chem. Phys. 94, 2704(1994)], the following rotational distribution was observed for the OH(v 
= 0) state (normalized such that 'Ln.j/N = 1). Compare this to the statistical distribution expected from Eq.(15.84) at 298 K. The 

o 

equilibrium bond distance of OH is 0.96966 A. 


J 

1 

8 

9 

10 

11 

12 

13 

nj/N 

0.0181 

0.0232 

0.0356 

0.0475 

0.0377 

0.0762 

0.1045 

J 

14 

15 

16 

17 

18 

19 

20 

nj/N 

0.1266 

0.1459 

0.1466 

0.1306 

0.0907 

0.0167 

0.0000 


Solution 


Partition functions 

15 . 26 . Suppose that an array of harmonic oscillators has common frequency of v = 10 11 s' 1 . Calculate the ratio of the number of 

oscillators in the 10 th quantum state (n= 9) to those in the ground state at 0 K, 300 K and 1000 K. The energy levels are given by 

s n = (n + -)hv . 


(This is a straight application of the Boltzmann distribution. Each energy level is non-degenerate.) 


Solution 


15 . 27 . Calculate the average value of the energy per mole at the various temperatures for the oscillators in problem 17. 


(This is best done by evaluating the partition function for harmonic oscillators and applying the general formula for ( s } . 


Solution 
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Partition functions 


f 1 > 

n -\ — 

V 2 j 


hv . 


15 . 28 . The energy levels for a harmonic oscillator are given by s n = 

a. Derive an expression for the mean-square fluctuation, cj e = ^ E 1 ^ ( E y in energy for these oscillators. 

b. Use v = 10 11 s 1 and the partition function from problem set 2 to evaluate the mean-square fluctuation. 

c. Compare cr E to U = ( E 

d. What happens as the temperature is raised? 

e. What happens as the number of particles increases? 

(Fluctuations are generally negligible relative to macroscopic quantities but are important for many processes under certain 
conditions, such as phase transitions.) 

Solution 

15 . 29 . If the molecular partition function can be written as a product of factors, q = q, r ■ q ml , then energy, entropy and the other 
thermodynamic properties can be written as a sum of terms. Show that this is true for E, S and A. 

Solution 


15 . 30 . Calculate 


8 ma 2 


for helium in a one-dimensional box of a= 1 0 cm and determine the energy level spacing for the first four levels. 


Compare this with k\{T. At what temperature are the energy levels spacing comparable in magnitude? 


15 . 31 . Calculate 0 v for Hi (frequency = 4162 cm’ 1 ) and U (frequency = 213.1 cm' 1 ). Calculate q v for these gases at 300 K. 


Solution 


Solution 


15 . 32 . Starting with the molecular partition function, prove for diatomic molecules in the high temperature limit that the translational, 
rotational and vibrational contributions to the heat capacity agree with the expression from equipartition. 

Solution 
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Partition functions 




15 . 33 . Work out the heat capacity, C v , at 300 K for the diatomic molecules listed below. Keep only the translational, rotational and 
vibrational motion. Use table below for the rotational and vibrational temperatures. Only use the high temperature approximation if 
it is valid. HC1, N 2 , O 2 , 1 2 



qtr 

9r 

qv 

HC1 

High temp. 

19.73 

1.0000016 

n 2 

High temp. 

104.89 

1.0000146 

0 2 

High temp. 

144.92 

1.00059 

I 2 

High temp. 

555.5 

1.552 


Solution 


15 . 34 . The high temperature limit of the rotational partition function for diatomics is 

T 



Give a brief explanation of the quantum mechanical origin of the symmetry number a. Use equations where appropriate. 


Solution 
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Partition Functions for So me Special Cases 


15 . 35 . Prove that the Einstein function for the vibrational contribution to the heat capacity, Eq.(15.183) can be written as, 


(cv), 


= R 


COS 


u 

2 


Y 

J 


where 


hv 0,, 

u = = — . 

k B T T 

Show that the limiting value of Einstein function, Eq.(15.183),is the gas constant, R. (Recall that the Einstein vibration is restricted 
to one frequency only so this is consistent with equipartition that states at high temperatures the contribution to the heat capacity is 
equal to R for each degree or freedom. In this case, there is only one degree of freedom.) 


Solution 


Partition Functions for Some Special Cases 

15 . 36 . Starting with Eq. (15.156) obtain an expression for the molar internal energy U m of an ideal monatomic gas. 

Solution 

15 . 37 . Calculate the molecular translational partition functions q t for (a) Ni, (b) FEO, (c) CelU in a volume of 1 nr at 300 K. In each case, 
calculate also In Q tm , where Q Um is the molar translational partition function. 

Solution 

15 . 38 . The intemuclear distance for N 2 is 0.1095 nm. Determine the molecular rotational partition function q, and In Q for Ni at 300 K. 

Solution 

15 . 39 . Use the data in Table 15.3 (p. 807) to calculate, with reference to v = 0, the molecular vibrational partition function for COo at (a) 
300 K and (b) 3000 K. 

Solution 
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Partition Functions for So me Special Cases 


15 . 40 . Expressions such as the Sackur-Tetrode equation for the entropy contain a term In (constant x T). At temperatures close to the 
absolute zero this term has large negative values, and the expression therefore leads to a negative value of the entropy. Comment on 
this. 

Solution 

15 . 41 . Calculate the entropy of argon gas at 25 °C and 1 bar pressure. 

Solution 

15 . 42 . From the data in Table 15.3, calculate, with reference to v = 0, the molecular vibrational partition function for Br 2 at (a) 300 K and 
(b) 3000 K. 

Solution 

15 . 43 . Give the symmetry numbers of the following molecules: C 3 O 2 (carbon suboxide), CH 4 , C 2 H 4 , C 2 H 6 in the staggered conformation, 
C 2 H 6 in the eclipsed conformation, CHCI 3 , C 3 H 6 (cyclopropane), Cr,FT, (benzene), NfED, CH 2 CI 2 . 

Solution 

15 . 44 . Show that the rotational partition function for a linear molecule can be expressed as 

q r = k\>J!nBh 

where B is the rotational constant defined by Eq.(13.63). 

Solution 


* 15 . 45 . Calculate the molar translational entropy of chlorine gas at 25 °C and 0.1 bar pressure. 


Solution 

* 15 . 46 . The carbon monoxide molecule has a moment of inertia of 1.45 x 10 46 kg m 2 and its vibrational frequency is 6.50 x 10 13 s _1 . 
Calculate the translational, rotational, and vibrational contributions to the molar entropy of carbon monoxide at 25 °C and 1 bar 
pressure. 


Solution 
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Equilibrium consta nts 


15.47. Suppose that a system has equally spaced energy levels, the separation between neighboring levels being As . Prove that the fraction 
of the molecules in state i, having energy s, greater than the energy of the lowest level, is 


1 - exp 


'-As' 


KT 


exp 


f -e t ' 


V kftT j 


V “-b 1 J 

What is the limiting value of this fraction as T — > qo? Explain your answer. 


Solution 


*15.48. Deduce the following from the Sackur-Tetrode equation (Eq.(15.159)), which applies to an ideal monatomic gas: 

a. The dependence of entropy on relative molecular mass M r ; also, obtain an expression for dS„/dM r . 

b. The dependence of heat capacity Cp on relative molecular mass. 

c. The dependence of entropy on temperature; also obtain an expression for dS m /dT. 


Solution 

*15.49. Molecules absorbed on a surface sometimes behave like a two-dimensional gas. Derive an equation, analogous to the Sackur- 

Tetrode Eq. (15.159), for the molar entropy of such an adsorbed layer of atoms, in terms of the molecular mass m and the surface 

10 2 

area A. What would be the molar entropy if 10 argon atoms were adsorbed on an area of 1 cm" at 25 °C? 


Solution 


Equilibrium constants 

15.50. Calculate the dissociation constant K c for the reaction 

0 2 ( 3 2 ) — » 20 ( 3 P ) 


at 1 000 K expressing the answer in mole /. Ignore nuclear degeneracy. Use the data from the table of Problem 51, along with the 
value A a = 1.25 x 10 9 cm . 


Solution 
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Equilibrium consta nts 


15 . 51 . From the data in Table 15.5, calculate K P at 1000 K for the “water-gas” reaction 

C0 2 (g) + H,(g) — CO(g) + H 2 0(g) 

Solution 

15 . 52 . Without making detailed calculations but by using symmetry numbers, estimate the equilibrium constants for the following 
reactions: 

a. 35 C1 - 35 C1 + 37 C1 ^ 35 C1 - 37 C1 + 35 C1 

b. 35 C1 - 35 C1 + 37 C1 - 37 C1 ^ 2 35 C1 - 37 C1 

c. C 35 C1 4 + 37 C1 ^ C 37 C1 35 C1 3 + 35 C1 

d. N 35 C1 3 + 37 C1 ^ N 37 C1 35 C1 2 + 35 C1 

e. 35 C1 2 0 + 37 C1 ^ 37 C1 35 C10 + 35 C1 

(Because of the similarity of the masses, these estimates will be quite accurate.) 

D. M. Bishop and K. J. Laidler, J. Chem. Phys., 42, 1688(1965), have defined a statistical factor for a reaction as the number of 
equivalent ways in which a reaction can occur. Thus for reaction (a) from left to right the statistical factor is 2, since the ~ Cl atom 
can abstract either of the two 37 C1 atoms. For the reverse reaction the statistical factor r is 1, since the 35 C1 atom can only abstract the 

ic 

Cl atom in order to give the desired products. If two identical molecules are involved, the statistical factor must be taken as the 
number of equivalent products divided by 2; thus for reaction (b) from right to left the statistical factor is — . 


Bishop and Laidler proved that the ratio l/r of statistical factors is always equal to the ratio oap^IoyOz of symmetry numbers. Verify 
that this is true for the given reactions. 

This statistical factor procedure is useful in providing a simple insight into the factors that appear in equilibrium constants. 


Solution 
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Equilibrium constants 


*15.53. Calculate the equilibrium constant at 1000 °C for the dissociation 

I, ^ 21 

given the following information: moment of inertia of b = 7.426 x 10 4S kg m 2 , wavenumber for b vibration = 213.67 cm -1 , Af/ 0 = 
148.45 kJ mol . The I atom is in a "P 3/2 state; neglect higher states. 

Solution 

*15.54. Calculate the equilibrium constant K P for the dissociation 

Nai ^ 2Na 

at 1000 K, using the following data: intemuclear separation in Na 2 = 0.3716 nm, vibrational wavenumber v = 159.2 cnT 1 , ACo = 
70.4 kJ mol . The Na atom is in a S 1/2 state; neglect hiher states. 

Solution 

*15.55. Calculate the equilibrium constant Kp at 1200 K for Ck ^ 2C1, from the following data: intemuclear separation in CI 2 =199 pm, 

—1 —1 2 

wavenumber for vibration = 565.0 cm , At/o = 240.0 kJ mol . The ground state of Cl is a doublet, P, , , the 

2' 2 

separation between the states being 881 cm . 

Solution 


15.56. Calculate the isotopic ratio Kn/K D at 300 K for the reactions 

H 2 ^ 2H and D 2 ^ 2D 

Take the zero-point energies of fT and D 2 to be 26.1 kJ mol -1 and 18.5 kJ mol 1 , respectively. 


Solution 
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Transition state theory 

15.57. On the basis of transition-state theory, make rough estimates of the preexponential factors at 300 K for the following types of gas 
reactions: 

a. A bimolecular reaction between an atom and a diatomic molecule, with the formation of a linear activated complex. 

b. A bimolecular reaction between two diatomic molecules, the activated complex being nonlinear with one degree of restricted 
rotation. 

c. A bimolecular reaction between two nonlinear molecules, the activated complex being nonlinear with no restricted rotation. 

d. A trimolecular reaction between three diatomic molecules, the activated complex being nonlinear with one degree of restricted 
rotation. 

« _o 

Take the translational partition functions (for three degrees of freedom) to be 10 m , the rotational functions for each degree of 
freedom to be 10, the function for a restricted rotation to be 10, and the vibrational functions to be unity. Express the calculated 
preexponential factors in molecular units (m 3 s ') and in molar units (dm’ moE 1 s '). 

Solution 

15.58. The rate constant for the reaction 

2NO + 0 2 -> 2N0 2 

has been found to be proportional to 7"* . Suggest an explanation for this behavior. 

Solution 

15.59. Deduce the temperature dependency of the preexponential factor of the following types of reactions, where A represents an atom, L 
a linear molecule, and N a nonlinear molecule: 

A + L;A + N;L + L;L + N;N + N 


Solution 
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Transition state theory 




15 . 60 . The rate of the reaction 


o + +n 2 ->no + + n 

has been found over a certain temperature range to be proportional to 7 ^ 05 (M. McFarland et al., J. Chem. Phys., 59, 6620(1973). 
How can this be explained in terms of simple transition-state theory? 

Solution 

15 . 61 . For the case of two atoms giving a product, A + B ^ [ A B f — > Product, show that transition-state theory yields essentially the 
same expression for the rate constant as the collision theory expression of Eq. (9.76). 

Solution 

15 . 62 . In mass-spectrometric experiments, P. Kebarle and coworkers (J. Chem. Phys., 52, 212(1970) have found that under certain 
conditions the rate constant for the reaction 


N + +N 2 +N 2 -> N; +N 2 


2 5 

is proportional to T" . Suggest an explanation for this behavior. 


Solution 


15 . 63 . On the basis of transition-state theory, and assuming the vibrational partitions to be temperature-independent, deduce the 
temperature dependence of the preexponential factor for each of the following reactions: 

a. 2C10 -> Cl 2 + 0 2 

b. NO + O 3 — > N0 2 + 0 2 

c. N0 2 + F 2 — » N0 2 F + F 


d. 2NOC1 -> 2NO + Cl 2 

e. 2NO + Br 2 -> 2NOBr 


Solution 
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Transition state theory 




15 . 64 . Benzaldehyde is oxidized by permanganate in aqueous solution. Suppose that the aldehydic hydrogen atom is replaced by a 
deuterium atom; what can be said on the basis of transition- state theory about the kinetic isotope ratio ku/ko at 25 °C? The 
wavenumber of the aldehydic C — H vibration is 2900 cnT 1 . 

Solution 

15 . 65 . A transition-state theory study of the reaction 0( P) + HC1 generated the following information at T = 600 K: 

Reactants 


0 

dt 

1.767 x 10 32 nT 3 

(for 3 degrees of freedom) 

HC1 

dt 

6.084 x 10 32 nT 3 

(for 3 degrees of freedom) 


dr 

39.40 

(for 2 degrees of freedom) 


v 0 

2991.0 cm" 1 



Transition state (bent) 

q, 1 .050 x 10 33 m 3 (for 3 degrees of freedom) 

q r 1730 (for 3 degrees of freedom) 

v, 1407.9 cm -1 

A 266.8 cm -1 


The maximum of the reaction path is at 45.97 kJ mol . Calculate the rate constant at this temperature. 

(Note: Some interesting problems on transition- state theory involving the use of a computer are to be found in S. J. Moss and C. J. 
Coady, J. Chem. Ed., 60, 455(1983).) 

Solution 
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Essay questions 

15.66. The molar entropy of a gas increases with the temperature and with the molecular weight. Give a physical explanation of these two 
effects. 

15.67. Explain the factors that influence the magnitudes of partition functions, and comment on the magnitudes of the molecular partition 
functions for translational, rotational, and vibrational energy. What characteristics of a molecule will lead to a high value of (a) q h 
(b) q r , and (c) q v l 

15.68. Discuss the assumptions and limitations of conventional transition- state theory. Mention briefly procedures that have been used to 
overcome some of the limitations. 

15.69. On the basis of the treatment of equilibrium constants in terms of partition functions, explain the factors that account for the effects 
of isotopic substitution. 


15-18 


Chapter 15: Statistical Mechanics 


Solutions 


Solutions 

15 . 1 . Use Stirling’s formula to calculate and approximate value for ln(/V!) and compare with the exact value for N=5, 10, 50, 100, 1,000 
and 10,000! 

Solution: 

Given: Stirling’s formula, several values of N. 

Required: calculate and approximate value for ln(AH) 

We can use the Stirling’s formula from Eq. 15.25 to solve for the approximate value of ln(W!) : 

« 

In n ! = n In n - n or n ! = — 

e" 

Note that the above formula works best if n is greater than 10. 


N 

exact ln(./V!) 

Stirling's formula 

Error (%) 

5 

4.787492 

3.047 

36.35 

10 

15.10716 

13.026 

13.78 

50 

148.478 

145.601 

1.94 

100 

363.739 

360.517 

0.89 

1000 

5912.123 

5907.755 

0.07 

10000 

81959.46 

82103.4 

0.0018 
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ABS (\n(N\)-(N In N-N)) 

Error = 

ln(iV !) 

'•yi 

(Note: 10,000! is considerably less than (6.023 x 10 )! whence Stirling’s formula is essentially exact.) 


Back to Problem 15.1 


Back to Top 
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15.2. The number of possible arrangements of 4 objects (A B C D) among 4 positions (do not list them). 

Solution: 

Given: 4 objects (A B C D) 

Required: the number of possible arrangements 

The four objects are distinguishable, so there are P 4 4 = 4! = 24 arrangements. 

Back to Problem 15.2 Back to Top 
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Solutions 


15.3. The number of possible arrangements of 3 objects (A B C) among 4 positions. List them all. 

Solution: 

Given: 3 objects (A B C) 

Required: the number of possible arrangements among 4 positions 


P A 

r 3 


4! 

(4-3)! 


= 24 


ABC_ 

AB_C 

A_BC 

_ABC 

ACB_ 

AC_B 

A_CB 

_ACB 

BAC_ 

BA_C 

BAC_ 

_BAC 

BCA_ 

BC_A 

B_AC 

_BAC 

CAB_ 

CA_B 

C_AB 

_CAB 

CBA_ 

CB_A 

C_BA 

_CBA 


Back to Problem 15.3 Back to Top 
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15.4. Use the binomial distribution to work out the binomial coefficients for ( x, + x 2 )" for n= 5. Arrange the numbers in Pascal’s 

r 4^^5^ (5} 

and to check your entries. 


triangle. Work out the quantities 


v3y 


V 3 y 


V ^ y 


Solution: 

Given: see above 

Required: binomial coefficients 

(x, + x 2 ) 5 = + 5x*x 2 + lOxfxl + lO.rf.X 2 + 5.x, x\ + x\ 


Work out Pascal’s triangle: 

1 

1 2 1 

13 3 1 

1 4 6 4 1 


1 5 10 10 5 1 


P" n ! 

r«3 






f 5 l 

UseC"- r - 


to check the entries and spot check Pascal’s Triangle: 


= 4 


= 10 and 


P' ( n — r)\r\ 

In 



13J 


w 


Back to Problem 15.4 


Back to Top 


15-23 


Chapter 15: Statistical Mechanics 


15.5. Consider two sets of indistinguishable objects, {A A} and {B B B). 
boxes, one object per box. Check your number against the formula. 



c 


Solution: 

Given: { A A } , { B B B } , one object per box 

Required: list all possible arrangements that can be placed in 5 boxes 
n\ 5! 


P n ~ 


U n[ 


-> p r = 


3 ! 2 ! 


= 10 


BBBAA 

AABBB 

BAABB 

BBAAB 

ABBBA 


Back to Problem 15.5 


Back to Top 


Solutions 


Work out and list the possible arrangements of these in 5 


ABBAB 

BABBA 

ABABB 

BBABA 

BABAB 
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15.6. Work out the number of ways that the three objects (A B C) can be placed in 5 boxes, no more than one object per box. List all the 
possibilities to confirm your number. 

Solution 

Given: (A B C), one object per box 

Required: list all possible arrangements that can be placed in 5 boxes 
ml 


-> R 5 = — = 60 


P m = 

( m — n)\ J (2)! 

ABC_ _ A_BC_ _ABC_ A__BC AB__C AB_C_ A_B_C __ABC _A_B_C _AB_C 

Now permute each of these ten columns 6 times keeping the empty boxes straight, AS ABOVE: 

ABC etc. 

ACB 

BAC 

BCA 

CAB 

CBA 


Back to Problem 15.6 


Back to Top 
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Solutions 


15.7. 


Work out the number of ways that the three objects (A A A) can be placed in 5 boxes, no more than one object per box. List all the 
possibilities to confirm your number. 


c: = 


(n - r) ! r ! 


Solution: 

Given: (A A A), one object per box 

Required: list all possible arrangements that can be placed in 5 boxes 
n i , 5 1 

C" = : >C = — = 10 

r (n-r)lr! 3 (5 — 3)!3! 


AAA 

_ AAA _ 

AAA 

_A_AA 
AA A 


A AA 

A _A _ A 
A _AA_ 

AA A 

AA A 


Back to Problem 15.7 


Back to Top 
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15.8. Work out the number of ways that the two objects (A B) can be placed in 3 boxes with no restriction on the number of objects per 
box. List all the possibilities to confirm your number. 

Solution: 

Given: (A B), no restriction on the number of objects per box 
Required: list all possible arrangements that can be placed in 3 boxes 


N = m" — >3 2 =9 

AB _ AB 

_ AB _ B_A 

__AB B A _ 

A _ B _ B A 

A B _ 

Back to Problem 15.8 Back to Top 
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15.9. Work out the number of ways that the two objects (A A) can be placed in 4 boxes without restriction on the number of objects per 
box. List all the possibilities to confirm your number. 

Solution: 

Given: (A A), no restriction on the number of objects per box 

Required: list all possible arrangements that can be placed in 4 boxes 

(m + n-l)\ (4 + 2-1)! 

N = - — = 10 

n \{m - 1) ! 2!3! 


AA 

AA 

AA 

AA 

A A 


_ A A _ 

A A 

A _ A _ 

A A 

A A 


Back to Problem 15.9 


Back to Top 
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15.10. When we remove the condition of distinguishability from the n objects of Eq.(A.5), we divide by n\ to obtain Eq.(A.6). By 
considering the simple case of 2 objects and 3 boxes, (same as Problem 15.8) show that it is improper similarly to divide Eq.(A.7) 
by n! to obtain the desired result for Eq.(A.8). 

Solution: 


Given: 2 objects, 3 boxes 
Required: see above 


N = P” 


1 — Eq.(A.5) for distinguishable 

(m -n)\ 


171 ! 

» : Eq.(A.6) for indistinguishable 

( m — ri)\n\ 


Can we do the same for: 

n 

171 

Eq.(A.7) N = m" for distinguishable — > N = — for indistinguishable? 

n ! 

( m + n — l) ! 

The answer is no. We must use: N = — 

n \{in — 1) ! 

Show this for the case of 2 objects and 3 boxes: 


m n 3 2 

Wrong: N = > — = 4.5 

n\ 2 ! 


(m + n- 1)! (3 + 2-1)! 

Correct: N = — > — = 6 

n !(m - 1) ! 2!(3-l)! 


AA 


AA 

AA 


A _ A 
_ A A 
A A 


It will be seen from this problem that m a /n\ is a number lying between m\/(n\(m-ri)\) (Eq.(A.6) and (m+n-l)!/n!(m-l)!, Eq.(A.8). When 
arrangements that differ between the two ways of counting, (due to distinguishability), represent a negligible part of the total number of 
arrangements, the difference between the ways of counting becomes unimportant. 


Back to Problem 15.10 Back to Top 
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15.11. A partially deuterated methane sample is analyzed and found to contain equal molar quantities of hydrogen and deuterium. On a 
random basis, calculate the percentage of species CH4, CH3D, CH2D2, CHD3 ,CD4. 

Solution: 

Given: see above 

Required: calculate % of species CH4, CH3D, CH 2 D 2 , CHD 3 ,CD 4 on a random basis. 

Let the probability of an H appearing by P\\ and a D appearing as P D . These probabilities are take as equal and P H = Pn=0.5. 

There can be up to 4 bonds, so we have: 

(P H +P D ) 4 = Ph + 4 PhPo + 6 PhPo + 4 P»Po + K 


The chance of 4 H is 

P„ =1/16 

The chance of 3 H and 1 D is 

Apy D =m 

The chance of 2 H and 2 D is 

6P„ 2 P d 2 =6/1 6=3/8 

The chance of 1 H and 2 D is 

4P‘P d 3 =1/4 

The chance of 4 D is 

Pq =1/16 

Back to Problem 15.11 

Back to Top 
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15.12. Show that In 


m 


n \{m - n ) ! 


and In 


( m + n - 1 ) ! 
n \(m - 1) ! 


both approach In 


m 
n ! 


as n becomes large, provided that m»n. (Use 


Stirling’s formula and use the fact that m»n, and m »\ ).) 
Solution: 

Given: see above 
Required: see above 


and 


In 


ml 


n !(m - n ) ! 


= In 


m(m - 1 )(m - 2 - n + 1) 


n : 


lim 

n — >oo 


►= In 


In 


m(m - !)(/« - 2)... (m - n + 1) 


n : 


= In 


m(m - l)(m - 2 )...(/// - n) 


n ! 




n : 


= In 


in 
n ! 


In 


(m + n-iy. 

- l n 

(m + n — 1 )(m + n - 2 - 2)^x3^T 

n \{m — 1) ! 


n 


= lim 

n— >oo 
m»n 


In 


-2 terms 


(m + n-l)(m + n-2)...(m-2) 


n : 


= In 


m 


n-2 


n\ 


n—> go 
m»n 


In 


m 
n ! 


15-31 


Chapter 15: Statistical Mechanics 


Solutions 




Alternately we can start with Eqs.(15.56) and (15.59) to obtain Eq.(15.60): 

A f Y 


lnfi BE =Z 

j 

lnW,=I 


+S,ln 


±S/ ln 


N i 

1 + ^- 

V g J J 

f V 

1±^ 

V g u 


+ N j in 


g i 


+ 1 


+ N j in 


k n j j 

f \ 

1l+i 

\ N j - J 


gj» N j 


■z 


N : + N An 


'' s 1 ±nA 

n j y 


= Y J [N, + N 1 in(g,±N l )-mn(N l ) 


We have used: g in 


' N' 

\±—^- 

V Sjj 


= ±Nj by expanding the natural logarithm, ln(l±x) = ±x for small x. Once again, neglect g . relative to 


N . which gives Eq2.(15.60) and (15.61), 


lnn„=X[^taY)- W ; ta ( W /) 


+ N 


This result is of tremendous importance in permitting us to ignore the restrictions of Bose-Einstein and Fermi-Dirac quantum statistics when 
the number of accessible quantum states (the m boxes) far exceed the number of molecules (the n objects). 

Back to Problem 15.12 Back to Top 
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15.13. Show that the maximum entropy, S, is obtained when all the probabilities, p, are equal, where 

n n 

S = Pi ln P, and X P' = 1 

i=i i=i 

(This shows us that complete lack of knowledge of which state the system is in results in the highest entropy. When all states are 
equally likely, we have no preferential state, and this means the most random or highest entropy.) 


Solution: 

Given: see above 

Required: prove the above expression for equal probabilities 

To solve for this problem, we can use the Lagrange multipliers. Take the derivative with respect to each probability subject to the 

n 

condition, V p , , = 1 . For maximum entropy, we set the results equal to zero: 

i = 1 


f dS_ s 

dpi 


= - In Pi 




+ ln p x = a - 1 

so, +\np 2 =a — \ hence all the p\ s must be equal and p { = exp(« - 1) 
+ ln p 3 =a - 1 


l + a = 0 


n 

Since ^ p t = 1 then 

1=1 


n n n 

1 = 'Y_ t p i = ^exp(a-l) = exp(a-l)^l = nexp(a-l) 

i=i i=i i=i 

so 
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rn 

= a - 1 so 

1 

— 

Pi =~ 

{nj 


n 


Back to Problem 15.13 


Back to Top 


Solutions 
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15.14. Prove that for an N particle quantum state, the wave function must be either odd or even under the permutation of any two of the N 
particles. 

(This symmetry, of course, distinguishes bosons from fermions.) 

Solution: 

Given: N particle quantum state 
Required: prove the above 

Let ¥(1, 2, 3, ....AO be an iV particle state. Now permute two particles: 

but two permutations must get us back to the same state that we started from, 

PTW(1, 2, 3,,/. . I JV) = a 2 W( 1, 2, 3 , 1 . J...N ) 

The only way this can happen is if a 2 = 1 or a = ±1 . 

Back to Problem 15.14 Back to Top 
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15.15. A more accurate form of Stirling’ s approximation is 

In N ! - N In N - N + In V2^V 

In the stopcock opening and closing example, recalculate the effect of A S n _> in using the above approximation and show that the 
entropy change is negligible compared to A Sj_> n . Assume that the two volumes are equal, and consider what happens to this new 
entropy change A S n ^ m < 0 as the number of particles goes to infinity 

(Although we observe no noticeable change when we physically close the stopcock in going from state II to III, there is a change 
due to our definition. This problem asks you to look into. The reason the change is negligible from our theory is because we are 
dealing with an enormous number of particles, and can use Stirling’s approximation. However, if we had only a few particles, then 
the effect of closing the stopcock would lead to a difference between the two states, II and III, i.e. the “entropy” would show a 
decrease. This underscores the fact that we can not define entropy for a small number of particles because entropy is a statistical 
quantity.) 


Solution: 


Given: altered version of Stirling’s approximation 


Required: the effect of A S n _^ m 


The expression from the notes using the usual form of Stirling’s approximation is: 


AS 


a -> hi 


(A 1 + A 3 )! ] 
| (A'j + N 2 ) Ni+Ni A/j \N 2 ! j 



lnN 1 +N 2 lnN 2 +(N l +N 2 )\n(N 1 +N 2 )-N l -N 2 
-(N l +N 2 )ln(N l +N 2 )-N l lnN 1 +N l -N 2 In N 2 


+ N 2 


= 0 
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We note that all the terms cancel. If we use the better approximation for Strirling’s approximation, 


lnN\ = N\nN-N+\nj2xN 


we get: 


W Nl {N 2 ) Nl (n 1+ n 2 )i\ 


AS n ^ m =A\n< 


(n 1+ n 2 ) n ' +N2 Ni \n 2 \ 


= A{ 


= A in 


N l \nN ] +N 2 \nN 2 +(N l +N 2 )\n(N i +N 2 )-N l -N 2 +\n y j27i:(N l +N 2 ) 

— ( TV, + 7V 2 ) in ( TV, + 7V 2 ) — TV, in TV, + TV, -In y /2xN l - N 2 in N 2 +N 2 - in ^2xN 2 

\{n x +n 2 ) 


2xN x N 2 


Let us assume that yi=y 2 .so A^i=W= N/2 giving 


Ah, . h+W -Ab 


2 ttN 1 N 2 


' 2x(N/2 ) 2 xN~ 2 xN 


write this as: — in 


A, 2 A 


r 


2 xN 2 




in ln./V 

V ft 
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This shows that there is a decrease in entropy for large N, but this is negligible. The correction from this shows a decrease in entropy of 
-Ain N when the stopcock is closed. If we plug in A=k, then we get 

-A In N = -k lnA^ = -(l.38xlO 23 )ln(6.23xl0 23 ) = -(1.38x10 23 )55 = -7.6x10 22 

which is negligible. Suppose we had 10 10 moles, the calculation would change to: 

-A In N = -k In N = -(l .38 x 10 23 ) In (6.23 x 10 33 ) = -(l .38 x 10 23 ) 78 = -10.7 x 10 22 

which is still negligible. 

Back to Problem 15.15 Back to Top 
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15.16. Using: 




A h 
V 2 


prove the relationship: 


(VJV c f (v 2 /v c ) Nl (n 1 + n 2 )\ 

- In 

( N, f 1 N 2 n > {N l+ N 2 )\ 



(n* +N 2 n >)(N 1 )\(N 2 )\_ 


Solution: 


Given: -1 = -± 

V, V 2 


Required: prove the above relationship 


Cancel the V c ’s: 


In 


'(vyV'Y'fr/V'Y'fr+Nji 

In 

^ \7 +N 2 ^ 

V c 

(V^(V 2 f(N l + N 2 )i 

. (V l IV'+V 2 IV'f*"' n,<n 2 \ 


[y e N 'V e "') 

(v 1 + v 2 ) n ^ Ni \n 2 \ 


= In 


(V,)> 2 f (N l+ N 2 )\ 


( + V 2 Y' +Nl N 1 \N 2 \ 


Now consider only the powers (since the factorials remain): 

(U'W 


In 


\N l +N 2 


iy,+v,) 

Use Ny 2 = N 2 V 1 to get 


= N t In V l+ N 2 \nV 2 -(N, + N 2 )\n(V l +V 2 ) 


15-39 


Chapter 15: Statistical Mechanics 


Solutions 


n f M 2 y + j\r 2 y ^ 

= W,lnV, + iV 2 lnV 2 -(iV 1 + iV 1 )ln 1 * - ' 

V ”1^2 J 

Now write out all the terms as a sum of In’s: 

= /V, In v; + N 2 In V 2 - (N, + N 2 ) ln(^,V 2 + N& ) + N t In TV, + /V, In iV 2 
+ V 2 In TV, + V 2 In N 2 


Now we can use the fact that N t V 2 = N 2 V 1 to get 

= N, In V, +N 2 \nV 2 -(N l +N 2 )\n( N,V 2 { N t + N 2 } ) + N t In N, + N t In N 2 
+N 2 inN l +N 2 lnN 2 

and expand the terms: 

= N, In V, + N 2 In V 2 - ( N, + N 2 ) In ( N X V 2 ) - ( N, + N 2 ) In ( N x + N 2 ) 

+N { In TV, + N \ In N 2 + N 2 In V, + N 2 In N 2 

= N 1 lnV l +N 2 lnV 2 -(N l +N 2 )\n(N l )-(N 1 +N 2 )\n(V 2 )-(N l +N 2 )]n(N l +N 2 ) 
+N { In V, + N, In N 2 + N 2 In V, + N 2 In N 2 

= TV, In V, + N 2 In V 2 - V, In V, - V 2 In V, - V, In V 2 - N 2 \nV 2 -(N l + N 2 )\n(N i + N 2 ) 
+N { In V, + N, In N 2 + N 2 In V, + N 2 In N 2 

collect and cancel terms: 
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= TV, In V, iV, In iV, - jyjrriVf - iV, lnV 2 N 2 )\n(N l + N 2 ) 

+ TV, In TV, + TV, In TV 2 + + TV 2 In TV 2 

= N t In V, - TV, In V 2 + V, In N 2 + N 2 In N 2 -(TV, + A^ 2 ) In ( A^, + N 2 ) 




\ V 2j 


= TV, In -V + TV,lnTV 2 +TV 2 hiTV 2 -(TV 1 +TV 2 )ln(TV,+TV 2 ) 


V TV 
Using — i- 


V 2 N 2 


= TV, In 


^0 


+ TV, In N 2 + TV 2 In TV 2 - (TV, + TV 2 )ln (TV, + TV 2 ) 


= TV, In Ny - Ny In TV 2 + Ny In N 2 + TV 2 In TV 2 - ( TV, + TV 2 ) In ( TV, + TV 2 ) 

= Ny In Ny - Ny lnTV 2 + Ny te-TV, + TV 2 In TV 2 - ( TV, + TV 2 ) In ( TV, + TV 2 ) 
= Ny In Ny + TV 2 In TV 2 - (TV, + TV 2 ) In (TV, + TV 2 ) 


= In 


TV * 1 TV * 1 


(n, + n 2 )' 


which is in the form we want. 

Back to Problem 15.16 Back to Top 
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15 . 17 . Without considering energy, calculate the statistical weights for 30 quanta distributed amongst 30 oscillators for the following 
distributions of the quanta: 


N 0 = 0, /V, = 30, N 2 ^ 29 = 0 


N 0 = 1, JVj = 28, N 2 = 1, N 3 ^ 29 = 0 


N 0 = 10, N, = 10, N 2 = 10, N 3 ^ 29 = 0 


(This is a problem of combinatorials, how many ways can 30 indistinguishable objects be distributed between 30 levels. For 
oscillators, we usually label the lowest state by a “0”, so we go up to the 29 th level. In general, there is usually degeneracy (more 
than one state with the same energy) Here we are calculating the degeneracy for various possible energies. In case a) the energy is 


30^1 , for b) the energy is s 0 + 28s 1 + 2a 2 and for c) I Qt' (l + 10^, + I0s 2 . The problem calculates the number of ways (the 
statistical weight) that indistinguishable quantum can be arranged to give that particular energy.) 

Solution: 

Given: see above 
Required: statistical weights 

The number of ways of producing the energies of these distributions is simply: 


30 


IR 


a. N 0 = 0, N l = 30, N 2 ^ 29 = 0 


2— >29 — 



0 !■ 30 !• 0 !- 0 !■ 


30! 


0 
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b. N 0 =l,N l = 28, N 2 = 1, N 3 ^ 29 = 0 


N\ 


30 


m 


30! 

1 !■ 28 !■ 1 !■ ....0!- 


= 30-29 = 


870 


c. N 0 = 10, IV, = 10, JV 2 = 10, iY 3 _> 29 = 0 


Nl 


30 


m 


30! 

* 10M0M01....0!- 


29 -26 -23 -22 -21 -19 -17 -13- 


Back to Problem 15.17 Back to Top 


•5= 1.8503323xl0 12 
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15.18. Show that Eq.(15.148) satisfies FD and BE conditions of respectively no more that 1 particle, on the average, in a state, and any 
number of particles in a state. Let x = exp [ ( s a - ju' ) / k B T ] 

Solution: 

Given: x = exp [ ( s a - // ) / k B T ] 

Required: show above statement 

The expression for BE (-) statistics and FD (+) statistic is 

1 1 BE 

I - 1 =Z m (x) 

exp[(^ a -//)/ k B T~\ + l e A + l 

Since the range of x is ± oo , we have for FD statistics, (+) sign: 

Z FD (— oo) = 1; Z FD (0) = 1/2; Z FD (oo) = 0; 

For BE statistics, (-) sign: 

Z BE (— oo) = 1; Z BE (0) = oo; Z BE (oo) = 0; 

Hence the average population of an eigenstate for fermions cannot exceed 1 while there is no restriction on the average population of an 
eigenstate for bosons. 

Back to Problem 15.18 Back to Top 
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15 . 19 . Starting from 


S = k B In Q (E, V, N ) 


obtain the equation: 


PV = k B T In S (T, V, //) 


where E(T, V, //) is the grand partition function. Do NOT derive the ideal gas law (i.e. do not assume the particles do not interact). 
(The grand partition function is one that is commonly used in chemical reactions.) 

Solution: 

Given: S = k B In Q (E, V, N ) 

Required: derive PV = k B T In E(T, V, /u) 

Grand Canonical ensemble: change variable N to u, and E to T : 

We have already changed the variables from S = k\nQ.(E,V ,N) , see Eq.(15.107), E to T, giving -A/T, so now, using the Legendre 
transformation, 


j = k B \nQ(T,V,N)^> 



V 


Following the same procedure, we get, 
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To identify the function that is natural for the grand canonical ensemble, note that the Gibbs energy for a one-component system is, 


G = N ju = H -TS = E + PV -TS 


(a) 


divide by T and rearrange, 


N 


tL 

T 


E PV 

— + 

T T 


S 


(b) 


Comparing Eq.(a) with Eq.(b) shows that, 

PV 

— = k B \nZ(T,V,jU) 

Back to Problem 15.19 Back to Top 


15-46 


Chapter 15: Statistical Mechanics 
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15.20. Derive expressions for the energy U=E, the entropy S the pressure P and the Helmholtz energy A, and the Gibbs energy G in terms 
of the Canonical ensemble, Q. 

Solution: 

Given: U = E, S, P, A, G, Q 
Required: derivation 
We have: 


A = -k B T\nQ(T,V,N) 


and 


dA = -Sdt - PdV 


using 




gives 



( dA'] _ lr SlnQ^ 

/■ST J />T, 


ldVj T “ V dV ) T 


and from A=E-TS 
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finally the Gibbs energy is 


Back to Problem 15.20 


G = A + PV = -k B T In Q +k B TV 


^ 3 In <2 ^ 


l 3V J 

T 


Back to Top 
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15.21. Find the natural function for the isothermal-isobaric ensemble, A(T, P, N ) , i.e. for variables T, P and N. 

Solution: 

Given: isothermal-isobaric 
Required: natural function 
We have: 


S = k B lnCl(U,V,N) = 0(U,V,N) 

-> 0(T,V, N ) = k B InQ (T,V, N) = kln Q{T,V,N ) 
-^^(T,V,ju) = k B lnn(T,V,ju) = k\nE(T,V,ju) 
-> ®(P, P, TV) = In Q(P, P,N) = k In A(7\ P, V) 


microcanonical ensemble 
canonical ensemble 
grand canonical ensemble 
isothermal-isobaric ensemble 


We know that the natural function of the variables T, V, N is -AJT, so all we have to do is apply the Legendre transformation for V to T, 


® (T,P,N) = -~- 


d(-A/T ) 


V 


dP 


= -A-L VP = J A+PV 

T T 


\ 

/T,V,N 

G 

T 


A ifdA^ 

P = + 

T T{dP Jry 


so, as no surprise the isothermal-isobaric ensemble is 

®(P, P, N) = -j = k B In Q(P, P, N ) = k B In A (P, P, N ) 


or 


G = ~k B T In A(P, P, N) 


Back to Problem 15.21 Back to Top 


15-49 


Chapter 15: Statistical Mechanics 


Solutions 


15.22. Obtain an expression for Cp in terms of the partition function Q for the system. 
Solution: 

Given: C p , Q 
Required: see above 


We know that C = 


8H 

8T 


J p 


and that H -U 0 = k^T 1 


C 8 In Q ^ 

V ST Jv 


+ NkJ 


if U 0 = 0 , substitution of the above expression into the expression for C will yield: 




' dH ' 

K dT jp 


kj l 


C P = 


d In Q 
8T 
8T 


Jv 


+ NkJ 


J p 


C=l 


8T 


kj 2 


8\nQ 

8T 


+ Nl L 


Jv 


Back to Problem 15.22 Back to Top 
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15 . 23 . Obtain an expression for the pressure P in terms of the molecular partition function q, for (a) distinguishable molecules and (b) 
indistinguishable molecules. Express the result in terms of the number of molecules N and also the amount of substance n. 

Solution: 

Given: P, q, N, n 
Required: see above 
From Eq. 3.118, 

r aO 


p = - 


8V 


= kj 


Jt 


d In Q 
8V 


Jt 


a. From Eq. 15.45 for distinguishable molecules 

G n 

= q 

Take the natural logarithm on both sides yield: 
In Q = N In q 
Therefore, 

k 8\nQ\ 


P = kJ 


P = kJ 


P = kJ 


8Vj r 

8(Nlnq ) 
dV 

In qdN + N8 In q ^ 


Jt 


P = NkJ 


8V 

r 8 In q ^ 

v 


Jt 


8V 


Jt 


f 


P = nRT 


8\nq 

8V 


\ 


Jt 
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b. From Eq. 15.47 for indistinguishable molecules, 


Q = 


N 


q_ 

N\ 


Take the natural logarithm on both sides yield: 
In Q = In -In IV! 
ln<2 = N\nq-N\nN + N 


Similarly to a., we will substitute the above expression into P = k B T 


( d In Q ^ 

\dV~) T 


P = k B T 


( d In Q ^ 

\8V~Jt 


Back to Problem 15.23 


Back to Top 


, and will yield the same answer as a.: 
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15.24. The partition function for each degree of vibrational freedom is 1 / 1 - exp 
the limiting value of the vibrational contribution to Cy as T approaches infinity 

Solution: 


-hv 

V j 


Given: 1 / 


1 - exp 


f -hv > 


V j 


,T — » oo 


Required: limiting value of the vibrational contribution to Cy 
In the limit as T — » oo the vibrational partition function becomes 


1 


1 - 


1 - 


hv 

kjj 


= kj_ 
hv 


Then 


U 


m 


-U 


0 ,m 


= RT 


and 


C V m =R = 8.3145 JK _I mol' 1 


Back to Problem 15.24 Back to Top 


(Eq.(15.173)). Obtain from this expression 
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15 . 25 . Chemical reactions often lead to the formation of products whose energy distributions show significant deviations from the 
statistical distribution of Eq. 15.40. In a study of an elementary reaction with 1 6 0 1 H radical as one of the products [Zhang, van 
der Zande, Bronikowski, and Zare, J. Chem. Phys. 94, 2704(1994)], the following rotational distribution was observed for the OH(v 
= 0) state (normalized such that 'Lnj/N = 1). Compare this to the statistical distribution expected from Eq.(15.84) at 298 K. The 

o 

equilibrium bond distance of OH is 0.96966 A. 


J 

1 

8 

9 

10 

11 

12 

13 

nj/N 

0.0181 

0.0232 

0.0356 

0.0475 

0.0377 

0.0762 

0.1045 

J 

14 

15 

16 

17 

18 

19 

20 

nj/N 

0.1266 

0.1459 

0.1466 

0.1306 

0.0907 

0.0167 

0.0000 


Solution: 

Given: v = 0, Zn/N = 1, T = 298 K, d OH = 0.96966 A 
Required: comparison to statistical distribution 
The reduced mass of 16 0*H is 

1.0078 15.9949 jnof 1 " l kg 

^ (1.0078 + 15.9949) 6.022xl0 23 jnflX 1000 / 

p = 1.574 335 324xl0~ 27 kg 

The moment of inertia is 

/ = (1.574 335 324xl0~ 27 kg) (0.96966 x 10 10 m) 2 =1.480 253 857x10 47 kg nr 
The rotational partition function is 

2Ik j 2(l.480 253 857 xlO” 47 )4 3^)(l.381xl0 23 ^ y^X < )(298 X) 
q ' K 2 (6.626x10 34 ) 2 

q r = 0.277 506 523 at T = 298 K 
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Now, using Eq. 15.40 with g s = 27 +1 , and €j 


7 (7 + 1) ft 2 

2 i , we write 


n } 27 + 1 \-j(j + W>) 

— = exp . 

N q r 2IkJ 

A plot of this fraction as a function of 7 along with the experimental distribution is shown in the accompanying figure. 



Back to Problem 15.25 Back to Top 
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15 . 26 . Suppose that an array of harmonic oscillators has common frequency of v = 10 11 s' 1 . Calculate the ratio of the number of 

oscillators in the 10 th quantum state (n=9) to those in the ground state at 0 K, 300 K and 1000 K. The energy levels are given by 

s n = ( n + -)hv . 

(This is a straight application of the Boltzmann distribution. Each energy level is non-degenerate.) 

Solution: 


Given: v = 10 11 s _1 ’n 


9J=0K, 300 K, 1000 K, s n = (n + ^)hv 


Required: ratio of the number of oscillators 


iVio _ exp (-/te 9 ) 



= exp(-y09/iv) 


9(6.623x10 34 Js)(l0 11 s' 1 )^ 


= exp 


= exp 


(l.38xl0^ 23 J K ‘)t 

9(6.623x10 34 Js)(l0 11 s' 1 ) 
(l.38xl0 _23 J K ')t 


= exp 


3.8874x10 2 K 


\ 

) 
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N w (T) 


' 10 
N n 


= exp 


f 3.8874xl0 2 K lA 


^o(O) 


' 10 
N n 


= exp 


3.8874xl0 2 K~ lA 


^q(O) 

N n 


= 0 


jV 10 (300) 

N n 


exp 


3.8874xl0 2 K 1 
300 


jV 10 (300) 


= 0.274 


^io ( 1000 ) 


N n 


■ = exp 


r 


\ 


3.8874x10 2 K 

1000 


N, o(1000) 

N n 


0.678 


\ 

= exp(-1.129) 

J 


l x 

- = exp (-0.38874) 

J 


Back to Problem 15.26 
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15 . 27 . Calculate the average value of the energy per mole at the various temperatures for the oscillators in problem 17. 


(This is best done by evaluating the partition function for harmonic oscillators and applying the general formula for (s) ■ 

Solution: 

Given: problem 17 

Required: average value of the energy per mole 
You need to know the following sum: 

co 1 

S exp( -” )= (T^y 

Now calculate the partition function for the case that the energy is: e n = (n + ^)hv 

q = Z ex P [— ( e i ~ £ o ) ■ 1 0 k B T )] = ex P [~ nhv P ] 

i n 


so 


1 

^ (l-exp (-hvj3)^j 
Now use: 


M 


1 dq _ d\nq 
q dp dp 
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1 dq Id 

1 ^ 

_ 1 

' hv e M~ hv P) 1 

q dp q dp 

v (l-exp (-hvp)) y 

q 

v (l-exp(-/n'/?)) 2 y 



hv 


(l-exp (-hvP)) J (1-exp (hvj3)) 


hv 
£) = + 


hv 


2 ((exp(7zv/?) -l)) 


Solutions 
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{e)(T)^{e}( 0) 


hv hv 
2 (exp(oo)-l) 


hv hv 

2 oo 


6.623x10 23 
2 


3.31x10 23 J molecule 1 (zero point energy) 


(*)(300) = y + 


hv 

((exp(/iv/?)-l)) 


/m 6.623x10 23 J molecule 1 

2 (exp(6.623 x 10’ 23 J/ (1.38x10 23 J K 1 -300 k))~i) 


hv 6.623x10 23 J molecule 1 hv 6.623x10 23 J molecule 1 

~2 (1.0161-1) ~T + 0.0161 


(0.033 1 x 10 21 + 4. 173 x 10 21 ) =4.206 x 10 21 J molecule 1 


(f)(1000) 


hv hv hv 6.623x10 23 J molecule 1 

2 ((exp(/7V^)-l)) 2 (exp(6.623xl0~ 23 J/(l.38xl0~ 23 J K 1 -1000 K))-lj 


hv 6.623x10 23 J molecule' 1 hv 6.623x10 23 J molecule 1 

T + (1.0048-1) ~T + 0.0048 


(0.0033 1 x 10' 20 + 1 .3798 x 10~ 20 ) =1 .383 x 10" 20 J molecule 1 


E = N (s) 

(e)(0) = 19.5 J mol' 1 
(£)(300) = 2.533 kJ mol 1 
(£)(1000) = 8.329 kJ mol 1 


Back to Problem 15.27 
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( 1 ^ 

15 . 28 . The energy levels for a harmonic oscillator are given by s n = n -\ — hv . 

V 2 


a. Derive an expression for the mean-square fluctuation, cr E 


a/( £! H £ > : 


2 


in energy for these oscillators. 


b. Use v = 10 11 s' 1 and the partition function from problem set 2 to evaluate the mean-square fluctuation. 

c. Compare <j e to U = ( is ) . 

d. What happens as the temperature is raised? 

e. What happens as the number of particles increases? 

(Fluctuations are generally negligible relative to macroscopic quantities but are important for many processes under certain 
conditions, such as phase transitions.) 

Solution: 


Given: s, 


n 


n H — 


Required: see above 



or 



Differentiate with respect to T, 
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r dlA 

,dT 


SV,N 


Qk B T 


-Z £ / cx p 


( EA 


( eA 

J 

v k B T y 

= X E J ex P 

j 

J 

v k B T J 


(e 2 )-{e) 2 =(E-(E)) 2 =cr 2 E =k B T 2 C v 



so the ratio of energy fluctuation to the average energy is 


_ ( k B T 2 C v ) 1/2 
( E ) ~ ( E ) 


b. From Eq.(15.128) 


C v = 


'dE^ 

Jy 


f \ 


T 2 


d 2 In cj 



therefore 


a E =^k B T 2 C v = 


Nk]T 2 


r \ 

d 2 In q 


= k u 


V \/ i ) Jv 


N 


r \ 

d 2 In q 

d{\ 


V V/ i / Jv 


From Eq. (15. 155), we have 


(l-exp (-hvfl)) 


Differentiating twice wrt I IT, 
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8 2 In q 

d(x 


r hv^ ^ 


( hv^ 


k 

j 


v k B T j 


Jv 


( h V\ 

, hv 

1-exp 

k T 

V V k b 1 J ) 


this gives 


cj e = yjk B T 2 C v = k L 


N 


r \ 

8 2 \nq 


d( X 


= hv \[n - 


exp 


^ hv ^ 
V ^ k B T j 


Jv 


( u W V2 
. hv 

1-exp 

k T 

v V k b 1 J ) 


or in numbers: 


o> = hvjN 


exp 


^ hv ^ 


V ^k B T j 


J ( m W 

. 3 hv 

1-exp 

Ik T 

V V J ) 


= 6.623x10 23 jViV £XP ( 2AIT ) 

(l-exp(-4.799 IT)) 


c.We can calculate the average energy, 

/ \ kiv 

(9=-r+ 


hv 


2 ((exp(7zi'/?)-l)) 


/„\ v Nhv 
-> (£) = N{£) = + 


Nhv 


2 ((exp(/zv/?)-l)) 


giving 


yy/jy (6.023xl0 23 molecule)(6. 623x10 23 J molecule 
2 (exp(6.623xl0 23 J/(l.38xlO 23 JK '-r K))-l) 

39.9 J 


E) = n 


19.9 J +- 


exp(4.799/r)-l 


Solutions 
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Solutions 


where n is the number of moles. Therefore the the ratio is 

exp(-2.4/T) 


cr r 


4n 


E ) 


6.623x10 23 J 


(l-exp(-4.799/r)) 3/2 


r 


19.9 J + 


39.9 J 


exp(4.799/T)-l 
which shows that the fluctuations are very small. 

d. Clearly at T= 0 K the exponentials in the numerator vanish, while the denominator shows the second term vanishes. As T increases, 
these terms become important. If you want to expand the exponentials in 1 IT, then you will see what happens at high temperature, 
but that is not necessary for the problem. 


e. From the above equation, 


<j e = yjk B T 2 C v =<J E = Iivs/N- 


exp 


hv 

V j 


1-exp 


hv 


W V1 


V k B T jj 


It is clear that the fluctuations increase as the square root of N. Parts d. and show us that fluctuations increase with temperature and 
density. 


Back to Problem 15.28 


Back to Top 
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15.29. If the molecular partition function can be written as a product of factors, q = q tr ■ q ]M , then energy, entropy and the other 
thermodynamic properties can be written as a sum of terms. Show that this is true for E, S and A. 

Solution: 


Given: q = q tr ■ q mt 

Required: show that E, S, and A can be written as a sum of terms 


E-E= RT~ 


E-E =RT~ 


dlnq 

dT 


= RT" 


Jv 


5 In {q x q 2 ) 


dT 


\ 

Jv 


dlnq I 

dT 


+ 


f d In q 2 ^ 


Jv 


dT 


Jv 


- E 1 + E 2 E lo E lo 


For the entropy and the Hemlholtz energy you have to decide where the factorial goes. Therefore we write q = q lr q in 


S=Nk B 


ln ^i nt-lniV + 1- 


5 ln 
dlnT 


Jv 


= Nk r . 


ln — q m . + 1- 
N Hml 


f . 


dlnT L i dlnT 


Jv 


= Nk B 


In — + 1- 
N 


din q tr 

dlnT 


Jv 


-Nk B 


ln <?,nt - 


dlng mt 

dlnT 


Jv. 


= Nk B 


ln — - In TV + 1 - 


N 


O^q.r 

dlnT 


Jv 


~Nk B 


Wmt- 


d ln q^ nl 

dlnT 


Jv 


A + A„ t 


A = -Nk B T 


In — + 1 
N 


= ~Nk B T 


In — + 1 
N 


- Nk,T In q ml 


~ Ar + Ant 
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From here on, you can put in the q 

Back to Problem 15.29 


as a product and the energies, entropy and free energies become a sum. 

Back to Top 
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15 . 30 . Calculate for helium in a one-dimensional box of a= 10 cm and determine the energy level spacing for the first four levels. 

8 ma 

Compare this with k B T. At what temperature are the energy levels spacing comparable in magnitude? 

Solution: 

Given: a=10 cm 


Required: value of 
comparable 


, energy level spacing, compare energy level spacing with k B T, temperature at which the energy levels spacing are 

8 ma 


h 2 (6.626x10 34 J-s) 2 


8 ma 8x4x1 .673 x 10 27 kg x (0. l) 2 m 2 


——7 = 8.2xlO~ 40 J 
8 ma 


Energ y levels : 

8 ma 


n 

1 

2 

3 

4 


energy (J) 
8.2x10^° 

32.8x10^° 

73.8 xlO -40 

131.x 10^° 


difference(J) degrees K 

24.6x10^° 1.8x10 16 

41x10^° 3x10 16 

57xlO -40 4xl0 -16 
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The thermal energy is k^T, and the energy splitting for the translational energy is of the order of 10 16 K. That is, only at temperatures below 
about 10" 16 K are these states not in the high temperature approximation. Therefore at any reasonable temperature, the translation energy 
levels are all occupied and are in the classical limit (high T). 

Back to Problem 15.30 Back to Top 


15-68 


Chapter 15: Statistical Mechanics 


15.31. Calculate 0,,for FF (frequency = 4162 cm' 1 ) and h (frequency = 213.1 cm' 1 ). Calculate q v for these gases at 300 K. 

Solution: 

Given: for FF : frequency = 4162 cm' 1 , for I 2 : frequency = 213.1 cm 1 , T = 300 K 
Required: 0,, , q v 


Q v = 


1-exp 




0 - hV 

6.626x10 34 J-s)(4162 cm ‘)(3xl0 10 cm s' 1 ) 

For FI 2 , 

v k 

K B 

(1.381x10 23 JK ‘) 


0 V = 5990 K 


Qv = 


1 


1-exp 


5990^ 
300 , 


= 5859 

1-0.9998293 


For I 2 , 


hv (6.626x10 34 J-s)(213.1 cm ^xlO'Vm s' 1 ) 
&v ~k B ~ (1.381x10 23 JK ‘) 


= 306.7 K 


Q v = 

1-exp 

Back to Problem 15.31 


f 306.7^ 


= 1.562 


V 300 j 


Back to Top 


Solutions 
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15.32. Starting with the molecular partition function, prove for diatomic molecules in the high temperature limit that the translational, 
rotational and vibrational contributions to the heat capacity agree with the expression from equipartition. 

Solution: 

Given: see above 
Required: see above 
This is for diatomics. 


E, r ~E 0 = Lk B T 


d ln q„ 

dT 


Lk B T 1 


Jv 


V ST j v 


E tr -E a =- 


Lk B T 2 

( 2nmk H ^ 

3/2 

3 rj, 1/2 _ 

LkgT 2 

^ 2nmkg ^ 

q 

l h 1 ) 

2 

' 2 Ttmkg T ^ 

l ^ J 

3/2 

v V 


3/2 


3 y,l /2 
2 


Er - E ' = !*£.lr» = !&ll = l u ? = l K T 

tr o y 3/2 2 T 2 2 2 


Rotation: q r = 


o©. 


E _ E - Lk B TZ {dq^ 
dT 


<7 r 


Lk B T 2 1 


Jv 


f dT^ 

\ST jy 


J k T 2 

E-E = — B - — = Lk B T = RT 


Vibration: </. = — 
© v 
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E E I* B T 2 (dq v ' 

dT 


C lr 


Jv 


Lk B T 2 

1 f 

' T ^ 

X 1 - 

IXj 



Jv 


T k T 2 

E - E = — — — = Lk B T = RT 

V O rj-f D 


Back to Problem 15.32 


Back to Top 


Solutions 
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15 . 33 . Work out the heat capacity, C v , at 300 K for the diatomic molecules listed below. Keep only the translational, rotational and 
vibrational motion. Use table below for the rotational and vibrational temperatures. Only use the high temperature approximation if 
it is valid. HC1, N 2 , 0 2 , 1 2 



qtr 

Or 

9v 

HC1 

High temp. 

19.73 

1.0000016 

n 2 

High temp. 

104.89 

1.0000146 

0 2 

High temp. 

144.92 

1.00059 

I 2 

High temp. 

555.5 

1.552 


Solution: 

Given: T = 300 K, above table 
Required: C v 



D K 

□ K 

r e A 

D 0 eV 

HC1 

4140 

15.2 

1.275 

4.43 

n 2 

3340 

2.86 

1.095 

9.76 

0 2 

2230 

2.07 

1.204 

5.08 

I 2 

310 

0.054 

2.667 

1.54 


Translantional: 
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Solutions 


Q, 


2nmk B T 


,3/2 


V 

V = — - From question 1, these are all high temperature so we can take the contribution to the heat capacity as 
A 


1r 

2 


Rotational: 


= Z + ') ex P(~ 7(7 wh ere 0,. = \ 

i = o T 8 n k B l 


or at high temperatures: 

T 

If we look at the table, we can see that the largest rotational temperature is 15.2 K. Hence only for HC1 might we have a deviation from the 
high temperature approximation. So for HC1 we have: 


4, =Z( 2 -/ + 1 )ex P 

7=0 


jO‘ + 1)x15.2 


300 


= l + 3exp 


7=1 


7=2 


7=3 


J 

7=4 


2x15.2 

300 


+ 5 exp 


J 


6x15.2 

300 


J 


7=5 


7=6 


7=7 


7=9 


7=10 


= 1 + 2.7109 + 3.6893 + 3.8110 + 3.2671 + 2.4058 + 1.5480 + 0.8787 + 0.4427 + 0.1987 + 0.079.. 
= 20.03 


If we compare this with the high temperature limit, we get: 

T 300 

ci, = — = = 19.73 Therefore for the rotational motion, HC1 is in the high temperature limit at 300 K. Hence all the others are in the 

0,, 15.2 

high temperature limit too. 

Vibrational: 
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Solutions 


<?v = 


<?v = 


1-exp 


f 


( 


1-exp 

V v 


eO 

y 1 

T ) 

J 

4140 V 

300 

)) 


We can just plug in the values and calculate the result (see next table): 


= 1 .0000016 etc. (see table) Clearly all but I2 are close to “1” meaning that the vibrational contributions are not in 


the high temperature approximation. 

To calculate the heat capacity for each, the contribution from translational and rotational is the same, being the high temperature 
approximation: 

tranlational 

r T* ' Rotational _ 

3 ^ 5 

C„ = — R + R =—R which is good for HC1, Nt and O9. For T, we have to do a bit more work: 

2 2 

From Eq.(9.38): 


Cy = 


f 8E^ 


\dT Jv 


Lk,_ 


d 1 In q 


Lk n 


Jv 


f d 2 In 
V 


where x=T l . 


This is the calculation for the contribution from vibration to the heat capacity of I2. 
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Solutions 


n — 

'-'T/ 1 


( ^2 


d'ln q v 

dx 2 


Lk B d 


Jv 


T 2 dx 


d\nq t 

dx 


\ 

Jv 


Lk B d 1 


T- dx q v 


V dx Jv 


Lk B d 1 


T dxq v 


f d 

r 1 1 

^ Lk B d 1 

( \ 
-® v e & ' x 

K dx 

1 

1 

© 

J T 2 dx ^ 



Lk B d 


Lk B Q v d 

( \ 

1 

Lk B e v 

( \ 

T 2 dx 


T 2 dx 


r-j H 2 



Lk B ®l 

f \ 

e @ ' x 

Lk B (3 10) 2 

f \ 

e 3 10/300 

T 2 

ImJ 

(300) 2 

( 310/300 1 \ 2 

y\ ) J 


= 0.8524 R 


Hence the heat capacity of h is C v = 


— 7? + 0.85247? =3.35247?=27.87 J K" 1 Mof 1 
2 


Experimentally, the heat capacities of HC1, N 2 , and O 2 are very close to 2.5R. This shows that the at 300 K the calculations are correct if 
the vibrational contributions are ignored. In contrast for Iodine, has contributions from the vibrational parts. Unfortunately it is a solid at 
300 K and does not boil until over 400 K, so we do not have data at 300 K. On the other hand, above the boiling point you can see that the 
heat capacity of iodine will be 3.5 R, since the vibrational contributions will then be in high temperature limit. 

Back to Problem 15.33 Back to Top 
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Solutions 


15.34. The high temperature limit of the rotational partition function for diatomics is 


T 



Give a brief explanation of the quantum mechanical origin of the symmetry number a. Use equations where appropriate. 


Solution: 

T 

Given: c/ r = 

o©, 

Required: explanation 

Symmetry restrictions due to permutation symmetry lead to the sum over rotational states omitting certain values. For homonuclear 
diatomics, one half of the states are missing. For example, O!, 6 (Hill page 469) has a rotational partition function of, 


<lm = Z - 


high temperature 


j=even 


all j values 


This explains the quantum mechanical origin of the symmetry number = 2. 


Back to Problem 15.34 


Back to Top 
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15.35. Prove that the Einstein function for the vibrational contribution to the heat capacity, Eq.(15.183) can be written as, 



Einstein 


R — cos — 

l 2 2 


where 


hv 0 


u = 


k B T T 


Show that the limiting value of Einstein function, Eq.(15.183),is the gas constant, R. (Recall that the Einstein vibration is restricted 
to one frequency only so this is consistent with equipartition that states at high temperatures the contribution to the heat capacity is 
equal to R for each degree or freedom. In this case, there is only one degree of freedom.) 

Solution: 

Given: see above 
Required: see above 

The vibrational contribution to the heat capacity, Eq.(15.166) 




where u = Q E /T . Using cosechw = — = — 

sinh u e" —e 


-u 


gives, 



u 


2 


4 



2 2 ) 


Back to Problem 15.35 
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15.36. Starting with Eq. (15.156) obtain an expression for the molar internal energy U m of an ideal monatomic gas. 
Solution: 

Given: Eq. 15.156 

Required: obtain expression for U m 

Einstein’s expression is: 



where u = — — = — — so as T — » oc , w — > 0 , and exp ( u ) 1 except for the denominator, 

k B T T v ’ 



Back to Problem 15.36 


Back to Top 
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a 

15 . 37 . Calculate the molecular translational partition functions q t for (a) Ni, (b) HiO, (c) CeH6 in a volume of 1 m at 300 K. In each case, 


calculate also In Q tm , where Q t>m is the molar translational partition function. 

Solution: 

Given: V= 1 m 3 , F=300K 

Required: molar translational partition functions, In Q t m 
From Eq. 15.86, we know that 


{27imkjf 2 V 



q t = 1 .444x10™ (m/kg) 3/2 
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a. For N 2 : 

2x14.0067 / ja^xlO 3 kg ^ 

m = — , — — 

6.022 xlO 23 jhoT 

m = 4.651 843 241x10 26 kg 

(2;rxl.381xl0~ 23 x 300x4.651 843 241x10 26 f 2 

q, = 5 

(6.626x10 34 ) 

q t =1.449xl0 32 

For N indistinguishable molecules, 
lng = AHn^-AHnlV + iV 
Here iV = 6.022 xlO 23 

In Q t m = 6.022x 10 23 x In (l .449 x 10 32 ) - 6.022 x 10 23 x In (6.022 x 10 23 ) 
+ 6.022 xlO 23 

ln<2, m =1.222 388 923 xlO 25 
=1.223xl0 25 ~ 

b. For HoO: 

18.015 { judf^xlO 3 kg ^ 

m = — —7 — — — 

6.022 xlO 23 jnctr 


15-80 


Chapter 15: Statistical Mechanics 


Solutions 


m = 2.991 531 053x10 26 kg 

(2^x1.381x10 23 x300x2.991 531 053x10 26 

q, = 3 

(6.626x10 34 ) 

q, =7.47xl0 31 

In Q t m = 6.022 x 10 23 x In (7.47 x 10 31 ) - 6.022 x 10 23 x 
+ 6.022 xlO 23 

In Q tm =1.182 489 333 xlO 25 
lnQ, m = 1.182x10” 

c. For C6H6: 

78.114 { ^wl^xlO 3 kg 

m = — — : — — — 

6.022 xlO 23 jaflT 

m = 1.297 143 806x10 25 kg 

(2^x1.381x10 23 x300xl.297 143 806x10 26 ' 

q ' = 7 ^ ^ 

(6.626x10 34 ) 

q t =6.746 xlO 32 

In Q t m = 6.022 x 10 23 x In (6.746 x 10 32 ) - 6.022 x 10 23 
+ 6.022 xlO 23 

In Q, m =1.315 Oil 864 xlO 25 
lnq, m = 1.315x10” 

Back to Problem 15.37 Back to Top 


3/2 


In (6.022 xlO 23 ) 


3/2 


xln( 6 . 022 xl 0 23 ) 
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15.38. The intemuclear distance for N 2 is 0.1095 nm. Determine the molecular rotational partition function q r and In Q for N 2 at 300 K. 

Solution: 

Given: d = 0.1095 nm, T = 300 K 
Required: q r , In (9 


Mass of N atom = 


14.0067 £ jncl^xlO 3 kg ^ 
6.022 xlO 23 jnol^ 


Mass of N atom = 2.325 921 621x10 26 kg 


Moment of inertia of N 2 

I = ^-x2.325 921 621x10 26 x(0.1095xl0~ * * 9 ) 2 
/ = 1.394 419 086 xlO^ 46 kg m 2 
The symmetry number is 2. 

8^ 2 (l.394 419 086xl0^ 6 )(l.381xl0 23 )(300) 

q ' 2(6.626xl0 34 ) 2 

q r =51.947 556 65 

9, =51.9 
In Q r = L\nq r 

In Q r =(6.022xl0 23 )ln(51.947 556 65) 

In Q r =2.378 831 327 xlO 24 
In <2, = 2.38 xlO 24 

Back to Problem 15.38 Back to Top 
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Uiv wwtw 111 » HH1V UU / / IV Hi 

300 K and (b) 3000 K. 

Solution: 

Given: Table 15.3, v = 0 

Required: molecular vibrational partition function for CXT 
The molecular vibrational partition function is 




1 -exp 


f-1890 
T ) 


-x- 


1 -exp 


f-3360 
T ) 


1 


1 -exp 


( -954 N 

T )) 


1 


a ’ q v 1 f-189oV, f -3360^1 , (- 

y 300 ) ^ 300 A U 

= 1.001 839 683x1.000 013 674x1.088 662 816 
= 1.090 680 524 


1 


■V x 7 

A , f-3360 

1 -exp 


<T 

9v 


f -954 
300 ) J 


= 1.090 680 524 


C U 


= 1.09 


f 


, i ii 

D. q = t ^x t 7 - 

h , f-1890^ , r —3360 ^1 , (- 

{ 3000 J ^ 3000 A U 

q v = 2.139 457 549x1.484 295 694x13.477 045 2 
q v = 42.797 537 98 


f-954' 

, 3000 J J 


q v = 42.8 


Back to Problem 15.39 Back to Top 
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15.40. Expressions such as the Sackur-Tetrode equation for the entropy contain a term In (constant x T). At temperatures close to the 
absolute zero this term has large negative values, and the expression therefore leads to a negative value of the entropy. Comment on 
this. 

Solution: 

Given: see above 

Required: comment on the observed phenomenon 

The Sackur-Tetrode equation is based on Eq. 15.86 for the translational partition function. This expression was obtained by replacing a 
summation (Eq. 15.83) by an integration (Eq. 15.84), a procedure that is valid only if the spacing between the translation levels is much 
smaller than k B T . This approximation is not valid at extremely low temperatures, and the Sackur-Tetrode equation then is inapplicable. 

Back to Problem 15.40 Back to Top 
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15.41. Calculate the entropy of argon gas at 25 °C and 1 bar pressure. 

Solution: 

Given: T = 25 °C, P = 1 bar 
Required: entropy 

From the Sackur-Tetrode equation (Eq. 15.88), 

S/JK 1 moF 1 =108.74 + 12.47 In M r 
For argon, M r = 39.948 and therefore, 

5/Jr 1 mol 1 =108.74 + 45.98 = 154.7 
5=154.7 JT 1 moE' 

Back to Problem 15.41 Back to Top 
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15.42. From the data in Table 15.3, calculate, with reference to v = 0, the molecular vibrational partition function for Br 2 at (a) 300 K and 
(b) 3000 K. 

Solution: 

Given: Table 15.3, v = 0 

Required: molecular vibrational partition function 
The value of 0 v is 470 K and thus, 


= 


1-exp 


1 

-470 K 


a. AtT=300K, 




4v 


1 


1-exp 


-470 K 


. 300 K 
= 1.263 806 81 


x 

J 



b. At T = 3000 K, 


<l v 


<7v 


1 


1-exp 


-470 K 


^ 3000 K 
= 6.896 028 941 


x 

) 


q v = 6.90 


Back to Problem 15.42 Back to Top 
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15 . 43 . Give the symmetry numbers of the following molecules: C3O2 (carbon suboxide), CH4, C2H4, C2H6 in the staggered conformation, 
C2H6 in the eclipsed conformation, CHCI3, C3H6 (cyclopropane), Cr,Hr, (benzene), NH2D, CH2CI2. 

Solution: 

Given: see above 
Required: symmetry numbers 
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c 2 h 6 

c 2 h 4 

c 2 h 6 

CHC1 3 

c 3 h 6 

c 6 h 6 

nh 2 d 

ch 2 ci 2 


H 


\ 


H 


c— 

H * \ 

H H 


H 


H H 

\ / 

C = C 

/ \ 

H H 

H H 

\ / 

.c— c 

\ H 

H H 


H 

I 

C 

Cl*'" ^Cl 
Cl 




/ 


H 


H 


C' 

1 

H 


H 

.H 




D 


Cl Cl 

V 

c 

\ 

H H 


(Staggered) 


(Eclipsed) 


0 = 6 


0 = 2 


0 = 6 


o = 3 


0 = 6 


0= 12 


0= 1 


o = 


- o 


Back to Problem 15.43 
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15.44. Show that the rotational partition function for a linear molecule can be expressed as 

q r = kyJInBh 


where B is the rotational constant defined by Eq.(13.63). 
Solution: 

Given: see above 
Required: see above 
The rotational constant is 


Therefore, we can substitute the expression for B into the above equation and yield: 


%jc 2 I 


We know that 


8 n 2 lkj 



Back to Problem 15.44 
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*15.45. Calculate the molar translational entropy of chlorine gas at 25 °C and 0.1 bar 

Solution: 

Given: T = 25 °C, P = 1 bar 
Required: molar translational entropy 

jk T 

We use Eq. 15.88 with V = — — : 

l m p 


S =-R + R\n 
m 2 


2 7imk B T 

1 ? 


y/2 


kj 


c ^ 2x35.45 kg / 

ForClo, m = — — : — — — 1. 

6.022 xlO 23 jnoT 


177 349 718x10 25 kg 


P = 0.1 bar = l.OOxlO 4 Pa 

Plug the values into the expression for S m , we get: 


S =— x8.3145 J K 1 mol 1 +8.3145 J K 1 mol 1 

m 2 


xln 


^2^x1.177 349 718x10 25 1 (l-381xl0 23 x298.15) 


V 


l.OOxlO 4 


7 


(6.626x10 34 )" 

S m = 20.786 25 J K 1 moE 1 +8.3145 J K 1 moE 1 
xln(2.187 125 651xl0 63 x4.117 451 5x10 25 ) 

S m = 20.786 25 J K 1 mol 1 +745.777 858 7 J K 1 mol 1 
S, =766.564 108 7 JK 1 moE 1 


= 766.6 J K 1 mol 1 


Back to Problem 15.45 


Back to Top 


pressure. 
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* 15 . 46 . The carbon monoxide molecule has a moment of inertia of 1.45 x 10 46 kg m 2 and its vibrational frequency is 6.50 x 10 13 s~ 1 . 
Calculate the translational, rotational, and vibrational contributions to the molar entropy of carbon monoxide at 25 °C and 1 bar 
pressure. 

Solution: 

Given: I = 1.45 x 10 46 kg m 2 , v = 6.50 x 10 13 s T = 25 °C, P = 1 bar 
Required: translational, rotational, and vibrational contributions to the molar entropy 
The translational entropy is given by the Sackur-Tetrode equation (Eq. 15.90) 

S tm / J K 1 mol 1 =108.74 + 12.47 In (M r ) 

Here, Mr is the relative molecular mass of the compound 
For carbon monoxide, the relative molecular mass is 
M r =12.00 + 16.01 = 28.01 gmof 1 
Therefore, 

S tm / J K 1 mol 1 =108.74 + 12.47 In (28.01) 

S, m =150.297 043 J K 1 moE 1 
S l m = 150.3 J K 1 mol 1 


The rotational partition function is 

8 n~lkj 
q r ~ ¥ 

_8^ 2 xl.45 x lO^ 46 3^ xl. 381x10 23 ^ )4 X" / X^x298.15 X 

L ( 6 . 626 x 10 34 

q r =107.370 101 5 
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The rotational entropy is 

kQlnQ r ' 


S r = k B T 


dT 
d In q 
dT 

Sr. m = R + Rl nq r 


S r , m = R T 


Jv 

Jv 


+ k B In Q 
+ ^ln q r 


since Q r = q N r 


S rm /JK’ 1 mol 1 =8.3145 + 8.31451nl07.370 101 5 
S r m = 47.195 444 68 J K 1 mol 1 
S rm = 47.2 J K 1 mol 1 


Since v = 6.50 x 10 13 s 1 , the spacing between vibrational energy levels is 

/rv = 6.626xl0 34 x 6.50 xlO 13 =4.3069x10 20 J 

hv _ 4.3069x10 20 / 

kj 1.381x10 23 JZ* x29%.\5 X 


hv 

kj 


q v = 


= 10.460 111 07 
1 


1- exp (-10.460 111 07) 


= 1.000 028 658 


q v ~ 1 


The vibrational energy is therefore negligible. 

Back to Problem 15.46 Back to Top 
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15.47. Suppose that a system has equally spaced energy levels, the separation between neighboring levels being As . Prove that the fraction 
of the molecules in state i, having energy s, greater than the energy of the lowest level, is 


1 - exp 


'-As' 


KT 


exp 


f -e t ' 


V j 


V ^b 1 J 

What is the limiting value of this fraction as T — > qo? Explain your answer. 
Solution: 

Given: see above 

Required: limiting value as T — » qo, explanation 
The fraction of molecules in the i-th level is 


exp 


f \ 
-e, 


\K T j 


1 + exp 


f \ 
-e, 


V YYy 


+ exp 


f \ 
-e. 


v YYy 


r \ 


+ exp 


\K T j 


+ ... 


exp 


f \ 
-e, 


V YYy 


1 + exp 


'-Ae' 
V Y T j 


+ exp 


' -2 Ae ' 
V YY j 


+ exp 


' -3Ae A 
V Y' j 





f-Acj 


( \ 
-e, 

1-exp 

V Y'y 

exp 

vYb^Y 




The limiting value of this fraction when T —> oo is zero; this is because the molecules are now distributed evenly among an infinite number 
of levels. 


Back to Problem 15.47 
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* 15 . 48 . Deduce the following from the Sackur-Tetrode equation (Eq.(15.159)), which applies to an ideal monatomic gas: 

a. The dependence of entropy on relative molecular mass M r ; also, obtain an expression for dSJdM r . 

b. The dependence of heat capacity Cp on relative molecular mass. 

c. The dependence of entropy on temperature; also obtain an expression for dS m /dT. 

Solution: 

Given: ideal monatomic gas 

Required: deduction from the Sackur-Tetrode equation 


b. The heat capacity of C p is [dH/ST ) = [GS / G\nT) p and therefore does not depend on M r . The Sackur-Tetrode equation can be 
written as 


dS m _ 3 R 


( 2 ) 


dM. 2 M 



( 3 ) 


and therefore 



( 4 ) 


There is no dependence on M r . 
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c. From Eq. (3), 


dS m 5 R 
dT ~ IT 


Back to Problem 15.48 
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* 15 . 49 . Molecules absorbed on a surface sometimes behave like a two-dimensional gas. Derive an equation, analogous to the Sackur- 

Tetrode Eq. (15.159), for the molar entropy of such an adsorbed layer of atoms, in terms of the molecular mass m and the surface 

10 2 

area A. What would be the molar entropy if 10 argon atoms were adsorbed on an area of 1 cm' at 25 °C? 

Solution: 

Given: see above, 10 10 argon atoms, A = 1 cm 2 , T = 25 °C 
Required: derivation for the molar entropy, molar entropy 
For two-dimensional translational motion, 


<1, = 


1nmk v JA 


h 


( q A 


yNj 


r 


\nQ = N\n 

Sin Q 
dT 

S =RTx- + R + R\n 

tfl rj-i 


S+kJ 


+ N = Nln 
+ k B \nQ 


Nh 


2 2 7rmk B T 


+ N 


J A 


r 


Nh 


, 2nmk v T 


S. =2R + R\n 


lumk^TA 
Nh 2 


39.948 / jnof^ xlO 3 kg ^ 

For Ar, m = p = 6.633 676 5 19 x 10 26 kg 

6.022 xlO 23 jnoT 


If 10 10 molecules are absorbed on an area of 1 cm 2 at 25 °C , 
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S m = 2x8.3145 J K 1 mol 1 +8.3145 J K 1 


mol 1 In 


271x6.633 676 519x10 


-26 



1.381x10 23 Jgf y4 3?/ x 298.15 X 

10 ll) x(6.626xl0 

S m = 16.629 J K 1 mol 1 +8.3145 J K _1 mor 1 ln(3.908 947 05xl0 7 ) 
S m = 161.977 798 4 J K 1 mol 1 

m 


S m = 162.0 J K 1 moF 1 

m 


Back to Problem 15.49 
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15 . 50 . Calculate the dissociation constant K c for the reaction 


value A 0 = 1.25 x 10 9 cm . 

Solution: 

Given: T = 1 000 K , table of Problem 51, A c = 1.25 x 10~ 9 cm 

Required: K c 

The calculation here is 

For our case: 


0 2 ( 3 Z) -> 20 ( 3 P) 


at 1 000 K expressing the answer in mole /"'. Ignore nuclear degeneracy. Use the data from the table of Problem 51, along with the 


20 


E° 2 =-D 0 =- 5.08 eV 



% 2 = QArWe and do = q,q e 



( 47im 0 k B T V /2 f T V 


x 3 


triplet state degeneracy 

r*i 
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Solutions 


,3/2 


and 


so 


$0, 


4;r x 32 x 1 .673 x 10 27 x 1 .38 1 x 10 23 x 1000 


( 

6.626x10 34 ) 2 

f 1000 

r 1 i 

v 2x 2.07 , 

1 i -2230/1000 

Vl-e 7 


triplet state degeneracy 
rS 


= (6.6129xl0 20 ) 3 2 (241. 54) (9. 23) (3) = 1.137 xlO 35 m 


% = We = 


-(3) = 6.788xl0 16 m 3 


1.25x10 9 cmxO.Ol — 
cm . 


K\ = — exp 


f D A 


f 


V ^ B T j 


(6.788xl0 16 ) 2 Y(m 3 f 


(l .137 x 10 35 ) (6.022 xlO 23 ) 
xexp 


m 

V J 


f 5.08 eVx 1.602x10 19 JeV A 


2.555x10“' 


1.381x10 23 x 1000 

-(1.34x10 25 )exp(-58.929) = 3.43x10 51 molecule‘Y_xl0 6 ^ 
- 3.43 x 10 51 molecule 1 = 2.063 x 10~ 27 mol 1 

This is K \ , to get K\ = K\ x ( RT )“' 

Back to Problem 15.50 Back to Top 
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15.51. From the data in Table 15.5, calculate K P at 1000 K for the “water-gas” reaction 

C0 2 (g) + H 2 (g) — CO(g) + H 2 0(g) 

Solution: 

Given: Table 15.5, T = 1000 K 
Required: K P 

= -HO. 53 - 2 41 . 82 + 393.51 = 41.16 kJ mol 1 (from Table 15.5) 

A ( H° 9& -//;;) = 8.665 + 9.902 - 8.468 - 9.360 = 0.739 kJ moF 1 
AH 0 ° =41.16-0.739 = 40.421 kJ mol -1 

AG^ = 40 420-1000(204.18 + 196.83-226.54-137.07) = 3020 J moF 1 
3020 

In K p = = -0.363 220 879 

P 8.3145x1000 

K p = 0.695 432 809 
K p = 0.695 

Back to Problem 15.51 Back to Top 
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15.52. Without making detailed calculations but by using symmetry numbers, estimate the equilibrium constants for the following 
reactions: 

a. 35 C1 - 35 C1 + 37 C1 ^ 35 C1 - 37 C1 + 35 C1 

b. 35 C1 - 35 C1 + 37 C1 - 37 C1 ^ 2 35 C1 - 37 C1 

c. C 35 C1 4 + 37 C1 ^ C 37 C1 35 C1 3 + 35 C1 

d. N 35 C1 3 + 37 C1 ^ N 37 C1 35 C1 2 + 35 C1 

e. 35 C1 2 0 + 37 C1 ^ 37 C1 35 C10 + 35 C1 

(Because of the similarity of the masses, these estimates will be quite accurate.) 

D. M. Bishop and K. J. Laidler, J. Chem. Phys., 42, 1688(1965), have defined a statistical factor for a reaction as the number of 
equivalent ways in which a reaction can occur. Thus for reaction (a) from left to right the statistical factor is 2, since the Cl atom 

07 or 

can abstract either of the two Cl atoms. For the reverse reaction the statistical factor r is 1, since the Cl atom can only abstract the 

or 

Cl atom in order to give the desired products. If two identical molecules are involved, the statistical factor must be taken as the 
number of equivalent products divided by 2; thus for reaction (b) from right to left the statistical factor is ^ . 

Bishop and Laidler proved that the ratio l/r of statistical factors is always equal to the ratio 0 a0b/0Wz of symmetry numbers. Verify 
that this is true for the given reactions. 

This statistical factor procedure is useful in providing a simple insight into the factors that appear in equilibrium constants. 

Solution: 

Given: above reactions 
Required: equilibrium constants 

The symmetry numbers are given below the molecules (They are 1 for atoms.) and the statistical factors are shown above and below the 
arrows; for simplicity 35 C1 is written as Cl and 37 Cl as Cl*. 

Back to Problem 15.52 Back to Top 
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* 15 . 53 . Calculate the equilibrium constant at 1000 °C for the dissociation 


21 


given the following information: moment of inertia of b = 7.426 x 10 43 kg m 2 , wavenumber for b vibration = 213.67 cm ', AUq = 


—1 2 

148.45 kJ mol . The I atom is in a "P3/2 state; neglect higher states. 

Solution: 

Given: above reaction, T = 1000 °C , I2 = 7.426 x 10^ 5 kg m 2 , wavenumber for I 2 vibration = 213.67 cm -1 , AUq = 148.45 kJ mol 1 , 2 P3/2 
state 

Required: equilibrium constant 
Mass of I atom, 



6.022 xlO 23 


From Eq. 15.86, the translational partition function for the I atom, with V = 1 m 3 , is 


(2 nmkJ^V 




(6.626x10 34 ) 3 y/ ^ 



q t (i) = 1.221xl0 34 


The degeneracy of the ground state is 


f 3^1 

2 2 +i = 4 

UJ 
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Solutions 




Thus 


q t (i) = 4xl.221xl0 34 = 4.884xl0 34 


For the iodione molecule, 

2^x2x2.107 273 331xl0~ 25 j^x 1.381x10 23 jxf \ 
(6.626x10 34 )' jgf ^ 

x (1273.15 X) /2 xl 
Q, (l 2 ) = 2 3/2 ? f (l) = 3.453 xlO 34 

From Eq. 15.95, 

_2 IkJ 


8;r 2 x 7.426 xlO^ 45 jX ^xl.381xl0 23 jaf \ 4 X’Xr' 4 'x1273.15 X 
q ' 2 2(6.626x10 34 ) 2 

q r ( I 2 ) = 1.174x10 4 
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And from Eq. 15.102, 


Qv 


1-exp 


f -hv ' 


\ k J j 


9 v (h) 


f 

1-exp 

V 


1 

-6.626x10 34 x 21 367.0x2.998^ 
10~ 8 xl.381xl0 23 x1273.15 , 


q v (I, ) = 

vK2J 1-0.785 520 326 

q v ( I 2 ) = 4.662 446 486 


The molecular partition function for I 2 is thus 


q h = 3.453 x 10 34 x 1 . 174x 10 4 x 4.662 446 486 
q h =1.890 072 814xl0 39 


K° 

From Eq. 15.140, the molecular equilibrium constant, K, is 

K° 


a b 


f 

exp 

V 


-AlO 
RT , 


(4.884x10 34 ) 2 f 
1.890 072 814xl0 39 CXP ' 


K° = (l.262 038 998xl0 3 °)(8. 120x10 7 ) 
A" 0 = 1.025 362 665 xlO 24 

Its value in molar units is 


K = 1.025 362 665 xlO 24 meleCuTem 3 x — jxiolecule^" mol 

c 6.022 xlO 23 


K c = 1 .702 694 562 mol m 3 = 1 .702 694 562 x 10 3 mol dm 3 


-148 450x1273.15^ 
8.3145 j 
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At T = 1273. 15 K, 1 mol dm 3 = 105.8 bar 

K =1 70? 004 562 x 10 3 jnohdm^x 105 - 8 ^^ 

1 jjLohfirf 3 

057 bar 


(The experimental value obtained by Starck and Bodenstein in 1910 was 0.165 atm = 0.167 bar.) 

Back to Problem 15.53 Back to Top 
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K p =0.180 bar 
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* 15 . 54 . Calculate the equilibrium constant K P for the dissociation 

Nai 2Na 

at 1000 K, using the following data: intemuclear separation in Na2 = 0.3716 nm, vibrational wavenumber v = 159.2 cm , AUq = 
70.4 kJ mol . The Na atom is in a S1/2 state; neglect hiher states. 

Solution: 

Given: T = 1000 K , intemuclear separation in Na 2 = 0.3716 nm, vibrational wavenumber v = 159.2 cm -1 , Af/ 0 = 70.4 kJ mol -1 , 2 Si /2 state 
Required: K P 
Mass of Na atom is: 


m 


_ 22.99 / jnoI^xlO 3 kg j/ _ 
6.022 xlO 23 


3.817 668 549x10 26 kg 


The electronic partition function is 2 


f 1 3 




+ 1 = 2 . 


The molecular partition function for Na is 


<?(Na) = 


2x(2^-x3.817 668 549x10 26 x 1.381x10 23 xlOOO) 


3/2 


(6.626x10 34 )' 


g(Na) = 1.311xl0 33 


For Na2, 


(2^x2x3.818x10 26 xl.381xl0 23 xl000) V2 


h ( Na a) = , 34V 

(6.626x10 34 ) 

q t (Na,) = 1.854 xlO 33 (=4, (Na)x>/2) 
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Moment of inertia of Na 2 is, 

3.817 668 549x10 26 x (0.37 16x10 9 ) 

~ 2 
7 = 2.636 072 43x10 45 kg m 2 


8;r 2 x 2.636 x 10' 45 x 1 .38 1 x 10 24 x 1000 


9v( Na 2 )= , 

2 x (6.626 x 10 34 ) 

q r (Na 2 ) = 3273.466 428 

«,(Na,) = - 1 


23 . 


f -159.2 x 2.998 x 10 10 x 6.626 x 10 34 A 


1-exp 


1.381x10 23 x 1000 


q v (Na 2 ) = 4.885 909 311 


Thus, the partition function of Na 2 at 1000 K is 

= 1 .854 x 10 33 x 3273.466 428 x 4.885 909 3 1 1 
= 2.965 261 662 xlO 37 


The molecular equilibrium constant is 


(l.311xl0 33 ) 2 
~ 2.965 261 662 xlO 37 
77 = 1.218 742 727 xlO 25 


exp 


f -70 400 3 

v 8.3145xl000 y 


K = 1.218 742 727xl0 25 jnoleCule^m 3 x — jjaolecule^ mol 

c 6.022xl0 23 

K c = 20.238 172 16 mol m 3 = 0.020 238 172 16 mol dm 3 
At T = 1000 K, 1 mol dm -3 = 83.1 bar 
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K p =0.020 238 172 16 


83.1 bar 


K p =1.681 792 106 bar 
K p =1.68 bar 
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*15.55. Calculate the equilibrium constant K P at 1200 K for Cb ^ 2C1, from the following data: intemuclear separation in CI 2 = 199 pm, 

— 1 —1 2 

wavenumber for vibration = 565.0 cm , At/o = 240.0 kJ mol . The ground state of Cl is a doublet, P, , , the 

2’ 2 

separation between the states being 881 cm” . 

Solution: 

Given: T = 1200 K , intemuclear separation in CP = 199 pm, wavenumber for vibration = 565.0 cm” 1 , At/o = 240.0 kJ mol”” 1 , 

2 P 3 ! , separation between states = 881 cm' 1 . 

2’ 2 


Required: K P 
Mass of Cl atom is 


35.45 / jnol^xlO” 3 kg g* 
6.022 xlO 23 


= 5.886 748 589 xlO” 26 


kg 


Translational partition function for the Cl atom with V = 1 m 3 , is 


a(ci)= 


(2^-x 5.886 748 589xl0” 26 xl.381xl0” 23 xl200) 3/2 


(6.626xl0 34 ) 


Q, (Cl) = 1.651x10 


33 


The degeneracy of the 2 Py 2 state is 4; that of the 2 P l/2 is 2; the electronic partition function is thus, 

f ^ 

Q e (Cl) = 4 + 2exp 


Q e (Cl) = 4 + 2exp 


f -88 lx 2.998 xl0 1() x 6.626 xlO” 34 ^ 


1.381xl0” 23 xl200 


Q e (Cl) = 4.695 654 11 A 


15-109 


Chapter 15: Statistical Mechanics 


Solutions 




The complete partition function for the Cl atom is thus 

£(C1) = 1.651x10 33 x 4.695 654 774 
2(C1) = 7.752 526 032xl0 33 


For the CI 2 molecule, 

q, (Cl 2 ) = 2 3/2 4 , (Cl) = 4.669 733 183xl0 33 
The moment of inertia of CI 2 is 

/ = pr 2 = l -m a r = ^x 5.886 748 589 x 10 26 x (l .99 x 10 10 f kg m 2 
7 = 1.165 605 654 xlO -45 kg m 2 

The rotational partition function of Cl 2 (a = 2) is 

^ 8^- 2 xl. 165 605 654x10^ xl.381xl0 23 xl200 

q r ( C1 2 ) = 7 T75 

2(6.626x10 34 ) 

4 ,. (Cl 2 ) = 1736.934 508 
The vibrational partition function is 


?,(«,)= 

1 -exp 

q r ( Cl 2 ) = 2.032 545 566 

The molecular partition function of CI 2 is thus, 


1 

f -565 x 2.998 x 10 10 x 6.626 x 10 34 " 

, 1.381x10 23 x 1200 , 


15-110 


Chapter 15: Statistical Mechanics 


Solutions 




q( I 2 ) = 4.669 733 183xl0 33 xl736.934 508x2.032 545 566 
q(l 2 ) = 1.648 601 918xl0 37 

The molecular equilibrium constant is thus 

_ (7.752 526 032 xlO 33 ) 2 ^ f -240 000 
” 1.648 601 918xl0 37 eXP U-3145xl200 y 
K =1.303 447 699 xlO 20 


Its value in molar units is 


K = 1 .303 447 699 x 10 2() moleCulem 3 x — molecule^ mol 

c 6.022 xlO 23 

K c =2.164 476 419x10 4 mol nT 3 =2.164 476 419x10 7 mol dm" 3 
At 1200 K, 1 mol dm 3 =99.8 bar 

QQ 8 hpit' 

K p = 2.164 476 419x10 7 mol dm 3 x-^ - 

mol dm 

K p =2.160 147 466x10 5 bar 
K p =2.16xl0 -5 bar 
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15 . 56 . Calculate the isotopic ratio K\ \IK n at 300 K for the reactions 

H 2 ^ 2H and D 2 ^ 2D 

Take the zero-point energies of H 2 and D 2 to be 26.1 kJ moP 1 and 18.5 kJ moP 1 , respectively. 

Solution: 

Given: T = 300 K, ,E 0H = 26.1 kJ mol -1 , E 0D ^ =18.5 kJ moP 1 


Required: K] \/K D 

The equilibrium constant, K H , is 


2 

<7h 

?h. 


exp 


RT 


q n (translational only) involves m' H 5 


q H (translational and two degrees of rotational freedom) involves m 2 H 5 . The preexponential factor in the expression for the equilibrium is 
thus proportional to m° 5 . The isotope ratio is thus 
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X 

K c 

K» 

K e 

X 

K r 

X 

K„ 


\ 

V2y 

i_ 

V2y 


exp 


exp 


-(26.1 + 18.5) kJ mol 1 
RT 

-44 600 / jacX' 
8.3145 / ^^1^x300 X 


— = 0.707 106 781x1.716 471 994x10" 


H _ 


= 1.213 728 986x10“ 




= 1.21x10" 
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15.57. On the basis of transition-state theory, make rough estimates of the preexponential factors at 300 K for the following types of gas 
reactions: 

a. A bimolecular reaction between an atom and a diatomic molecule, with the formation of a linear activated complex. 

b. A bimolecular reaction between two diatomic molecules, the activated complex being nonlinear with one degree of restricted 
rotation. 

c. A bimolecular reaction between two nonlinear molecules, the activated complex being nonlinear with no restricted rotation. 

d. A trimolecular reaction between three diatomic molecules, the activated complex being nonlinear with one degree of restricted 
rotation. 

_o 

Take the translational partition functions (for three degrees of freedom) to be 10 m , the rotational functions for each degree of 
freedom to be 10, the function for a restricted rotation to be 10, and the vibrational functions to be unity. Express the calculated 
preexponential factors in molecular units (ms) and in molar units (dm mol s ). 

Solution: 

33 3 

Given: above gas reactions, T = 300 K , translational partition function =10 nf , rotational functions = 10, function for rectricted rotation 
= 10, vibrational functions = 1 

Required: estimates of the preexponential factors 

k t 

At 300 K, = 6.25 x 10 12 s _I , which for present purposes is rounded to 6 x 10 12 s~ L 

h 

a. For the atom the partition function is 10 33 m 3 . The diatomic molecule has three degrees of translational freedom (which will be 
written as t 3 ), two degrees of rotational freedom ( r 2 ), and one of vibrational freedom ( v ). Its partition function is thus 
10 33 xlO 2 = 10 35 nT 3 . 

The linear triatomic activated complex has / ’ , r 2 , and o' , and its partition function is 
10 33 xlO 2 = 10 35 m 3 
The estimated preexponential factor is 
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V_«_ = 6x10 .2 s -i 10" m-’ 

h q A q B 10 33 xl0 35 m" 6 

— - — = 6 x 1(T 21 m 3 s' 1 

h q A q B 

Multiplication by 6xl0 23 mol -1 and by 1000 dm 3 m 3 gives 
A = 4xl0 6 dm 3 mol -1 s" 1 

b. Diatomic molecule A: t 3 r 2 o 

q A =q B = 10 33 xlOO = 10 35 m 3 

Activated complex: rV ( rr)u 4 (One vibration has been replaced by a restricted rotation [rr] .) 
q = 10 33 xlO 4 =10 37 nT 3 

Thus 

A = 6xl0 12 10 m , = 6xlCr ; ' s 

K) 

A = 6xl0~ 21 m 3 s _1 x6xl0 23 mol 1 
A = 3600 nT 3 mol -1 s _1 
A = 4x10 s dm 3 mor 1 s~‘ 

c. (The numbers of vibrational modes are now unspecified, but this makes no difference since they are unity.) 

Reactants A and B: t 3 r 3 q = 10 33 x 10 3 = 10 36 m 3 
Activated compex: t 3 r 3 g = 10 36 nT 3 
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A = 6xl0 12 10 7 =6xl(T 24 m 3 
(l0 36 )~ 

A = 4xl0 3 dm 3 mol 1 s" 1 

d. Reactants A, B, and C: r 3 r 3 q = 10 36 m 3 

Activated complex: r 3 r 3 (rr) q = 1 0 37 m 3 

A = 6 x 10 12 10 , = 6 x 10 59 m 6 s 1 

(lO 36 ) 

A = 4x10 29 dm 3 mol 1 s 1 


Back to Problem 15.57 


Back to Top 


Solutions 


15-116 


Chapter 15: Statistical Mechanics 


Solutions 


15 . 58 . The rate constant for the reaction 

2NO + 0 2 -> 2N0 2 

has been found to be proportional to I" . Suggest an explanation for this behavior. 

Solution: 


Given: above reaction, rate constant ~ T 3 
Required: explanation 


The fact that there is no exponential dependence suggests that E 0 = 0 . The temperature dependence arises entirely from the preexponential 
terms. For each of the three linear reactants there are three degrees of translational freedom and two of rotation, and they vary with 
temperature as (see Table 15.4) 




T 


2.5 


The activated complex is presumably nonlinear, and if there is no restricted rotation the temperature dependence is as 


yl.5y 


1.5 


= T 3 


The preexponential factor is thus proportional to 



To explain the dependence on T 3 we must allow the activated complex to have one degree of restricted rotation, so that its partition 
function is proportional to 

y 1.5y»1.5y'0.5 j-,3.5 

The preexponential factor is then proportional to 
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We can postulate an activated complex of the following structure 

O- O 

0 = N ' N=0 

with restricted rotation about the O — O bond. 


Back to Problem 15.58 
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15.59. Deduce the temperature dependency of the preexponential factor of the following types of reactions, where A represents an atom, L 
a linear molecule, and N a nonlinear molecule: 

A + L;A + N;L + L;L + N;N + N 

Solution: 

Given: above types of reactions 

Required: temperature dependency of the preexponential factor 
The temperature dependencies of the partition function are as follows: 

A: t 3 : T L5 

L: t 3 r : t 15 T = T 25 

N: t 3 r 3 : t L 5 T 15 =T 3 


The nonlinear activated complexes have partition functions proportional to t 15 T 1 ' 5 = T 3 . The temperature dependencies for the various 
types of reactions are therefore as follows: 


A + L: 
A + N: 
L + L: 
L + N: 
N + N: 


TT =T° 


y 1 .5y 2.5 


TT 3 

y 1.5y 3 

TT 3 


-.-0.5 


y 2.5y 2.5 

TT 3 


= T 
= T 1 


rj~<2.5rp3 

TT 3 


= T 


-1.5 


rj-<3rj-'3 

Back to Problem 15.59 


= T 
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15.60. The rate of the reaction 

o + +n 2 ->no + + n 

has been found over a certain temperature range to be proportional to T~ 0 ' 5 (M. McFarland et al., J. Chem. Phys., 59, 6620(1973). 
How can this be explained in terms of simple transition-state theory? 

Solution: 


Given: above reaction, reaction rate ~ T 0 5 
Required: explanation 

For the preceding problem it was shown that for an atom reacting with a linear molecule, the preexponential factor is proportional to T° if 


TT 


2.5 


the activated complex is nonlinear. If the activated complex is linear the temperature dependence is ^ l5r ^ 25 
activated complex is linear, and that the temperature dependence is due entirely to the preexponential factor. 


= T 0 5 . It thus appears that the 


Back to Problem 15.60 
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15.61. For the case of two atoms giving a product, A + B ^ [ A B f — > Product, show that transition-state theory yields essentially the 


same expression for the rate constant as the collision theory expression of Eq. (9.76). 

Solution: 

Given: above reaction 

Required: prove the above statement 

Starting with Eq. 15.152, we get 



— ± — exp — - , 

v ^ J Qa^Ib V^b T ) 




where 




f 


Substituting the partition functions in the first equation, where I = 


(g+g ) 2 = M 


f2 

AB i 


and simplifying, we get 



Which, when multiplied by the Avogadro constant (and also multiplying the numerator and denominator of the argument of the exponential 
term with the Avogadro constant), is essentially the same as Eq. (9.76). 


Back to Problem 15.61 
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15.62. In mass-spectrometric experiments, P. Kebarle and coworkers (7. Chem. Pliys., 52, 212(1970) have found that under certain 
conditions the rate constant for the reaction 

N + + N 2 + N, -> N 2 +N 2 

2 5 

is proportional to T ' . Suggest an explanation for this behavior. 

Solution: 

Given: above reaction, reaction rate ~ T 2 5 
Required: explanation 

The partition function for the ion N + is proportional to T 1 ' 5 , while that for N 0 is proportional to T 2 5 . If the activated complex is nonlinear, 

its partition function is proportional to T ' . The temperature dependence of the preexponential factor is thus, according to transition- state 
theory, 



The results can therefore be explained in terms of a nonlinear complex, with E 0 = 0 . 

Back to Problem 15.62 Back to Top 
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15 . 63 . On the basis of transition-state theory, and assuming the vibrational partitions to be temperature-independent, deduce the 
temperature dependence of the preexponential factor for each of the following reactions: 

a. 2C10 -*■ Cl 2 + 0 2 

b. NO + O3 — ■> NO2 + O2 

c. NO 2 + F 2 — > NO 2 F + F 


d. 2NOC1 -> 2NO + Cl 2 

e. 2NO + Br 2 -»• 2NOBr 

Solution: 

Given: above reactions 

Required: deduce temperature dependence of the preexponential factor 

The activated complexes will be assumed in all cases to be linear and to have no restricted rotation. If an activated complex is linear, the 
temperature dependence decreases by 0.5, while each degree of restricted rotation increases the dependence by 0.5. 



TT 3 

rp2.5rj-i3 


= T 


-1.5 


TT 3 

2-5 


= T 


-1.5 
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15.64. Benzaldehyde is oxidized by permanganate in aqueous solution. Suppose that the aldehydic hydrogen atom is replaced by a 
deuterium atom; what can be said on the basis of transition-state theory about the kinetic isotope ratio ku/ko at 25 °C? The 
wavenumber of the aldehydic C — H vibration is 2900 cnT 1 . 

Solution: 

Given: above information, T = 25 °C, A = 2900 cm . 

Required: see above 

The two molecules differ only by isotopic substitution and will have different vibrational frequencies for the bond where substitution 
occurs. We make the reasonable assumption that the change in nuclear mass will not affect the electronic energy and therefore the force 
constant, k, will remain the same. The only difference occurs when the reduced mass of the two forms enter the equations. The reduced 
mass is given by Eq. 13.94 or 13.118, from which the reduced mass of the deuterated form is found to be smaller than that of the form with 
the normal hydrogen. 


Then from Eq. 13.123, the smaller value of /u D makes v 0 for the deuterated bond greater than v 0 for the hydrogen bond. Consequently, the 
bond energy of the deuterated form is greater than that of the hydrogen form. This has the effect of putting the deuterated form at a lower 
potential energy than the hydrogen form, and therefore causing a greater expenditure of energy to promote the deuterated form to the 
activated state. Therefore the C — H cleavage is greater than that of the C — D bond for the same energy input and the reaction rate of the 
C — H form should be faster. 

Back to Problem 15.64 Back to Top 
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15 . 65 . A transition-state theory study of the reaction 0( P) + HC1 generated the following information at T = 600 K: 


Reactants 



dt 

1.767 x 10 32 m~ 3 

(for 3 degrees of freedom) 

dt 

6.084 x 10 32 m~ 3 

(for 3 degrees of freedom) 

dr 

39.40 

(for 2 degrees of freedom) 


2991.0 cm 1 


Transition 

state (bent) 


dt 

1.050 x 10 33 nf 3 

(for 3 degrees of freedom) 

dr 

1730 

(for 3 degrees of freedom) 

y, 

1407.9 cm -1 


v 2 

266.8 cnT 1 



The maximum of the reaction path is at 45.97 kJ mol \ Calculate the rate constant at this temperature. 

{Note: Some interesting problems on transition- state theory involving the use of a computer are to be found in S. J. Moss and C. J. 
Coady, J. Chem. Ed., 60, 455(1983).) 

Solution: 

Given: T = 600 K, above information, 

Required: rate constant 

Since the vibrational partition functions are not given, we calculate them below: 


Chapter 15: Statistical Mechanics 


Solutions 


HCl 

C E = 


= 


€ = 


l-exp 

1-exp 


f -hex 2991.0 A 


kj 


f -he xl407.' 9^ 


= 1.000 784 342, 


-i-i 


l-exp 


kj 


-hex 266.8 


V kpT j 


= 1.035 752 093, 


= 2.120 407 02. 


Now, the quantity E 0 appearing in the exponent of Eq. 15.152 has to be evaluated. This is the energy difference between the zero point 
energy of the reactants and that of the transition state, 

E 0 = 45 970 + ^Lhe (1407.9 + 266.8 -2991.0) = 38 097 J mol' 1 . 

Therefore, we calculate 


( kJ ) 

(l.050xl0 33 ) 

[1730)(1.035 752 093x2.120 407 02) 

^ —38 097 3 

{ h J 

(l.767 xlO 32 

(6.084xl0 32 ) 

(39.4)(1.000 784 342) ^ 

l RT J 


k = 


k =5.677 833 797 xlO' 21 m 3 s' 1 
k = 5.678 xlO' 21 m 3 s' 1 

The translational partition functions are calculated for unit volume and hence, although strictly speaking, their units are simply m 3 , we may 
interpret this to mean “state m 3 ” or molecules m 3 . 


Back to Problem 15.65 
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Chapter 16 

Crystal Lattices, Unit Cells, Density 

16.1. How many basis groups are there in 

a. An end-centered lattice; 

b. A primitive lattice? 

Solution 

16.2. How many lattice points are there in a unit cell of 

a. A face-centered lattice; 

b. A body-centered lattice? 

Solution 

*16.3. a. Determined the efficiency of area utilization in packing circles onto the lattice points of a square lattice. 

b. Compare that value with the efficiency of packing circles onto a triangular lattice. 

c. Which packing uses area more efficiently and by how much? 

Solution 

16.4. a. Calculate the percentage of free space (volume of the cell minus the volume of the atoms in the unit cell) in each of the three 
cubic lattices if all atoms in each are of equal size and touch their nearest neighbors. 

b. Using the calculated values, determine which of the three structures represents the most efficient packing (least amount of used 
space). 

Solution 

16.5. Derive an equation to relate the density D of a right-angled unit cell to its edge lengths a , b, and c and the number of formula units z 
per unit cell. 


Solution 
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Crystal Lattices, Unit Cells, Density 


16 . 6 . 


16 . 7 . 


16 . 8 . 


16 . 9 . 


16 . 10 . 


Silver crystallizes in a face-centered cubic unit cell with a silver atom on each lattice point. 

o 

a. If the edge length of the unit cell is 4.0862 A, what is the atomic radium of silver? 

b. Calculate the density of silver. 


Solution 


o 

Barium crystallizes with an edge length of 5.025 A in a body-centered cubic unit cell. 

a. Calculate the atomic radius of barium using this information. 

b. Calculate the density of barium. 


Solution 


Aluminum crystallizes in a face-centered cubic lattice with an aluminum atom on each lattice point with the edge length of the unit 
cell equal to 4.0491 A. 

a. Calculate the atomic radius of aluminum. 

b. Determine the density of aluminum. 


Solution 


o o 

Crystals of p, p ’-dibromo-a, a’-difluorostilbene [BrC 6 H 4 C(F)=] 2 are orthorhombic with edge lengths a = 28.32 A; b = 7.36 A; c = 

o 

6.08 A. If there are four molecules in a unit cell, calculate the density of the crystal. 

Solution 

How many formula units exist in pure crystalline Si, which occurs in a face-centered cubic lattice, if its density is 2.328 99 g cm' 
and its cell length is a = 50431 066 A? The atomic mass of Si is 28.085 41 g mol' 1 . 


Solution 
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16 . 11 . Sodium chloride crystallizes in a face-centered cubic lattice with four NaCl units per unit cell. If the edge length of the unit cell is 
5.629 A, what is the density of the crystal? Compare your answer to the value given in the CRC Handbook. 

Solution 

o 

16 . 12 . LiH crystallizes with a face-centered cubic structure. The edge length of the unit cell of LiH is 4.08 A. Assume anion-anion contact 

. o 

to calculate the ionic radius of H . Compare your answer to the value using the radium of Li as 0.68 A. 

Solution 

o 

16 . 13 . KC1 is tetramolecular and crystallizes in a face-centered cubic lattice. If the edge length is 6.278 A, what is the density of KC1? 
Compare your answer to the value in the CRC Handbook. 

Solution 


16 . 14 . Calcium Fluoride crystallizes in a face-centered cubic lattice where a = b = c, and it has a density of 3.18 g cm' . Calculate the unit 
cell length for CaF 2 . 


Solution 


Miller Indices and the Bragg Equation 

1 2 

16 . 15 . Calculate the Miller indices of the parallel planes in a cubic lattice that intercepts the unit cell length at x = a, y = — a , and z = —a. 

Solution 

16 . 16 . Determine the distance (i.e. d value) of the closest plane parallel to the 100, 110, and 111 faces of the cubic lattice. 


Solution 
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Millerlndicesand the Bragg Equation 


16 . 17 . What are the Miller indices of the plane that cuts through the crystal axes at 

a. (2a, b, 3c); 

b. (2a, -3b, 2c); 

c. (a, b, - c ); 

Solution 

16 . 18 . Determine the value of dw in terms of the cell constants and angles for 

a. The orthorhombic unit cell, 

b. The tetragonal unit cell. 

Solution 

16 . 19 . Calculate the separation between planes in a cubic lattice with unit cell length of 389 pm when the indices are 

a. 100; 

b. Ill; 

c. 121 

Solution 

16 . 20 . Copper sulfate single crystals are orthorhombic with unit cells of dimensions a = 488 pm, b = 666 pm, c = 832 pm. Calculate the 
diffraction angle from Cu K a X rays 

(A. = 154. 18 pm) for first-order reflections from the (100), (010), and (1 11) planes. 

Solution 

16 . 21 . Determine the angle of reflection when copper K a radiation (0.154 18 nm) is incident on a cubic crystal with a lattice constant dhu of 
0.400 nm. 


Solution 
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16 . 22 . Single crystals of FeSC >4 are orthorhombic with unit cell dimensions a = 482 pm, b =684 pm, c = 867 pm. Calculate the diffraction 
angle from Te K a , X rays (A, = 45.5 pm) from the (100), (010), and (111) planes 

Solution 

16 . 23 . Single crystals of Hg(CN )2 are tetragonal with unit cell dimensions a = 967 pm and 

c = 892 pm. Calculate the first-order diffraction angles from the (100) and (111) planes when Cu K a X rays (A = 154 pm) are used. 

Solution 

16 . 24 . A two-dimensional lattice is depicted in Figure 16.1 with planes superimposed on it parallel to the third direction. Determine the 
Miller indices for each set of planes representing the external habit of the left-hand crystal. 

Solution 

16 . 25 . The layers of atoms in a crystal are separated by 325 pm. At what angle in a diffractometer will diffraction occur using 

a. molybdenum K a X rays (A = 70.8 pm); 

b. copper K a X rays (A = 154 pm)? 

Solution 

16 . 26 . Calculate the wavelength of an electron that is accelerated through a potential difference of approximately 40 kV. 


Solution 


Interpretation of X-Ray Data 

16 . 27 . Find the X-ray wavelength that would give a second-order reflection ( n = 2) with a 6 angle of 10.40° from planes with a spacing of 
4.00 A. 


Solution 


16-6 



Chapter 16: The Solid State 


Interpretation of X-Ray Data 


16.28. A substance forms cubic crystals. A powder pattern shows reflections that have either all even or all odd indices. What type of unit 
cell does it have? 

Solution 

16.29. A powder pattern of a cubic material has lines that index as (1 10), (200), (220), (310), (222), (400). What is its type of unit cell? 

Solution 


*16.30. The successive sin 2 # values obtained from a powder pattern for a-Fe are 1, 2, 3, 4, 5, 6, 7, 8, 9, etc. 

a. If iron is in the cubic system, which type of unit cell is present? 

b. If a copper X-ray tube is used (A, = 154.18 pm), calculate the length of the side of the unit cell and the value of 6 from (100) 
planes. The density of a-Fe is 7.90 g cm' 3 . 

c. What is the radium of the iron atom if the central atom in the cubic cell is assumed to be in contact with the comer atoms? 

Solution 

-5 

16.31. Potassium metal has a density of 0.856 g cm" and has a body-centered cubic lattice. Calculate the length of the unit cell a and the 
distance between (200), (110), and (222) planes. Potassium has an atomic mass of 39.102 g mol’ 1 . 

Solution 

16.32. Low-angle lines in the Cu K a powder pattern of KC1 are found to be at 0 = 14.18°, 20.25°, and 25.10°. Find the crystal type from 
these data. (For Cu K a A = 154. 18 pm.) What other information is needed for a definitive determination? 

Solution 

16.33. The smallest observed diffraction angle of silver taken with Cu K a radiation 

(A = 154.18 pm) is 19.176°. This angle is associated with the (111) plane in the cubic close-packed structure of silver. 

a. Determine the value of the unit cell length a. 

b. If Z)(Ag) = 10.500 g cm" and M = 107.87 g mol’ , calculate the number of atoms in the unit cell. 


Solution 
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16 . 34 . Sodium fluoride is known to form a cubic closed-packed structure. The smallest angle obtained with Cu K a radiation (k = 1.5418 A) 
is 16.72° and is derived from the (111) planes. Find the value of a, the unit cell parameter. 

Solution 

16 . 35 . The X-ray powder pattern of NaCl is taken with a chromium tube giving Cr K a = 229.1 pm. The 6 values of the lines are: 20°36\ 
23°58\ 35°4’, 42°21’, 44°43\ 54°20\ 62°17’, 65°16’. From these data determine the value of each dhki and index the lines. From 
the hkl values, show that this is a face-centered system. 


Solution 


Bonding in Crystals and Metals 

16 . 36 . Cadmium sulfide has been used as a yellow pigment by artists. The sulfide crystallizes with cadmium occupying ^ of the tetrahedral 
holes in a closest-packed array of sulfide ions. What is the formula of cadmium sulfide? 

Solution 

16 . 37 . Rutile is a mineral that contains titanium and oxygen. The structure of rutile may be described as a closest-packed array of oxygen 

atoms with titanium in - of the octahedral holes. What is the formula of rutile? What is the oxidation number of titanium? 

2 

Solution 

16 . 38 . A tetrahedral hole is shown in Figure 16.33. Determine the largest sphere of radius r that can fit into a tetrahedral hole when the 
surrounding four spherical atoms of the lattice are in contact. Let the lattice atom have radium R. 

Solution 

16 . 39 . An octahedral hole is surrounded by six spheres of radium R in contact. If one-sixth of each of the six coordinating spheres 
contributes to the volume of the octahedron surrounding the hole, calculate the maximum radius of the sphere that can be 
accommodated. 


Solution 
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16 . 40 . Calculate the value of A E c of the RbBr from the following information: A , II = -414 kJ mol 1 ; I (ionization energy, Rb) = 397 kJ 
mol' 1 ; A sub //(Rb) = 

84 kJ mol ; /9 0 ( Bi' 2 ) = 192 kJ mol" 1 ; A (electron affinity, Br) = 318 kJ mol 1 . 


Solution 


Supplementary Problems 

o 

16 . 41 . Some of the d spacings for the mineral canfieldite (AgxSnSc,) are 3.23, 3.09, 3.04, 2.81, and 2.74 A obtained with Cu K a X rays (A = 
1.5418 A). 

a. Find the corresponding angles of diffraction. 

o 

b. This is a cubic system with a = 21.54 A; determine the hkl values for the first 3 d spacings. 


Solution 


16 . 42 . A copper selenide mineral (CU 5 SC 4 ) called athabascaite is orthorhombic with a = 8.277, 

b =11.982, c = 6.441. Strong intensity lines using Cu K a X rays (A, = 154.18 pm) are observed at 12.95°, 13.76°, and 14.79°. 
Determine the d spacings and assign hkl values to these lines. 


Solution 


* 16 . 43 . Zinc blende is the face-centered cubic form of ZnS with Zn at 0 , 0 , 0 ;-,-, 0 ; 0 ,-, 0 ; 

22 2 


— , — ,0 and with S at 

2 2 


111133313331 

444444444444 


a. Determine the structure factor from the (111) planes that gives rise to the lowest angle reflection at 6 = 14.30° using Cu K a (X = 
154.18 pm). 

b. Calculate the dimension a of the unit cell. 


Solution 


16-9 


Chapter 16: The Solid State 


Essay Questions 


16 . 44 . Calculate the Debye temperature of tungsten that is isotropic (an assumption of the Debye model). The cutoff frequency is given by 


f 9 N 3 

73 

f 1 2^ 

U*V) 


3 3 

v C l c t ) 


where 

and 


c, =5.2496 xlO 5 cm s 1 


c, = 2.9092 xlO 5 cm s 1 

are the longitudinal and trasverse elastic wave velocities, respectively, in tungsten. 


Solution 


Essay Questions 

16 . 45 . List the 14 Bravais lattices and group them into P, I, F, C, and R cells. 

16 . 46 . Explain why the initial X-ray investigation of the two face-centered cubic structures, NaCl and KC1, showed that NaCl was face 
centered whereas KC1 was simple cubic. 

16 . 47 . If A H c were required rather than A E c , what modification of the Bom-Haber cycle would be needed? 

16 . 48 . X-ray diffraction is often used to measure residual stress in metals. Suggest that change in the measured parameters allow this 
determination. 

16 . 49 . Gold diffuses faster in lead at 300°C than does sodium chloride in water at 15°C. Point defects based on vacancies can account for 
such high rates. For an ionic material, suggest ways in which such vacancies can occur without altering the stoichiometry of the 
crystal. 
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Solutions 

16.1. How many basis groups are there in 

a. An end-centered lattice; 

b. A primitive lattice? 

Solution: 

Given: see above 

Required: number of basis groups 

a. The end-centered lattice has ( ) x 8 + (J/^j x 2 = 2 lattice points. Since one basis is a 
each lattice point, each unit cell has two basis groups. 

b. The primitive lattice has one lattice point and there is therefore only one basis group. 

Back to Problem 16.1 Back to Top 
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16.2. How many lattice points are there in a unit cell of 

a. A face-centered lattice; 

b. A body-centered lattice? 


Solution: 

Given: see above 


Required: number of lattice points 

a. A unit cell has 8 lattice points at the comers of a cube; each comer is shared with seven other unit cells. Therefore, only 1/8 of 
the 8 belong to a particular face-centered cubic (fee) cell. Each face has an additional lattice point shared between two cells; 

there are therefore x 6 = 3 lattice points in the faces. For the unit cell: 1 (from corners) + 3 (from faces) = 4 lattice points. 

b. A body-centered cubic (bee) lattice has 1 lattice point belonging to the unit cell plus (j'g ) x 8 comer points. There are thus 1 + 1 
= 2 lattice points. 

Back to Problem 16.2 Back to Top 
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16.3. a. Determined the efficiency of area utilization in packing circles onto the lattice points of a square lattice. 

b. Compare that value with the efficiency of packing circles onto a triangular lattice. 

c. Which packing uses area more efficiently and by how much? 

Solution: 

Given: see above 
Required: see above 

a. Consider the array of circles: 




The area belonging to each circle is shown as a dotted box of area 4 R 2 . The area of the circle is nR 1 . 

jS 

efficiency of filling space = — — -7 = 0.785 398 163 

4X 


efficiency of filling space = 0.785 or 78.5% 


b. Circles on triangular lattice are shown below: 
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The hexagonal area belonging to a single circle is shown by the dotted lines. The hexagonal area is made up of 12 right triangles, 
each having an area of 


u J 


( i > 


-R 


f 1 > 


V V3 J {2^3 


R- 




The total area is 12^J/^V3 JR 2 = 2s/3 R 2 , and the efficiency of filling space is given by 

TV*! 

71 * , = ~^= = 0.906 899 682 
2y/3JT 2V3 


efficiency of filling space = 0.907 or 90.7% 


c. The triangular form is more efficient by a factor of 
90.689 9682 


78.539 8163 


= 1.154 700 538 


= 1.15 


Back to Problem 16.3 Back to Top 
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16.4. a. Calculate the percentage of free space (volume of the cell minus the volume of the atoms in the unit cell) in each of the three 
cubic lattices if all atoms in each are of equal size and touch their nearest neighbors. 

b. Using the calculated values, determine which of the three structures represents the most efficient packing (least amount of used 
space). 

Solution: 

Given: see above 


Required: see above 


a. A simple cubic crystal lattice of side 2 r contains one atom of radium r. 
Free space = volume of cube - volume of atom 

3 4 

Free space = (2r) 7ir 3 

Free space = 8r 3 -4.188 790 205r 3 


Free space = 3.811 209 795r 3 


Percent free space = 


3.811 209 795r 3 
8 ? 


x 100 = 47.640 1224% 


Percent free space = 47.64% 


A body-centered, cube contains two atoms of radius r in the unit cell. The length of the edge of the cube is calculated using the 
Pythagorean theorem: 
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The diagonal of the cube is 4r. 
(4 r) 2 = d 2 +e 2 

but 

d 2 =e 2 +e 2 


so 

(4r) 2 = 3e 2 


4 r 

e = — (length of edge) 


Free space = 


4r 

\Sj 


-2 



) 


Free space = 12.316 805 74r 3 -8.377 580 41r 3 
Free space = 3.939 225 33r 3 


„ r 3.939 225 33/ 

Percent free space = — 7 

12.316 805 74/ 
Percent free space = 31.982 523 83% 


x 100 


Percent free space = 31.98% 


Solutions 
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A face-centered cube contains four atoms of radius r in the unit cell. The length of the edge of the cube is calculated using the 
Pythagorean theorem: 

(■ 4r)W+/=2e 2 
e = 2r-s/2 



Free space = (lyflrj 


-4 


—nr 


Free space = 22.627 417r J -16.755 160 82r 3 
Free space = 5.872 256 18r 3 

_ _ 5.872 256 18/^ ^cncinci^ 

Percent free space = 100 = 25.951 951% 

22.627 417/ 


Percent free space = 25.95% 


b. The face-centered cube has the least amount of unused space. 

Back to Problem 16.4 Back to Top 
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16.5. Derive an equation to relate the density D of a right-angled unit cell to its edge lengths a, b, and c and the number of formula units z 
per unit cell. 

Solution: 

Given: see above 


Required: derive an equation that relates D to a, b, and c and z 

The volume of a unit cell with right angles is the product abc of its edges. Since one mole of the crystal contains z unit cells, the molar 
abc 

volume is V = . The molar mass M divided by the molar volume V m is the density D: 


Af __kg( m 3 
V m mol ^ atom 

V, m 5 

Therefore, 

D _ M _ M 
~ V„, ~ abcN av 


xN 


, where N av is the Avogadro's number in 


atom 

mol 


D = 


Mz 
abcN .. 


Back to Problem 16.5 Back to Top 
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16 . 6 . Silver crystallizes in a face-centered cubic unit cell with a silver atom on each lattice point. 

o 

a. If the edge length of the unit cell is 4.0862 A, what is the atomic radius of silver? 

b. Calculate the density of silver. 


Solution: 


Given: characteristic of silver atom, edge length 
Required: atomic radius and density 

a. In a face-centered cube containing identical atoms of radius r, the edge length is 2rV2 . For silver, the edge length is 4.0862 A. 
Edge length = 4.0862 A = 2r>/2 
4.0862 


r = 


-A 


2V2 

r = 1.444 689 865 A 


r = 1.4447 A 


b. The volume of a unit cell is 


f 


V = 


4.0862 Ax 


10 8 cm 


A 


y 


V =6.822 740 578x10 23 cm 3 

One unit cell contains four atoms, so 1 mol of Ag contains 
6.022 xlO 23 atoms 1 unit cell 


= 1.5055 x 10 23 unit cells mol 


mol 


4 atoms 
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The mass of 1 mol of Ag is 107.8682 g mol 1 . The density is 

D M__ 107.8682 g 

V m (l.5055xl0 23 cells (6.822 740 578x10 23 cm 3 ) 

D = 10.501 559 89 g cnT 3 
D = 10.512 gem 3 


Back to Problem 16.6 Back to Top 
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Solutions 


o 

16 . 7 . Barium crystallizes with an edge length of 5.025 A in a body-centered cubic unit cell. 

a. Calculate the atomic radius of barium using this information. 

b. Calculate the density of barium. 


Solution: 

Given: characteristics of barium, edge length 
Required: atomic radius, density 

a. In a body-centered cubic unit cell, the metal atoms are in contact along the diagonal of the cube. The diagonal of the cube forms 
a right triangle with the unit cell edge and the diagonal of a face. Use the Pythagorean theorem to determine the length of the 
diagonal, d, on the face of the cube in terms of e. 

d = e + e = 2e 
d = -Jle 

The diagonal of the cube is the length of four atomic radii and can be calculated by again using the Pythagorean theorem. 
(Diagonal)' = (4 r)' = (2e)~ +e 2 

(Diagonal)' = 16r 2 = 3c 2 

Diagonal = 4 r = V3e 

r = — = —(5.025 A) = 2.175 888 827 A 
4 4 V ’ 

7=2.176 A 

b. Given a body-centered cubic structure, each unit cell contains two atoms. Use the unit cell edge length to calculate the unit cell 
volume and the volume occupied by each atom. Multiply to obtain the molar volume and divide the gram atomic weight by this 
value to obtain density ( e = edge length). 
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Solutions 


V(cell) = e 3 =(5.025x10 8 cm) 3 =1.268 843 906x10 22 cm 
V (atom) = 


1.268 843 906x10 22 cm 3 


6.344 219 531 xlO' 23 cm 3 


2 atoms 


atom 


V (mole) = 

V (mole) = 


f 6.344 219 531x10 23 cm 3 ^ f 6.022 x 10 23 jttornP 


38.204 890 02 cm 3 
mol 


mol 


£>(Ba) = 


D(Ba) = 


( 137.33 

f 

v mol , 
f 137.33 g^ 

V 
f 

X 

V 

l ) 


38.204 890 02 cm 
mol 

jpa6 f 

38.204 890 02 cm 3 


3 3 


D(Ba) = 3.594 566 034 g cm~ 


Z)(Ba) = 3.595 g cm 


-3 


Back to Problem 16.7 


Back to Top 
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Solutions 


16 . 8 . Aluminum crystallizes in a face-centered cubic lattice with an aluminum atom on each lattice point with the edge length of the unit 
cell equal to 4.0491 A. 

a. Calculate the atomic radius of aluminum. 

b. Determine the density of aluminum. 


Solution: 

Given: characteristics of aluminum, edge length 
Required: atomic radius, density 

a. In a body-centered cubic unit cell, the metal atoms are in contact along the diagonal of the cube. The diagonal of the cube forms a 
right triangle with the unit cell edge and the diagonal of a face. Use the Pythagorean theorem to determine the length of the diagonal, 
d , on the face of the cube in terms of e. 



r(Al) = 1.432 A 


b. Follow the same procedure for density as used in Problem 16.7, but noting that a face-centered cubic cell contains four atoms per 
cell instead of two. 
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V(cell) = e 3 = (4.0491 x 10~ s cm) 3 = 6.638 584 809 x 10 23 cm 3 


V (mol) = 


6.638 584 809x10 23 cm 3 1 ^df 6.022 xlO 23 jH&rns 


^pelf 4 ^ternsf 

V (mol) = 9.994 389 43 cm 3 mor 1 


mol 


D(M) = 2698 ‘^ X 
4h61 


1 jat5f 


9.994 389 43 cm : 


= 2.699 664 666 g cm 


D(A1) = 2.700 g cirf 


Back to Problem 16.8 


Back to Top 
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Solutions 


o o 

16.9. Crystals of p, p ’-dibromo-a, a’-difluorostilbene [BrC 6 H 4 C(F )=]2 are orthorhombic with edge lengths a = 28.32 A; b = 7.36 A; c = 
6.08 A. If there are four molecules in a unit cell, calculate the density of the crystal. 

Solution: 

Given: see above 
Required: density of the crystal 
From Problem 16.5: 


abcN av ’ 


where N av is the Avogadro's number and M is the molar mass 


Molar mass of [BrC 6 H 4 C(F)=] 2 = 373.94 g mol 1 



(28.32) (7.36) (6.08) ^x(l0 8 cm x (6.022 x 10 23 
D = 1.959 9569 gem 3 


D = 1.96 g cm 3 


Back to Problem 16.9 Back to Top 
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Solutions 


16.10. How many formula units exist in pure crystalline Si, which occurs in a face-centered cubic lattice, if its density is 2.328 99 g cm" 
and its cell length is a = 50431 066 A? The atomic mass of Si is 28.085 41 g mol" 1 . 

Solution: 

Given: characteristics of Si, its density, cell length, and atomic mass 
Required: number of formula 
From Problem 16.5: 

Mz 

D = , where N is the Avogadro's number and M is the molar mass 

abcN av 


For a face-centered cubic lattice, all edge lengths are equal, that is a = b = c. 
, _ DabcN av 
M 

2.328 99 / £1^(5.431 066 X) 3 (l0 8 jHff (6.022 xlO 23 

28.085 41 / 

z = 1.999 868 501 

7^8 


Back to Problem 16.10 Back to Top 
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Solutions 


16 . 11 . Sodium chloride crystallizes in a face-centered cubic lattice with four NaCl units per unit cell. If the edge length of the unit cell is 
5.629 A, what is the density of the crystal? Compare your answer to the value given in the CRC Handbook. 

Solution: 

Given: characteristics of sodium chloride, edge length 
Required: density 
Mz 

D = , where N is the Avogadro's number and M is the molar mass 

abcN av 

For sodium chloride, z = 4, M = 58.45 . As the crystal is a face-centered cubic lattice, 

a = b = c = 5.629 A 

D = -*~ 
abcN av 

4(58.45 g 

(5.629 X) 3 (lO 8 cm Js^j 3 (6.022 x 10 23 
D = 2.176 7573 gem 3 
D = 2.176 g cm 3 
CRC value = 2.165 g cm 3 at 25°C 

The lower density given in the handbook may be due to voids and other imperfections in the crystal. 

Back to Problem 16.11 Back to Top 
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o 

16 . 12 . LiH crystallizes with a face-centered cubic structure. The edge length of the unit cell of LiH is 4.08 A. Assume anion-anion contact 

. o 

to calculate the ionic radius of H . Compare your answer to the value using the radium of Li as 0.68 A. 

Solution: 

Given: LiH characteristics, edge lenth 
Required: ionic radius 

The structure is face-centered cubic with the hydride ions in contact along the diagonal of the face as shown in the figure. 



From the figure, 

K-f =2(4.08 A ) 1 
J =1.442 497 834 A 

H 

d _ =1.44 A 

H 


Another way to look at this problem is to consider that lithium ions fill the space along the edge, giving an edge length of 2r + + 2 r . The 

. o 

radius of the hydride ion is computed from the edge length e and the reported radius of Li (0.68 A). 
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Solutions 


e = 4.08 A = 2r , + + 2r _ 
e = 2(0.68 A) + 2 r H _ 
e-2(0.68 A) 

r = - 

H ~ 2 

4.08 A -1.36 A 

r = 

H ~ 2 

r _ =1.36 A 

H 


A recent edition of the CRC Handbook gives two values for Li : with coordination number 4, its radius is 0.56 A; with coordination number 

o o 

6, its radius is 0.76 A. The value of 0.68 A just cited is found in an older edition and represents an average value. Any value of r ( will 

depend upon the value of r Li+ used in this method. It is common to consider that the anions are in contact with the cations occupying the 

open space. There is no requirement that the anions and the cations contact. Therefore, the first method gives a better estimate of the 
maximum size of H . 

Back to Problem 16.12 Back to Top 


16-29 


Chapter 16: The Solid State 


Solutions 


o 

16.13. KC1 is tetramolecular and crystallizes in a face-centered cubic lattice. If the edge length is 6.278 A, what is the density of KC1? 
Compare your answer to the value in the CRC Handbook. 

Solution: 

Given: characteristics of KC1, edge length 
Required: density 

The molar mass of KC1 is 74.55 g mor 1 . 


abcN av 

4(74.55 g 

(6.278 X x 10~ 8 cm (6.022 x 10 23 
D = 2.001 257 414 gem 3 
D = 2.001 g cnT 3 
CRC value = 1.984 g cm 3 

Back to Problem 16.13 Back to Top 
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16.14. Calcium Fluoride crystallizes in a face-centered cubic lattice where a = b = c, and it has a density of 3.18 g cm". Calculate the unit 
cell length for CaF 2 . 

Solution: 

Given: characteristics of calcium fluoride, density 
Required: unit cell length 

The molar mass of calcium fluoride is 78.08 g moF 1 

There are four calcium ions per unit cell and eight associated fluoride ions. Consequently, z = 4 and rearrangement of 


D = — with a = b = c gives 

abcN av 


3 Mz 

4(78.08 / 

1 

01 

DN„ | 

(3. 18 cm 3 j 

| (6.022 xlO 23 

1 


a = 1.630 917 245 xlO' 22 cm 3 
a = 5.463 580 021 xl0~ 8 cm 
a = 5.46 x 10~ 8 cm = 5.46 A = 546 pm 


Back to Problem 16.14 Back to Top 
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Solutions 


16.15. Calculate the Miller indices of the parallel planes in a cubic lattice that intercepts the unit cell length at x = a. 


Solution: 


Given: cubic lattice, x = a, y = — a , and z = —a. 

2 3 


Required: Miller indices 

The intercepts along the axes are spaces at a/h, b/k, c/7. For a cubic system 


, a , . a a , _ 2a a , 3 

la = —,h = 1; - = -,k = 2; — = - 

h 2 k 3/2 


Clearing fraction we have 


(M/) = (243) 


Back to Problem 16.15 Back to Top 


= —a , and z = 
2 
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Solutions 


16 . 16 . Determine the distance (i.e. d value) of the closest plane parallel to the 100, 1 10, and 111 faces of the cubic lattice. 
Solution: 

Given: see above 
Required: see above 

The faces are shown in the figures below: 




The spacings are calculated from the formula 


d-hkl 


4 hr +k 2 + l 2 


Or from trigonometry as demonstrated from the 110 planes: 


J 1I0 



110 planes 


Chapter 16: The Solid State 


72 i2 _ 2 

“l 10 ^110 ~ a 

1 2 2 

^Ld 1 1 q Cl 


, a 
110 V2 


The results are 


, _ , _a_ a 

“no “ “no “in 


Back to Problem 16.16 


Back to Top 
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Solutions 


16.17. What are the Miller indices of the plane that cuts through the crystal axes at 

a. (2a, b, 3c); 

b. (2a, -3b, 2c); 

c. (a, b, - c ); 

Solution: 

Given: see above 
Required: Miller indices 

Originals Reciprocals Miller indices 


1 1 


a. (2a, b, 3c) 

— ,1,— 

2 3 

1 -1 1 

(362) 

b. (2a, -3b, 2c) 

2 ’ 3 ’3 

(323) 

c. (a, b, -c) 

1,1, -l 

(HI) 

Back to Problem 16.17 

Back to Top 
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Solutions 


16.18. Determine the value of dm in terms of the cell constants and angles for 

a. The orthorhombic unit cell, 

b. The tetragonal unit cell. 


Solution: 

Given: see above 
Required: value of dm 

a. In the orthorhombic system, all three sides are different and all angles are 90°. Therefore, all sine terms are equal to one and all 
cosine terms are equal to zero. From Eq. 16.19, 


d 2 - 

1 

hkl h 2 

k 2 l 2 

— 


a 2 

7,2 2 

b c 


or 



( h 2 k 2 l 2 ^ 

-1/2 

c hiki 

— + TT + — 



v a b c j 



b. For the tetragonal system, a = b = c and all angles are 90°. Therefore, all sine terms are equal to one and all cosine terms are equal to 
zero. FromEq. 16.19. 


d = 

u hkl 


1 


h 2 k 2 l 
a^ + ¥ + ~c 


Then with a = b. 
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or 



f h 2 + k 2 

l 2 ^ 

- 1/2 

d-hki 

2 

+ — 



^ a 

c 7 



Back to Problem 16.18 Back to Top 
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16.19. Calculate the separation between planes in a cubic lattice with unit cell length of 389 pm when the indices are 

a. 100; 

b. Ill; 

c. 121 

Solution: 

Given: see above 

Required: separation between planes 

/ a 

M (h 2 +k 2 +l 2 ) 112 

a d - 389 pm 

a ‘ w 10() 1 

d w0 = 389 pm 

_ 389 pm _ 389 pm 

i11 = (i 2 + i 2 + i 2 ) 1/2= ^T“ 
d m =224.589 254 7 pm 
d ni = 225 pm 


c. 


^121 


389 pm 


l 2 + 2 2 + (-1) 
d l2j = 158.808 585 pm 


1/2 


d T = 159 pm 


389 pm 

V6 


Back to Problem 16.19 Back to Top 
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16 . 20 . Copper sulfate single crystals are orthorhombic with unit cells of dimensions a = 488 pm, b = 666 pm, c = 832 pm. Calculate the 
diffraction angle from Cu K a X rays 

(X = 154. 18 pm) for first-order reflections from the (100), (010), and (1 11) planes. 

Solution: 

Given: characteristics of copper sulfate, cell dimensions, X = 154.18 pm, planes indices. 

Required: diffraction angle. 

X = 2 d hkI sin# X=154 pm 
From Problem 16.18, 
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Solutions 


J__/r kr_ 

777 ~ 7 

a a b c 

-4- = — ; d m = a = 488 pm 

“lOO a 

-4- = tr; d ow = b = 666 pm 
a 0l0 t? 

11111 1 1 

4^ “ 4 + ¥ + c 7 ~~ 488 1 + 666 1 + 832 1 

-4— = 4.199 140 016 x 10” 6 + 2.254 506 759 x 10 6 + 1.144 619 083xl0~ 6 
d m 


— i— = 7.898 265 858x10 6 

4 , 

d m = 355.823 089 3 pm 
X 154 prff 

sin 6* = = —. ^-— T = 0.157 786 885 

2 d m 2(488 p rfi) 

6 m = 9.078 462 401° 


0io o = 9-08° 


sin# = 


X 


154 jprff 

2J 010 2(666 prfij 


0.115 615 615 


O mo = 6.639 134 078° 


0Qio = 6-64° 

X 154 prff 

sin# = = T = 0.216 292 134 

2 d m 2(356 ^) 

# m =12.491 345 05° 

# m =12.49° 

Back to Problem 16.20 Back to Top 
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Solutions 


16 . 21 . Determine the angle of reflection when copper K a radiation (0.154 18 nm) is incident on a cubic crystal with a lattice constant dm of 
0.400 nm. 

Solution: 

Given: X = 0. 154 18 nm, dm = 0.400 nm 
Required: angle of reflection 
Assuming a first-order reflection, 

X = 2d sin 6 

0.154 18 = 2(0.400 ^MfTjsin# 

sin# = 0.192 725 

# = 11.111 854 97° 

# = 11 , 1 ° 

Back to Problem 16.21 Back to Top 
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Solutions 


16 . 22 . Single crystals of FeSCE are orthorhombic with unit cell dimensions a = 482 pm, b =684 pm, c = 867 pm. Calculate the diffraction 
angle from Te K a , X rays (k = 45.5 pm) from the (100), (010), and (111) planes 

Solution: 

Given: characteristics of FeSCE crystal, cell dimensions, k = 45.5 pm, plane indices 
Required: diffraction angle 
k = 2 d hkl sin# ?i=45.5 pm 
From Eq. 16.19 or Problem 16.18, 
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Solutions 


1 _h 2 k 2 l 2 

d hk , a b c 

= d l00 = a=4S2 pm 

^100 a 

4- = tr; 4o = b = 684 pm 
a 0l0 o 

1 _ 1 \_ 1 1 

~ a 2 + b 2 + 4 ~~ 48? + 684 1 + 867 1 

— = 4.304 333 603 x 10' 6 + 2. 137 409 801 x 10 6 + 1.330 337 413 x 10 6 
d m 

— = 7.772 080 818 xlO -6 
du i 


d m =358.699 974 7 pm 


sin<9 = ^ 

2 d mo 


45.5 jpiff 
2(482 


= 0.047 199 17 


6» 100 = 2.705 318 347° 

^100 = 2 . 71 ° 

sin<9 = — = ^ 5 ' 5 = 0.033 260 233 

2d ow 2(684 jprfij 

0 O1O = 1.906 022 56° 

floio = l-91 0 

A, 45.5 prff 

sin# = = -7 = 0.063 370 473 

2 d m 2(359 p rfi) 

0 ni = 3.633 295 227° 


0 m =3.63° 

Back to Problem 16.22 Back to Top 
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Solutions 


16 . 23 . Single crystals of Hg(CN )2 are tetragonal with unit cell dimensions a = 967 pm and 

c = 892 pm. Calculate the first-order diffraction angles from the (100) and (111) planes when Cu K a X rays (X = 154 pm) are used. 

Solution: 

Given: characteristics of Hg(CN) 2 crystal, cell dimensions, X = 1 54 pm, plane indices 
Required: first-order diffraction angles 
X = 2 d hkl sin# X=154 pm 
FromEq. 16.19 or Problem 16.18, 
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1 _ h 2 +k 2 l 2 
,2 ~ 2 ' 2 

d-hkl a C 

= d m = a = 961 pm 

^100 Cl 

1 _ 1 2 + 1 2 l 2 

~d^~~ 967 ^ + 89 ? 


d: 


= 2.138 833 844x10 6 + 1.256 811 921x10" 


d m =542.673 745 5 pm 


sin 0 = 


X 


154 ptfi 
2(967 y pZ) 


= 0.079 627 714 


0 IOO = 4.567 167 086° 


*ioo = 4-57° 


sin 6* = 




154 

2d m ~ 2(543 jjrff) 


= 0.141 804 788 


0 m =8.152 295 044° 


e ni = 8.i5 c 


Back to Problem 16.23 


Back to Top 
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Solutions 


16.24. A two-dimensional lattice is depicted in Figure 16.1 with planes superimposed on it parallel to the third direction. Determine the 
Miller indices for each set of planes representing the external habit of the left-hand crystal. 

Solution: 

Given: figure 16.1 
Required: Miller indices 

The Miller indices depend upon the way in which we draw the unit cell. Four different ways and their corresponding values are shown. 
Notice that the right-hand cell has been used for convenience. The planes in the left-hand cell will have exactly the same indices. 




Notice that the angle between dots is not exactly 90°. This does not matter since the a vector that determines the reciprocal lattice will be 
perpendicular to the actual planes 

The indices are A, (0, 1, 0); B, (-1, 1, 0); C, (2, 1, 0), and D, (1, 1, 0). 

Back to Problem 16.24 Back to Top 
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Solutions 


16.25. The layers of atoms in a crystal are separated by 325 pm. At what angle in a diffractometer will diffraction occur using 

a. molybdenum K a X rays (a, = 70.8 pm); 

b. copper K a X rays (k= 154 pm)? 

Solution: 

Given: see above 
Required: angle of diffraction 

a. Let n = 1 in the Bragg equation nk = 2d sin 0 


6 = sin' 1 (0.236 923 076) 

9 = 13.705 008 73° 

9 = 13.71° 

Notice that the shorter the wavelength, the smaller the diffraction angle. 

Back to Problem 16.25 Back to Top 


Then 9 = sin 1 — 

U d) 



0 = sin 1 (0.108 923 076) 
9 = 6.253 239 405° 


9 = 6.25° 



16-47 


Chapter 16: The Solid State 


Solutions 


16.26. Calculate the wavelength of an electron that is accelerated through a potential difference of approximately 40 kV. 
Solution: 

Given: see above 
Required: wavelength 


9.11x10 31 kg 

V b J 

1 VC = 1 J 

u = (1.405 049 396 xlO 16 Jkg^) 1/2 

Since J = kg m 2 s 2 
n = 1.1 85347795 xlO 8 ms 1 

Substituting into the de Broglie equation (Eq. 11.56) gives 



2(40xl0 3 V)(l.60xl0 19 C)Y /2 


mu 


6.63x10 34 Js 


(9.11 x 10 31 kg)(l.l9xl0 8 ms ') 
k = 6.115 728 399x10 12 m 


A, = 6.115 728 399x10 


A, = 6.12 pm 


Back to Problem 16.26 Back to Top 
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Solutions 


16.27. Find the X-ray wavelength that would give a second-order reflection (n = 2) with a 6 angle of 10.40° from planes with a spacing of 
4.00 A. 

Solution: 

Given: n = 2, 9 = 10.40°, plane spacing = 4.00 A 
Required: X-ray wavelength 

nX = 2d sin 0 

, 2d sin 6 

A = 

n 

2(4.00 A) [sin (10.40°)] 

X = 

2 

X = 0.722 076 581 A 
X = 0.722 A 

Back to Problem 16.27 Back to Top 
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16.28. A substance forms cubic crystals. A powder pattern shows reflections that have either all even or all odd indices. What type of unit 
cell does it have? 

Solution: 

Given: see above 
Required: type of cell 

From Figure 16.28, it is determined that the face-centered cubic (fee) system is the only one that conforms to the data. Note that the 
symmetry of the crystal determines which indices will appear. 

[image] 

Back to Problem 16.28 Back to Top 
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16.29. A powder pattern of a cubic material has lines that index as (1 10), (200), (220), (310), (222), (400). What is its type of unit cell? 

Solution: 

Given: see above, lines indexes 
Required: type of unit cell 
From Figure 16.28, it can only be bee 
[image] 

Back to Problem 16.29 Back to Top 
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* 16 . 30 . The successive sin 2 # values obtained from a powder pattern for a-Fe are 1, 2, 3, 4, 5, 6, 7, 8, 9, etc. 


a. If iron is in the cubic system, which type of unit cell is present? 

b. If a copper X-ray tube is used (A, = 154.18 pm), calculate the length of the side of the unit cell and the value of # from (100) 
planes. The density of a-Fe is 7.90 g cm 3 . 

c. What is the radium of the iron atom if the central atom in the cubic cell is assumed to be in contact with the comer atoms? 


Solution: 


Given: see above 


Required: see above 


a. From Figure 16.28, it is seen that the ratio 7 is not allowed for cubic systems. The ratio must be 2, 4, 6, and so on. Consequently, the 
structure is bee. 

b. For a bee system, a = b = c, z = 2, and from Problem 16.5, D = zMaL or 


a = 2.347 931 004x10 23 cm 3 
a = 2.863 486 304 xlO' 8 cm 
a = 286.348 630 4 pm 
a = 286 pm 

For 100 type planes, d is all since the planes are actually (200). Therefore, from Id sin# = nk , 
154.18 pitf 

sin # = = 0.539 090 909 


a 



am / 

286 pm 

# = 32.621 774 51° 


# = 32.6° 
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Solutions 




c. 


The body diagonal is the smallest interatomic distance and has the value 

of one Fe atom to the center of the central atom divided by 2: 

V3a V3 x 286.348 630 4 pm 
rpe ~ Yx2 ~ 4 

r Fe =123.992 594 1 pm 

r Fe = 124.0 pm 


Therefore, the radius is the distance from the center 


Back to Problem 16.30 Back to Top 
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16 . 31 . Potassium metal has a density of 0.856 g cm' and has a body-centered cubic lattice. Calculate the length of the unit cell a and the 


distance between (200), (110), and (222) planes. Potassium has an atomic mass of 39.102 g mol 1 . 

Solution: 

Given: characteristics of potassium metal, density, plane indices, atomic mass 
Required: length of the unit cell, distance between the given planes 
There are two atoms in a body-centered lattice and we may write: 


Density = 


(number of atoms/cell) (atomic mass) 


, where N av is the Avogadro's number 


0.856 g cm 



a 



a = 5.333 408 111x10 8 cm 
a = 533.340 811 1 pm 


a = 533.3 pm 


Then from the equation 
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1 

a bk\ ~ , . . ~ \ 1/2 

(hr +k 2 +l 2 ) 
For (200) planes, d 200 


d 200 = 266.7 pm 


For (110) planes, d u0 


d uo = 377.1 pm 


For (222) planes, d 222 


d 222 = 154.0 pm 


533.340 811 1pm 
(/r +k 2 + l 2 ) l/2 
533.340 811 1pm 
>/4 


533.340 811 1pm 


533.340 811 1pm 

yfn 


266.670 405 6 pm 


377.128 904 2 pm 


153.962 230 4 pm 


Back to Problem 16.31 
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16.32. Low-angle lines in the Cu K a powder pattern of KC1 are found to be at 6 = 14.18°, 20.25°, and 25.10°. Find the crystal type from 
these data. (For Cu K a X = 154. 18 pm.) What other information is needed for a definitive determination? 

Solution: 

Given: pH 7, 8E/8T = 2.18x 10 5 V K 1 
Required: see above 

First, determine the d values for the three lines and take their ratios: 


1 sin(14.18) 1 sin(20.25) 

/ / / 1 1 
*' 2 ' 3 sin (14. 18) ' sin (20.25) 

d l :d 2 :d 3 = 4.082 149 659 : 2.889 195 951 
d x :d 2 :d 3 = 1 : 0.707763 358 


2d 3 = ; - 

sin(25.10) 

1 

sin (25. 10) 

: 2.357 381 803 

0.577485393 


From Problem 16.16, for the cubic lattice, 


d 


100 


= a 


d 


no 


d 


111 


V2 a 

~ 

4ia 

~ 


0.707 

0.5773 


The ratios thus correspond to the cubic structure. To confirm the structure, if K + and Cl- reflect equally d = a/2 , the theoretical density could 
be compared to the experimental value. 


Back to Problem 16.32 Back to Top 
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16.33. The smallest observed diffraction angle of silver taken with Cu K a radiation 

(A, = 154.18 pm) is 19.176°. This angle is associated with the (111) plane in the cubic close-packed structure of silver. 

a. Determine the value of the unit cell length a. 

b. If Z)(Ag) = 10.500 g cm' 3 and M = 107.87 g mol" 1 , calculate the number of atoms in the unit cell. 

Solution: 

Given: see above 


Required: value of the unit cell length, number of atoms in the unit cell 


a. d lu 


A 154.18 pm 
2sin<9 2sin(19.076) 
a 


= 235.877 596 9 pm 


(hr +k 2 + l 2 ) 


1/2 


= 235.877 596 9 pm 


p/2 


(l 2 +l 2 +l 2 ) 
a = 408.551 982 2 pm 


= 235.877 596 9 pm 


a = 408.6 pm 


b. The effective volume of each Ag atom is 

107.87 / 

As DN ar (10.500 / nT 3 ) (6.022 xio 23 

V Ag =1.705 967 01x10 23 cm 3 

V Ag =1.705 967 OlxlO 7 pm 3 

V cell = a = (408.6 pm) 3 = 6.821 738 806 x 10 7 pm 3 
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The number of atoms per unit cell is 


N = 


V, 


cell 


V 


Ag 


N = 4 


6.821 738 806 xlO 7 petf 
1.705 967 OlxlO 7 pxf 


= 3.998 751 89 


This is an indication that Ag is fee. 


Back to Problem 16.33 


Back to Top 


Solutions 
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16.34. Sodium fluoride is known to form a cubic closed-packed structure. The smallest angle obtained with Cu K a radiation (a. = 1.5418 A) 
is 16.72° and is derived from the (111) planes. Find the value of a , the unit cell parameter. 

Solution: 

Given: see above 

Required: the unit cell parameter 

_ X _ 154.2 pm 
111 2sin# 2sin(l6.72) 
d m =267.992 288 4 pm 

; _ a _ Cl 

m = (/r + k 2 + / f 2= 7I 

267.992 288 4 pm = 4= 

V3 

a = 464.176 259 6 pm 
a = 464.2 pm 


Back to Problem 16.34 Back to Top 
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16 . 35 . The X-ray powder pattern of NaCl is taken with a chromium tube giving Cr K a = 229.1 pm. The 9 values of the lines are: 20°36\ 
23°58\ 35°4’, 42°21’, 44°43\ 54°20’, 62°17’, 65°16’. From these data determine the value of each dhki and index the lines. From 
the hkl values, show that this is a face-centered system. 

Solution: 

Given: above data 
Required: see above 


First, calculate decimal equivalent of 9 values and the sin 9. From each value of 9, calculate the value of d hkl = . 

2 sin 0 


9 

sin 6 

229.1pm 

dhkl ~ • n 

2 sint/ 

h k l 

a 

20°36' 

20.600 

0.351 841 648 

325.572 599 6 

1 1 1 

564.0 

23°58' 

23.967 

0.406 210 411 

281.996 711 3 

2 00 

564.0 

35°4' 

35.067 

0.574 533 936 

199.378 997 2 

2 20 

564.0 

42°21' 

42.350 

0.673 657 707 

170.041 845 9 

3 1 1 

563.8 

44°43' 

44.717 

0.703 605 57 

162.804 282 5 

222 

564.0 

54°20' 

54.333 

0.812 419 487 

140.998 587 3 

400 

564.0 

62°17' 

62.283 

0.885 255 665 

129.397 647 

33 1 

564.0 

65°16' 

65.267 

0.908 267 352 

126.119 253 

420 

563.9 


Ignore the final two columns for the time being. 
Assume that NaCl has a cubic crystal structure. 
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Then 

ci = d hkl — V h~ + k~ + 1~ 

If we index the first three angles obtained from NaCl according to the (100), (110), (111) planes of the simple cubic lattice, the value of a 
should be the same in each case. 

a = d hkl yj\ 2 +0 + 0 = 325.572 599 6 pm(Vl) - 325.572 599 6 pm 
a = d hkl yj\ 2 + \ 2 +0 = 281.996 711 3 pm(V2) = 398.803 573 7 pm 
a = d hkl \/l 2 + 1 2 + 1 2 = 199.378 997 2 pm(V3) = 345.334 553 1 pm 

Since the unit cell dimension a is not the same, this does not allow indexing as a simple cubic system. 

An attempt to index the first line with d ] l(l gives 

a = 325.572 599 6 pm(Vl 2 + l 2 +o) = 460.429 185 9 pm 


And the next set of hkl values must give the value 


V/7 2 +>t 2 +/ 2 = — 

d i,i 


460.429 185 9 prff 

1.632 746 651 

281.996 711 3 


No set of integers will give this value. 

If the first line is indexed as 1 1 1, we have 


a = 325.572 599 6 pm(Vl 2 + 1 2 + 1 2 j = 563.908 284 1 pm 


And, as in the last case, the next line must be indexed such that 
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jlr + k 2 +l 2 = — 

dui 


563.908 284 1 prff 

42-7 = 1 .999 698 087 = 2 

281.996 711 3 ytK 


This allows h, k, or / = 2 corresponding to planes (200), (020), (002). 

The rest of the planes can be indexes as listed in the final columns of the table with the corresponding values of a. These correspond to the 
lines expected for an fee structure as listed in Figure 16.20. 

Back to Problem 16.35 Back to Top 
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16.36. Cadmium sulfide has been used as a yellow pigment by artists. The sulfide crystallizes with cadmium occupying 


- of the tetrahedral 

2 


holes in a closest-packed array of sulfide ions. What is the formula of cadmium sulfide? 


Solution: 

Given: see above 


Required: formula of cadmium sulfide 

In a closest-packed array there are two tetrahedral holes for each anion. If only half the tetrahedral holes are occupied, the numbers of 
anions and cations are equal. The formula for cadmium sulfide is CdS. 

Back to Problem 16.36 Back to Top 
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16.37. Rutile is a mineral that contains titanium and oxygen. The structure of rutile may be described as a closest-packed array of oxygen 

atoms with titanium in - of the octahedral holes. What is the formula of rutile? What is the oxidation number of titanium? 

2 

Solution: 

Given: see above 

Required: formula of rutile, the oxidation number of titanium 

In a closest-packed array, there is one octahedral hole for each anion. If only half of the octahedral holes are occupied by titanium atoms, 
there are twice as many oxygen atoms as titanium ions, and the formula as TiOo. With each oxygen as -2, the titanium must be +4. 

Back to Problem 16.37 Back to Top 
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16 . 38 . A tetrahedral hole is shown in Figure 16.33. Determine the largest sphere of radius r that can fit into a tetrahedral hole when the 
surrounding four spherical atoms of the lattice are in contact. Let the lattice atom have radium R. 

Solution: 

Given: Figure 16.33, above information 
Required: see above 



The contributions of the four atoms in contact forming the tetrahedral void may be represented at the corners A, B , C, and I). A plane 
through A and B and bisecting the line CD is represented as follows: 



Here the atoms at A and B are shown by arcs. The right triangle AGV is similar to the right triangle ABF. Therefore 


AG AB f2 
AV ~ AF~\ 3 
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Then the maximum radius of the circle representing the void can be no more than AV - R, that is, 


AG _ R [2 
AV ~ R + r~]l 3 


r = ■ 


V3-V2 

y/2 


R = 0.224 744 SllR 


r = 0.225R 


Back to Problem 16.38 Back to Top 
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16.39. An octahedral hole is surrounded by six spheres of radium R in contact. If one-sixth of each of the six coordinating spheres 
contributes to the volume of the octahedron surrounding the hole, calculate the maximum radius of the sphere that can be 
accommodated. 

Solution: 

Given: see above 
Required: maximum radius 

Take a section through an octahedron with sides of unit length: 


B 



The diagonal AC is V2 . 

From the isosceles right triangle, 

AC _ V 2 
AB ~ 1 
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If r is the radius of the void, then 
2R + 2r _ V2 

2 R T 

r = V2 R -R = 0.414 213 562 R 
r = 0.414i? 


Back to Problem 16.39 


Back to Top 


Solutions 
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16.40. Calculate the value of A E c of the RbBr from the following information: A , II = -414 kJ mol 1 ; I (ionization energy, Rb) = 397 kJ 
mol' 1 ; A sub //(Rb) = 

84 kJ mol ; D 0 (Br 2 ) = 192 kJ mol" 1 ; A (electron affinity, Br) = 318 kJ mol 1 . 

Solution: 

Given: above data 


Required: value of A E c 
From Eq. 16.58, 


AE c =-AfH+A sub H+-D 0 + I-A 


A E c = 


414 + 84 + ^-(192) + 397 -318 


kJ mol 1 


A E c = 673 kJ mol 


Back to Problem 16.40 Back to Top 
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16 . 41 . Some of the d spacings for the mineral canfieldite (AggSnSg) are 3.23, 3.09, 3.04, 2.81, and 2.74 
1.5418 A). 


A obtaine< 


a. Find the corresponding angles of diffraction. 

o 

b. This is a cubic system with a = 21.54 A; determine the hkl values for the first 3 d spacings. 
Solution: 

Given: see above 

Required: angles of diffraction, hkl values 
a. n X = 2d sin 0 


d/ pm 


323 


309 


304 


284 


e 13.81° 14.45° 14.69° 15.75° 

1 h 2 + k 2 + l 2 


with Cu K a X rays (X = 


274 


16.33° 
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For d = 323 pm: 

1 1 _ h 2 +k 2 + l 2 

d- (323 pm)" (21.54 X x 10 2 pm 

h 2 +k 2 +l 2 = 44.471 968 48 
6 2 +2 2 +2 2 = 36 + 4 + 4 = 44 

For d = 309 pm: 

1 1 _ hr+k 2 + l 2 

d 2 (309 pm)' (21.54 X x 10 2 pm 

h 2 + k 2 +l 2 =48.593 081 35 
4 2 + 4 2 + 4 2 = 48 


For d = 304 pm 

1 1 _ h 2 +k 2 + 1 2 

d 2 (304 pm)" (21.54 XxlO 2 pm 

h 2 + k 2 +l 2 =50.204 683 17 
5 2 + 4 2 + 3 2 = 50 

Note that other combinations of hkl values are possible, as well as different orders of the values given. As higher values of hkl are 
used, more possibilities exist, making it more difficult to decide on the correct values. Help in this task is provided by knowledge of 
the lines that are forbidden for the particular crystal type, and of the extinction caused by absorption by different atoms in the crystal 
layers. 

Back to Problem 16.41 Back to Top 
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16.42. A copper selenide mineral (CuvSeH called athabascaite is orthorhombic with a = 8.277, 

b =11.982, c = 6.441 A. Strong intensity lines using Cu K a X rays (A, = 154.18 pm) are observed at 12.95°, 13.76°, and 14.79°. 
Determine the d spacings and assign hkl values to these lines. 

Solution: 

Given: see above 

Required: d spacings, assign hkl values 
nX = 2d sin 6 

J12950 = 344 pm; d l316 „ = 324 pm; d ui9 „ = 302 pm 

J__/r ic_ 

d T ~^ + ¥ + 7 

With the values given, 

1 _ h 2 k 2 l 2 

(d/ pm) 2 ~ 822.7 2 + 1198.2 2 + 644. 1 2 

1 _ h 2 k 2 l 2 

l 2 ~ 676 835.29 + 1435 683.24 + 414 864.81 


With d = 344 pm, agreement is obtained with h = 2, k = 0, and / = 1 


LHS = — = 8.450 513 791x10 6 
344 2 

2 2 0 2 l 2 

RHS = ^ + ^ + T 

822. 7 2 1198.2 2 644.1 2 

RHS = 5.909 857 33 x 10~ 6 +0 + 2.410 423 772x10 6 
RHS = 8.320 281 102x10 6 
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With d = 324 pm, agreement is obtained with h = 0, k = 0, and 1=2 


LHS = — — = 9.525 986 892 x 10 6 
324 2 

2 2 

RHS = 0 + 0 + — 

644. 1 2 

RHS = 9.641 695 086x10 6 


With d = 302 pm, agreement is obtained with h= 0, k = 4, and 1=0 


LHS = 


302 


= 10.964 431 38x10 


,-6 


RHS = 0 + - 


- + 0 


1198.2 2 
RHS = 11.144 519 59x10 6 


In the latter case, agreement is obtained with h = l, k = 0, and 1 = 2 (RHS 

Back to Problem 16.42 Back to Top 


Solutions 


1 1.0 x 10’ 6 ), but in view of the crystal type (040) is more likely. 
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* 16 . 43 . Zinc blende is the face-centered cubic form of ZnS with Zn at 0,0,0;-,-,0;0,-,0; 

2 2 2 


1 1 


— , — , 0 and with S at 


2 2 


111133313331 


444444444444 


a. Determine the structure factor from the (111) planes that gives rise to the lowest angle reflection at 9 = 14.30° using Cu K a (X = 
154.18 pm). 

b. Calculate the dimension a of the unit cell. 


Solution: 


Given: see above 

Required: structure factor, dimension a of the unit cell 
a. FromEq. 16.38, 


iv 

F (hkl) = ^ fj exp 2ni [hxj + ky j + hj ) 

7=1 


F(hkl) = f Zn 


exp 2ni (0) + exp 2ni 


1 1 

1 

2 2 



( i n 


( i iV 

+ exp 2ni 

J 

— 1 — 

+ exp 2i li 

1 

^2 2 y 

12 2) _ 


+ 



(i i n 


(1 3 3^ 


f s exp 2ni 

— 1 1 — 

+ exp 2ni 

1 1 

+ exp 2ni 


U 4 4 J 


(4 4 4 ) 

V 


3 1 3 

1 1 

4 4 4 


+ exp 2ni 


3 3 1' 

— + — + — 


v 4 4 4 

F (hkl) = f Zn [l + 3 exp (2 ni)] + / s 


F (hkl) 


exp 


^ 3ni ^ 


+ 3 exp 


^7ni^ 


V z J 


V z J 


F(hkl) = 4f Zn ~4 i f s 
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X 

a = 

2 sin# 

154.18 pmx V3 

a = 7 \ 

2(0.247) 

a = 540.582 173 1 pm 
a = 540.6 pm 



Back to Problem 16.43 


Back to Top 


Solutions 
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16 . 44 . Calculate the Debye temperature of tungsten that is isotropic (an assumption of the Debye model). The cutoff frequency is given by 


f 9 N ^ 

Y 

f 1 2 ^ 

U*V) 


3 3 

v C l c t ) 


where 

c, =5.2496 xlO 5 cm s' 1 

and 

c t = 2.9092 xlO 5 cm s' 1 

are the longitudinal and trasverse elastic wave velocities, respectively, in tungsten. 

Solution: 


Given: see above 

Required: Debye temperature of tungsten 

The number of atoms per unit volume must be calculated 


N N ay D 
V A 


Where A is the atomic mass, D is the density, and N av is the Avogadro’s number. 
9 N 


f QAT V^ 3 ( 1 2 ^ ^ 


Vd = 


Vd = 


V 47rVy 


\ c i c t J 


9 (l9.271 / ymf^)(6.022xl0 23 jnoT^) 
^1 83.85 / jndl^) 

1 2 

- + - 


1/3 


(5.2496 xlO 5 fitfi s' 1 ) (2.9092 xlO 5 #6 s' 1 ) 


-1/3 


12 -1 


v D =8.004 707 251x10 s 
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hv D _ 1 

(6.6262x10 

“ //) 

(8.004 707 251 x 10 12 ^ 

1 

(1.3807 xl0~ 23 / K 1 j 

1 


0 D =384.1586962 K 
0 D = 384 K 


Back to Problem 16.44 Back to Top 
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Chapter 17: The Liquid State 


Iheimodynamic Properties of Liquids 


Chapter 17 

Thermodynamic Properties of Liquids 

17.1. The density of liquid ethanol at 20 °C is 0.790 g cnT 3 , and the van der Waals constant a is 1.218 Pa m 6 mol 2 . Estimate the internal 
pressure and the potential-energy contribution to the internal energy. 

Solution 

17.2. In Example 17.3 (page 905), we obtained the internal pressure of liquid water from the van der Waals constant a. A more reliable 
value is obtained by use of Eq. 17.2, from the thermal pressure coefficient (dP/dT) v \ this quantity is the ratio oJk of the coefficient 

of expansion a[=(\IV)(dVldT ) p ] to the compressibility K[=-{\IV)(dVldP) r \. For water at 1 bar pressure and 298 K the thermal 
pressure coefficient is 6.60 x 10 6 Pa K Calculate the internal pressure. 

Solution 

17.3. The density of liquid benzene at 0 °C is 0.899 g cm 3 , and the van der Waals constant a is 1.824 m 6 mol” 2 Pa. Estimate the internal 
pressure and the potential-energy contribution to the internal energy. 

Solution 

17.4. Make a better estimate of the internal energy of liquid benzene from its thermal pressure coefficient (8P/dT) v , which at 298 K and 1 
bar pressure is 1 .24 x 10 6 Pa KT 1 . 

Solution 

17.5. Calculate the internal pressures of the following liquids at 298 K and 1 bar pressure from their thermal pressure coefficients, which 
are as follows: 


Hg: 

4.49 x 10 6 Pa KT 1 

n- Heptane: 

8.53 x 10 s Pa K 1 

n-Octane: 

1.01 x 10 6 PaK 1 

Diethyl ether: 

8.06 x 10 5 Pa KT 1 


Solution 
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Inteimolec ular Ene ng ies 




17.6. The thermal pressure coefficient ( dP/dT ) v , for CCI 4 vapor at 298 K and 10 Pa pressure, is 115 Pa K That for liquid CCI 4 at 298 
K and 1 bar pressure is 1.24 x 10 6 Pa K Calculate the internal pressures of the vapor and the liquid under these conditions. 

Solution 

*17.7. The following data apply to liquid acetic acid at 1 atm pressure and 293 K: density, d = 1.049 g cm ; coefficient of expansion, 
a = 1.06 x 10" 3 KT 1 ; compressibility, k = 9.08 x 10 -10 Pa -1 ; van der Waals constant, a = 1.78 m 6 Pa mol -2 . Make two 

estimates of the internal pressure P,, (a) using a and k and (b) using a. 


Solution 


*17.8. a. Derive the relationship 


C -C = 


a-VT 

K 


where a is the coefficient of expansion and k is the compressibility. 

b. The value of Cy m for liquid CCI4 at 298 K and at 1 bar pressure is 89.5 J K 1 mol -1 . Obtain the value of Cp, m using the following 
data: V m = 97 cm 3 mol -1 ; a = 1.24 x 10~ 3 KT 1 ; k = 10.6 x 10 -5 bar -1 . 

c. Calculate C P , m - C Vjn for liquid acetic acid using the data given in Problem 17.7. 


Solution 


Intermolecular Energies 

17.9. A liquid having a molar volume of 50 cm is converted into a vapor having a molar volume of 50 dm\ By what factor does the 
average intermolecular energy change? 

Solution 

17.10. Calculate the maximum energy of attraction, in J and in kJ mol -1 , when a Ca 2+ ion is separated from a molecule of dipole moment 

_on 

6.18 x 10 Cm (= 1.85 D; this is the dipole moment of water) by a distance of 500 pm in a vacuum. 


Solution 


17-3 


Chapter 17: The Liquid State 


Inte rmolec ula r En e ng ie s 


17 . 11 . Calculate the energy of attraction, in J and in kJ mol ’, when a Ca 2+ ion is separated in a vacuum from a Cl ion by a distance of 500 
pm. 

Solution 

17 . 12 . Calculate the energy of attraction, in J and in kJ mol -1 , when a Ca 2+ ion is separated in a vacuum by a distance of 500 pm, from a 

—30 3 

nonpolar molecule (having zero dipole moment) but a polarizability of 2.0 x 10 m . 

Solution 

i—l —30 

17 . 13 . Calculate the average energy of attraction, in J and in kJ mol , for two molecules of dipole moments 6.18x10 Cm separated in a 
vacuum at 25 °C by a distance of 500 pm. 

Solution 

17 . 14 . The following values for A and B in the Lennard-Jones 6-12 function (Eq. 17.21) have been given for N 2 : 

A = 1.34 x 10~ 5 J pm 6 

5 = 3.42 x 10 10 J pm 12 

Calculate the equilibrium separation r 0 and the classical dissociation energy Eq, in J and in J mol -1 . 


Solution 

* 17 . 15 . The following data apply to HBr: dipole moment, /u = 2.60 x 10 30 C m; polarizability, a = 3.58 x 10 50 m 3 ; oscillation frequency, 
vo = 3.22 x 10 13 s _1 . Estimate the dipole-dipole, dipole- (induced dipole), and dispersion energies in J and in kJ moE 1 for two HBr 
molecules separated by 500 pm, at 25 °C. 


Solution 
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* 17 . 16 . The following are the polarizabilities and oscillation frequencies for Ne, Ar, and Kr: 

Ne Ar Kr 

Polarizability, a/10~ 30 m 3 0.396 1.63 2.48 

Frequency, vo/10 15 s -1 5.21 3.39 2.94 


Calculate the dispersion energies for Ne, Ar, and Kr corresponding to a separation of 500 pm. Related data for He and Xe are given 
in Table 17.3; plot the five calculated values against the boiling points of the noble gases: 

He Ne Ar Kr Xe 

Boiling point, 7VK 4.22 27.3 87.3 119.9 165.1 


Solution 

* 17 . 17 . In Table 17.3 and Problem 17.16 the dispersion energies of noble gases were calculated for a constant interatomic distance of 500 
pm. More realistic values are: 


He Ne Ar Kr Xe 

Interatomic distances/pm 240 320 380 400 420 


Recalculate the dispersion energies for these distances, and again plot the five values against the boiling points, which were given in 
Problem 17.16. 

The experimental value for the enthalpy of vaporization of liquid argon is 6.7 kJ mol -1 . Make an estimate of the enthalpy of vaporization 
from your calculated value of E p (at 380 pm), assuming the liquid to have a close-packed structure with each atom having 12 nearest 
neighbors. 


Solution 
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*17.18. Estimate the interaction energy between an argon atom and a water molecule at a separation of 600 pm, which is approximately the 

_ on _ 

distance of closest approach. The necessary data are: HiO: dipole moment, fi = 6.18 x 10 Cm; Ar: polarizability, a = 1.63 x 10 

30 m 3 . 

Argon forms a solid hydrate, Ar-5HiO, but the binding energy between Ar and H 2 O is about 40 kJ mol -1 , which is a good deal 
larger than the energy calculated from the dipole moment and polarizability. Suggest a reason for this discrepancy. 


Solution 


*17.19. a. The Lennard- Jones potential 

A B 
E — — —~\ 

6 n 

r r 

can be formulated in a different way by expressing A and B in terms of the minimum energy E m ; n and the value ro of r at the 
minimum energy. Obtain the expression for E in terms of E m \ n and ro. 

b. If r* is the value of r when E = 0, obtain the relationship between r* and ro. 

c. The Lennard-Jones potential is often used with n = 12, and the equations are then simpler. Obtain E in terms of £ mm and ro and in 
terms of E m \ n and r*, for this special case of n = 12. 


Solution 


Essay Questions 

17.20. Explain qualitatively how intermolecular forces of attraction are related to the following properties of a liquid: 

a. vapor pressure; 

b. enthalpy of vaporization; 

c. normal boiling point; 

d. entropy of vaporization. 

17.21. Explain clearly the difference between dipole-dipole and London (dispersion) forces. With reference to a few examples, discuss the 
magnitudes of attractive energies arising from these forces. 
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Solutions 

17 . 1 . The density of liquid ethanol at 20 °C is 0.790 g cnT 3 , and the van der Waals constant a is 1.218 Pa m 6 mor 2 . Estimate the internal 
pressure and the potential-energy contribution to the internal energy. 

Solution: 

Given: T = 20 °C, p - 0.790 g cnT 3 , a = 1.218 Pa m 6 moE 2 


Required: P, E p 

The internal pressure where the van der Waals equation applies, is given by Eq. 17.4 

'8U] _a_ 

UvJ l > m 2 

Since we have the density of ethanol, we can calculate the molar volume using the molar mass of ethanol. 

Methanol =( 2 x 1 2.0 1 1 + 6 x 1 .00794 + 1 5 .9994) g moE 1 

^ eth a„o,= 46.06904 g mol 1 
M 

t 7 ethanol 

y m 


P 

46.06904 g moE 1 

V = ^ 

m 0.790 /cm 3 

3 

V m =58.315 240 51 moE’xlO^ 6 ^^ 

ymr 

V m =5.831524051x10 5 m 3 moE 1 
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Solving for P t gives, 

p _ 1.218 Pam 6 mol 2 

(5.831524 051x10 5 m 3 mol 1 ) 2 
F* =358 165 001.6 Pa 
P t =3.58xl0 3 bar 


From Eq. 17.9, we solve for E p 


a 

1.218 Pa m 6 moE 2 
5.831524 051x10 5 m 3 moE 1 
= -20 886.478 21 Pa m 3 mol 1 


E p =- 20.9 kJ mol" 1 


Back to Problem 17.1 


Back to Top 


Solutions 
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17.2. In Example 17.3 (page 905), we obtained the internal pressure of liquid water from the van der Waals constant a. A more reliable 
value is obtained by use of Eq. 17.2, from the thermal pressure coefficient (dP/dT) v \ this quantity is the ratio ahc of the coefficient 

of expansion a\ = (\IV)(dVIGT) p ] to the compressibility k\ = -(\IV )(6V/8P ) t ]. For water at 1 bar pressure and 298 K the thermal 
pressure coefficient is 6.60 x 10 6 Pa K Calculate the internal pressure. 

Solution: 


Given: P = 1 bar, T = 298 K, 


' ap 
y dT 


\ 

Jv 


= 6.60 xlO 6 Pa K 1 


Required: P from Eq. 17.2 


The internal pressure given by Eq. 17.2 is 


(dU\ 


ydv) T 


P + T 


' 8P ^ 

,dTj v 


P = - 100 000 Pa + 298 X(6-60xl0 6 Pa 


P t =1 966 700 000 Pa 


P t =19 667 bar 
P { =19.7 xlO 3 bar 


Back to Problem 17.2 Back to Top 
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Solutions 


17 . 3 . The density of liquid benzene at 0 °C is 0.899 g cm 3 , and the van der Waals constant a is 1.824 m 6 mol 2 Pa. Estimate the internal 
pressure and the potential-energy contribution to the internal energy. 

Solution: 

Given: T = 0 °C, p = 0.899 g cnE 3 , a = 1.824 Pa m 6 moE 2 
Required: P, E p 

We solve this problem using the same procedure as in problem 17.1. 

The molar volume is calculated from the molar mass of benzene 

^benzene = (6 X 12.01 1 + 6 X 1 .00794) g moE* 

^benzene =78. 113 64 g mol ' 

M 

t 7 benzene 

y m 

P 

78.113 64 g moE 1 

V = ^ 

m 0.899 0 cm -3 

3 

V m = 86.889 477 2 prff moE 1 x 10 6 

ymr 

V =8.688 947 72x10 5 m 3 moE 1 

m 

Solving for P, gives, 

_ 1.824 Pa m 6 mol 2 

(8.688 947 72 x 10 5 m 3 mol 1 ) 2 
P = 241596 403.9 Pa 
P = 2.42xl0 3 bar 

From Eq. 17.9, we solve for E p 
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a 

y~ m 

1.824 Pa m ft mol 2 
8.688 947 72x10 5 nr mol 1 
20 992.185 23 Pa m 3 moP 1 

E p =-21.0 kJ moP 1 

Back to Problem 17.3 



Back to Top 


Solutions 
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17.4. Make a better estimate of the internal energy of liquid benzene from its thermal pressure coefficient ( dP/dT ) v , which at 298 K and 1 
bar pressure is 1.24 x 10 6 Pa KT 1 . 

Solution: 


Given: P = 1 bar, T = 298 K, 


' dP 
y dT 


Jv 


= 1.24xl0 6 Pa K 1 


Required: P from Eq. 17.2 


We solve this problem using the same procedure as in problem 
The internal pressure given by Eq. 17.2 is 


( P 77 A 


dU 

dV 


= -P + T 


Jt 


dP_ 

dT 


/5 = _ioo 000 Pa + 298 
P =369 420 000 Pa 


X(l-24xl0 6 Pa 


17.2. 


- 3694.2 bar 
i ° =3.69xl0 3 bar 


Back to Problem 17.4 Back to Top 
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17.5. Calculate the internal pressures of the following liquids at 298 K and 1 bar pressure from their thermal pressure coefficients, which 
are as follows: 



Hg: 

4.49 x 10 6 Pa KT 


«- Heptane: 

8.53 x 10 5 Pa K 


n-Octane: 

1.01 x 10 6 PaKT 


Diethyl ether: 

8.06 x 10 5 Pa KT 

Solution: 



( dP > 

Given: P = 1 bar, T = 298 K, — 

l dTj 

given above 

V 


Required: P 



We solve this problem using the same procedure as in 

problem 17.2. 


The internal pressure given by Eq. 17.2 is 


(dU\ 


ydv) T 


P + T 


' dP ^ 

,dTj v 


P t =- 100 000 Pa + 298X(4.49xl0 6 Pa 


P t =1 337 920 000 Pa 


P t = 13 379.2 bar 


a. 


P =1.34xl0 4 bar 


Repeating the same procedure as above, we obtain the following results: 


b. 


c. 


d. 


P t = 2.54 xlO 3 bar 
P { =3.01xl0 3 bar 
/> = 2.40xl0 3 bar 


Back to Problem 17.5 


Back to Top 
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17.6. The thermal pressure coefficient ( dP/dT ) v , for CCI 4 vapor at 298 K and 10 Pa pressure, is 1 15 Pa K That for liquid CCI 4 at 298 
K and 1 bar pressure is 1.24 x 10 6 Pa K '. Calculate the internal pressures of the vapor and the liquid under these conditions. 

Solution: 


Given: T = 298 K, P vapor = 10 Pa, 


f $p\ 


Jv,v, apor 


= 115 Pa K \ 


^ iq u,d = 1 bar > 


r Qp\ 

\dTj VMmA 


= 1.24xl0 6 Pa K 


Required: P for vapor and liquid 

We solve this problem using the same procedure as in problem 17.2. 
The internal pressure given by Eq. 17.2 is 


r dU 

K dV 


= -P + T 


Jt 


dP_ 

dT 


or=-10Pa + 298X(ll5PaX r 


^=34 260 Pa 

n vapor = 0.342 60 bar 


K vapor =0.343 bar 


For the liquid, 

^ 1 ^ =-100 000 Pa + 298 X(l-24xl0 6 Pa 

^/.liquid =369 420 000 Pa 
^.liquid = 3694.2 bar 

^.liquid = 3.69 xlO 3 bar 


Back to Problem 17.6 Back to Top 
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* 17 . 7 . The following data apply to liquid acetic acid at 1 atm pressure and 293 K: density, d = 1.049 g cm 
a = 1.06 x 10~ 3 KT 1 ; compressibility, k = 9.08 x 10 -10 Pa -1 ; van der Waals constant, a = 1.78 m 6 Pa moP 

internal pressure P,, (a) using a and k and (b) using a. 

Solution: 


Given: P = 1 atm, T = 293 K, d = 1.049 g cnT 3 , a = 1.06 x 10 3 K 1 , k = 9.08 x 10 10 Pa -1 


a vdw = 1.78 m Pa mol" 


Required: a) P i from a and k and 

b) P from using a 


a. From Eq. 17.2, and knowing that the thermal pressure coefficient ( dP/dT) v is the ratio a/K, 


r dU} 
KdV j T 


= -P + T 


f Qp\ 


\dT j w 


becomes P : =-P + T 




\k) 


Solving for P we obtain, 


/5 = _ioo 000 Pa + 293 


X 


' 1.06x10 3 

9.08x10 10 Pa 1 

V 7 


Pi = 341 948 458.2 Pa 
P t =3419.484 582 bar 

P =3.42xl0 3 bar 


b. The internal pressure where the van der Waals equation applies, is given by Eq. 17.4 

' DU _ a 

Using the density, we can calculate the molar volume using the molar mass of acetic acid. 


; coefficient of expansion, 

. Make two estimates of the 
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M =(2x12.011 + 4x1. 00794 + 2x15. 9994)g mol -1 
M = 60.05256 g mor 1 

V = ™ 

m 7 

a 

60.05256 g mol 1 
1.049 jgf cm 3 

3 

V m = 57.247 435 65 prff moF 1 x 10 6 

V = 5.724 743 565 x 10 5 nr 3 mol 1 

m 

Solving for P, gives, 

_ 1.78 Pa m 6 moF 2 

(5.724 743 565 x 10~ 5 m 3 mol 1 ) 2 
P t =543 135 171.5 Pa 
P t =5.43xl0 3 bar 


Back to Problem 17.7 Back to Top 


Solutions 
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Solutions 


*17.8. a. Derive the relationship 
a-VT 


C -C =- 


K 


where a is the coefficient of expansion and k is the compressibility. 

b. The value of Cy,m for liquid CCI4 at 298 K and at 1 bar pressure is 89.5 J K 1 mol -1 . Obtain the value of Cp jn using the following 
data: V m = 97 cm 3 mol -1 ; a = 1.24 x 10 3 K -1 ; k = 10.6 x 10 5 bar -1 . 

c. Calculate Cp, m - Cv, m for liquid acetic acid using the data given in Problem 17.7. 

Solution: 

Given: T = 298 K, P = 1 bar, C V m = 89.5 J K 1 mol -1 , 

V m =97 cm 3 mol -1 ,« =1.24xl0 -3 K -1 , /r = 10.6x10 5 bar -1 , 

data from Problem 17.7 
Required: see above 


a. To derive the above relationship we start with Eq. 2.117 found in Chapter 2. 

r dU^ 


C -C = 

^ P 


p+ 


\dVj T 


' dV ^ 
y dT ) P 


Using one of the thermodynamic equations of state, Eq. 3.128, 


fdu \ = _ p + T (dP^ 


ydVj T 


KST j v 


We make the following substitution: 
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Solutions 


C -C = 


/'Mi' 


Jv 


' dV _ N 

v 5r J P 


Cp-c v =r — 

p y Ur 


Jv 


dV_ 

dT 


J p 


Using the definitions of the cubic expansion coefficient and the isothermal compressibility as defined by Eq. 3.139 and Eq. 142 we further 
solve, 


1 

a=— 

V 


r dv} 

\dT j P 


and k=— 
V 


f dV _ > 
\dP j T 


The expression first becomes, 

f dP } 

Cp-Cy =T 

l dT) v 

a ifdV^ 


K V 
a 

K 

a 

K 


xV 


(Va) 

f dP ^ 


\dT j P 
^ay^ ( dp^ 
y dT Jp 
f dP^ 

dT 


ydVj T 


\dV; T 


J v 


Thus, 

Cp-Cy =T—(Va) 

AT 


c -c = 

p '-'V 


a~VT 


K 


b. Using the expression above we can solve for Cp,„ 
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Solutions 


C —C + 


a 2 VT 


K 


C p m = 89.5 J K mol + 


(1.24x10 3 KF 1 ) 2 (97 xlO^m 3 mol 1 ) (298 K) 


10.6xl0 5 >af^xl0 5 Pa 


C Pm = 131.430 0619 JK 1 moF 1 
C P m = 131 J K 1 mol -1 


c. From the data given in problem 17.7 we have, 

V m = 5 .724 743 565 x 10 5 m 3 mol 1 ,P = 1 atm, T = 293 K, a = 1.06 x 10 3 K 1 , k = 9.08 x 10 10 Pa 1 


Therefore C Pm -C v m is calculated as, 

(1.06x10 3 K 1 ) 2 (5.724 743 565x10 5 m 3 moF 1 ) (293 K) 
Cp ’ m Cy ' m ~ 9.08x10 10 Pa 1 

C P m -C V m =20.756 280 92 J K 1 moF 1 

C P , m -C Vm = 20.8 JK- 1 mol 1 


Back to Problem 17.8 Back to Top 
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o a 

17.9. A liquid having a molar volume of 50 cm is converted into a vapor having a molar volume of 50 dm . By what factor does the 
average intermolecular energy change? 

Solution: 

Given: V m , = 50 cm 3 , V m 2 = 50 dm 3 


Required: factor of intermolecular energy change 


Since the intermolecular energy is inversely proportional to the sixth power of the intermolecular distance, it is inversely proportional to the 


square of the volume (Eq. 17.4, 
10 ' 6 . 


dU 

dV 


? a 3 

= — - ). The volume has increased by a factor of 10 , and the energy therefore changes by a factor of 

Jt v- 


Back to Problem 17.9 Back to Top 
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17.10. Calculate the maximum energy of attraction, in J and in kJ mol ', when a Ca 2+ ion is separated from a molecule of dipole moment 

_in 

6.18 x 10 Cm (= 1.85 D; this is the dipole moment of water) by a distance of 500 pm in a vacuum. 

Solution: 

Given : ju = 6.18x10 Cm , r = 500pm 

Required: E 

We can calculate the maximum energy using Eq. 17.13, 

£ _ z A eju cos 6 
p 47T£ 0 Sr 2 

For a separated species, this simplifies to 

„ z A eju . 

E= r since cos;r = -l 

p 4 ns/- 

Solving, we obtain, 

(2)(l.602xl0 19 C)(6.18xl0~ 30 C m) 

" 4^-(8.854xl0 12 C 2 N 1 m 2 )(5.00xl0 10 m) 2 

£,=-7.118 550 86x10 20 Nm 
£ p =-7.12xl0 20 J 

'l 

Converting to kJ per mole, we multiply by Avogadro’s number and 10’ . 

E p = (-7. 1 1 8 550 86 x 10 20 j) (6.022 x 10 23 mol 1 ) 

E p = -42 867.913 27 J mol 1 
E p = -42.9 kJ mol 1 

Back to Problem 17.10 Back to Top 
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17.11. Calculate the energy of attraction, in J and in kJ mol ', when a Ca 2+ ion is separated in a vacuum from a Cl ion by a distance of 500 
pm. 

Solution: 

Given: r = 500 pm 

Required: E p 

We can calculate the maximum energy using Eq. 17.12, 

E = Za £b£1 
p \ns Q sr 


(2)(-l) 

(1.602 x 10 1 

19 c) 

2 

1 

4^| 

(8.854xl0~ 12 C 2 N _1 m -2 ) 

(5.00xl0 10 m) 


E p = -9.226 47 1 26 x 10 19 N m 1 
E p = - 9.23x10 19 J 

E p = (-9.226 47126x10 19 j) (6.022 xlO 23 mol 1 ) 
E p = -555 618.099 1 J mol” 1 
E p = -556 kJ moE 1 


Back to Problem 17.11 Back to Top 
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17.12. Calculate the energy of attraction, in J and in kJ mol when a Ca 2+ ion is separated in a vacuum by a distance of 500 pm, from a 

on o 

nonpolar molecule (having zero dipole moment) but a polarizability of 2.0 x 10 m . 

Given: a = 2.00 x 10 10 m 3 , r = 500 pm 
Required: E 

In this case, we calculate the energy of attraction using Eq. 17.14, 

£ _ a(z A e) 2 
p 8 7T£ 0 sr 4 

Solving, we obtain, 

E _ a(z A e) 2 

p 8 7T£ 0 £r 4 

(2.00x10 30 m 3 )(2xl.602xl0 19 C) 2 
" 8^(8.854x10 12 C 2 N 1 m 2 )(5.00xl0 10 m) 4 

E p =-1.476 235 4xlO -20 N m 
E p =-1.48xlO“ 20 J 

E p =(-1.476 235 4x10 20 j)(6.022xl0 23 mol 1 ) 

E p = - 8889.889 586 JmoE 1 
E p = -8.89 kJ mol' 1 


Back to Problem 17.12 
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i —30 

17.13. Calculate the average energy of attraction, in J and in kJ mol , for two molecules of dipole moments 6.18 x 10 Cm separated in a 
vacuum at 25 °C by a distance of 500 pm. 

Solution: 

Given: /u = 6.18X10 30 CmJ = 25 °C, r = 500pm 
Required: E 

We solve for the average energy of attraction using Eq. 17.17. 

E mImI 

p 24 7r 2 4£ 2 k B Tr 6 

(6.18xlO- 30 Cm) 4 

P 24;r 2 (8.854xl0~ 12 C 2 N 1 m 2 ) 2 (l.381xl0 23 J K _I )(298 K)(5.00xl0" 10 m) 6 
E p = -1.221 61x10 21 J 
E p = -1.22 xl0~ 21 J 

E p = (-1.221 61x10 21 j) (6.022 xlO 23 mol 1 ) 

E p = -735.653 542 J moE 1 
E p = -0.736 kJ mol 1 


Back to Problem 17.13 Back to Top 
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17 . 14 . The following values for A and B in the Lennard-Jones 6-12 function (Eq. 17.21) have been given for N 2 : 
A = 1.34 x 1CT 5 J pm 6 
5 = 3.42 x 10 10 J pm 12 

Calculate the equilibrium separation tq and the classical dissociation energy Eq, in J and in J mol -1 . 

Solution: 


Given: Eq. 17.21, A = 1.34xl0 5 J pm 6 , B = 3.42xl0 10 J pm 12 
Required: r 0 . Eq 

To solve for the equilibrium separation, we take the derivative of Eq. 17.21 and set it equal to zero. The resulting value of r corresponds to 
ro- 



dE p _ 6 A 12 B 

—j _ 7 B~~ 

dr r r 
6Ar 6 = Y1B 


r o = 


'2B_ 


,1/6 


2x3.42x10 J pm 
1.34x10 5 J pm 6 


.12 v 


1/6 


r Q = 414.946 288 pm 


r 0 = 415 pm 
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Solutions 


To solve for the energy at separation we use Eq. 17.21, substitution for the radius solved above. 



1.34 xl(T 5 Jpm 6 | 3.42 xlO 10 J pm 12 

° (414.946 288 pm) 6 (414.946 288 pm) 12 

E 0 = -1.312573 lx 1(T 21 J 
E 0 = -1.31xlCT 21 J 

Multiplying by Avogadro’s number and 10" we convert to kJ per mole. 

E 0 =(-1.3125731x10 21 j)(6.022xl0 23 mol) 

E 0 = -790.431 520 5 J mol -1 
E 0 = -0.790 kJ mol 1 


Back to Problem 17.14 Back to Top 
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Solutions 


OQ _OA O 

* 17 . 15 . The following data apply to HBr: dipole moment, ji - 2.60 x 10 Cm; polarizability, a = 3.58 x 10 m ; oscillation frequency, 
vo = 3.22 x 10 15 s '. Estimate the dipole-dipole, dipole- (induced dipole), and dispersion energies in J and in kJ moE 1 for two HBr 
molecules separated by 500 pm, at 25 °C. 

Solution: 

Given: // = 2.60xKE 30 C m, a =3.58xKT 30 m 3 , v 0 = 3.22xl0 15 s" 1 , r = 500 pm, T = 25 °C 


Required: dipole-dipole energy, dipole-(induced dipole) energy, and dispersion energy 
To determine the dipole-dipole energy for the two HBr molecules we use Eq. 17.17. 

E mImI 

p 247r 2 £~£ 2 k B Tr 6 

(2.60x10 30 V 

E = \ - 

24^(8.854x10 12 C 2 N 1 m“ 2 )“(l.381xl0 _23 J K" 1 x 298.15 K)(5xl0 10 m)’ 

E p = -3.825 206 2x10 23 J 

E p = -3.83x10 23 J 

E p = (-3.825 206 2x10 23 j)(6.022xl0 23 moE 1 ) 

E p =- 23.035 391 74 JmoE 1 
E p = -2.30x10 2 kJ mol 1 


The dipole-(induced dipole) energy is given by Eq. 17.18. 
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E - 

p 1 ns 0 £r b 

(3.58x10 30 m 3 )(2.60xl0~ 3 ° C m) 2 
P 2^(8.854xl0" 12 C 2 hT 1 nT 2 )(5.00xl0 10 mf 
E p = -2.784 135 13 xl0~ 23 J 
£ ;J = -2.78x10 23 J 

E p = (-2.784 135 13 x 10~ 23 j) (6.022 x 10 23 mol 1 ) 

E p = -16.7666 06177 J mol 1 
= -1.68x10 2 kJ mol 1 

The potential energy due to the dispersion forces is given by Eq. 17.19. 

3hv 0 a 2 
p 4 r 6 

3(6.626x10 34 Js)(3.22xl0 15 s ')(3.58xl0 30 ) 2 
" 4(5.00x10 10 m) 6 

E /; = -1.312 546 18x10 21 J 
E p = -1.31xl0" 21 J 

^, = (-1.312 54618x10 21 j) (6.022 xlO 23 mol 1 ) 

E p = -790.415 312 4 J moE 1 
E p = -0.790 kJ mol 1 


Back to Problem 17.15 Back to Top 
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* 17 . 16 . The following are the polarizabilities and oscillation frequencies for Ne, Ar, and Kr: 

Ne Ar Kr 

Polarizability, a/lCT 30 m 3 0.396 1.63 2.48 

Frequency, vo/10 15 s -1 5.21 3.39 2.94 

Calculate the dispersion energies for Ne, Ar, and Kr corresponding to a separation of 500 pm. Related data for He and Xe are given 
in Table 17.3; plot the five calculated values against the boiling points of the noble gases: 

He Ne Ar Kr Xe 

Boiling point, 7VK 4.22 27.3 87.3 119.9 165.1 


Solution: 

Given: a, v 0 , T b ,r = 500 pm, Table 17.3 
Required: E p , plot Ed against Tb 

Since we are given incomplete information for the frequency for He and Xe, we use Eq. 17.19 and the data found in Table 17.3 to solve for 
vo- 
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= _4 r% 

V ° 3 ha 2 
For He 

4(500x10 12 m) 6 (-4.6 J mol 1 ) 
3(6.626x10 34 J s)(0.20xl0 30 m 3 ) 2 
v 0He =3.615 806 419xl0 39 mol 1 s" 1 

_ 3.615 806 419xl0 39 s" 1 

1/ °’ He 6.022 xlO 23 

v 0He = 6.004 328 162xl0 15 s" 1 

For Xe 

4(500x10 12 m) 6 (-850.0 J mol ') 
3(6.626x10 34 J s)(4.00xl0 30 m 3 ) 2 
v 0He =1-670 345 357 xlO 39 moF 1 s^ 1 

_ 1.670 345 357 xlO 39 s~‘ 

6.022 xlO 23 

v 0H =2.773 738 553 xlO 15 


Solutions 
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^ 3 hv 0 a 2 

p " 4r 6 

3(6.626xl0^ 34 J s)(v 0 /s- 1 )(a 2 /m 3 ) 2 
" 4(500x10 12 m) 6 

E p =-3.180 48xl0 22 (v 0 /s^)(a 2 /m 3 ) 2 
For He 


E p =-3.180 48xl0 22 (6.004 328 162xl0 15 )(0.20xl0 30 ) 2 

E p =-7.638 658 253x10 24 J; -4.6 J mol 1 
For Xe 


E p =-3.180 48xl0 22 (2.773 738 553xl0 ls )(4.00xl0 30 ) 2 
E p = -1.411 491 199x10 21 J; -850 J mol 1 
For Ar 


E p =-3.180 48 x 10 22 (3.39 xlO 15 ) (1.63x10 30 ) 2 
=-2.864 623 669x10 22 J; -172.507 637 3 J moF 1 
For Ne 

E p =-3.180 48xl0 22 (5.21xl0 15 )(0.396xl0 30 ) 2 
E p =- 2.598 488 29x10 23 J; -15.648 096 48 JmoF 1 
For Kr 


E p = -3.180 48xl0 22 (2.94xl0 15 )(2.48xl0 30 ) 2 
F, =-5.750 999 912x10 22 J; -346.325 214 7 J mol 1 


Solutions 
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Check Ep for He and Xe , directly taken from book or have to calculate it? Have the same values anyhow 


Back to Problem 17.16 Back to Top 
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* 17 . 17 . In Table 17.3 and Problem 17.16 the dispersion energies of noble gases were calculated for a constant interatomic distance of 500 
pm. More realistic values are: 


He 


Ne 


Ar 


Kr 


Xe 


Interatomic distances/pm 


240 


320 


380 


400 


420 


Recalculate the dispersion energies for these distances, and again plot the five values against the boiling points, which were given in 
Problem 17.16. 


The experimental value for the enthalpy of vaporization of liquid argon is 6.7 kJ mol '. Make an estimate of the enthalpy of vaporization 
from your calculated value of E p (at 380 pm), assuming the liquid to have a close-packed structure with each atom having 12 nearest 


neighbors. 

Solution: 

Given: Table 17.3, Problem 17.16, r = 500 pm, 

Required: E d , plot E d against T b 

The values previously calculated (Problem 17.16) will be multiplied by the factor 


r _ 3/iv 0 « 2 

p ' 4r 6 

Sample calculation for He: 

£ /; =-7.638 658 253x10 24 J 


( 500 ^ 


and then divided by the corresponding inteatomic distances to the power of 6 according to the following equation 



new E p = -376.106 126 2 J mol 
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The values of -E d / J mol 1 are then: 



He 

Ne 

Ar 

Kr 

Xe 

For 500 pm 

4.6 

15.6 

173 

346 

850 

For r 

376 

228 

895 

1321 

2420 


If each Ar atom has 12 nearest neighbors, the estimated enthalpy of vaporization is 


12 


— x (895 J mol 1 ) = 5370 J mol" 


This is not bad agreement considering the simplicity of the model. 



Back to Problem 17.17 Back to Top 
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*17.18. Estimate the interaction energy between an argon atom and a water molecule at a separation of 600 pm, which is approximately the 

_ in _ 

distance of closest approach. The necessary data are: fEO: dipole moment, /r = 6.18 x 10 Cm; Ar: polarizability, a = 1.63 x 10 

30 m 3 . 

Argon forms a solid hydrate, Ar-5HiO, but the binding energy between Ar and TEO is about 40 kJ moE 1 , which is a good deal 
larger than the energy calculated from the dipole moment and polarizability. Suggest a reason for this discrepancy. 

Solution: 

Given: r = 600 pm, jU H O = 6.18x10 30 C m, a Al . = 1.63x10 30 m 3 , £ bindilg = 40 kJ moE 1 

Required: ^interaction, explain the discrepancy 

The interaction energy, with s = 1, is given by Eq. 17. 18 

E _ a/r 
p 2 ns 0 r k 

Since only HiO has a permanent dipole, the potential energy is halved, giving, 

E - 

p 4 ns 0 r h 

Solving for interaction energy of Ar-fEO gives, 

(l.63xl0 -30 m 3 )(6.18xl0 30 Cm) 2 
" 4^(8.854xl0" 12 C 2 N _1 m^ 2 )(6.00xl0" 10 m) 6 

E p = - 1.199 244 32x10 23 J 
E p = -1.20x10 23 J 

E p = (-1.199 244 32x10 23 j)(6.022xl0 23 mol 1 ) 

E p = 7.221 849 302 J mol 1 
E, = 7.22x10 3 kJ mol 1 
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This value is far lower that the binding energy between Ar • 5H 2 0 of 40 kJ mol 1 since there would be additional hydrogen bonding between 
neighbouring water molecules. 


Back to Problem 17.18 Back to Top 


17-36 


Chapter 17: The Liquid State 


Solutions 


*17.19. a. The Lennard- Jones potential 

£ = ~4 + — 

r r 

can be formulated in a different way by expressing A and B in terms of the minimum energy E m and the value r o of r at the 
minimum energy. Obtain the expression for E in terms of E m - m and ro- 

b. If r * is the value of r when E = 0, obtain the relationship between r* and ro. 

c. The Lennard- Jones potential is often used with n =12, and the equations are then simpler. Obtain E in terms of E m - m and ro and in 
terms of E min and r*, for this special case of n = 12. 

Solution: 

Given: Lennard-Jones potential 
Required: a. E in terms of E m - m and r 0 

b. relationship between r* and r o 

c. E in terms of E min and ro, and in terms of £ mm and r* for n = 12 

a. We begin by taking the derivative of the Lennard-Jones potential and set it equal to zero. The resulting value of r corresponds to ro. 

A B 

E — — — -l 

r 6 r" 

clE 6 A nB 

u ' 'o 'o 
6 A nB 


. n + 1 


Rearranging to obtain expressions for A and B we get, 

, nBr () 6 " 6Ar 0 - 6 

A = — and B = — 

6 n 

After substitution, the minimum energy becomes, 
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^min - 

E- = 


T + - 


6 Ar n 


n-6 \ 


A 0 A 0 V 

A 6 A 

T + 6 

r 0 nr 0 


Therefore A can be written as, 


A= f < E nnn 


6 -n 

Similarly, we determine B as, 
6 r n "E 


B = 


0 min 

6-n 


Then, substituting back into the original equation, we have E in terms of E m \ n and ro. 



b. If r* is the value of r when E = 0, then from the Lennard- Jones potential we have, 
0 =-^ + . £ 


(r*y (r*y 

Rearranging this expression for r* we get, 
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A _ B 

(r *)" _ B 
(r *) 6 A 

(r*r=- 

V ’ A 

Using the expressions for A and B derived above we obtain the relationship between r * and r 0 


FT 

(r*r- 


KE_, 

6 — n 


f 6 C A 

nr Q E mm 


6 — n 


nr n 


5 

/ min 


( r *)"” 6 = 6 r o ” 




FT--(*r 

n 


r 


vV 


71- 6 


c. For n = 12 we use the result from part a. to get E in terms of E m - ]n and ro, and in terms of E m \n and r*. 

^ 6 



For n = 12, we get r 0 from the result of part b. 
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a.* a 


-lA 


n — 6 


V r o y j 


^v 1 


w 


a 'i 


n—6 


\ r *J 
( r A 


12-6 


( r 
A o 


77 

6 

12 

T 


= 2 


r o 6 = 2(r *) 


Therefore 

r 

E = E. 


2x2 


( r * a 

6 

V r ) 



( 2 A)‘) 1 ] 


12 A 


E = E. 


f r *A 6 


-4 


V r 


f r 


V r J 


12 A 


E = 4E_ 


r ( r *A 6 


V r 


( y * ''l 


V r ) 


12 A 


Back to Problem 17.19 Back to Top 
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Chapter 18 
Adsorption Isotherms 

18.1. A surface is half-covered by a gas when the pressure is 1 bar. If the simple Langmuir isotherm (Eq. 18.6) applies: 

a. What is IC/bar' 1 ? 

b. What pressures give 75%, 90%, 99%, 99.9% coverage? 

c. What coverage is given by pressures of 0.1 bar, 0.5 bar, 1000 bar? 

Solution 

18.2. Show that, if V is the volume of gas adsorbed at pressure P, and the Langmuir isotherm is obeyed, a plot of PA' against P is linear. 
Explain how, from such a plot, the volume Vo corresponding to complete coverage and the isotherm constant K can be determined. 

Solution 

18.3. The following results were reported by Langmuir for he adsorption of nitrogen on mica at 20 °C: 

Pressure/atm 2.8 4 6 9.4 17.1 33.5 

Amount of gas 
adsorbed/mm 3 at 20 

°C and 1 atm 12 15.1 19 23.9 28.2 33 

a. Make a linear plot of these values in order to test the Langmuir isotherm, Eq. 18.6. If it applies, evaluate the constant K. 

b. Suppose that 10 15 molecules cover 1 cm 2 of the surface. Make an estimate of the effective surface area in Langmuir’s experiment. 

Solution 

18.4. a. Show that for small coverages a system obeying the Langmuir isotherm will give a linear plot of In (9/P) against P, with a slope 
of unity. 

b. What is the slope if In (V a /P) is plotted against V„ at small coverages? (V„ is the volume of gas adsorbed.) 


Solution 
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Adsorption Isotherms 


18.5. The following are the volumes of ammonia, reduced to STP, adsorbed by 1 g of charcoal at 0 °C: 


Pressure/kPa 

6.8 

13.5 

26.7 

53.1 

79.4 

Volume/cm 3 

74 

111 

147 

177 

189 


Make a plot to see if the data are consistent with the Langmuir isotherm. If so, evaluate the constants K and Vo, the volume adsorbed 
when the surface is saturated. 


Solution 


18.6. a. Suggest a method of making a linear plot to test the applicability of the Brunauer, Emmett, and Teller (BET) isotherm (Eq. 18.25) 
when volumes adsorbed, V, are known at various pressures, 
b. Show that the BET equation reduces to the Langmuir isotherm when P 0 » P. 


Solution 

18.7. The following data were obtained for the adsorption of krypton on a 1.21 g sample of a porous solid: 


Pressure/Torr 

1.11 

3.08 

Volume adsorbed/cm 3 (STP) 

1.48 

1.88 


If the saturation vapor pressure is 19.0 Torr, estimate a surface area for the solid, assuming that a molecule of krypton occupies an 
area of 2.1xl0~ 21 m 2 . 

Solution 

*18.8. Derive the equation 

PI -Lexnf^L) 

1-9 ' (2*71 ! kjfbf V 2RT ) 

For the case of adsorption with dissociation (i.e., A , + 2S ^ 2 (S - A ) ; A E 0 is the energy of adsorption per mole. 


Solution 
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* 18 . 9 . Derive the equation 

h b a f-A£ 0 ^| 

C “ ^ {inmkjf b f 6XP l 2RT J 

For the case of adsorption where the adsorbed molecules are completely mobile on the surface (i.e., have two degrees of 
translational freedom). 


Solution 


Kinetics of Surface Reactions 

18 . 10 . A first-order surface reaction is proceeding at a rate of 1.5x10 4 mol dm 3 s” 1 and has a rate constant 2.0x10 3 s" 1 . What will be the 
rate and the rate constant if 

a. the surface area is increased by a factor of 10? 

b. the amount of gas is increased tenfold at constant pressure and temperature? 

If these values of u and k apply to a reaction occurring on the surface of a spherical vessel of radius 10 cm: 

c. What will be the rate and rate constant in a spherical vessel, of the same material, of radius 100 cm, at the same pressure and 

temperature? 

d. Define a new rate constant k’ that is independent of the gas volume V and the area S of the catalyst surface. 

e. What would be its SI unit? 

Solution 

18 . 11 . A zero-order reaction is proceeding at a rate of 2.5 x 10 3 mol dm 3 s 1 and a rate constant 2.5 x 10 3 mol dm 3 s 1 . 

a. How will the changes a, b, and c in Problem 18.10 affect the rate and the rate constant in this case? 

b. Again, define a rate constant that is independent of S and V. 

c. What would be its SI unit? 


Solution 
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Kinetics of Surface Reactions 


18 . 12 . The decomposition of ammonia on platinum, 

2NH 3 = N 2 +3H 2 

is first order in NH 3 and the rate is inversely proportional to the hydrogen concentration (Eq. 18.39). Write the differential rate equation for 
the rate of formation of hydrogen, dx/dt, in terms of the initial concentration of ammonia, a 0 , and the concentration x of hydrogen at time t. 

Solution 


* 18 . 13 . On the basis of the mechanism given on p. 943, derive an expression for the rate of formation of hydrogen atoms when hydrogen 
gas is in contact with hot tungsten. Under what conditions is the order of reaction one-half? 


Solution 


18 . 14 . A unimolecular surface reaction is inhibited by a poison I and obeys Eq. 18.36. If E is the activation energy corresponding to the 
reaction of the adsorbed substrate molecule (i.e., corresponding to k ) and A H A and AH, are the enthalpies of adsorption of A and I, what is 
the activation energy 

a. at very low concentration of A and I? 

b. at a very high concentration of A and a very low concentration of I? 

c. at a very low concentration of A and a very high concentration of I? 


Solution 


18 . 15 . Suppose that a reaction 


A — > Y + Z 

Occurs initially as a homogeneous first-order reaction (rate constant k) but that the product Z is adsorbed on the surface and catalyzes the 
reaction according to a law that is zero order in A and first order in Z (i.e., the term in the rate equation is k c [Z] ). Obtain a differential 
equation for the rate of appearance of Z, and integrate it to give z as a function of time. 


Solution 
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18 . 16 . Suggest explanations for the following observations, in each case writing an appropriate rate equation based on a Langmuir 
isotherm: 

a. The decomposition of phosphine (PH3) on tungsten is first order at low pressures and zero order at higher pressures, the activation 
energy being higher at the higher pressures. 

b. The decomposition of ammonia on molybdenum is retarded by the product nitrogen, but the rate does not approach zero as the 
nitrogen pressure is increased. 

c. On certain surfaces (e.g., Au) the hydrogen-oxygen reaction is first order in hydrogen and zero order in oxygen, with no decrease 
in rate as the oxygen pressure is greatly increased. 

d. The conversion of para-hydrogen into ortho-hydrogen is zero order on several transition metals. 


Solution 


Surface Tension and Capillarity 

18 . 17 . The surface tension of water at 20 °C is 7.27 x 1 0 2 N m 1 and its density is 0.998 g cm -3 . Assuming a contact angle 6 of zero, 
calculate the rise of water at 20 °C in a capillary tube of radius (a) 1 mm and (b) 1 0 3 cm. Take g = 9.81 m s -2 . (Capillaries in a tree have 
radii of about 1 0 3 cm, but sap can rise in a tree to much greater heights than obtained in this calculation. The reason is that the rise of sap 
depends to a considerable extent on osmotic flow; because of evaporation the leaves contain solutes of higher concentration than the trunk 
of the tree, and osmotic flow therefore occurs to the leaves.) 


Solution 


18 . 18 . The density of liquid mercury at 273 K is 13.6 g cm 3 and the surface tension is 0.47 N m '.If the contact angle is 140°, calculate the 
capillary depression in a tube of 1-mm diameter. 


Solution 


18 . 19 . The density of water at 20 °C is 0.998 g cm 3 and the surface tension is 7.27 x 10 2 N m '. Calculate the ratio between the 

vapor pressure of a mist droplet having a mass of 10 12 g and the vapor pressure of water at a plane surface. 


Solution 
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Surface Films 


18 . 20 . The two arms of a U-tube have radii of 0.05 cm and 0.10 cm. A liquid of density 0.80 g cm 3 is placed in the tube, and the height in 
the narrower arm is found to be 2.20 cm higher than that in the wider arm. Calculate the surface tension of the liquid, assuming 6 = 0 . 

Solution 


18 . 21 . A tube is placed in a certain liquid and the capillary rise is 1.5 cm. What would be the rise if the same tube were placed in another 
liquid that has half the surface tension and half the density of the first liquid? Assume that 6 = 0 in both cases. 


Solution 


18 . 22 . When a certain capillary tube is placed in water, the capillary rise is 2.0 cm. Suppose that the tube is placed in the water in such a 
way that only 1 .0 cm is above the surface; will the water flow over the edge? Explain your answer. 


Solution 


* 18 . 23 . A layer of benzene, of density 0.8 g cm” 3 , is floating on water of density 1.0 g cm” 3 , and a vertical tube of internal 

diameter 0.1 mm is inserted at the interface. It is observed that there is a capillary rise of 4.0 cm and that the contact angle is 40°. Calculate 
the interfacial tension between water and benzene. 


Solution 


18 . 24 . A liter of water at 20 °C is broken up into a spray in which the droplets have an average radius of 10 5 cm. If the surface tension of 
water at 20 °C is 7.27 x 10” 2 N m” 1 , calculate the Gibbs energy change when the droplets are formed. 


Solution 


Surface Films 

18 . 25 . Benjamin Franklin demonstrated on a number of occasions that a teaspoonful of oil put on water would produce a layer half an acre 
in area (1 acre = 4840 square yards; 1 yard = 0.915 m). Assume a teaspoonful to be 1 cm 3 , and estimate the thickness of the film. 

Solution 
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Surface Films 


18 . 26 . A fatty acid was spread on the surface of water in a Langmuir film balance at 15 °C, and the following results obtained: 


Area/cm 1 fig 1 

5.7 

28.2 

507 

1070 

2200 

11100 

Surface pressure/ 10~ J N 

-i 

30 

0.3 

0.2 

0.1 

0.05 

0.01 


m 


Estimate the molecular weight of the acid and the area per molecule when the film was fully compressed. 


Solution 


18 . 27 . N. K. Adam carried out surface film studies using a Langmuir film balance 14.0 cm in width having a floating barrier 13.8 

cm long. In one investigation he introduced 52.0 iig of 1-hexadecanol (C 16 H 33 OH) onto the surface and measured the force on the float at 
various lengths of the film, obtaining the following results: 

Length/cm Force on float/ 10 5 N 


20.9 

4.14 

20.3 

8.56 

20.1 

26.2 

19.6 

69.0 

19.1 

108.0 

18.6 

234 

18.3 

323 

18.1 

394 

17.8 

531 


Estimate the area per molecule when the film was fully compressed. 


Solution 


18-8 


Chapter 18: Surface Chemistry and Colloids 


Essay Questions 


Essay Questions 

18.28. Describe some of the most important characteristics of a chemisorbed layer. In what ways does a physisorbed (van der Waals) layer 
differ? 

18.29. Derive the Langmuir adsorption isotherms for two substances competitively adsorbed on a surface. Show how these equations 
interpret the kinetics of bimolecular surface reactions, distinguishing between Langmuir-Hinshelwood and Langmuir-Rideal mechanisms. 

18.30. Explain clearly the distinction between inherent and induced heterogeneity of surfaces. 

18.31. Explain the difference between lyophilic and lyophobic sols, with reference to some of the properties in which they differ. 

18.32. What information can be obtained from light-scattering experiments on colloidal particles in aqueous solution? 
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Solutions 

18 . 1 . A surface is half-covered by a gas when the pressure is 1 bar. If the simple Langmuir isotherm (Eq. 18.6) applies: 

a. What is /C/bar' 1 ? 

b. What pressures give 75%, 90%, 99%, 99.9% coverage? 

c. What coverage is given by pressures of 0.1 bar, 0.5 bar, 1000 bar? 

Solution: 

Given: simple Langmuir isotherm applies, P = 1 bar 
Required: see above 

a. For a surface that is half-covered, 6 = 0.5. Using Eq. 18.6 for the simple Langmuir isotherm, we replace the concentration [A] by 
the pressure, to obtain the value of K in bar. 

*[A]_ 

\ + K[A\ 

0 5 _ ^ x 1 bar 

_ l + /f xl bar 
0.5 + 0.5 K = K 

K = lbar 
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Solutions 


b. Here, we use a modified version of Eq. 18.6, with K replaced by P, in order to solve for the unknown pressure. We can derive a 
standard equation to solve for this particular problem as the initial pressure is 1 bar. 

Pxl bar 
1 + Pxl bar 
d + Pd = P 
0=P-P0 

e=p( l-d) 


i -e 

For 75% coverage: 
p _ 0.75 _ 0.75 
~ 1-0.75 ~ 025 
P = 3 bar 

For 90% coverage: 
0.90 0.90 

” 1-0.90 ” 0.10 


P = 9 bar 

For 99% coverage: 
0.99 0.99 

”1-0.99” 0.01 
P = 99 bar 
For 99.9% coverage: 
0.999 0.999 

”1-0.999 ”0.001 
P = 999 bar 
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Solutions 


c. This problem is similar to b., but with pressure as the known variable and percent coverage as the unknown variable. We can 
slightly modify the previous derived equation as follow: 

P x 1 bar 
1 + Pxl bar 
d + P0 = P 
<9(1 + P) = P 

<9 = — 

1 + P 

For 0. 1 bar pressure: 

1 + 0.1 1.1 

<9 = 0.090 909 09 


<9 = 0.091 or 9.1% 


For 0.5 bar pressure: 
0.5 0.5 

~ 1 + 0.5 ~ 1.5 
<9 = 0.333 333 333 


<9 = 0.33 or 33% 


For 1000 bar pressure: 
1000 1000 
~ 1+1000 ~ 1001 
9 = 0.999 000 999 


9 = 0.999 or 99.9% 


Back to Problem 18.1 


Back to Top 
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Solutions 


18.2. Show that, if V is the volume of gas adsorbed at pressure P, and the Langmuir isotherm is obeyed, a plot of P/V against P is linear. 
Explain how, from such a plot, the volume Vo corresponding to complete coverage and the isotherm constant K can be determined. 

Solution: 

Given: Langmuir isotherm 

Required: show that plot of P/V against P is linear, explanation 
The Langmuir isotherm in terms of pressure P is, from Eq. 18.6, 

e=-^— 

1 + KP 

e =y- 

y 0 

and therefore 

V _ KP 
V 0 ~ l + KP 

which rearranges to 

P _1 + R P _ 

V~ V 0 K ~ 

A plot of P/V against 
obtained separately. 

Back to Problem 18.2 Back to Top 


1 P_ 

y^ + y' a 

P is therefore linear; the slope is 1/Vo and the intercept on the P/V o axis is 1/Vo K. The quantities Vo and K can thus be 
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Solutions 


18 . 3 . The following results were reported by Langmuir for he adsorption of nitrogen on mica at 20 °C: 

Pressure/atm 2.8 4 6 9.4 17.1 33.5 

Amount of gas 
adsorbed/mm 3 at 20 

°C and 1 atm 12 15.1 19 23.9 28.2 33 

a. Make a linear plot of these values in order to test the Langmuir isotherm, Eq. 18.6. If it applies, evaluate the constant K. 

b. Suppose that 10 15 molecules cover 1 cm 2 of the surface. Make an estimate of the effective surface area in Langmuir’s experiment. 

Solution: 

Given: above table 

Required: test for Langmuir isotherm, constant K , effective surface area 

We know that the amount of gas adsorbed x is proportional to the percent coverage 6. Therefore, 
aK\ Al 

X = 

l+/sT[A] 

However, instead of the concentration, pressure is given. To convert pressure in atmospheres to concentrations, we use the ideal gas law: 

n___P__ (P fttn) 

V RT (0.082 05dm 3 jiHn X^mol ‘)(293.15 X) 


18-14 


Chapter 18: Surface Chemistry and Colloids 


Solutions 


To convert the amount of gas adsorbed to moles: 
PV 


1 

(l >trn) 

(v dm 3 ) 


(o.082 05 dm 3 jittn ^ moF 1 ' 

)(293.15 X) 


1 

(v jab 


(o.082 05 mol 1 

)(293.15) 




V/mm 


24 052 957.5 moF 


Thus, the table given above becomes 

Concentration/mol dm' 3 0.116 0.166 0.249 0.391 0.711 1.39 

Amount of gas 

adsorbed/10' 7 mol 4.99 6.28 7.90 9.94 11.7 13.7 

a. A linear plot may be obtained by plotting 1/x against 1/[A]: 

1 - 1 + 1 
x aA^A] a 


[A]'Vdm 3 mol' 1 

8.62 

6.02 

4.02 

2.56 

1.41 

0.719 

x'VlO 6 mol' 1 

2..00 

1.59 

1.27 

1.01 

0.85 

0.73 


From a plot of x" 1 against [A]’ 1 or from linear regression, 

a = 1.63xl0~ 6 mol 
K = 3.82 dm 3 moF 1 


Here the solution manual doesn’t have a plot or linear regression. Maybe add the plot and the linear regression for clearer explanation? 
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b. Complete coverage corresponds to 

(l.63xl(T 6 jsn 5f)x|6.022xl0 23 molecules jncfT^j = 9.815 86xl0 17 molecules 


For 10 15 molecules that covers 1 cm 2 of the surface, the effective surface area in Langmuir’s experiment will be: 


(9.815 86xl0 17 m©lecllleif)x| — - Cm — 
v ’ llO 15 jnolectHeT 


= 981.586 cnr 


effective surface area: 9.8x10" cm" or 0.098 nr 


Back to Problem 18.3 


Back to Top 


Solutions 
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Solutions 


18.4. a. Show that for small coverages a system obeying the Langmuir isotherm will give a linear plot of In (0/P) against P, with a slope 


b. What is the slope if In ( V a /P ) is plotted against V a at small coverages? (V a is the volume of gas adsorbed.) 

Solution: 

Given: small coverages, see above 
Required: see above 

a. In order to derive the equation for the plot of In (0/P) against P, we first start with Eq.18.7, 


of unity. 


1 + KP 


( 1 ) 


Rearranging, 


(1-6»)(1 + 1CP) = 1 

i+KP-0-0KP=i 
0 = KP - OKP 
6 = KP(\-0) 


( 2 ) 


Taking the natural logarithm on both sides yield: 


j = K(l-0) 



( 3 ) 



( 4 ) 


A plot of In (0/P) against 0 is thus linear with a slope of - 1 . 

The problem as to prove that plot of In (0/P) against P is linear, instead of In (0/P) against 0. The solution manual is also wrong. 
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b. Since 6 = V /V 0 , Eq. (4) can be written as 
In ( — | - In VC * In /C - — 

VPJ V 0 

A plot of In ( V/P ) against V thus has a slope of -1 /Vq. 


Back to Problem 18.4 


Back to Top 


Solutions 
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Solutions 


18.5. The following are the volumes of ammonia, reduced to STP, adsorbed by 1 g of charcoal at 0 °C: 


Pressure/kPa 

6.8 

13.5 

26.7 

53.1 

79.4 

Volume/cm 3 

74 

111 

147 

177 

189 


Make a plot to see if the data are consistent with the Langmuir isotherm. If so, evaluate the constants K and Vo, the volume adsorbed 
when the surface is saturated. 

Solution: 

Given: above table 

Required: constant K and Vo 

The Langmuir isotherm can be used in the form 

V KP 111 

— = or — = 1 

V 0 l + KP V V 0 KP V 0 

The data are plotted as 1/V against 1 IP in the accompanying figure. The Langmuir isotherm is obeyed, with 
V 0 = 222 cm 3 and K = 1.35 x 10" 2 kPa -1 
[image] 

Back to Problem 18.5 Back to Top 
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Solutions 


18.6. a. Suggest a method of making a linear plot to test the applicability of the Brunauer, Emmett, and Teller (BET) isotherm (Eq. 18.25) 
when volumes adsorbed, V, are known at various pressures, 
b. Show that the BET equation reduces to the Langmuir isotherm when P Q » P. 

Solution 

Given: volumes at various pressures 
Required: see above 

a. The BET isotherm can be tested in a number of ways, for example by plotting P/V ( P t) - P ) against P. 


b. If P 0 » P , the isotherm becomes 

P 1 P 
- + - 


y v 0 k v 0 


V 


The fraction covered 6 = — and therefore, 


or 


^=l + p 

6 K 


y n 


6 = 


KP 


1 + KP 

Which is the Langmuir isotherm. 

Back to Problem 18.6 Back to Top 
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18 . 7 . The following data were obtained for the adsorption of krypton on a 1.21 g sample of a porous solid: 


Pressure/Torr 

1.11 

3.08 

Volume adsorbed/cm 3 (STP) 

1.48 

1.88 


If the saturation vapor pressure is 19.0 Torr, estimate a surface area for the solid, assuming that a molecule of krypton occupies an 
area of 2.1xl0~ 21 m 2 . 

Solution: 

Given: above table, vapor pressure = 19.0 Torr, area/molecule of krypton = 2.1 xl0~ 21 m 2 . 

Required: surface area for the solid 

Inserting of the data into the BET isotherm (Eq. 18.25) gives two simultaneous equations: 

PPq _ 1 , P 
V(P 0 -P) V 0 K V 0 
first set: 

1,11x19.0 _ 1 1.11 

1.48(19.0-1.11) ~V^K + ~V^~ 

0.796 534 376 = — + — (l) 

V 0 K V 0 

second set: 

3.08x19.0 1 3.08 

1.88(19.0-3.08) ~~ V 0 K + V 0 
1 R OR 

1.955 254 998= + — (2) 

V K V v ’ 

r 0 v 0 

Now we have two equations and two unknowns and we can therefore solve for the values of K and Vq 
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using equation (l) to isolate an expression for K 

0.796 534 376 = — + — 

V 0 K V 0 

0.796 534 376V 0 K = 1 + 1.11A" 

0.796 534 316V 0 K -1.11/C = 1 
K (0.796 534 376V 0 -l.ll) = l 


Solutions 
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0.796 534 376V 0 -1.11 

replace the above expression into equation (2) 
1 R OR 

1.955 254 998 = + — 

V 0 K V 0 


1.955 254 998 = — 

V 0 

1.955 254 998= - 

V 0 

1.955 254 998V 0 = 0.796 534 376V 0 +1.97 
1.158 720 56V 0 = 1.97 

y = L97 

0 1.158 720 56 

V 0 = 1.700 151 069 cm 3 

substitute this value into equation (l) or (2) will solve for the value of K 

0.796 534 376 = — + — 

V 0 K V 0 

0.796 534 376 = + — 

1.700 151 069 K 1.700 151 069 

0.796 534 376 = + 0.652 883 158 

1.700 151 069 K 

0.143 651 217= 

1.700 151 069 K 

K = 1 

(0.143 651 217)(1.700 151 069) 


(0.796 534 376V 0 -1.11 J 
.796 534 376V 0 -1.11 + 3.08 


K = 4.094 521 704TorT 


Solutions 
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Solutions 


Now that we have the value of Vo, it is possible to determine the number of molecules 

At S.T.P., 22.7 L = 22 700 cm3 is the volume occupied by 1 mol. A volume of 1.700 151 069 cm3 thus contains 

lmQl . x 1.700 151 069 = 7.489 652 286xl0” 5 mol 

22 700 .ptff 

(7.489 652 286xl0~ 5 j«5f)x (6.022 xlO 23 molecules jHof 1 ') = 4.510 268 607xl0 19 molecules 


The surface area is thus 

2.1x10 rn x4 51Q 268 607xl0 i9 jnotecfl ]^r = o.094 715 64 nr 
jnolccule 

surface area = 947 cm 2 


Back to Problem 18.7 Back to Top 
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*18.8. Derive the equation 

JL- C r- OH i exp fz^) 

1-9 ‘ bf V 2RT ) 

For the case of adsorption with dissociation (i.e.. A, + 2S 


Solution: 

Given: see above 

Required: derivation for the case of adsorption with dissociation 
The process is 

A,+2S^2(S-A) 

and 


K = 


K = 


Nt 


c /s {nJv)n 2 s 


\-6 


In terms of partition functions, 


K = 




9,9, 


-exp 


-A£ 0 

RT 


K = 


tib 2 


(2 nmkj) il2 b g 6XP 


-A£ 0 

RT 


( if 9s = !) 


Therefore 


^ _ .. 1/2 
\-0 s 


h 3,2 b 


(Ixmkj) 1 bf 


_eX P 


-A £ 0 

2RT 


Back to Problem 18.8 


Back to Top 


Solutions 


2(S- A); AE 0 is the energy of adsorption per mole. 
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Solutions 


*18.9. Derive the equation 

h b a f-A£ 0 ^| 

C “ ^ {inmkjf b f 6XP l 2RT J 

For the case of adsorption where the adsorbed molecules are completely mobile on the surface (i.e., have two degrees of 
translational freedom). 

Solution: 

Given: see above 


Required: derivation for adsorption where the adsorbed molecules are mobile on the surface 

The adsorption centers need no longer be regarded as reactants; the equilibrium is between gas molecules and molecules forming the two- 
dimensional layer: 


K = ^NJS 


NJV 


(2nmk B T ) 


K exp 


K =- 


-A £ 0 

RT 




3/2 


Therefore 


b a f-AEg^ 

Cg ( Inmkjf b s exp l RT ) 


Back to Problem 18.9 


Back to Top 
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Solutions 


18.10. A first-order surface reaction is proceeding at a rate of 1.5x10 4 mol dm 3 s 1 and has a rate constant 2.0x10 3 s 1 . What will be the 
rate and the rate constant if 


a. the surface area is increased by a factor of 10? 

b. the amount of gas is increased tenfold at constant pressure and temperature? 

If these values of u and k apply to a reaction occurring on the surface of a spherical vessel of radius 10 cm: 

c. What will be the rate and rate constant in a spherical vessel, of the same material, of radius 100 cm, at the same pressure and 
temperature? 

d. Define a new rate constant k’ that is independent of the gas volume V and the area S of the catalyst surface. 

e. What would be its SI unit? 

Solution: 

Given: reaction rate = 1.5 xl0~ 4 mol dm 3 s' 1 , rate constant = 2.0 xl0~ 3 s” 1 
Required: see above 

a. The rate and the rate constant are both increased by a factor of 10: 

v = 1.5x10 3 mol dm 3 s” 1 ; & = 2.0xl0” 2 s" 1 

b. The rate of conversion (mol s’ 1 ) remains the same, but since the volume is increased by a factor of 10, the rate is reduced by a factor 
of 10, as is the rate constant: 

v = 1.5xl0” 5 mol dm" 3 s" 1 ; fc = 2.0xl0 -4 s” 1 

c. Increasing the radius by a factor of 10 increases the surface area by a factor of 100 and the volume by a factor of 1000. The rate and 
the rate constant are thus reduced by a factor of 10: 

v = 1.5xl0~ 5 mol dm -3 s _1 ; £ = 2.0xl0 -4 s _1 

kV 

d. Since k is proportional to S and inversely proportional to V, the constant k ' = — is independent of V and S. 

S 

e. Its SI units is m s’ 1 . 

Back to Problem 18.10 Back to Top 
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Solutions 


18.11. A zero-order reaction is proceeding at a rate of 2.5 x 10 3 mol dm 3 s 1 and a rate constant 2.5 x 10 3 mol dm 3 s 1 

a. How will the changes a, b, and c in Problem 18.10 affect the rate and the rate constant in this case? 

b. Again, define a rate constant that is independent of S and V. 

c. What would be its SI unit? 

Solution: 

Given: reaction rate = 2.5 xlO' 3 mol dm' 3 s' 1 , rate constant = 2.5 x 1 0 3 mol dm' 3 s' 1 
Required: see above 

The arguments here are the same as in Problem 18.10, and thus, 

a. (a') k = 2.5xl0' 2 mol dm' 3 s' 1 

v = 2.5 xlO' 2 s' 1 

(b') k = 2.5 x 10~ 4 mol dm' 3 s" 1 
v = 2.5xl0' 4 s' 1 

(c 1 ) fc = 2.5xl0' 4 mol dm' 3 s' 1 
v = 2.5 xlO' 4 s' 1 

b. k' = kV/S 

c. mol m^s” 1 

Back to Problem 18.11 Back to Top 
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Solutions 


18.12. The decomposition of ammonia on platinum. 


2NH 3 = N, +3H 2 


is first order in NH 3 and the rate is inversely proportional to the hydrogen concentration (Eq. 18.39). Write the differential rate equation for 
the rate of formation of hydrogen, dx/dt, in terms of the initial concentration of ammonia, a (l . and the concentration x of hydrogen at time t. 

Solution: 

Given: see above 
Required: see above 

To solve this problem, we can use a table that shows the initial concentrations of the reactants and the products and the concentration after a 
time t, assuming that x amount of 3TR has been consumed. 


2NH 


N 


2 


+ 


Initial concetrations 


a. 


‘o 


0 


0 


Concentrations after time t: 



x 


3 


x 


dx _ 

dt x 

dx 3ka 0 — 2kx 



dt 3x 
dx ka 0 2k 

dt x 3 


Back to Problem 18.12 


Back to Top 
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Solutions 


*18.13. On the basis of the mechanism given on p. 943, derive an expression for the rate of formation of hydrogen atoms when hydrogen 


gas is in contact with hot tungsten. Under what conditions is the order of reaction one-half? 
Solution: 

Given: see above 

Required: derivation for the rate of formation of hydrogen atoms 
From Eq. 18.14, the fraction of bare surface is 


Rate of H atom formation is thus. 


v = *(1-0)[H 2 ] 



l + K 1/2 [H 2 f 


Kinetics are one-half order when K 


V2 [H 2 f » 1 ; i.e., at high pressure when the surface is fully covered: 



|l/2 


Back to Problem 18.13 


Back to Top 
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Solutions 


18.14. A unimolecular surface reaction is inhibited by a poison I and obeys Eq. 18.36. If E is the activation energy corresponding to the 


reaction of the adsorbed substrate molecule (i.e., corresponding to k) and A H A and A//, are the enthalpies of adsorption of A and I, what is 
the activation energy 

a. at very low concentration of A and I? 

b. at a very high concentration of A and a very low concentration of I? 

c. at a very low concentration of A and a very high concentration of I? 

Solution: 

Given: see above 
Required: see above 




b. v = k cc exp 



c. exp 



-(E + AH a -AHj) 
RT 


Back to Problem 18.14 


Back to Top 
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Solutions 



reaction according to a law that is zero order in A and first order in Z (i.e., the term in the rate equation is k c [z]). Obtain a differential 
equation for the rate of appearance of Z, and integrate it to give Z as a function of time. 

Solution: 

Given: see above 

Required: obtain differential equation, integration to give Z as a function of time 
We can start by constructing a table similar to Problem 18.12 


A 


Y 


+ 


Z 


Initially: 


a, 


‘o 


0 


0 


At time t: 



— = ka 0 -kz + k s z 


dt 


— = kcir. + (k -k)z 
dt 0 v s ’ 


ka 0 + ( k s -k)z 


Let ka 0 +{k s -k}z = y dy =[k s —k')dz and dz = 
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{K~ k ) } y 
1 


(*,-*) 

substitute: 


ln( y) = t + 1 


jj-^-^ln[ka Q +(k s -k)z] = t + l 


In order to solve for the constant I, we apply the boundary condition, z = 0, t = 0 


^^ln[^+(*,-*)0] = 0 + I 
In ( ka 0 ) = I 




Now, we substitute the expression for the constant I back in to the integrated equation to obtain an expression for z. 


Solutions 
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ln[Aa 0 + (A S -A)z] = f + 1 

\k s -k) 

-JjTZl yin [ ka o + {K ~k)z] = t + ( ka o ) 

(in [*“<> + {K ~ k ) z] - ln ( te o )} = 1 


{K~ k ) 


In 


ka 0 +(k s -k)z 


ka„ 


= t 


ln 


ka a +(k s -k)z 


ka 0 

ka Q + (A t - k)z 
ka n 


=t{K ~ k ) 


= exp[r(A s - A:)] 

ka 0 +(k s -k)z = ka 0 exp[f (k s - A)] 
( k s -k)z = ka 0 exp[f (A s -A)l-Aa 0 
ka 0 exp [f ( k s — k )] - ka 0 


z - 


(k s - A) 


ka n 


z = 


(*.“*) 


{exp[r(A s -A)]-l 


Back to Problem 18.15 
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Solutions 


18 . 16 . Suggest explanations for the following observations, in each case writing an appropriate rate equation based on a Langmuir 
isotherm: 

a. The decomposition of phosphine (PH 3 ) on tungsten is first order at low pressures and zero order at higher pressures, the activation 
energy being higher at the higher pressures. 

b. The decomposition of ammonia on molybdenum is retarded by the product nitrogen, but the rate does not approach zero as the 
nitrogen pressure is increased. 

c. On certain surfaces (e.g., Au) the hydrogen-oxygen reaction is first order in hydrogen and zero order in oxygen, with no decrease 
in rate as the oxygen pressure is greatly increased. 

d. The conversion of para-hydrogen into ortho-hydrogen is zero order on several transition metals. 

Solution: 

Given: Langmuir isotherm, information above 
Required: suggest explanations 

a. The general rate equation is Eq. 18.34. At low pressures the surface is sparsely covered and 

v = kK\ Al; E = E +AH . 

At high pressure it is fully covered and 
v = k\ E = E &AH , <0 

“observed “0 “" 

b. Reaction occurs on certain surface sites on which N 2 is not adsorbed. The rate equation is Eq. 18.36. 

c. This is a Langmuir-Rideal mechanism. The general equation is Eq. 18.44; K u [H,] is small and K a [O, ] is large, so that 

v = £[H 2 ] 

d. The mechanism is 

[image] 

with the surface fully covered. The rate is 
v = £[H 2 ](1-0 ) 2 


18-35 


Chapter 18: Surface Chemistry and Colloids 


where 1-6 is given by Eq. 18.15; thus 
k 

v = — 

K 


Back to Problem 18.16 
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Solutions 


18 . 17 . The surface tension of water at 20 °C is 7.27 x 1 0 2 N m 1 and its density is 0.998 g cm -3 . Assuming a contact angle 6 of zero, 
calculate the rise of water at 20 °C in a capillary tube of radius (a) 1 mm and (b) 10 3 cm. Take g = 9.81 m s -2 . (Capillaries in a tree have 
radii of about 1 0 3 cm, but sap can rise in a tree to much greater heights than obtained in this calculation. The reason is that the rise of sap 
depends to a considerable extent on osmotic flow; because of evaporation the leaves contain solutes of higher concentration than the trunk 
of the tree, and osmotic flow therefore occurs to the leaves.) 

Solution: 

Given: T = 20 °C, y = 7.27 x KT 2 N m _1 , p = 0.998 g cnT 3 , 0 = 0 °, g = 9.81 m s~ 2 
r x = 1 mm, r 2 = 10” 3 cm 

Required: rise of water 

According to Eq. 18.54, the capillary rise is given by 



Pgr 


We first convert everything to SI units. 

p = 0.998 / pri^x lk § x 100 ^ 
* 1000 / m 3 

p = 998 kg m“ 3 
a. For r = 1 mm = 10~ 3 m. 
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2| 

(7.27 xlO' 2 NoT 1 

) 

(998 kg i 

m- 3 ) 

(9.81 m s" 2 )( 

(nr 3 m) 


h = 


we know that IN = 1 


kg m 


7.27x10 


h = 


—2 H ^ 

/ 




(998 y£ m“ 3 )(9.81 m y^)(l0 -3 m) 


/ 2 = 0.148 513 13 m 


h =1.49x10 " mor 1.49 cm 


b. For r = 10 3 cm = 10 5 m. 


2| 

(7.27 xl0“ 2 Nm’ 1 

) 

(998 kg m -3 ) 

(9.81 m s' 2 )( 

;io-> m) 


/ 2 = 1.485 131 323 m 
li = 1 .49 m 


Back to Problem 18.17 
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Solutions 


18.18. The density of liquid mercury at 273 K is 13.6 g cm 3 and the surface tension is 0.47 N m '.If the contact angle is 140°, calculate the 
capillary depression in a tube of 1-mm diameter. 

Solution: 


Given: T = 273 K, p = 13.6 g cm 3 , y = 0.47 N m \ 0 = 140°, d = 1 mm 


Required: capillary depression 
From Eq. 18.55. 


h = 


2ycos9 

Pgr 


P 


= 13.6 / prf <r > 


1 kg 100 3 pi/ 
1000 / X m 3 


p = 13 600 kg m“ 3 

d 10 " 3 m c m-4 

r = — = = 5x10 m 

2 2 


h = 


2(0.47 Nm" 1 )cos(l40°) 


(13 600 kg m- 3 )(9.81ms- 2 )(5xl0- t m) 
/; = -0.010 794 534 m 


h = -10.8 mm 


Back to Problem 18.18 


Back to Top 
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Solutions 


18 . 19 . The density of water at 20 °C is 0.998 g cm 3 and the surface tension is 7.27 x 10 2 N m 

vapor pressure of a mist droplet having a mass of 10 12 g and the vapor pressure of water at a plane surface. 


7.27 x 10 " N m . Calculate the ratio between the 


Solution: 

Given: T = 20 °C, p = 0.998 g cm -3 , y = 7.27 x 10~ 2 N m _1 , m = 10~ 12 g 
Required: ratio between the vapor pressure of a mist droplet and of water 

M 1(T 12 { 

Volume of droplet = — = — r 

p 0.998 / cm" 3 

V =1.002 004 008 xlO -12 cm 3 

V = 1.002 004 008 xlO" 18 m 3 



3(1.002 004 008 xlO -18 m 3 )T /3 


4k 

r = 6.207 646 102 xlO^ 7 m 
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, P 2 yM 

In — = — 

P 0 prRT 


2(7.27xl0“ 2 Nm’ 1 ) 

(l8.02xl0 -3 jncf 1 ') 

1 

(998 )4 m" 3 ) 

(6.207 646 102 xlO -7 

■») 

(8.3145 J jnof 1 ' X < )(298.15 X) 



we know that IN = 1 


kg m 


and 1 J = 1 kg m 2 


2 

7.27 xlO -2 ^ jf X 

(l8.02xl0~ 3 


(998 

(6.207 646 102xl0“ 7 X) 

(8.3145 jX X" X / )(298.15) 


In — = 1.706 046 055 xlO^ 3 
Po 


— = exp (l .706 046 055 x 10“ 3 
^0 


— = 1.001 707 502 

P 0 


— = 1.0017 

P 0 


Back to Problem 18.19 
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Solutions 


18.20. The two arms of a U-tube have radii of 0.05 cm and 0.10 cm. A liquid of density 0.80 g cm 3 is placed in the tube, and the height in 
the narrower arm is found to be 2.20 cm higher than that in the wider arm. Calculate the surface tension of the liquid, assuming 6=0. 

Solution: 


Given: r { = 0.05 cm, r 2 = 0.10 cm, p = 0.80 g cm 3 , A h = 2.20 cm, 6 = 0° 


Required: y 


From Eq. 18.54, the height is 


2 Y 

rpg 


and the difference in heights is 


A/z = 


2 r 

Pg 


1 1 


Thus 


0.022 m = 


0.022 m = - 


2/ 

f 1 1 1 

(0.80 xlO 3 kg m” 3 ) 

(9.81ms’ 2 ) 

UxlO^m 10’ 3 m J 


2 /( 2000 - 1000 ) 


(0.80xl0 3 kgm“ 3 )(9.81ms“ 2 ) 
0.022 4 = (0.254 841 998 kg~‘ yd s' 2 )/ 
/ = 0.086 328 kg s“ 2 
/ = 0.086 328 Nm' 1 


/ = 0.086 N m 


Back to Problem 18.20 


Back to Top 
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Solutions 


18.21. A tube is placed in a certain liquid and the capillary rise is 1.5 cm. What would be the rise if the same tube were placed in another 
liquid that has half the surface tension and half the density of the first liquid? Assume that 9 = 0 in both cases. 

Solution: 

Given: capillary rise = 1.5 cm, 9 = 0, y 2 = ~^Y\i Pi~\p\ 

Required: capillary rise in new liquid 

y 

The rise is proportional to — and is therefore the same in the second liquid, i.e., 1.5 cm. 

P 

Back to Problem 18.21 Back to Top 
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Solutions 


18.22. When a certain capillary tube is placed in water, the capillary rise is 2.0 cm. Suppose that the tube is placed in the water in such a 
way that only 1.0 cm is above the surface; will the water flow over the edge? Explain your answer. 

Solution: 

Given: capillary rise = 2.0 cm, 1,0 cm above surface 
Required: Explanation 

No, the water does not flow over the edge. The meniscus will rise to the top of the tube and then the radius of curvature will decrease until 
the capillary pressure just balances the pressure of the column of liquid; equilibrium is then established. This will occur when the radius of 
curvature at the surface is half what it is in a longer tube. 

Back to Problem 18.22 Back to Top 
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Solutions 


*18.23. A layer of benzene, of density 0.8 g cm -3 , is floating on water of density 1.0 g cm -3 , and a vertical tube of internal 

diameter 0.1 mm is inserted at the interface. It is observed that there is a capillary rise of 4.0 cm and that the contact angle is 40°. Calculate 
the interfacial tension between water and benzene. 

Solution: 

Given: /9 benzene = 0.8 g cm' 3 , p water = 1.0 g cm" 3 , d, = 0.1 mm, h = 4.0 cm, 9 = 40 ° 

Required: y 

The equation that applies is an extension of Eq. 18.55: 

rh(Ap)g 

y = — — 

2 cos 0 

where A p is the difference between the two densities. Then 

[(l.00-0.80)xl0 3 kg X^](9.81 ^ s' 2 )(0.040 ^(0.5 xlO' 4 rfi) 

Y ~ 2 cos (40 °) 

y = 2.561 209 102 xlO" 3 kgs" 2 

N^kgms" 2 ) 

Back to Problem 18.23 Back to Top 


y = 2.56 xlO" 3 Nm" 1 
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Solutions 


18 . 24 . A liter of water at 20 °C is broken up into a spray in which the droplets have an average radius of 10 5 cm. If the surface tension of 
water at 20 °C is 7.27 x 10 2 N m 1 , calculate the Gibbs energy change when the droplets are formed. 

Solution: 

Given: T = 20 °C, V water = 1 L. r droplet = 10- 5 cm, y = 7.27 x 10- 2 N nT 1 
Required: Gibbs energy change 

The Gibbs energy change is the work done, which is the surface tension multiplied by the change in surface area (Eq. 18.50). 

The surface are of the water in bulk can be estimated on the assumption that the liter of water was present as a sphere. The volume, 1 dm 3 , 
is 10 " 3 m 3 , and the radius r is 


V = — r n 


1/3 


3V 
4 n 


C O , n -3 3 y/ 3 

3x10 m 


An 

r = 0.062 035 049 m 


The surface area, 4^r 2 , is thus 

An x (0.062 035 049 m) 2 =0.048 359 758 m 2 
The surface are of each droplet is 

4^x(l0 7 m) 2 =1.256 637 061 xlO^ 13 m 2 

here r is the average radius of each droplet, i.e., 10 3 cm 

And the volume of each droplet is 


18-46 


Chapter 18: Surface Chemistry and Colloids 


Solutions 


^tz-x( 1(T 7 m) 3 =4.188 790 205xl0' 21 m 3 

The number of droplets is therefore the volume of water in bulk divided by the volume of each droplet 

— - = 2.387 324 146 xlO 17 droplets 

4.188 790 205 xl0“-‘ m 3 

Now that we know the number of droplets and the surface area for a single droplets, we can calculate the total surface area of the droplets: 
(2.387 324 146 xlO 17 )(l.256 637 061 xlO^ 13 m 2 ) = 299 99.999 99 m 2 

This is effectively the increase in surface area, and the increase in Gibbs energy is 
Gibbs energy = yx surfae area 
Gibbs energy = (7. 27x1 0 -2 Nm *)(299 99.999 99 m 2 ) 

Gibbs energy = 2 180.999 999 J 
Gibbs energy = 2.181 kJ 

Back to Problem 18.24 Back to Top 
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Solutions 


18.25. Benjamin Franklin demonstrated on a number of occasions that a teaspoonful of oil put on water would produce a layer half an acre 
in area (1 acre = 4840 square yards; 1 yard = 0.915 m). Assume a teaspoonful to be 1 cm 3 , and estimate the thickness of the film. 

Solution: 

Given: see above 

Required: estimation of the thickiness of the film 

An acre is 4840 square yards = 4840x (0.915)" m 2 = 4052 m 2 . Thus, half an acre is approximately 2000 m 2 . The thickness of the film is 
thus 


10' 6 m 3 

2000 m 2 


= 5xl0 _1 ° 


m = 5 A 


This is a reasonable estimate, considering the approximate nature of the area and volume. Lord Rayleigh later estimated the thickness of an 
oil film to be about 10 A, and similar values were obtained in Langmuir’s work. 

Back to Problem 18.25 Back to Top 
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Solutions 


18 . 26 . A fatty acid was spread on the surface of water in a Langmuir film balance at 15 °C, and the following results obtained: 


Area/cm 2 fig 1 

5.7 

28.2 

507 

1070 

2200 

11100 

Surface pressure/ 10~ J N 

-i 

30 

0.3 

0.2 

0.1 

0.05 

0.01 


m 


Estimate the molecular weight of the acid and the area per molecule when the film was fully compressed. 

Solution: 

Given: T = 15 °C, above table 

Required: molecular weight of the acid, area per molecule when film is fully compressed 
At the three lower pressures, 7rA is constant within the experimental error and has a value of 
l.llxlO 4 Nmkg 1 (= J kg ') 


7tA is equal to RT and therefore, 

kA = 8.3 145 x 288.15 = 2395.823 175 JmoL 1 
The molar mass is thus 


2395.823 175 / moL 1 
l.llxlO 4 / kg- 1 

MW = 216 g mok 1 


0.215 839 925 kg moL 1 


215.839 925 7 g mok 1 


At the highest pressure, i.e., when the film is fully compressed, the area is 5.7 cm 2 pg '.Since 216 g =6.022xl0 23 molecules, 

I 6 - 022xl ° xl ° - 2.787 962 963 xlO 15 molecules 
216 
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Thus, 1 molecule occupies 

. . 5.7 cm 2 ^ 

area per molecule = -p 

2.787 962 963 x 10 15 molecule ^ 

area per molecule = 2.044 503 487 xlO -15 cm 2 molecule -1 


area per molecule = 0.204 450 348 nm’ molecule 1 

area per molecule for fully compressed film = 0.204 nm 2 molecule 


Back to Problem 18.26 
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Solutions 


18 . 27 . N. K. Adam carried out surface film studies using a Langmuir film balance 14.0 cm in width having a floating barrier 13.8 

cm long. In one investigation he introduced 52.0 iig of 1-hexadecanol (C16H33OH) onto the surface and measured the force on the float at 
various lengths of the film, obtaining the following results: 

Length/cm Force on float/10 -5 N 


20.9 

4.14 

20.3 

8.56 

20.1 

26.2 

19.6 

69.0 

19.1 

108.0 

18.6 

234 

18.3 

323 

18.1 

394 

17.8 

531 


Estimate the area per molecule when the film was fully compressed. 

Solution: 

Given: see above 

Required: estimate the area per molecule for fully compressed film. 

The molecular weight of 1-hexadecanol is 242.43 g mol" 1 , and 52.0 pg therefore contains 


52.0 yj 


. = 2.144 949 057 xlO -7 mol 


242.43 / mol -1 10 6 y£ 

(2.144 949 057 xlO -7 mol)(6.022xl0 23 molecules mol" 1 ) = 1.291 688 322xl0 17 molecules 


We can start by constructing a table showing all 


surface pressures and area per molecule 
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Length/cm 


Area/cm 2 


Force/10" 5 N 


Surface Pressure/ 
10' 4 N m" 1 


Area per 
molecule/nm 2 


20.9 

292.6 

4.14 

3.00 

0.227 

20.3 

284.2 

8.56 

6.20 

0.220 

20.1 

281.4 

26.2 

19.0 

0.218 

19.6 

274.4 

69.0 

50.0 

0.212 

19.1 

267.4 

108 

78.3 

0.207 

18.6 

260.4 

234 

169.6 

0.202 

18.3 

256.2 

323 

234.1 

0.198 

18.1 

253.4 

394 

285.5 

0.196 

17.8 

249.2 

531 

384.8 

0.193 

Area 

= Length x film width 



Surface Pressure = 

Force x length of floating barrier 


Area 

per molecule 


Area 


number of molecules 

(i.e. 1.291 688 322xl0 17 

molecules 


Solutions 
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Solutions 


Since we do not know if fully compressed corresponds to the largest surface pressure in the above table, we can plot a graph of Surface 
pressure vs. Area per molecule, and do extrapolation to find the value of area per molecule for fully compressed film. 

[image] 

From the graph, area that corresponds to fully compressed layer = 0.19 nm 2 . 

Back to Problem 18.27 Back to Top 

* ( Formatted: Normal 
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Chapter 19 
Viscosity 


19.1. In a normal adult at rest the average speed of flow of blood through the aorta is 0.33 ms 1 . The radius of the aorta is 9 mm and the 

o i 1 

viscosity of blood at body temperature, 37 °C, is about 4.0 x 10 kg m s . Calculate the pressure drop along a 0.5 m length of the 
aorta. 

Solution 

19.2. A typical human capillary is about 1 mm long and has a radius of 2 jun n. If the pressure drop along the capillary is 20 Torr, 

a. calculate the average linear speed of flow of blood of viscosity 4.0 x 10 -3 kg m 1 s _1 ; 

b. calculate the volume of blood passing through each capillary per second; and 

c. estimate the number of capillaries in the body if they are supplied by the aorta described in Problem 19.1. 

Solution 

*19.3. The viscosity of ethylene at 25.0 °C and 101.325 kPa is 9.33 x 10~ 6 kg m -1 s _1 . Estimate 

a. the molecular diameter, 

b. the mean free path, 

c. the frequency of collisions Z A experienced by a given molecule, and 

d. the collision density Z AA . 

Solution 
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* 19 . 4 . For nonassociated liquids the fluidity (j) (i.e., the reciprocal of the viscosity) obeys to a good approximation an equation of the 
Arrhenius form 

(f) = Ae~ Ea ' RT 

where A and E a are constants. 

a. For liquid CCI 4 the viscosity at 0.0 °C is 1.33 x 10 kg m s and the activation energy E a is 10.9 kJ mol . Estimate the 
viscosity at 40.0 °C. 

b. The Arrhenius equation does not apply well to associated liquids such as water, but it can be used over a limited temperature 

o 1 1 1 

range. At 20.0 °C the viscosity of water is 1.002 x 10 kg m s and the activation energy for fluidity 18.0 kJ mol . Estimate the 
viscosity at 40.0 °C. 


Solution 

19 . 5 . At 20.0 °C the viscosity of pure toluene is 5.90 x 10~ 4 kg irf 1 s' '. Calculate the intrinsic viscosities of solutions containing 0.1 g dm -3 
of polymer in toluene and having the following viscosities: 

a. 5.95 x 10 4 kg m _1 s' 1 

b. 6.05 x lO^kgnrV 1 

c. 6.27 x 10 4 kg irf 1 s _1 

These solutions are sufficiently dilute that the reduced specific viscosity can be taken to be the intrinsic viscosity. 

Solution 

* 19 . 6 . Suppose that solutions (a) and (c) in Problem 19.5 correspond to polymers of molecular weights 20 000 and 40 000, respectively. 
Assuming the Mark-Houwink equation 19.33 to apply, make an estimate of the molecular weight of the polymer in solution (b). 

Solution 
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Viscosity 


19 . 7 . a. The activation energy for the fluidity of n-octane is 12.6 kJ mol 1 and the viscosity at 0 °C is 7.06 x 10 4 kg m 1 s \ Estimate the 
viscosity at 40.0 °C, assuming the Arrhenius equation to apply. 

b. A better temperature law for the viscosity of n-octanc has been found to be 

77 = A(77K) l ' 72 cxp(543/(T/K) 

where T is expressed in kelvins. 

Make another estimate of the viscosity at 40 °C. What is the effective activation energy at 20 °C? 

Solution 


* 19 . 8 . Over its entire liquid range the viscosity of water is represented to within 1% by the following empirical formula: 


In 


77(20 °C) 
n(t °Q 


3.1556(t-20.0) + 1.925xl(T 3 (f-20.0) 2 
109.0+r 


where t is the value of the temperature in degrees Celsius. Make a better estimate of the viscosity of water than obtained by the use 
of the Arrhenius equation (Problem 19.4b). 

To what activation energies does this empirical expression correspond at 
a. 20 °C? 


b. 100 °C? 


Give a qualitative explanation for the difference between the two values. 

Solution 

* 19 . 9 . Consider a hypothetical gas in which the molecules have mass but no size and do not interact with each other. 

a. What would be the viscosity of such a gas? 

b. Suppose instead that the molecules have zero size but attract one another. What can you then say about the viscosity? 

c. If they repel one another, what would the viscosity be? 

d. Give a clear explanation of your conclusions in all three cases. 


Solution 
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Diffusion 

19 . 10 . The molecular diameter of the helium atom is 0.225 nm. Estimate, at 0 °C and 101.325 kPa, 

a. the viscosity of the gas, 

b. the self-diffusion coefficient, 

c. the mean speed of the molecules, 

d. the mean free path, 

e. the collision frequency Z A , and 

f. the collision density Z AA . 

Solution 

19 . 11 . Calculate the mean square distance traveled by a molecule of tE at 20 °C and 101.325 kPa in 10 s (D = 1.005 x 10 4 m 2 s _1 ). 

Solution 

19 . 12 . Solutions of (a) glucose ( D = 6.8 x 10 m~ s ) and (b) tobacco mosaic virus (D = 5.3 x 10 ms) were maintained at a 
constant temperature of 20 °C and without agitation for 100 days. How far would a given molecule of each be expected to diffuse in 
that time? 

Solution 

19 . 13 . Estimate the diffusion coefficient of cupric sulfate in water at 25 °C from the molar conductivities given in Table 7.3 (p. 291). 

Solution 

19 . 14 . Estimate the diffusion coefficient of sodium acetate in water at 25 °C from the following mobility values: 

Na + : 5.19 x 10^cm 2 V“ 1 s “ 1 

CH 3 COO : 4.24 x lO^cm 2 s -1 


Solution 
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Sedimentation a nd Diffusion 


19 . 15 . The diffusion coefficient for horse hemoglobin in water is 6.3 x 10 1 1 m 2 s 1 at 20 °C. The viscosity of water at 20 °C is 1.002 x 10 3 

i i o 1 

kg m s and the specific volume of the protein is 0.75 cm g . Assume the hemoglobin molecule to be spherical and to obey 
Stokes’s law, and estimate its radius and the molecular weight. 

Solution 

—11 2 —1 

19 . 16 . If the diffusion coefficient for insulin is 8.2 x 10 m s at 20 °C, estimate the mean time required for an insulin molecule to 
diffuse through a distance equal to the diameter of a typical living cell (~ 10 /an). 


Solution 

* 19 . 17 . A colloidal particle is spherical and has a diameter of 0.3 //m and a density of 1.18 g cm . Estimate how long it will take for the 
particle to diffuse through a distance of 1 mm in water at 20 °C 0/ = 1.002 x 10 3 kg -3 m 1 s -1 ; the density of water at 20 °C = 0.998 
g cm -3 ). (See also Problem 19.21.) 


Solution 


Sedimentation and Diffusion 

19 . 18 . Diphtheria toxin was found to have, at 20 °C, a sedimentation coefficient of 4.60 Svedbergs and a diffusion coefficient of 
5.96 x 10 cm s . The toxin has a specific volume of 0.736 cm' g , and the density of water at 20 °C is 0.998 g cm . Estimate a 
value for the molecular weight of the toxin. 

Solution 

19 . 19 . A protein has a sedimentation coefficient of 1.13 x 10 s at 25 °C and a diffusion coefficient of 4.2 x 10 m“ s . The density of 

—3 —3 

the protein is 1.32 g cm and that of water at 25 °C is 0.997 g cm . Calculate the molecular weight of the protein. 


Solution 

* 19 . 20 . A protein of molecular weight 60 000 has a density of 1.31 g cm -3 and in water at 25 °C (p = 0.997 g cm -3 ; ij = 8.937 x 10” 4 kg m -1 
s ) it has a sedimentation coefficient of 4.1 x 10 s . Calculate the frictional coefficient/ 

a. from the sedimentation coefficient, and 

b. by the use of Stokes’s law. 

Suggest a reason why the two values are not quite the same. 


Solution 


19-6 


Chapter 19: Transport Properties 


Sedimentation a nd Diffusion 


* 19 . 21 . How long will it take the particle from Problem 19.17 to sediment a distance of 1 mm in the earth’s gravitational field (g = 9.81 ms ")? 

Solution 

o 

* 19 . 22 . An aqueous colloidal solution contains spherical particles of uniform size and of density 1.33 g cm . The diffusion coefficient at 25 
°C is 1.20 x 10 1 ! m 2 s _1 ; make an estimate of the sedimentation coefficient (/THiO) =0.997 g cm 3 ; ;/(H 2 0) = 8.937 x 10 4 kg m 1 s -1 ). 

Solution 

_n i i o 1 

19 . 23 . At 20 °C, y-globulin has a sedimentation constant of 7.75 x 10 s, a diffusion coefficient in water of 4.8 x 10 ms, and a 
density of 1.353 g cnT 3 . The density of water at 20 °C is 0.998 g cm 3 . 

a. Estimate the molecular weight of y-globulin. 

b. Assuming the Stokes-Einstein equation to apply, estimate the radius of the protein molecule. The viscosity of water at 20 °C is 
1.002 x 10 kg nT 1 s _1 . 

Solution 

* 19 . 24 . A sample of human hemoglobin had a sedimentation constant of 4.48 Svedbergs in water at 20 °C and a diffusion coefficient of 6.9 
x 10 m" s . The specific volume of human hemoglobin is 0.749 cm' g , and the density of water at 20 °C is 0.998 g cm . 

a. Estimate the molecular weight of human hemoglobin. 

b. How far would a molecule diffuse in 1 minute? 

c. Neglect diffusion and estimate how far a molecule would sediment in 1 minute. 

d. In a centrifuge rotating at 15 000 rpm, how far would a molecule sediment in 1 minute if it were 20 cm from the center of 
rotation? 

e. Assume the molecule to be spherical and estimate its radius by the use of the Stokes-Einstein equation. 

f. Estimate the radius from the molecular weight and the density. 

Solution 
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Sedimentation a nd Diffusion 


* 19 . 25 . In the first decade of the twentieth century Jean Perrin carried out important investigations on the sedimentation, in the gravitational 
field, of particles of gamboge, mastic, and other paint pigments. Consider particles of density 1.2 g cm 3 and of the following radii: 

a. 1 mm 

b. 0.1 mm 

c. 10 fim 

d. 1 jum 

e. 10 nm 

In each case, assuming Stokes’s law to apply, estimate the distance the particle would sediment in 1 hour, in water at 20 °C 
(viscosity, rj = 1.002 x 10 -3 kg m -1 s -1 and density 0.998 g cm -3 ). 

f. In the case of the particle having a radius of 10 nm, what speed of rotation in an ultracentrifuge would be required to bring about a 
sedimentation of 1 mm in 1 hour? Take the distance from the axis of rotation to be 10 cm. 


Solution 

* 19 . 26 . Perrin also carried out, using pigment particles, experiments on Brownian movement in which he determined distances traveled by 
individual particles in various periods of time. For each of the particles of five different radii mentioned in the previous problem, 
estimate the diffusion coefficient and the average distance traveled in 1 hour. Take the water temperature again as 20°C and use the 
data of Problem 19.25. 


Solution 

* 19 . 27 . A pure protein in water is centrifuged to equilibrium at 25 °C and at 25 000 rpm. At distances of 8.34 cm and 9.12 cm from the axis 
of rotation the concentrations of the protein are measured to be 3.52 g cm and 22.49 g cm , respectively. The specific volume V) 

o i 

of the protein is 0.78 cm g , and the density of water at 25 °C is 0.997 g cm .Calculate the molecular weight of the protein. 

Solution 

o 1 

* 19 . 28 . A protein has a molecular weight of 1 000 000 and a specific volume of 0.81 cm g . In an ultracentrifuge at 25 °C, what speed of 
revolution is required to produce at equilibrium a concentration ratio of 20/1 at distances 10.00 cm and 9.00 cm from the axis of 
revolution? The density of water at 25 °C is 0.997 g cm -3 . 


Solution 
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Essay Questions 

19.29. Explain how the rate of diffusion through a membrane depends on 

a. the size of the diffusing substance, and 

b. its solubility in the membrane. 

19.30. Explain clearly the different mechanisms involved in the viscosity of gases and the viscosity of liquids. 
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Solutions 

19 . 1 . In a normal adult at rest the average speed of flow of blood through the aorta is 0.33 m s _1 . The radius of the aorta is 9 mm and the 

i 1 

viscosity of blood at body temperature, 37 °C, is about 4.0 x 10 kg m s . Calculate the pressure drop along a 0.5 m length of the 
aorta. 

Solution: 

Given: v blood = 0.33 m s -1 , r aorta = 9 mm, r] = 4.0x10 3 kg nT 1 s ' , / = 0.5 m 


Required: A P 

To solve this problem we will use Eq. 19.10, the Poiseulle Equation. 

dV _ (P i -P 2 )7tR 4 
dt Sr/l 

Rearranging for A P we get, 


A P = 


8 i)l dV 
n R 4 dt 


To find the volume rate of flow, we find the area of the cross section of the aorta and multiply by the rate of blood flow through the aorta. 
dV 


= A x v, 


j ' blood 

dt 

A = ^Corta 

dV 2 

~ ^ r aorta V blood 


dt 

dV 

dt 

dV 

dt 


= ^■^9x10 m) (0.33ms ’j 
= 8.397 48x10 5 m 3 s 1 
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Solving for A P we get, 


A P = 


8(4.0xl0- 3 kgm 1 s 1 )(0.5m) 

7 77 

;r(9xl0 mj 


397 48x10 5 m 3 s 1 


AP = 65.185 185 19 kg nT 1 s~ 2 


1 kg m 1 s 2 = 1 Pa 


A P = 65 Pa 


Back to Problem 19.1 


Back to Top 


Solutions 


19-11 


Chapter 19: Transport Properties 


Solutions 


19 . 2 . A typical human capillary is about 1 mm long and has a radius of 2 /vm. If the pressure drop along the capillary is 20 Torr, 


b. calculate the volume of blood passing through each capillary per second; and 

c. estimate the number of capillaries in the body if they are supplied by the aorta described in Problem 19.1. 

Solution: 

Given: 1 = 1 mm, r = 2jum, A P = 20 Torr, ?j = 4.0x10 1 kg nT 1 s _1 
dV 

Required: v blood , , number of capillaries 

dt 

a. To calculate the average linear speed of blood flow, we use Eq. 19. 10, 
dV _(P t -P 2 )7vR 4 


a. calculate the average linear speed of flow of blood of viscosity 4.0 x 10 3 kg m 1 s 


dt Sijl 


The volume rate of flow is found from the area of the cross section of the aorta multiplied by the rate of blood flow through the aorta. 



blood 


dt 


dV 2 
~dt ~ 


•r y 

aorta blood 


Rearranging to solve for v blood we obtain, 
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Solutions 


A PttR 4 
8 rjl 


V 


blood 


A P/R 4 

W/r-L* 


R 


= r. 


_ APR 2 

^blood 0 7 

877/ 

AP = 20 (Tefr x 133.3 
1 kg m 1 s 2 = 1 Pa 



(20xl33.3kgm' s' 2 )(2xl0^ 6 m) 2 
Vblood “ 8(4.0x10 3 kg m 1 s ')(lxlO 3 m) 
v blood =3.3325x10^ ms- 1 
v biood =3.3x10^ ms" 1 

b. The volume of blood flow is defined above as, 

dV _ 2 

, lorta ^blood 

dt 
dV 

= n 

dt 

— = 4.187 74xl0 15 m 3 s- 1 
dt 

— = 4.2xl0 15 m 3 s ' 

dt 

c. To calculate the number of capillaries, we divide the volume of flow through the aorta (from Problem 19.1) by the volume of flow 
through the capillaries. 


(2 x IQ- 6 m)‘ (3.3325 x 10^ m s 1 ) 
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Number of capillaries = 
Number of capillaries = 


^^aorta ■ ^^capillaries 

dt dt 

8.397 48x10 5 
4.187 74xl0~ 15 


Number of capillaries = 20 052 513128 
Number of capillaries = 2.0 xlO 10 


Back to Problem 19.2 


Back to Top 


Solutions 
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Solutions 


* 19 . 3 . The viscosity of ethylene at 25.0 °C and 101.325 kPa is 9.33 x 10~ 6 kg m -1 s -1 . Estimate 

a. the molecular diameter, 

b. the mean free path, 

c. the frequency of collisions Z A experienced by a given molecule, and 

d. the collision density Z A A . 

Solution: 

Given: T = 25.0 °C, P = 101.325 kPa, rj = 9.33x10^ kg itT 1 s 1 
Required: d,A, Z A ,Z AA 

a. The molecular diameter is given in Eq. 19.15 as, 


mu 



And therefore d is, 



We calculate u from Table 1.3 as, 
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M 

m = 

M = 2(12.01 1 g mor 1 ) + 4(l .00794 g moE 1 ) 

M = 28.053 76 g mol 1 

28.053 76 g . 

m = E , x 10 

6.022xl0 23 jnoT 
m = 4.658 55x10 26 kg 


8 

1.381x10 23 JK 1 ) 

(298.15 K) 

n 

4.658 55x10 

- 26 kg) 



u = 474.415 795 5 m s 1 


Solving for the diameter, we obtain 


d = 


1 


(4.658 55 x 10~ 26 kg) (474.415 795 5 ms 2 ) 


2a/2;t (9.33 x KT 6 kg nT 1 s _I ) 


d =5.16317x10 10 m 


d =5.16x10 10 m 


b. The mean free path is given in Chapter 1 by Eq. 1.68 


V2 ndlN A 


From the ideal gas law, 


Solutions 
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n P 
V~ RT 

n__ 101325 Pa 

V ~ (8.3145 J K 1 mol 1 )(298.15) 

— = 40.873 860 75 mol m 3 

V 

— = 40.873 860 75 jndfm^x 6.022 xlO 23 ^ 

V 

— = 2.46 142x1 0 25 nT 3 

V 


Therefore the mean free path is, 


yf2x(5. 163 17 x 10 10 m) 2 (2.461 42 x 10 25 m 3 ) 
/l =3.430 17x10 8 m 
/l =3.43x10 8 m 


c. The expression for Z A is also found in Chapter 1 as Eq. 1 .66, 
(SI unit :s _1 ) 


Z A = 


yllndluhN , 


V 


Which we recognize as, 



_ 474.415 795 5 s^ 1 

A ~~ 3.430 17 x KT 8 ^ 
Z A =13 830 675103 s 1 
Z a = 1.38x 10 10 s 1 


19-17 


Chapter 19: Transport Properties 


d. FromEqs. 1.59 and 1.61, 

Z =Iz * 

^aa 2 A y 

Z AA = 1(13 830 675 103 s 1 )(2.461 42x 10 25 

Z AA =1.702 16 xlO 35 m 3 s 1 
Z AA =1.70xl0 35 m 3 s 1 


Back to Problem 19.3 


Back to Top 


Solutions 
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Solutions 


*19.4. For nonassociated liquids the fluidity (j) (i.e., the reciprocal of the viscosity) obeys to a good approximation an equation of the 
Arrhenius form 

(f) = AeT Ea ' RT 

where A and E a are constants. 

a. For liquid CCI 4 the viscosity at 0.0 °C is 1.33 x 10 kg m s and the activation energy E a is 10.9 kJ mol . Estimate the 
viscosity at 40.0 °C. 

b. The Arrhenius equation does not apply well to associated liquids such as water, but it can be used over a limited temperature 

o 1 1 1 

range. At 20.0 °C the viscosity of water is 1.002 x 10 kg m s and the activation energy for fluidity 18.0 kJ mol . Estimate the 
viscosity at 40.0 °C. 

Solution: 

Given: CC1 4 : rj 00 oc = 1.33 x 10 3 kg m 1 s' 1 , E a = 10.9 kJ moF 1 , T = 40.0 °C 
T = 20.0 °C, 77 = 1 .002 x 10 3 kg m 1 s 1 
Required: r/ 40 0 ,. c , for CCI 4 and water 

a. Since A is a constant, we first calculate e~ Ea ' RT at each temperature, 


T = 0.0 °C 


f 


exp 


f 


exp 


-E 

1 

RT 

-E 


f 


= exp 


-10.9 xlO 3 J mol 1 


8.3145 JK 1 mol 1 x 273. 15 K 




RT 
T = 40.0 °C 


= 8.234 485 424xl0~ 


x 

) 


exp 


exp 


f-E 3 
l RT) 

[rt ) 


exp 


-10.9 x 10 3 J mol 


8.3145 JK 1 mol -1 x 313.15 K 


= 1.520 131 7xl0~ 


x 
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Since we are told viscosity has the inverse relationship to the fluidity </> , we calculate the viscosity at 40.0 °C as, 


8.234 485 xl0~ 3 

^o.o’c - ^o.o-c x L52Q D1 ? x 10 _ 2 


r/ 400 o C = 1.33x10 3 kg m _1 s 1 


8.234 485x10 3 
X 1.520 131 7 xlO' 2 


7 74oo o c = 7.204 55x10^ kg m 's 1 
? 7 4 o.o“ C =7.20x 10^ kg nT 1 s~‘ 


b. Repeating the same procedure above for water, we get, 
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T = 20.0 °C 


exp 


exp 


-E 

c 

v RT 

f -E 


r 


= exp 


-18xl0 3 J mol 1 




J 


V RT 
T = 40.0 °C 


8.3145 JK 1 mol 1 x 293. 15 K 
= 6.205 331 937 xlO" 4 


exp 


exp 


zL 

RT 

iL. 

RT 


( 


= exp 


-18x10 J mol 


v‘ 


7 




8.3145 JK 1 mol -1 x 313.15 K 
= 9.944 936 073 xlO" 4 
6.205 331 937 x IQ -4 


x- 


n. 


4o.o° c '20.0-c 9.944 936 073 xlO -4 

6.205 331 937x10^ 


40.0° C 


= 1.002x10 x- 


9.944 936 073x10" 


kg m 1 s 


/7 = 6.252 169 501 xlO" 4 kg m" 1 s" 1 

1 40.0° C ° 


7 l 


i -i 


40.0° C 


= 6.25x10 kg m s 


Back to Problem 19.4 


Back to Top 


Solutions 
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19 . 5 . At 20.0 °C the viscosity of pure toluene is 5.90 x 10 4 kg m 1 s '. Calculate the intrinsic viscosities of solutions containing 0.1 g dm 3 
of polymer in toluene and having the following viscosities: 

a. 5.95 x 10~ 4 kg m' 1 s _I 

b. 6.05 x 10 4 kg nT 1 s -1 

c. 6.27 x lO^kgnT 1 s _1 

These solutions are sufficiently dilute that the reduced specific viscosity can be taken to be the intrinsic viscosity. 

Solution: 

Given: T = 20.0 °C, /7 pure = 5.90 x KT* kg nT 1 s' 1 , p = 0.1 g dm" 3 
Required: [/;] 


Since we are told that the reduced specific viscosity can be taken to be the intrinsic viscosity, we solve using Eq. 19.31, 

1 n-n o _i 


reduced specific viscosity = - 


P % 


-M 


a. 

r 1 1 5.95x10^ kg m" 1 s" 1 -5.90x10^ kg nT 1 s" 1 

^ _ 0.10 g dm -3 5.90x10^ kg m 3 s 3 

[ 77 ] = 0.084 745 763 dm 3 g 1 
[ 77 ] =8.5 x KT 2 m 3 kg" 1 


b. 

r i 1 6.05x10^ kg nT 1 s~‘ -5.90x10^ kg nT 1 s~‘ 

^ _ 0.10 g dm -3 5.90x10^ kg nT 1 s _1 

[ 77 ] =0.254 237 288 dm 3 g 1 
[/;] = 0.25 m 3 kg 1 
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r i 1 6.27 x lCT 4 kg nT 1 s " 1 -5.90 x IQ " 4 kg m " 1 s " 1 

^ _ 0.10 g dm' 3 5.90X10" 4 kg m 1 s " 1 

[ 77 ] =0.627 118 644 dm 3 g " 1 

\jj] = 0.63 m 3 kg " 1 


Back to Problem 19.5 


Back to Top 


Solutions 
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Solutions 


* 19 . 6 . Suppose that solutions (a) and (c) in Problem 19.5 correspond to polymers of molecular weights 20 000 and 40 000, respectively. 
Assuming the Mark-Houwink equation 19.33 to apply, make an estimate of the molecular weight of the polymer in solution (b). 

Solution: 

Given: Problem 19.5, M a = 20 000 g mol 1 , M c = 40 OOOg moE 1 , Eq. 19.33 
Required: M b 

The Mark-Houwink equation, given by Eq. 19.33 is 
m = kM? 

If it is obeyed, a plot of log [;/| against log M r will be a straight line. 

Taking the logarithms of the solutions to Problem 19.5 gives, 

log [77J = log (0.084 745 763) 
log \jl a ] = -1-07 1 882 007 
log [/7 b ] = log (0.254 237 288) 
log [r/ b ] = -0.594 760 753 
log [rj c ] = log (0.627 118 644) 
log [/7 c ] = -0.202 650 288 

The logarithms of the molar masses, 

logM a = log (20 000) 
log M a =4.301029 996 
logM c = log (40 000) 
log M c =4.602 059 991 

Since we assume a linear relationship the slope will be, 
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m = log [/7c] -log [/7a ] 
log [M c ] - log [M a ] 

-0.202 650 228-(-1.071 882 007) 

m = 

4.602 059 991-4.301029 996 

m = 2.887 525 474 

Using y = mx + b, we can use the coordinate of logM a and log[/ 7 a ] to determine the intercept b. 
log [/ 7 a ] = m x log M a + b 

-1.071 882 007 = 4.301 029 996x2.887 525 474 + 7? 
b = -13.491 212 568 

the molar mass will then be, 

log [ 7 7 b \ = mx log M b +7> 

-0.594 760 753 = 2.887 525 474xM b +(-13.491 212 568) 
log M b =4.466 264 254 

— JQ4.466 264 254 

M b = 29 259.321 7 g moU 1 
M b = 2.9 x 10 4 g moU 1 


Back to Problem 19.6 Back to Top 
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Solutions 




19.7. a. The activation energy for the fluidity of n-octane is 12.6 kJ mol 1 and the viscosity at 0 °C is 7.06 x 10 4 kg m 1 s *. Estimate the 
viscosity at 40.0 °C, assuming the Arrhenius equation to apply. 

b. A better temperature law for the viscosity of //-octane has been found to be 

rj = A(r/K)~ L72 exp(543/(r/K) 

where T is expressed in kelvins. 

Make another estimate of the viscosity at 40 °C. What is the effective activation energy at 20 °C? 

Solution: 

Given: E a =12.6 kJ mor 1 ,//^^ =7.06x10^ kg m 1 s~‘ 


Required: r/ 40 0 oc using the Arrhenius equation and the equation above, E a 
a. To solve this problem, we use the same procedure using in Problem 19.4. 
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T = 0.0 °C 


/ r , -12.6x10 J mol 

V 7 [(8.3145 JK 1 mol ')(273. 15 K) 

exp(-E a / RT) = 3.895 402x10 3 
T = 40.0 °C 

-12.6 xlO 3 J mol 1 


exp( EJRT ) exp ^ 3145 j K -> mo r‘)(313 , 15 K ) 

exp(-E a / RT ) = 7.912 639 816x10 3 
3.895 402x10 3 


7 ho.o °c 7o.o °c x 


7.912 639 816xl0~ 


7 74 o.o->c = ( 7 - 06x10 4 kgm 1 s '): 


3.895 402xl0~ 


7.912 639 816x10 


,-3 


'ho.o -c = 3.475 646 404x10^ kg nT 1 s 


-1 


1 


740.0 “C =3.48x10 kg m s 


b. Using the equation above, we get a better estimate. 
r/ = A(T /K) 172 exp [543(r /K)] 

T = 0.0 °C 


T- inl exp (543 /7" ) = (273.15) 172 


xexp 


' 543 ^ 
v 273. 15 j 


Solutions 
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Solutions 


T 172 exp(543/r) = 4.706 868 453x10 
T = 40.0 °C 


-4 


T '- 12 exp(543/r) = (313.15) ‘ 72 xexp 


543 

313.15 


T 172 exp(543/T) = 2.886 486 719x10 4 
2.886 486 719x10^ 

740.0 °c — 7o.o °c x ' 


4.706 868 453x10 
7 40 .o = c = ( 7 -06 x 10 4 kg m 1 s 1 ) 


-4 


^2.886 486 719x10^ A 
v 4.706 868 453x10^ j 


7 400 o C = 4.329 544 461x10 4 kg m" 1 s 


7 40 .o °c = 4.33x10 4 kg nT 1 s~ 


To calculate the activation energy we use the fluidity. The fluidity can be expressed as, 


1 


</> = — = / K) exp 

7 


( -45 1 5 J mol ' A 
RT 


The activation energy at 20 °C is, by definition, 
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E = RT 


dlruf) 

dT 


\xuj) = 1.721n(r /K)- 


4515 J mol 1 


RT 


d\n(j) 1.72 4515 J mol 


dT T RT 1 

dlncj) _ 1.12RT + 4515 J moF 1 
dT 


RT 2 

^ 1.12RT + 4515 J mol -1 ^ 


E a = 1.72^8.3145 J ^ mol 1 ) (293. 15 X) 


E„ =8707.320 561 J mol' 


E„ = 8.71 kJ mol 


Back to Problem 19.7 


Back to Top 


+ 4515 J mol 1 


Solutions 
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Solutions 


*19.8. Over its entire liquid range the viscosity of water is represented to within 1% by the following empirical formula: 


In 


7(20 °C) 


3.1556(f-20.0) + 1.925xlQ~ 3 (f-20.0) 
109.0 f / 


where t is the value of the temperature in degrees Celsius. Make a better estimate of the viscosity of water than obtained by the use 
of the Arrhenius equation (Problem 19.4b). 

To what activation energies does this empirical expression correspond at 

a. 20 °C? 

b. 100 °C? 


Give a qualitative explanation for the difference between the two values. 

Solution: 

Given: empirical formula, T = 20 °C, T =100 °C 


Required: rj mtei , E a 

In problem 19.4b, we make an estimate at T = 40.0 °C . We are also given, rj 20 „ c = 1.002x10 ' kg m 1 s 1 Using the empirical formula, our 
improved estimate is, 
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Solutions 


In 


?)(20 ° C )^ 
v /7(40 °C) j 


3.1556(40-20.0) + 1.925x10 3 (40-20.0) 2 
109.0 + 40 


In (l.002 x 10 3 kg m 1 s 1 ^ — In ?7 40 c 
In ? 7 4(| c =ln(l.002xl0 3 kg nT 1 s” 1 ) 


3.1556(20.0) + 1.925xl0 3 (400) 
1493) 

3.1556(20.0) + 1.925xl0 3 (400) 
1493) 


ln// 4o c = -6.905 757 276-0.428 738 255 


„ -7.334 495531 

77 = e 

'40 C 


77 40 C =6.526 33x10^ kg m's 1 
rj^ c = 6.53x10^ kg nT 1 s 1 


To find the activation energies, we use the definition 
E a = RT 2 
E = -RT~ 


^2 d In <f) 
dT 

,2 d In 77 


dT 


From the empirical relationship, with 


T = t + 273.15 


ln/ 7 ( = ln/ 7 20 „ c 


a(T-293.15) + 6(r-293.15) 2 
T - 1 64. 1 5 


where a = 3.1556, b =1.925x10 3 


Jln /7 (a + 2b(T -293. 15))(T -164.15 ) - a(T -293A5)-b(T -293. 15) 2 

dT (T-164.15) 2 

Jin 77 _ (a + 2/7r-586.3Z7)(r-164.15)-a(T-293.15)-J(r-293.15) 2 
dT (T-164.15) 2 
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Solutions 


a. At T = 20.0 °C , the activation energy is, 

E a = (8.3145 J K mor 1 )(293.15 K) 2 

[a + 2b (293.15 K)-586.3^)(293.15 K-164.15)- «(293a54t-295l5y-_^292a5^^93A5 

(293.15 K-164.15) 2 

E a =(8.3145 JK moF 1 )(293. 15 K) 2 

(3.1556 + 2(1.925x10 3 )(293. 15 K)-586.3( 1.925x10 3 ))(293. 15 K-164.15) 

(293.15 K-164.15) 2 

E a =17 478.6615 ImoK 1 
E a = 17.5 kJ moK 1 

b. At T = 100.0 °C , the activation energy is, 

E a = (8.3145 J K mor')(373.15 K) 2 

(a + 2^(373.15) -586.3b) (373. 15 -164. 15) -a (373. 15 -293. 15) -£(373. 15- 293. 15) 2 

(373. 15-164. 15) 2 

E =12168.606 04 J mol 1 

a 

E = 12.2 kJ mol" 1 

a 


Back to Problem 19.8 Back to Top 
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Solutions 


*19.9. Consider a hypothetical gas in which the molecules have mass but no size and do not interact with each other. 

a. What would be the viscosity of such a gas? 

b. Suppose instead that the molecules have zero size but attract one another. What can you then say about the viscosity? 

c. If they repel one another, what would the viscosity be? 

d. Give a clear explanation of your conclusions in all three cases. 

Solution: 

Given: a - d 

Required: clear explanations 

a. In a hypothetical gas in which the molecules have no size, there are no collisions and there no exchanges of momentum between 
molecules. If there are no forces between the molecules, two layers can move past each other freely, and the viscosity is zero. 

b. If the molecules have no size but attract one another, a force is required to move one layer past another. The gas will therefore have a 
viscosity. Increasing the temperature will increase the molecular speeds and will decrease the viscosity, as in a liquid. 

c. If the molecules have no size but repel one another, a force again will be required to move one layer past another. There will again be a 
viscosity, which decreases with increasing temperature. 

Back to Problem 19.9 Back to Top 
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Solutions 


19 . 10 . The molecular diameter of the helium atom is 0.225 nm. Estimate, at 0 °C and 101.325 kPa, 

a. the viscosity of the gas, 

b. the self-diffusion coefficient, 

c. the mean speed of the molecules, 

d. the mean free path, 

e. the collision frequency Za, and 

f. the collision density Zaa- 
Solution: 

Given: d = 0.225 nm, T = 0 °C, P = 101.325 kPa 

Required: 77 , D, u. A, Z A , Z AA 

a. To find viscosity, we use Eq. 19.16, 


3/2 * 2 — 1/2 

n a n a 


For the helium atom, the mass is given by, 


M 


m = 



m = 6.646 63x10 27 kg 


Solving for rj we get, 
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(6.646 63x10 27 kg)(l.381xl0 23 J K“‘)(273.15 K) 
77 ^ 3/2 (0.225 x 10 ^ 9 m ) 2 

77 = 1.77627 xlO 5 kg nT 1 s _1 
77=1.78x10 5 kg m 1 s ' 


b. We calculate the self-diffusion coefficient from Eq. 19.57, 
77 = pD 

d= 7 1 

p 

mN mP 

p = = 

V KT 
D _ nh T 

mP 


(1.77627x10 5 kg nT 1 s ') 

(1.381x10 23 JK 1 ) 

(273.15 K) 

1 

(6.646 63x10 

27 kg) (101 325 Pa) 



D = 9.949 13x10 5 m 2 s 1 
D = 9.95x10 5 m 2 s _1 


c. We calculate u from Table 1.3 as, 


Solutions 
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Solutions 


8 kj 


nm 


8 

1.381x10 23 J K 1 j 

(273.15 K) 

n 

6.646 63x10 

27 kg) 



u = \ 202. 172 472 m s 1 
u = 1.20xl0 3 m s -1 

d. The mean free path is given in Chapter 1 by Eq. 1.68 

i= n v 

■j2ndlN k 

From the ideal gas law, 

n _ P 
V~ RT 

v (8.3145 J X < Tftof r )(273.15 X) 

N (101325 Pa) (6.022 xlO 23 jhoX) 

— = 3.722 03x10 26 m 3 
N 

Therefore the mean free path is, 

. 3.722 03x10 26 m X 

A — — 

Ain (0.225 xlO' 9 X) 

1=1.654817375x10 7 m 
A = 1.65xlQ~ 7 m 

e. The expression for Z A is also found in Chapter 1 as Eq. 1 .66, 
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a J27tcIIuaN a 
V 


(SI unit :s ') 


Which we recognize as, 

Ua 

T 

1 202.172 472 s” 1 

1.654 82 xlCT 7 
7 264 683 644 s' 1 
Z A = 7.26 xlO 9 s 1 

f. From Eqs. 1.59 and 1.61, 

z =iz * 

^AA 2 A V 

Z AA = 1(7 264 683 644 s^ 1 ) (3.722 03xl(T 26 

Z AA =9.759 03x1 0 34 nT 3 s 1 
Z AA =9.76xl0 34 m 3 s 1 


Z A = 

Z A = 
Z A = 


Back to Problem 19.10 


Back to Top 


Solutions 
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Solutions 


19.11. Calculate the mean square distance traveled by a molecule of FG at 20 °C and 101.325 kPa in 10 s (D = 1.005 x 10^ m 2 s J ). 

Solution: 

Given: H 2 :P = 101.325 kPa, t = 10 s, D = 1.005 x 10^ m 2 s _1 
Required: v/jc 2 " 

From Eq. 19.48, the mean square distance is given by, 

x 2 =2 Dt 
v/?=V2Dt 

V? = J 2(1.005 X 10^ m 2 y^)(l0 /) 

Vr 2 " = 0.044 833 024 m 



Back to Problem 19.11 Back to Top 
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Solutions 


iq o i —12 2 1 

19.12. Solutions of (a) glucose ( D = 6.8 x 10 nr s ) and (b) tobacco mosaic virus (D = 5.3 x 10 ms) were maintained at a 
constant temperature of 20 °C and without agitation for 100 days. How far would a given molecule of each be expected to diffuse in 
that time? 

Solution: 

Given: D glucose = 6.8xl0' 10 mV\ D virus = 5.3 xKT 12 mV 1 , E = 20.0 °C, t = 100 days 


Required: v/x 2 

From Eq. 19.48, the mean square distance is given by, 
x 2 = 2 Dt 

V?=V2 ~Dt 

Converting the time in days to time in seconds we can solve for the mean square distance, 

t = lOOx 24x 60x 60 
t = 8 640 000 s 

vP glucose = ^2(6.8x10 10 m 2 >^)(8 640 000 /) 
glucose = 0.108 399 262 m 



For the virus, 

V? virus = ^2(5.3x10 12 nry^jfs 640 000 /) 
\fx 2 w i ms = 0.009 569 953 m 



Back to Problem 19.12 Back to Top 
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Solutions 


19 . 13 . Estimate the diffusion coefficient of cupric sulfate in water at 25 °C from the molar conductivities given in Table 7.3 (p. 291). 

Solution: 

Given: T = 25 °C, Table 7.3 
Required: D 

To solve this problem, we follow the example set by Example 19.4 
Using Eq. 19.73, at 25 °C, 

^ RT „„ 

F 2 \z, \ 

(8.3145 JK7 1 mor 1 )(298.15 K) 

D=± -A°(Q 1 cm 2 mol 1 ) 

(96 500 C mol 1 )" (2) 

D=1.33103xl0 7 A° J Q ‘C 2 cm 2 
Z)=1.331 03xl0 _7 /l o cm 2 s" 1 

From Table 7.3, we obtain the molar conductivities, 

A, =56.6Scm 2 moE 1 

i-Cu 2+ 

2 

A, = 80.0 Scm 2 moE 1 

2 S °" 

For Cu 2+ , 

D + =(1.33103x10 7 )(56.6) 

D + = 7.533 6x10^ cm 2 s" 1 

For S0 4 2- , 
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D_ =(1.33103x10 7 ) (80.0) 

=1.064 82x10 5 cm 2 s _1 

Using Eq. 19.74, 

D + + D 

2x(7.533 6xl0 6 cm 2 s -1 )(L064 82x 10' 5 cm 2 s 1 
7.533 6 xlO^ 6 cm 2 s 1 +1.064 82x10 5 cm 2 s _1 

D = 8.824 13x10 6 cm 2 s 1 
D = 8.82x10 6 cm 2 s 1 


Back to Problem 19.13 


Back to Top 


Solutions 
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Solutions 


19 . 14 . Estimate the diffusion coefficient of sodium acetate in water at 25 °C from the following mobility values: 

Na + : 5. 19 x KT 4 cm 2 V -1 s -1 

CH3COO : 4.24 x 1CT 4 cm 2 V^ 1 s” 1 

Solution: 

Given: T = 25 °C, u + =5.19xl(T 4 cm 2 V -1 s _1 , u = 4.24 xltT 4 cm 2 V -1 s _1 mobility 

’ e. Na + ’ e,CH 3 COCT J 


Required: D 

To solve this problem we use Eq. 19.72, 

r, K T 

D=-^—u j 

Q 

Since the charge on 1 mole of an equivalent ion QL, is 96 500 C mol" 1 , we can write Eq. 19.72 as, 


^ RT 

D= u 

Q 


D = 


8.3145 JX r ^I^)(298. 15 X) 


(96500 Cjncf 1 ') 
D = (0.025 688 789 V)w e 


For Na + , 

D + =(0.025 688 789 X)(5. 19x10^ cm 9 y*' s _1 ) 
D + =1.333 25x10 5 cm 2 s 1 
For CH3COO', 

D = (0.025 688 789 /) (4.24 x KT 4 cm 2 ^Xr 1 ) 
=1.089 2x10 5 cm 2 s 1 


19-42 


Chapter 19: Transport Properties 


Using Eq. 19.74, 

D + + D 

2x(l.333 25xl0 5 cm 2 s ')(l.089 2x10 5 cm 2 s' 1 
1.333 25x10 5 cm 2 s 1 + 1.089 2 xlO^ 5 cm 2 s 1 

D = 1.198 93x10 5 cm 2 s 1 
D = 1.20 xlO 5 cm 2 s 1 


Back to Problem 19.14 


Back to Top 


Solutions 
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Solutions 


19.15. The diffusion coefficient for horse hemoglobin in water is 6.3 x 10 1 1 m 2 s 1 at 20 °C. The viscosity of water at 20 °C is 1.002 x 10 3 

i i o 1 

kg m s and the specific volume of the protein is 0.75 cm g . Assume the hemoglobin molecule to be spherical and to obey 
Stokes’s law, and estimate its radius and the molecular weight. 

Solution: 

Given: D = 6.3 x 10 1 1 m V 1 , T = 20 °C, ij = 1 .002 x 10 3 kg nT 1 s 1 , V specific = 0.75 cm 3 g 1 
Required: r,M 

Stokes law is given by Eq. 19.77 as, 

6 nrr] 

Solving for r, the radius of the hemoglobin molecule we get, 

kj 

r = — § — 

6/rrjD 

(l.381xl0 23 J X^)(293.15 X) 

1 _ 6;r(l.002xKr 3 kg nT 1 s -1 )(6.3xl0 "m 2 s 3 ) 
r = 3.402 31x10 9 m 
r = 3.4 xKT 9 m = 3.4 nm 

To get the molar mass, we first calculate the volume, assuming the molecule is perfectly spherical. 
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V =-n r 

3 

V=|;r( 3.402 31xKT 9 

V =1.649 72x10' ~ 25 m 3 

V 

M= N a 

V ., 

specific 

w 1.649 72x10 25 m 3 

M = r — ; — r 

0.75 xl0‘ 6 mV 


(6.022 xlO 23 mol 1 ) 


M =132 461.798 lg mol 1 
M =1.3xl0 5 g mol -1 


Back to Problem 19.15 Back to Top 


Solutions 
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Solutions 


—11 2 —1 

19.16. If the diffusion coefficient for insulin is 8.2 x 10 m s at 20 °C, estimate the mean time required for an insulin molecule to 
diffuse through a distance equal to the diameter of a typical living cell (~ 10 jum). 

Solution: 

Given: D = 8.2xl0~ u m 2 s 1 ,T = 20 °C, x = 10 jum 
Required: t 

The mean time can be obtained from From Eq. 19.48, 

x 2 = 2 Dt 

x 2 

t = 

2D 

(lOxlO' 6 m) 2 
~ 2(8.2xl0" 11 m 2 s^ 1 ) 
t = 0.609 756 098 s 
t = 0.61s 


Back to Problem 19.16 Back to Top 
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Solutions 


o 

* 19 . 17 . A colloidal particle is spherical and has a diameter of 0.3 //m and a density of 1.18 g cm . Estimate how long it will take for the 
particle to diffuse through a distance of 1 mm in water at 20 °C (rj = 1 .002 x 10 1 kg 1 m 1 s the density of water at 20 °C = 0.998 


g cm 3 ). (See also Problem 19.21.) 

Solution: 

Given: d = 0.3 /mi, p = 1.18 g cm 3 , x = 1 mm, T = 20 °C, 
d = 1 .002 x 10 3 kg m 1 s~ 3 , p water = 1. 1 8 g cm 3 
Required: t 

The mean time can be obtained from Eq. 19.48, 
x 2 =2 Dt 


t = 


2D 


Stokes law gives D in Eq. 19.77 as, 


67rrrj 



6;r(l .002x10 3 kg m 1 s '^(1.5x10 7 m) 
D = 1.428 97 xKT 12 m 2 s ' 
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Solving for t, we get, 

K m ) 2 

2(1.428 97x10 12 mV 1 ) 
t = 349 902.085 4 s 
t = 3.5 xlO 5 s 


Back to Problem 19.17 


Back to Top 


Solutions 
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Solutions 


19.18. Diphtheria toxin was found to have, at 20 °C, a sedimentation coefficient of 4.60 Svedbergs and a diffusion coefficient of 5.96 x 10 
cm" s . The toxin has a specific volume of 0.736 cm" g , and the density of water at 20 °C is 0.998 g cm . Estimate a value for the 
molecular weight of the toxin. 

Solution: 

Given: 

T = 20 °C, 5 - 4.60 x 10 13 s, D = 5.96 x 10 7 cm 2 s 1 , V specific = 0.736 cm 3 g‘‘ , p = 0.998 g cm" 3 
Required: M 

The molar mass is given by the Svedberg equation, Eq. 19.93, 

„ RTs 
D(l-V 2 p) 

Substitution into this equation gives the molar weight of the toxin. 


(8.3145 J^moE 1 ] 

|(293.15 X)( 

4.60xl0 -13 s) 

1 

(5.96x10 11 m 2 s 1 ) 

('-(< 

1.736 

)(0.998 


M = 70.862 894 28 J moE 1 nG 2 s 2 
1 J = 1 kg m 2 s 2 
M = 70.9 kg moE 1 
M = 70.9xl0 3 gmoE 1 


Back to Problem 19.18 Back to Top 
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Solutions 


n i it 2 1 

19.19. A protein has a sedimentation coefficient of 1.13 x 10 s at 25 °C and a diffusion coefficient of 4.2 x 10 m' s . The density of 
the protein is 1.32 g cm and that of water at 25 °C is 0.997 g cm . Calculate the molecular weight of the protein. 

Solution: 

Given: 

T = 25 °C, 5 = 1.13x10 12 s, D = 4.2xKT n nr s‘\ p protein = 1.32 g cnT 3 , p H O = 0.997 g cnT 3 
Required: M 

We solve this problem in the same manner as Problem 19.18, making the substitution for Vi as — - — . 

P protein 


The molar mass is given by the Svedberg equation, Eq. 19.93, 
RTs 

M =- 


D(l-v 2 p) 

Substitution into this equation gives the molar weight of the protein 

(8.3145 JJC^mol 1 ) (298. 15 X)(l-13xl0 12 s) 

(0.997 


M 


(4.2xl0~ n m 2 s _1 ) 
M = 272.565 894 9 kg mol 


1.32 


M = 2.7 xlO 5 gmoE 1 


Back to Problem 19.19 Back to Top 
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Solutions 


*19.20. A protein of molecular weight 60 000 has a density of 1.31 g cm 3 and in water at 25 °C (p = 0.997 g cm 3 ; 77 = 8.937 x 10 4 kg m 1 

—1 —13 —1 

s ) it has a sedimentation coefficient of 4.1 x 10 s . Calculate the frictional coefficient/ 

a. from the sedimentation coefficient, and 

b. by the use of Stokes’s law. 

Suggest a reason why the two values are not quite the same. 

Solution: 

Given: T = 25 °C, M = 60 000 g mol 1 , p protein = 1.31 g cnT 3 , 5 = 4.1xl0“ n s' 1 , 
p H o = 0.997 g cm 3 , 77 = 8.937x10^ kg nT 1 s _1 

Required: /from a and b 

a. To calculate the frictional coefficient from the sedimentation coefficient, we use Eq. 19.86, 

(1 -V,p)mco 2 x v 

v= = , where s = — — fromEq. 19.87. 

/ <D~X 

Therefore we get the frictional coefficient as, 

_ (l-V 2 p)m 

f 

y _ (1 -V 2 P)m 
s 

To solve for/ we first calculate the mass of the protein. 

M 

m. = 

A/ 

60.000 kg jncl^ 
m = -7 

6.022xl0 23 jneT 
m = 9.963 47xl0“ 23 kg 
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Solutions 


Using the substitution for V 2 as 


P, 


protein 


/=- 


(0.997 

1.31 


(9.963 47x10 23 kg) 


4.1x10 s 


13 „-l 


/ =5.806 3x10 11 kgs 1 
/ =5.8x10 11 kgs 1 


b. To solve for the frictional coefficient from Stokes Law, we use Eq. 19.76, 

/ = 67irij 

We assume the protein is perfectly spherical and use the volume of the sphere to find r. 


P 

9.963 47x10 23 
1.31xl0 3 \ s4 nT 3 


V =7.605 7x10 26 m 3 

V = —nr 3 

3 


r = 


3y 

v4 7CJ 


^3x7.605 7 xl0~ 26 m 3 ^ 


r = 


V 


An 

r = 2.628 35 xlO^ 9 m 


Using r, we now solve for/. 
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Solutions 


/ = 6^(2.628 35x10 9 (8.937 xKT 4 kg jsS s 1 ) 

/ = 4.427 68xKT n kg s _1 
/ = 4.43 xlO 11 kgs^ 1 


The two values are not quite the same since in the Stokes calculation, we assumed that the molecule is perfectly spherical. 


Back to Problem 19.20 Back to Top 


19-53 


Chapter 19: Transport Properties 


Solutions 


* 19 . 21 . How long will it take the particle from Problem 19.17 to sediment a distance of 1 mm in the earth’s gravitational field (g = 9.81 m s ")? 

Solution: 

Given: Problem 19.17, x = 1 mm, g = 9.81 m s~ 2 
Required: t 

The limiting rate of sedimentation is given by Eq. 19.85 as, 

i: J\-V 2 p)mg 
6 nrr/ 

To solve for v we first calculate the mass of the particle using volume and density, 


m 



in = 


— nr 


P 


m = ^;r(l.5xl0 7 m) (l,18xl0 3 kg m 
m = 1.668 19x10 17 kg 


The speed is therefore 

f 


v = 


0.998 
1.18 


(1.66819x10 17 (9.81 ms 2 ) 


6^(l.5xl0“ 7 y)(l.002xl0- 3 )4 s 1 
v = 8.909 28xl0~ 9 m s _1 
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Since speed is the distance travelled over time, the particle sediments a distance of 1 mm in, 
d 

u=— 

t 

d 

t=— 

o 

1x10 3 m 

~ 8.909 28x10 9 m s” 1 
t = 112 242.497 6 s 

t = 1.12xl0 5 s 


Back to Problem 19.21 Back to Top 
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o 

* 19 . 22 . An aqueous colloidal solution contains spherical particles of uniform size and of density 1.33 g cm . The diffusion coefficient at 25 
°C is 1.20 x 10“ n m 2 s _1 ; make an estimate of the sedimentation coefficient (p(EEO) =0.997 g cnT 3 ; ^(HtO) = 8.937 x 10 -4 kg nT 1 s“ 
X ). 

Solution: 

Given: d = 1.33 g cm 3 , T = 25 °C, D = 1.20 xKT 11 m 2 s _1 , 

Ph 2 o = °- 997 g cm ~ 3 > 7h 2 o = 8.937 x KT* kg m 1 s 1 

Required: s 

To find the sedimentation coefficient, we will use Eq. 19.89, 

„_ (1 ~V 2 p)m 

6KT]r 

We find the radius using Stokes Law, Eq. 19.77, 

6nrri 

kj 

r = — - — 

6/rrjD 


1 

(l.381xlO 23 J 

| (298. 15 X) 

1 

6^(8.937x10^ kg m 1 s _1 )| 

(1.20x10 11 m 2 s 1 ) 


r =2.036 83xl0~ 8 m 
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The mass of each particle is calculated using volume and density, 


m 



m = 


—nr 


P 


m = jn( 2.036 83 x 10‘ 8 m) 3 (l .33 x 10 3 kg m 3 ) 
m = 4.707 64x10 20 kg 


The sedimentation coefficient is, 

6 n nm „ 

(4.707 64x10"°^) 


s = 


i 0.997^j2rtf^ 
1.33jp3nf^ 


6^(8.937x10^ .U^V 1 )( 2.036 83 xKT 8 y(<) 


s= 3.435 17 xKT 11 s 
s = 3.44xKT n s 


Back to Problem 19.22 
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n i | o 1 

19 . 23 . At 20 °C, y-globulin has a sedimentation constant of 7.75 x 10 s, a diffusion coefficient in water of 4.8 x 10 m~ s , and a 
density of 1.353 g cm' 3 . The density of water at 20 °C is 0.998 g cm' 3 . 

a. Estimate the molecular weight of y-globulin. 

b. Assuming the Stokes-Einstein equation to apply, estimate the radius of the protein molecule. The viscosity of water at 20 °C is 
1.002 x 10' 3 kg irf 1 s" 1 . 

Solution: 

Given : T = 20 °C, s=7.75xl0' 13 s, D = 4.8xl0' u m 2 s' 1 , /?=1.353 g cm' 3 , 
p no = 0.998 g cm' 3 , q = 1.002 xlO' 3 kg m' 1 s' 1 


Required: M, r 

a. We solve this problem in the same manner as Problem 19.18, making the substitution for Vo as — . 

P 

The molar mass is given by the Svedberg equation, Eq. 19.93, 


M =- 


RTs 


D(l-V 2 p ) 

Substitution into this equation gives the molar weight of the protein 
(8.3145 J je^mol' 1 )(293. 15 X)(7-75xl0' 13 s) 


M =- 


(4.8xl0' 11 m 2 s 1 ) 
M = 149.987 803 4 kg mol' 1 


(o.998 

1.353 


M =1.5xl0 5 g mol 1 
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b. To estimate radius, we use the Stokes-Einstein equation, Eq. 19.77 

d= ML 

6nrri 

kj 

r = — 5 — 

6/rrjD 

(l.381xl0 23 J X^)(293.15 X) 

1 ~ 6ti (l .002 x 10 3 kg m' 1 s 1 ) (4.8 x 10 1 1 m 2 s ' ) 

r = 4.465 53x10 9 m 
r = 4.5 x 10 9 m 


Back to Problem 19.23 
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* 19 . 24 . A sample of human hemoglobin had a sedimentation constant of 4.48 Svedbergs in water at 20 °C and a diffusion coefficient of 6.9 
x 10 nr s . The specific volume of human hemoglobin is 0.749 cm g , and the density of water at 20 °C is 0.998 g cm . 

a. Estimate the molecular weight of human hemoglobin. 

b. How far would a molecule diffuse in 1 minute? 

c. Neglect diffusion and estimate how far a molecule would sediment in 1 minute. 

d. In a centrifuge rotating at 15 000 rpm, how far would a molecule sediment in 1 minute if it were 20 cm from the center of 
rotation? 

e. Assume the molecule to be spherical and estimate its radius by the use of the Stokes -Einstein equation. 

f. Estimate the radius from the molecular weight and the density. 

Solution: 

Given : T = 20 °C, ^ = 4.48x10 13 s,D = 6.9x10 11 m 2 s \ E, =0.749 cm 3 g~\ p Hi0 = 0.998 g cnT 3 
Required: a - f 

To solve this problem, we can refer to Example 19.6 for extra help, 
a. The molar mass is obtained from Eq. 19.93, 


D( 1 

1 

~V 2 p) 

(8.3145 J X^moE 1 ) 

(293.15 X)( 

4.48 xl0~ 13 s) 

1 

(6.9x10 11 nr s ') 

(H 

(o.749 

)(0.998 


M = 62.675 385 94 J mol 1 m 2 s 2 
1 J = 1 kg m 2 s 2 
M = 62.7 kg moE 1 
M =62.7xl0 3 gmol 1 
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b. Using Einstein’s equation, Eq. 19.48, the molecule would diffuse, 
x 2 =2Dt 

ylx 2 = sj 2Dt 

V?= ^ 2(6.9x10 11 m 2 ^)(60 /) 

V?= 9.099 45x10 5 m 
y[x? = 9.1x10 5 m 

c. The sedimentation coefficient is the rate of sedimentation for an acceleration of gravity of unity. In a gravitational field of g = 9.8 m s 
the rate of sedimentation is, 

v = 9.81ms 2 x4.48xl0 13 s 

v = 4.394 88 x 10~ 12 m s 3 


Therefore the distance travelled is, 
d = vt 

d=( 4.394 88x10 12 m^(60 /) 

J = 2.636 93x10 10 m 
J = 2.64x10 10 m 

d. The rate of sedimentation in an ultracentrifuge is given by Eq. 19.87 
v = sco 2 x 


The speed of revolution a> is 
f 15 000 rpm^ 


co = 


-i 


x2ft 


J 


v 60 s min - 
<a = 1 570.796 327 rad s -1 
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The rate of sedimentation, with x = 20 cm is, 

v = (4.48 x 10 13 s) (l 570.796 327 rad s' 1 )' (0.2 m) 
^ = 2.210 79x10 7 ms 1 

Therefore the distance travelled is, 
d =vt 

J=(2.21079xl0 7 m^)(60 /) 
d =1.326 47xl0 5 m 
J =1.33x10 5 m 


e. To estimate radius, we use the Stokes -Einstein equation, Eq. 19.77 

6nrri 

kj 

r = — § — 

67ir]D 

(l.381xl0’ 23 J X^)(293.15 X) 

1 ~ 6^(1.002x10 3 kg m 1 s ‘)(6.9xl0 n m 2 s ') 
r = 3. 106 46x10 9 m 
r = 3.1x10 9 m 

f. Using molecular weight and the density we can make another estimate for the radius. 
The mass of the molecule is given by, 
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M 

m = 

62.675 385 94 kg 
m = 5 ; — 

6.022xl0 23 jnoT 
m = 1.040 77 x 10 22 kg 

Using density, 


V = — 
P 


V= (1.040 77x10 19 /) (0.749 xlO 
V = 7.795 39x10 29 m 3 


y = — nr 3 
3 


r = 


r = 


3y 

v4 it) 


^3x7.795 39 xl0~ 29 m 3V/3 


V 


An 


r = 2.650 02x10 10 m 



r = 2.65x10 10 m 


This is in reasonable agreement with the radius obtained in part e. The molecule is not in fact spherical, and the equation is more 
satisfactory for larger particles. 

Back to Problem 19.24 Back to Top 
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* 19 . 25 . In the first decade of the twentieth century Jean Perrin carried out important investigations on the sedimentation, in the gravitational 
field, of particles of gamboge, mastic, and other paint pigments. Consider particles of density 1.2 g cm 3 and of the following radii: 

a. 1 mm 

b. 0.1 mm 

c. 10 /mi 

d. 1 jum 

e. 10 nm 

In each case, assuming Stokes’s law to apply, estimate the distance the particle would sediment in 1 hour, in water at 20 °C 
(viscosity, rj = 1.002 x 10 -3 kg nT 1 s _1 and density 0.998 g cnT 3 ). 

f. In the case of the particle having a radius of 10 nm, what speed of rotation in an ultracentrifuge would be required to bring about a 
sedimentation of 1 mm in 1 hour? Take the distance from the axis of rotation to be 10 cm. 

Solution: 

Given: p = 1.2 g cnT 3 , r, t = 1 h, T = 20 °C, rj = 1.002 x KT 3 kg nT 1 s _1 , p water 0.998 g cm 3 
Required: d , v 

a. To solve for the distance travelled, we need to calculate the sedimentation coefficient, given by Eq. 19.89, 

„_ ( i-v 2 p) m 

670) r 

The mass of the particle is calculated as, 
m = Vp 

4 3 

m = —nrp 

3 

m = -^-;r(lxl0~ 3 m) (l.2 g cnT 3 =1200 kg m 3 j 
m = 5.026 55 x 10” 6 kg 
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Making the substitution for Vo as — , the sedimentation coefficient is, 

P 


s = 


i 0.998 

1.2 


(5.026 55x10 6 y^) 


6;r(l.002xl0 3 jgS s -')(lxl0' ~V) 

s = 0.044 799 29 s 


The rate of sedimentation in a gravitational field is therefore, 

v = 9.81 ms~ 2 x 0.044 799 29 s 
v -0.439 481 038 ms 


Therefore the distance travelled is, 
d =vt 

d = (o.439 481 038 m/j (3600 /) 
d =1582.131737 m 
d = 1.58xl0 3 m 

Repeating the same procedure for b - e we can solve for the distance of sedimentation. 
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b. 



6;r(l.002xKT 3 )4 TH^V^O.lxlO 3 


s = 4.479 929 x lO^ 1 s 

The rate of sedimentation in a gravitational field is therefore, 

v = 9.81 m s 2 x 4.479 929 xKT 4 s 
v = 4.394 8103 8xl0 3 ms 1 

Therefore the distance travelled is, 

j = (4.394 8 103 8 xKT 3 my 1 ") (3600 /) 
d = 15.821 317 37 m 
d =15.8 m 


c. 


m = ^ /r ( 1 0 x 1 0 6 m j (l200kgm 3 ) 
m = 5.026 548 246x10 12 kg 


(lOxlO' 6 m ) 3 (1200 kg m 3 ) 



s = 4.479 929 031x10^ s 
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The rate of sedimentation in a gravitational field is therefore, 

v = 9.81 m s -2 x 4.479 929 031xlCT 6 s 
v = 9.394 810 379x10 5 m s 1 


Therefore the distance travelled is, 

d = (4.394 8103 8 xKT 5 my ^)(3600 
d = 0.158 213 2 m 
J =1.58x10 1 m 


d. 

m = ^;r(lxl0 6 m) (l200 kg m ^ 


m = 5.026 55 x 10 kg 

r 0.998 
1.2 


(5.026 55x10 15 y4) 


s = 


6tt\1.002x10- 3 

s = 4.479 929 xl0“ 8 s 


The rate of sedimentation in a gravitational field is therefore, 

v = 9.8 1 m s 2 x 4.479 929 x 10~ 8 s 
v = 4.394 8 103 8 x 10 7 m s ' 


Therefore the distance travelled is, 

d =(4.394 8 103 8 x KT 7 m y^(3600 /) 
d= 0.001 582 132 m 
d = 1.58xl0~ 3 m 
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e. 


m = ■ 


-;r(lOxlO 9 m) (l200 kg m 3 ) 


m = 5.026 55x10 kg 
r 0.998 

1.2 p Gflf^ 


(5.026 55x10 21 }4) 


s = 


6;r(l.002 x KT 3 5 * yi s 1 j (lO x 10 9 ^ 

5 = 4.479 929x10 12 s 


The rate of sedimentation in a gravitational field is therefore, 

v = 9.81 m s 2 x 4.479 929x10 12 s 
v = 4.394 8103 8 xKT 11 ms 1 


Therefore the distance travelled is, 

d =(4.394 8103 8xKT n my^)(3600 /) 

J =1.58213x10 7 m 
d= 1.58 xKT 7 m 

f. The rate of sedimentation in an ultracentrifuge is given by Eq. 19.87 
o = sarx 

The rate of sedimentation is, 

_ 1x10 3 m 
3600 s 

v = 2.777 78 x 10~ 7 ms 3 


The sedimentation coefficient is calculated as, 
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m = — ;r(lOxlO 9 my (l200 kg m 3 ) 


m = 5.026 55x10 kg 
r 0.998 

1.2 j> 


(5.026 55x10 21 )4) 


s = 


6^(l.002 X 10~ 3 yi 4#^ S 1 ) (10 X 10~ 9 y ) 
^ = 4.479 929 X 10 12 s 


This leads to, 



CO = 


2.777 78 xl0~ 7 ^ s~ 3 


^(4.479 929 xlO 12 s)(lOxlO 3 
co = 2490.079 326 rad s ' 


— (revolutions per second) 
In 

= 396.308 4334 rps 
= 23 778.506 rpm 

2.38 xlO 4 rpm 


Back to Problem 19.25 
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* 19 . 26 . Perrin also carried out, using pigment particles, experiments on Brownian movement in which he determined distances traveled by 
individual particles in various periods of time. For each of the particles of five different radii mentioned in the previous problem, 
estimate the diffusion coefficient and the average distance traveled in 1 hour. Take the water temperature again as 20°C and use the 
data of Problem 19.25. 

Solution: 

Given: Problem 19.25 


Required: D, yx 2 

The diffusion coefficient is given by Eq. 19.77 as, 


D = 


kj_ 

67zrij 


Solving using the data from part a of the previous question we get, 


6Krri 



(l.381xl0 23 J X 1 ") 

(293.15 X) 

1 

6;r( 

1.002x10 3 kg 


(10x10 3 

X) 


D = 2.143 46x10 16 mV 1 
D = 2.143x10 16 nr s 1 
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Using Einstein’s equation, Eq. 19.48, 

x 2 = 2 Dt 
V?=^/2 Dt 

V? = J 2 ( 2. 1 43 46 X 1CT 16 m 2 y*') (3600 /) 
>/7= 1.242 29 x 10” 6 m 
1.242 xlO -6 m 


Repeating the above procedure for b - e, we summarize with the following results, 



rim 

DxlO 16 /m 2 s 1 

\[x * / jum 

a. 

10 3 

2.143 

1.242 

b. 

10 4 

21.43 

3.928 

c. 

10 5 

214.3 

12.42 

d. 

10 6 

2143 

39.28 

e. 

10 8 

2.143xl0 5 

392.8 
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*19.27. A pure protein in water is centrifuged to equilibrium at 25 °C and at 25 000 rpm. At distances of 8.34 cm and 9.12 cm from the axis 
of rotation the concentrations of the protein are measured to be 3.52 g cnT° and 22.49 g cm -3 , respectively. The specific volume V i 

o i o 

of the protein is 0.78 cm g , and the density of water at 25 °C is 0.997 g cm .Calculate the molecular weight of the protein. 

Solution: 

Given: T = 25 °C, 25 000 rpm, x, = 8.34 cm, x 2 = 9.12 cm, p, = 3.52 g cm 3 , p 2 = 22.49 g cm 3 
Vj = 0.78 cm 3 g p wata = 0.997 g cm 3 
Required: M 

We can calculate the molecular weight from Eq. 19.98, 

2RT\n(c 2 / Cl ) 

(1 -V 2 p)co 2 {x 2 2 -xl) 

Solving for co we get, 

25 000 rpm „ 

CO = ZT-X271 

60 s min 

<a = 2617.993 878 rads 1 


Taking the density of the protein as a measure of the concentration, we solve.] 


M 



2(8.3145 J ^kT < )(298.15 X 

In 

"22.49 

v 3.52 y 



(0.997 

^ (2617.993 878 rads 

((9.12x10" m) 

2 -(8.34x10" 


M = 4.430 571 965 kg mol 1 
M =4430.571 965 g mol 1 


M = 4.43 xlO 3 g mol 1 



Back to Problem 19.27 Back to Top 


19-72 


Chapter 19: Transport Properties 


Solutions 


o 1 

*19.28. A protein has a molecular weight of 1 000 000 and a specific volume of 0.81 cm g . In an ultracentrifuge at 25 °C, what speed of 
revolution is required to produce at equilibrium a concentration ratio of 20/1 at distances 10.00 cm and 9.00 cm from the axis of 
revolution? The density of water at 25 °C is 0.997 g cm -3 . 

Solution: 

Given: M = 10 6 g mol -1 , V 2 = 0.81 cm 3 g \T = 25 °C, c 2 /c, =20/1, x, =10.00 cm, x 2 =9.00 cm 

Avater = 0-997 g CHI 3 

Required: co 

We can solve for co using Eq. 19.98, 

2RTln(c 2 / Cl ) 


M = 


co = 


CO = 


(l-V 2 p)co 2 (x 2 2 -xf) 

2Rrin(c,/c 1 ) 
f(l -V 2 p)M(x 2 2 -xl) 


2(8.3145 J ^ X ^of f )(298.15 X)ln(20) 


^ (l-(o.81 crn^^jlo .997 ^eflf^)j(l0 3 kg ^K5f f )((l0.00xl0 2 m) 2 -(9.00x10 2 m)' 

co = 201.552 775 1 rad s 1 
in rpm, 

(201.552 775 lrads ')x60s 

co = 

2 n 

co = 1924.687 227 rpm 


co = 1.9x10 rpm 
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